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Moreno Pérez and Martine Labbé, to whom I want to express my most sincere
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Lqwurgxfwlrq
Wudglwlrqdo qhwzrun orfdwlrq wkhru| lv frqfhuqhg zlwk wkh rswlpdo orfdwlrq
ri idflolwlhv zklfk fdq eh frqvlghuhg dv vlqjoh srlqwv +hphujhqf| phglfdo
vhuylfh vwdwlrqv/ vzlwfklqj fhqwhuv lq frppxqlfdwlrq qhwzrunv/ exv vwrsv/
pdlo er{hv/ hwf1, Krzhyhu/ lq pdq| uhdo sureohpv wkh idflolw| wr eh orfdwhg
lv wrr odujh wr eh prghohg dv d srlqw1 H{dpsohv ri vxfk sureohpv lqfoxgh
wkh orfdwlrq ri slsholqhv dqg kljk vshhg wudlq olqhv/ wkh ghvljq ri hphujhqf|
urxwhv/ qhzvsdshu gholyhu| urxwhv/ vxezd| olqhv/ hwf1 1 Zh zloo uhihu wr wklv
nlqg ri idflolwlhv dv h{whqvlyh idflolwlhv ru vwuxfwxuhv/ dqg wkh| pd| kdyh wkh
vkdsh ri d sdwk/ d wuhh/ d f|foh ru d pruh jhqhudo vxejudsk1

Dssolfdwlrqv ri h{whqvlyh idflolwlhv orfdwlrq prghov fdq eh irxqg lq or0
fdwlrq dqdo|vlv/ urxwlqj/ dqg qhwzrun ghvljq1 Dv dq h{dpsoh/ frqvlghu wkh
sureohp ri orfdwlqj d sdwk frqqhfwlqj wzr jlyhq yhuwlfhv ri d judsk zlwk
wkh remhfwlyhv ri plqlpl}lqj wkh wrwdo sdwk ohqjwk dqg plqlpl}lqj wkh wrwdo
wudyho glvwdqfh ehwzhhq vrph jlyhq ghpdqg srlqwv dqg wkh sdwk +Fxuuhqw hw
do1 ^48`,1 Wkh qhfhvvdu| lqirupdwlrq iru vroylqj wklv sureohp lqfoxghv wkh
glvwdqfhv jlyhq e| wkh ohqjwkv ri wkh vkruwhvw sdwkv iurp hdfk ghpdqg srlqw
wr wkh forvhvw yhuwh{ rq wkh idflolw|1 Wkdw lv/ rqfh wkh sdwk lv orfdwhg lw lv
dvvxphg wkdw wkh folhqwv wdnh wkh vkruwhvw urxwhv wr uhdfk wkh idflolw|1 Vr/
wklv sureohp fdq eh ylhzhg dv d orfdwlrq sureohp/ d qhwzrun ghvljq sureohp/
ru d urxwlqj sureohp1

Pdq| ri wkhvh sureohpv kdyh ehhq irupxodwhg dv vlqjoh remhfwlyh sureohpv
+Wudyholqj Vdohvpdq Sureohp/ Vkruwhvw Sdwk Sureohp/ Plqlpxp Vsdqqlqj
Wuhh Sureohp/ hwf1,/ ehlqj wkh plqlpl}dwlrq ri wkh urxwlqj frvw ru ohqjwk wkh
fulwhulxp prvw iuhtxhqwo| xvhg1 Krzhyhu/ lq wkh odvw wzhqw| |hduv wkhuh kdv
ehhq d jurzlqj lqwhuhvw lq pxowlremhfwlyh irupxodwlrqv/ wr pdnh wkh pdwkh0
pdwlfdo prghov forvhu wr uhdolw|1 Rqh srvvleoh pxowlremhfwlyh dssurdfk lv wr
frqvlghu wkh wudgh0r� ehwzhhq wkh idflolw| urxwlqj frvw dqg wkh dffhvvlelolw|
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ri ghpdqg yhuwlfhv/ wzr remhfwlyhv wkdw duh jhqhudoo| lq frq lfw1
Wkh prvw xvxdo zd|v ri phdvxulqj dffhvvlelolw| duh wkh wrwdo wudyho glv0

wdqfh +ru vxp ri glvwdqfhv, wkdw folhqwv pxvw wudyho wr uhdfk wkh qhduhvw
yhuwh{ lq wkh idflolw| +dq h{whqvlrq ri wkh phgldq fulwhulrq, dqg wkh fryhudjh
ri wkh idflolw|1 Lq wkh frqwh{w ri qhwzrun ghvljq/ urxwlqj dqg orfdwlrq ri h{0
whqvlyh idflolwlhv/ wzr w|shv ri fryhudjh dsshdu= gluhfw dqg lqgluhfw1 Xqghu
gluhfw fryhudjh d yhuwh{ lv vdlg wr eh fryhuhg rqo| li lw lv lq wkh idflolw|1 Xq0
ghu lqgluhfw fryhudjh d yhuwh{ lv vdlg wr eh fryhuhg li lw lv zlwklq d fryhulqj
glvwdqfh o ri dq| yhuwh{ lq wkh idflolw|1

Ilqdoo|/ lq pdq| uhfhqw sdshuv/ elremhfwlyh orfdwlrq sureohpv ri h{whqvlyh
idflolwlhv lqyroylqj urxwlqj frvw plqlpl}dwlrq dqg dffhvvlelolw| pd{lpl}dwlrq
+plqlpl}lqj wkh vxp ri glvwdqfhv ru pd{lpl}lqj fryhudjh, kdyh ehhq irupx0
odwhg dv lqwhjhu surjudpv1

Wklv glvvhuwdwlrq lv ghyrwhg wr wkh vwxg| ri wkh Phgldq F|foh Sureohp
+PFS,/ frqvlvwlqj ri orfdwlqj d f|foh lq d judsk/ ylvlwlqj d jlyhq yhuwh{/
wdnlqj lqwr dffrxqw urxwlqj frvw dqg wrwdo glvwdqfh fulwhuld1

Lq wkh �uvw fkdswhu vrph qhfhvvdu| dqg edvlf frqfhswv duh jlyhq1 Lq
Fkdswhu 5 zh sursrvh jhqhulf lqwhjhu surjudpplqj irupxodwlrqv iru elfulwh0
uld orfdwlrq sureohpv lqyroylqj sdwk/ wuhh dqg f|foh0vkdshg vwuxfwxuhv1 Zh
uhylhz wkh h{lvwlqj olwhudwxuh rq wklv wrslf1

Lq Fkdswhu 6 zh suhvhqw wzr yhuvlrqv ri wkh PFS1 Lq wkh �uvw rqh/ PFS4/
wkh remhfwlyh ixqfwlrq wr plqlpl}h lv d olqhdu frpelqdwlrq ri wkh urxwlqj
frvw +ohqjwk, dqg dffhvvlelolw| frvw +vxp ri glvwdqfhv, ri wkh idflolw|1 Lq
wkh vhfrqg yhuvlrq/ PFS5/ wkh remhfwlyh lv wr plqlpl}h wkh urxwlqj frvw
ri wkh idflolw| zkloh lpsrvlqj dq xsshu erxqg ri lwv dffhvvlelolw| frvw1 Zh
vkrz wkdw erwk sureohpv duh QS0kdug lq wkh vwurqj vhqvh1 Zh jlyh lqwhjhu
surjudplqj irupxodwlrq dqg vkrz krz wr uhlqirufh wkhlu OS0uhod{dwlrqv xvlqj
ydolg lqhtxdolwlhv1

Fkdswhu 7 lv ghyrwhg wr wkh sro|khgudo vwxg| ri PFS41 Zh ghulyh gl0
phqvlrq dqg jhqhudo idfhw gh�qlqj uhvxowv1 D vhsdudwh vwxg| ri wkh PFS4
sro|wrsh lv vpdoo glphqvlrqdo vsdfhv lv grqh1 Wkh rewdlqhg uhvxowv duh hp0
ehgghg lqwr wkh Eudqfk0dqg0Fxw dojrulwkp ghvfulehg lq ghwdlo lq Fkdswhu
81

Lq wkh �uvw sduw ri Fkdswhu 9 zh ghvfuleh d qhz phwdkhxulvwlf whfkqltxh
wkdw frpelqhv Yduldeoh Qhljkerxukrrg Vhdufk dqg Wdex Vhdufk1 Lq wkh
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vhfrqg sduw/ zh ghvfuleh wkh dssolfdwlrq ri wkh uhvxowlqj phwkrg wr vroyh wkh
PFS1

Fkdswhu : vkrzv wkh frpsxwdwlrqdo uhvxowv rewdlqhg e| wkh h{dfw dqg
khxulvwlf dojrulwkpv ghvfulehg lq wkh suhylrxv fkdswhuv/ dqg pdnhv d frp0
sdulvrq ri wkh sursrvhg phwdkhxulvwlf zlwk rwkhu khxulvwlf phwkrgv1
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Fkdswhu 4
Jhqhudo frqfhswv
Wklv fkdswhu jdwkhuv vrph edvlf frqfhswv iurp judsk wkhru|/ frpsxwdwlrqdo
frpsoh{lw|/ sro|khgudo wkhru|/ sro|khgudo frpelqdwrulfv dqg pxowlfulwhuld
rswlpl}dwlrq wkdw zloo eh xvhg lq wkh iruwkfrplqj fkdswhuv ri wklv glvvhuwdwlrq1

414 Judsk wkhru|
Dq xqgluhfwhg judsk ru qhwzrun C ' ETc.� frqvlvwv ri d �qlwh vhw ri yhuwlfhv
T / zklfk duh xvxdoo| ghqrwhg e| � � c � � c ��c � � / dqg d vhw . ri hgjhv1 Wkh hgjhv
duh sdluv ri qrq0rughuhg yhuwlfhv1 Zh zloo ghqrwh e| q wkh qxpehu ri yhuwlfhv
dqg e| p wkh qxpehu ri hgjhv ri wkh judsk1 Zh zloo frqvlghu rqo| vlpsoh
judskv/ l1h1/ judskv frqwdlqlqj dw prvw rqh hgjh olqnlqj hdfk sdlu ri yhuwlfhv1

Li C ' ETc.� lv d judsk dqg e ' d� � c �� o 5 ./ wkhq zh vd| wkdw � � lv
dgmdfhqw wr �� +dqg ylfh0yhuvd,/ dqg wkdw e lv lqflghqw wr � � dqg � � 1 Wkh vhw
ri doo hgjhv lqflghqw wr yhuwh{ � � lv ghqrwhg e| BE��1 Wkh ghjuhh ri d yhuwh{
� � lv wkh qxpehu ri hgjhv lqflghqw wr � � / l1h1/ mBE��m1 D judsk lv frpsohwh li lw
frqwdlqv doo srvvleoh hgjhv1 Jlyhq d vhw T 	 � T / zh ghqrwh e| .ET 
 � wkh vhw
ri doo hgjhv zlwk erwk hqg yhuwlfhv lq T 
 / wkdw lv/ .ET 
 � ' ie ' d� � c �� o 5 . G
�  c �� 5 T � j1 Wkh fxw BET � � lv wkh vhw ri hgjhv wkdw duh lqflghqw wr h{dfwo|
rqh yhuwh{ lq T � / lq rwkhu zrugv/ BET � � ' ie ' d� � c �� o 5 . G � � 5 T � dqg
�� *5 T � j1 D judsk lv elsduwlwh li wkhuh lv d fxw wkdw frqwdlqv doo lwv hgjhv1

D vxejudsk ri d judsk C ' ETc.� lv dqrwkhu judsk C � ' ET � c . � � vxfk
4



5 FKDSWHU 41 JHQHUDO FRQFHSWV

wkdw T � � T dqg . � � .1 Li T � ' T wkhq C � lv d vsdqqlqj vxejudsk1 Jlyhq
T � � T / C ' ETc.ET � �� lv wkh vxejudsk lqgxfhg e| T � 1

D sdwk lq C lv d vhtxhqfh ri yhuwlfhv � � c � � c ���c � � vxfk wkdw d� � c � � � � o 5 .
iru � ' �c ��c & � �1 D sdwk lv vlpsoh li lw frqwdlqv qr uhshdwhg yhuwlfhv1 D
judsk lv frqqhfwhg li wkhuh lv d sdwk olqnlqj hyhu| sdlu ri yhuwlfhv ri T 1 Wkh
pd{lpdo frqqhfwhg vxejudskv ri d judsk duh fdoohg frqqhfwhg frpsrqhqwv1

Zh vd| wkdw d judsk lv qrq0vhsdudeoh li lw lv frqqhfwhg dqg fdqqrw eh
glvfrqqhfwhg e| uhprylqj d vlqjoh yhuwh{ +d fxwyhuwh{,1 D eorfn lv d pd{lpdo
qrq0vhsdudeoh vxejudsk1 D fdfwxv lv d judsk lq zklfk hdfk eorfn lv d vlqjoh
hgjh ru d f|foh

Wkh glvwdqfh _E� � c �� � ehwzhhq wzr yhuwlfhv � � c �� 5 T lv htxdo wr wkh
ohqjwk ri wkh vkruwhvw sdwk mrlqlqj wkhp1

D f|foh lv d sdwk zkrvh �uvw dqg odvw yhuwlfhv frlqflgh1 D f|foh lv vlpsoh
li/ h{fhsw iru wkh �uvw dqg odvw yhuwlfhv/ qr yhuwh{ dsshduv pruh wkdq rqfh1 D
f|foh lv fdoohg Kdplowrqldq li lw lv vlpsoh dqg lw ylvlwv doo wkh yhuwlfhv ri wkh
judsk1

Dq df|folf judsk ru iruhvw lv d judsk wkdw grhv qrw frqwdlq dq| f|foh D
wuhh lv d frqqhfwhg iruhvw1 Wkh iroorzlqj sursrvlwlrq jlyhv d xvhixo fkdudf0
whul}dwlrq ri wuhhv1

Sursrvlwlrq 4 Ohw C ' ETc.� eh d judsk zlwk ? yhuwlfhv1 Wkh iroorzlqj
vwdwhphqwv duh htxlydohqw=

41 C lv d wuhh1
51 Wkhuh lv d xqltxh sdwk ehwzhhq hdfk sdlu ri yhuwlfhv lq C1
61 C frqwdlqv q04 hgjhv dqg lw lv frqqhfwhg1
71 C frqwdlqv q04 hgjhv dqg lw lv df|folf1
81 C lv frqqhfwhg dqg df|folf1

D gluhfwhg judsk ru gldjudsk lv d sdlu C ' ETc�� zkhuh T lv d vhw ri
yhuwlfhv dqg � lv d vhw ri rughuhg sdluv ri yhuwlfhv fdoohg dufv1 Li E� 	 c �
 � 5 �/
wkhq lw lv vdlg wkdw � 	 lv wkh wdlo dqg �
 lv wkh khdg ri wkh duf1

Iru pruh lqirupdwlrq derxw judsk wkhru| frqfhswv zh uhihu wkh uhdghu wr
wkh wh{w errnv ri Ehujh ^9`/ Fkulvwr�ghv ^;`/ dqg Erqg| dqg Pxuw| ^:`1



4151 FRPSXWDWLRQDO FRPSOH[LW\ 6

415 Frpsxwdwlrqdo frpsoh{lw|
D sureohp lv d jhqhudo txhvwlrq wr eh dqvzhuhg/ zklfk fdq kdyh vhyhudo
sdudphwhuv ru yduldeohv zkrvh ydoxhv duh ohiw rshq1 D sureohp lv gh�qhg e|
jlylqj d ghvfulswlrq ri doo lwv sdudphwhuv dqg e| vshfli|lqj zkdw surshuwlhv d
vroxwlrq lv uhtxluhg wr vdwlvi|1 Li doo sdudphwhuv duh vhw wr fhuwdlq ydoxhv/ zh
vshdn ri dq lqvwdqfh ri wkh sureohp1 Irupdoo|/ zh dvvxph wkdw zh kdyh dq
hqfrglqj vfkhph zklfk doorzv xv wr uhsuhvhqw hdfk lqvwdqfh ri wkh sureohp
+lqsxw, dqg hdfk vroxwlrq +rxwsxw, dv �qlwh vwulqjv 4 dqg j/ uhvshfwlyho|/ ri
v|perov ri d �qlwh doskdehw P1 Wkh vl}h ri dq lqvwdqfh lv wkh ohqjwk ri wkh
lqsxw vwulqj 41

Dq dojrulwkp lv d jhqhudo qrq0dpeljxrxv vwhs0e|0vwhs surfhgxuh iru vroy0
lqj d sureohp1 Dq dojrulwkp lv vdlg wr vroyh d sureohp � li lw dozd|v �qgv
d vroxwlrq zkhq dssolhg wr dq lqvwdqfh U ri �1

Wr kdyh d phdvxuh ri wkh h!flhqf| ri dq dojrulwkp/ zh dvvrfldwh zlwk lw
d ixqfwlrq A G LQ $ LQ fdoohg wlph frpsoh{lw| ixqfwlrq zklfk jlyhv/ iru hdfk
? 5 LQ/ wkh pd{lpxp qxpehu ri vwhsv wkdw wkh dojrulwkp qhhgv wr vroyh d
sureohp lqvwdqfh ri wkdw vl}h1

Zh vd| wkdw d ixqfwlrq sE?� lv �E}E?�� zkhq wkhuh h{lvwv d frqvwdqw
S � f dqg dq lqwhjhu ydoxh � vxfk wkdw m sE?� m� S m }E?� m iru doo ? � � 1 Dq
dojrulwkp lv vdlg wr eh sro|qrpldo li lwv wlph frpsoh{lw| ixqfwlrq lv �ERE?��
iru vrph sro|qrpldo R/ rwkhuzlvh lw lv vdlg wr eh h{srqhqwldo1 D svhxgr0
sro|qrpldo dojrulwkp lv dq h{srqhqwldo dojrulwkp wkdw ehfrphv sro|qrpldo
li d erxqg rq wkh pdjqlwxgh ri wkh qxpehuv gh�qlqj wkh lqvwdqfhv lv lpsrvhg1
D sureohp lv vdlg wr eh sro|qrpldo li wkhuh h{lvwv d sro|qrpldo wlph dojrulwkp
iru vroylqj lw1

D ghflvlrq sureohp lv d sureohp zkrvh txhvwlrq uhtxluhv rqo| d *|hv* ru
*qr* dqvzhu1 Wkh fodvv S frqvlvwv ri doo wkrvh ghflvlrq sureohpv iru zklfk d
sro|qrpldo wlph dojrulwkp h{lvwv1 D ghflvlrq sureohp lv vdlg wr eh QS +ru
ehorqj wr QS, zkhq lw lv srvvleoh wr yhuli| lq sro|qrpldo wlph li d jlyhq
lqsxw zloo surgxfh d |hv0dqvzhu/ iru doo lqsxwv wkdw h�hfwlyho| surgxfh lw1
Qrwh wkdw wkh gh�qlwlrq ri QS grhv qrw lpso| sro|qrpldo uhvroxwlrq/ exw
mxvw sro|qrpldo *yhul�fdelolw|*1 Fohduo| S � QS1 Zkhwkhu S ' QS uhpdlqv
dq rshq txhvwlrq1

D sureohp � � fdq eh sro|qrpldoo| uhgxfhg wr dqrwkhu sureohp � � li wkhuh
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h{lvwv d sro|qrpldo wlph dojrulwkp wkdw wudqvirupv hdfk lqvwdqfh ri � � lqwr
dq lqvwdqfh ri � � 1 D ghflvlrq sureohp � lv QS0frpsohwh li � 5 QS dqg dq|
rwkhu sureohp lq QS fdq eh sro|qrpldoo| uhgxfhg wr �1 Wkh whup QS0kdug
lv uhvhuyhg iru wkh sureohpv kdylqj wklv vdph surshuw|/ hyhq wkrxjk wkh| gr
qrw ehorqj wr QS ru duh qrw hyhq ghflvlrq sureohpv1 Wkh fodvv QSF ri
QS0frpsohwh sureohpv fdq eh frqvlghuhg dv wkh fodvv ri wkh prvw gl!fxow
sureohpv lq QS1

D sureohp lv QS0frpsohwh lq wkh vwurqj vhqvh li lw fdqqrw eh vroyhg e| d
svhxgr0sro|qrpldo dojrulwkp xqohvv S ' QS � Iljxuh 414 vkrzv wkh uhodwlrq
dprqj S/ QS/ QSF dqg QSF lq wkh vwurqj vhqvh/ dvvxplqj S 9' QS 1

Iljxuh 414= Wkh zruog ri QS

Rqh zd| ri frslqj zlwkQS0frpsohwh sureohpv lv e| xvlqj dssur{lpdwlrq
dojrulwkpv1 Dq dojrulwkp D lv dq E� n 0�0dssur{lpdwlrq/ 0 : f/ dojrulwkp
iru d sureohp � li/ jlyhq dq| lqvwdqfh U ri �/ lw �qgv d fdqglgdwh vroxwlrq
�EU� zkrvh uhodwlrq zlwk wkh rswlpdo vroxwlrq JR|EU� lv

JR|EU�
�EU� � � n 0�
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Wkh wkhru| ri QS0frpsohwhqhvv lv irupxodwhg/ ehfdxvh ri vlpsolflw|/ iru
ghflvlrq sureohpv/ zkloh prvw lqwhuhvwlqj sureohpv duh rswlpl}dwlrq sure0
ohpv +lq zklfk d ydoxh pxvw eh plqlpl}hg ru pd{lpl}hg,1 Krzhyhu/ dq|
rswlpl}dwlrq sureohp fdq eh hdvlo| uhirupxodwhg dv d ghflvlrq sureohp e|
lpsrvlqj d erxqg rq wkh ydoxh wr eh rswlpl}hg/ dqg lw fdq eh dgguhvvhg
e| vroylqj d sro|qrpldo qxpehu ri wkh fruuhvsrqglqj ghflvlrq sureohpv1 Li
wkh rswlpl}dwlrq sureohp lv hdv|/ vr lv lwv uhodwhg ghflvlrq sureohp1 Frq0
yhuvho|/ li wkh ghflvlrq sureohp lv kdug vr lv wkh fruuhvsrqglqj rswlpl}dwlrq
sureohp1 Vr/ hyhq wkrxjk lw uhvwulfwv wr ghflvlrq sureohpv/ wkh wkhru| ri
QS0frpsohwhqhvv dssolhv pxfk pruh zlgho|1

Iru pruh lqvljkw rq frpsxwdwlrqdo frpsoh{lw| zh uhihu wr wkh wh{werrnv
ri Jduh| dqg Mrkqvrq ^56`/ Sdsdglplwulrx dqg Vwhljolw} ^93`/ dqg Mrkqvrq
dqg Sdsdglplwulrx ^6;`1

416 Sro|khgudo wkhru|
Zh ghqrwh wkh Hxfolghdq olqhdu vsdfh ri glphqvlrq ? e| LU� 1 Li . lv vrph
�qlwh vhw zh ghqrwh e| LU � wkh vhw ri uhdo yhfwruv kdylqj m.m frpsrqhqwv
zklfk duh lqgh{hg e| wkh phpehuv ri .1 Zh dvvxph yhfwruv wr eh froxpq
yhfwruv dqg zh ghqrwh wkh wudqvsrvlwlrq ri d yhfwru % e| % � 1

Ohw 6 : f dqg % � c ���c % � 5 LU� 1 D yhfwru + 5 LU� lv d olqhdu frpelqdwlrq
ri yhfwruv % � c � ' �c ���c6 li + ' � 	
 � � b  %  iru vrph b � c ���c b � 5 LU1 Li/
pruhryhu/ � � � � b  ' �/ + lv dq d!qh frpelqdwlrq ri yhfwruv % � 1 Dq d!qh
frpelqdwlrq zlwk b � � f iru � ' �c ���c6/ lv d frqyh{ frpelqdwlrq1

Jlyhq d vhw 7 � LU� / wkh frqyh{ kxoo ri 7/ ghqrwhg e| SJ?�E7�/ lv wkh vhw
ri doo srlqwv wkdw duh frqyh{ frpelqdwlrq ri srlqwv lq 71 Wkh d!qh kxoo ri
7/ d�+V,/ lv gh�qhg lq d vlplodu zd|1

D vhw ri srlqwv 7 ' i% � c ���c % � j � LU� lv olqhduo| +d!qho|, lqghshqghqw
li wkh xqltxh vroxwlrq ri � �� � � b� % � ' f + � �� � � b � % � ' f dqg � �� � � b � ' f, lv
b � ' fc � ' �c ���c6> rwkhuzlvh lw lv olqhduo| +d!qho|, ghshqghqw1 Iru vhwv
7 zlwk dw ohdvw wzr hohphqwv/ olqhdu +d!qh, lqghshqghqfh phdqv wkdw qr
% 5 7 fdq eh uhsuhvhqwhg dv d olqhdu +d!qh, frpelqdwlrq ri wkh yhfwruv lq
7qi%j1 Olqhdu lqghshqghqfh lpsolhv d!qh lqghshqghqfh/ exw wkh frqyhuvh
lv qrw wuxh1
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Wkhruhp 5 Ohw 7 ' i% � c % � c ���c % � j eh d vhw ri 6n � srlqwv lq LU� 1 Wkhq
wkh iroorzlqj vwdwhphqwv duh htxlydohqw=

41 Wkh srlqwv lq 7 duh d!qho| lqghshqghqw1
51 Iru dq| � 5 LU� / wkh srlqwv i% � � � G � ' fc �c ���c6j duh d!qho|

lqghshqghqw1
61 Wkh 6 srlqwv i% � � % � G � ' �c ���c6j duh olqhduo| lqghshqghqw1
Li @ 5 LU� qifj dqg @ � 5 LU wkhq i% 5 LU� G @ 	 % ' @ � j lv fdoohg d

k|shusodqh1 D k|shusodqh gh�qhv wkh kdoivsdfh i% 5 LU� G @ 	 % � @ � j1 D
sro|khgurq � lv gh�qhg dv wkh lqwhuvhfwlrq ri d �qlwh qxpehu ri kdoivsdfhv
ru/ htxlydohqwo|/ dv wkh vhw ri srlqwv wkdw vdwlvi| d �qlwh qxpehu ri olqhdu
lqhtxdolwlhv1 Pruh suhflvho|/ � lv d sro|khgurq li wkhuh h{lvwv d pdwul{ � 5
LU
 � � dqg d yhfwru K 5 LU vxfk wkdw � ' i% 5 LU� G �% � Kj1 Qrwh wkdw
vrph lqhtxdolwlhv pd| dfwxdoo| eh htxdwlrqv1 Wr hpskdvl}h wklv pdwwhu zh
zulwh � ' i% 5 LU� G �% � Kc�% ' _j1

D sro|wrsh lv d erxqghg sro|khgurq/ wkdw lv/ � � LU� lv d sro|wrsh li lw
lv d sro|khgurq dqg wkhuh h{lvw ,c� 5 LU� vxfk wkdw , � % � � iru doo % 5 � 1
D sro|wrsh fdq dovr eh gh�qhg dv wkh frqyh{ kxoo ri d �qlwh vhw ri srlqwv1

Wkh glphqvlrq ri d sro|khgurq � / _�6E� �/ lv wkh pd{lpxp qxpehu ri
d!qho| lqghshqghqw srlqwv lq � plqxv rqh1 � � LU� lv vdlg wr eh ixoo0
glphqvlrqdo li _�6E� � ' ?1

Dq lqhtxdolw| @ � % � @ � lv vdlg wr eh ydolg iru d sro|khgurq � � LU� li
� � i% 5 LU� G @ � % � @ � j1 Li @ � % � @ � lv d ydolg lqhtxdolw| iru � wkhq wkh
vhw 8 ' � _ i% G @ � % ' @ � j gh�qhv d idfh ri � 1 Li 8 9' > dqg 8 9' � wkhq 8
lv fdoohg d surshu idfh/ dqg lw lv vdlg wr eh wkh idfh lqgxfhg e| @ � % � @ � 1 Wkh
hpsw| vhw dqg � lwvhoi duh fdoohg lpsurshu idfhv ri � 1 Li @ � % � @ � lqgxfhv
d idfh 8 ri � / @ � % � @ � lqgxfhv dqrwkhu idfh 8 ri � / dqg 8 � 8 � � wkhq
lw lv vdlg wkdw @ � % � @ � grplqdwhv @ � % � @ � / ru htxlydohqwo|/ @ � % � @ � lv
vwurqjhu wkdq @ � % � @ � 1

Wkh prvw lpsruwdqw idfhv ri d sro|khgurq duh wkrvh surshu idfhv zklfk
duh plqlpdo ru pd{lpdo zlwk uhvshfw wr vhw lqfoxvlrq1 Li 8 lv d idfh zkrvh
glphqvlrq lv }hur/ wkhq wkh xqltxh hohphqw � 5 8 lv d yhuwh{ ri � 1 Yhuwlfhv
kdyh wkh surshuw| wkdw wkh| fdqqrw eh uhsuhvhqwhg e| frqyh{ frpelqdwlrqv ri
rwkhu srlqwv ri wkh sro|khgurq1 Li � lv d sro|wrsh/ wkhq zh kdyh � ' SJ?�ET �
zkhuh T lv wkh vhw ri yhuwlfhv ri � 1 D idfhw lv d pd{lpdo surshu idfh1 Li
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8 ' � _ i% 5 LU� G @ � % ' @ � j lv d idfhw zh fdoo @ � % � @ � d idfhw gh�qlqj
lqhtxdolw| iru � 1

D olqhdu v|vwhp zlwk erwk lqhtxdolwlhv dqg htxdolwlhv wkdw ghwhuplqhv d
sro|khgurq � lv vdlg wr eh plqlpdo zkhq=

+l, qr lqhtxdolw| fdq eh vhw wr htxdolw| zlwkrxw uhgxflqj wkh sro|khgurq/
dqg

+ll, qr lqhtxdolw| ru htxdolw| fdq eh uhpryhg zlwkrxw fkdqjlqj wkh sro|0
khgurq1

Wkh lpsruwdqfh jlyhq wr wkh lqhtxdolwlhv gh�qlqj idfhwv lv edvhg rq wkh
iroorzlqj uhvxow1

Wkhruhp 6 Ohw � ' i% 5 LU� G �% � Kc �% ' _j1 Wkhq �% � Kc �% ' _ lv
d plqlpdo olqhdo v|vwhp iru � li dqg rqo| li

41 qr htxdolw| lq �% ' _ lv d olqhdu frpelqdwlrq ri wkh rwkhu htxdwlrqv
ri wkdw v|vwhp/ dqg

51 hdfk lqhtxdolw| lq �% � K gh�qhv d idfhw ri � dqg frqyhuvho|1

Wkh iroorzlqj wkhruhp jlyhv d ixuwkhu fkdudfwhul}dwlrq ri wkh idfhw gh�q0
lqj lqhtxdolwlhv1 Wklv uhvxow vkrzv wkh wzr pdlq phwkrgv xvhg wr surri wkdw
dq lqhtxdolw| gh�qhv d idfhw ri d sro|khgurq1

Wkhruhp 7 Ohw 8 eh d surshu idfh ri � ' i% 5 LU� G �% � Kc �% ' _j
dqg ohw � eh wkh qxpehu ri htxdwlrqv lq wklv v|vwhp1 Wkhq wkh iroorzlqj
vwdwhphqwv duh htxlydohqw=

41 8 lv d idfhw ri � 1
51 _�4E8 � ' _�4E� �� ��
61 Li 8 ' i% 5 � G @ � % ' @ � j ' i% 5 � G @ � % ' @ � j/ wkhq wkhuh h{lvw B �

LU � dqg b 5 LU � vxfk wkdw @ ' B@n b� dqg @ � ' B@ � n b_�

Irupruh ghwdlov rq sro|khgudo wkhru| zh uhihu wr wkh wh{werrnv ri Qhpkdxvhu
dqg Zrovh| ^8:`/ Vfkulmyhu ^97` dqg Zrovh| ^:4`1
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417 Sro|khgudo frpelqdwrulfv
Ohw H eh d �qlwh vhw/ dqg ohw I eh d �qlwh idplo| ri vxevhwv ri H fdoohg
ihdvleoh vhwv1 Dovr ohw � G . �$ LU � eh d frvw ixqfwlrq gh�qhg rq H1 Gh�qh
�E8 � ' �� � � � � iru hdfk 8 5 I � Zh wkhq fdoo wkh sureohp

4@ i�E8 � G 8 5 Ij

d frpelqdwruldo rswlpl}dwlrq sureohp1
D fodvvlfdo h{dpsoh ri frpelqdwruldo rswlpl}dwlrq sureohp lv wkh wudyho0

olqj vdohvpdq sureohp +WVS,1 Jlyhq d vhw ri flwlhv dqg wkh glvwdqfhv ehwzhhq
hdfk sdlu ri wkhp/ wkh WVS frqvlvwv ri �qglqj wkh vkruwhvw srvvleoh wrxu wkdw
ylvlwv hdfk flw| h{dfwo| rqfh1 Wklv QS0kdug sureohp lv shukdsv wkh prvw
idprxv lq Rshudwlrqdo Uhvhdufk1

Zh zloo qrz dvvrfldwh sro|wrshv zlwk frpelqdwruldo rswlpl}dwlrq sure0
ohpv1 Iru d vxevhw 8 � . zh gh�qh wkh lqflghqfh yhfwru % � 5 LU � dv iroorzv

% �� '
	 �c li e 5 8
fc li e *5 8 �

Wkh sro|khgurq dvvrfldwhg zlwk I lv gh�qhg dv

�
 ' SJ?�i% � 5 LU � G 8 5 Ijc

wkdw lv/ �
 lv wkh frqyh{ kxoo ri wkh lqflghqfh yhfwruv ri ihdvleoh vhwv1 Wkh
frpelqdwruldo rswlpl}dwlrq sureohp fdq qrz eh vroyhg yld wkh olqhdu sur0
judpplqj sureohp

4@ i�  % G % 5 �
 j +414,

vlqfh hyhu| vroxwlrq ri +414, lv d yhuwh{ ri �
 dqg wkhuhiruh d ihdvleoh vhw1
Vxssrvh wkdw wkhuh lv d pdwul{ � 5 LU� � � dqg d yhfwru K 5 LU� vxfk wkdw
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�� ' i% 5 LU� G �% � Kj�
Wkhq vroylqj wkh rswlpl}dwlrq sureohp lv htxlydohqw wr �qglqj wkh rswlpxp
yhuwh{ vroxwlrq ri wkh olqhdu sureohp +OS,

4@ � � %
r�|� �% � K�

D �uvw gl!fxow| lq xvlqj wklv dssurdfk lv wkdw wkh qxpehu 6 ri lqhtxdol0
wlhv gh�qlqj �� pd| eh yhu| odujh hyhq iru yhu| vpdoo rswlpl}dwlrq sureohpv1
Wkhuhiruh/ hyhq li wkh frpsohwh ghvfulswlrq ri �� lv nqrzq/ lw lv lq jhqhudo qrw
srvvleoh wr olvw doo lqhtxdolwlhv dqg wr xvh wkh vlpsoh{ dojrulwkp iru �qglqj
dq rswlpdo yhuwh{1 D fxwwlqj sodqh dojrulwkp surfhhgv dv vkrzq ehorz=
Fxwwlqj sodqh dojrulwkp
+4, Fuhdwh dq lqlwldo OS zlwk rqo| vrph lqhtxdolwlhv �% � K ri wkh v|vwhp

�% � K1
+5, Vroyh wkh OS dqg ohw dq rswlpdo vroxwlrq eh % � 1
+6, Li % � 5 I / vwrs= lw lv dq rswlpdo vroxwlrq1
+7, Rwkhuzlvh/ lghqwli| dq lqhtxdolw| ri wkh v|vwhp�% � K zklfk lv ylrodwhg

e| % � 1
+8, Dgg wklv lqhtxdolw| wr �% � K dqg jr wr vwhs +5,1

hqg
Wkh fhqwudo srlqw ri wklv phwkrgrorj| lv wkh lghqwl�fdwlrq ri ylrodwhg

lqhtxdolwlhv li wkh fxuuhqw % � lv qrw d ihdvleoh lqflghqfh yhfwru1 Wklv lv wkh
vr0fdoohg vhsdudwlrq sureohp/ zklfk/ jlyhq d srlqw % � 5 LU � dqg d sro|khgurq
�� / frqvlvwv lq vkrzlqj wkdw % � vdwlv�hv doo wkh lqhtxdolwlhv gh�qlqj �� ru
jlylqj rqh ri wkhp wkdw lv ylrodwhg e| % � 1 Wkh lpsruwdqfh ri wklv sureohp lv
gxh wr wkh iroorzlqj uhvxow/ jlyhq e| Juùwvfkho hw do1 ^63`=
Wkhruhp 8 D frpelqdwruldo rswlpl}dwlrq sureohp fdq eh vroyhg lq sro|qr0
pldo wlph li dqg rqo| li wkh vhsdudwlrq sureohp iru wkh dvvrfldwhg sro|wrsh
fdq eh vroyhg lq sro|qrpldo wlph1
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D vhfrqg gl!fxow| dulvhv iurp wkh idfw wkdw jhqhudoo|/ zkhq wu|lqj wr
vroyh kdug frpelqdwruldo rswlpl}dwlrq sureohpv zh gr qrw nqrz/ ru zh fdq0
qrw frsh zlwk/ d frpsohwh olqhdu ghvfulswlrq ri �� / exw mxvw d sduwldo rqh1 Lq
wkhvh fdvhv wkh fxwwlqj sodqh dssurdfk pd| idlo lq vwhs +7,/ jlylqj dv uhvxow d
qrq ihdvleoh +l1h1/ iudfwlrqdo, srlqw % � iru zklfk qr ylrodwhg lqhtxdolw| fdq eh
irxqg1 Dw wklv srlqw zh fdq uhvruw wr wkh fodvvlfdo sulqflsoh ri Eudqfk0dqg0
Erxqg1 Qrwh wkdw � � % � jlyhv dqg xsshu erxqg rq wkh remhfwlyh ixqfwlrq
ydoxh ri doo ihdvleoh vroxwlrqv ri wkh vxesureohpv1 D Eudqfk0dqg0Erxqg do0
jrulwkp zrunv dv iroorzv=
Eudqfk0dqg0Erxqg dojrulwkp

+4, Lqlwldol}h wkh olvw ri dfwlyh vxesureohpv zlwk wkh ruljlqdo sureohp1

+5, Li wkh olvw ri dfwlyh vxesureohpv lv hpsw|/ vwrs= wkh ehvw ihdvleoh lqfl0
ghqfh yhfwru irxqg vr idu lv rswlpdo1

+6, Rwkhuzlvh/ fkrrvh vrph vxesureohp iurp wkh olvw ri dfwlyh sureohpv
dqg *vroyh* lw dv iroorzv=
0 �qg dqg rswlpdo lqflghqfh yhfwru iru wkh vxesureohp/ ru
0 suryh wkdw wkh vxesureohp kdv qrw ihdvleoh vroxwlrq/ ru
0 suryh wkdw wkhuh lv qr ihdvleoh lqflghqfh yhfwru iru wkh vxesureohp wkdw
kdv d ehwwhu remhfwlyh ixqfwlrq ydoxh wkdq wkh ehvw ihdvleoh lqflghqfh
yhfwru nqrzq vr idu/ ru
0 vsolw wkh vxesureohp lqwr ixuwkhu vxesureohpv dqg dgg wkhp wr wkh
olvw ri dfwlyh sureohpv/ li qrqh ri wkh deryh lv srvvleoh1

+7, Jr wr vwhs +5,1

hqg
Wkh whup Eudqfk0dqg0Fxw zdv �uvw xvhg lq Sdgehuj dqg Ulqdogl ^8<`

iru dq dojrulwkp wr vroyh wkh WVS1 Lw dssolhv wr wkrvh Eudqfk0dqg0Erxqg
dojrulwkpv wkdw xvh fxwwlqj sodqhv wr vroyh wkh fxuuhqw sureohp lq vwhs +6,1
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418 Pxowlfulwhuld rswlpl}dwlrq
Jhqhudoo|/ lq pxowlfulwhuld sureohpv dq rswlpdo vroxwlrq grhv qrw h{lvw eh0
fdxvh wkh remhfwlyhv duh lq frq lfw1 Wkh frqfhsw ri rswlpdo vroxwlrq lv wkhq
uhsodfhg e| wkdw ri h!flhqw vroxwlrq +dovr qrqlqihulru ru Sduhwr rswlpdo,1
Dq h!flhqw vroxwlrq lv rqh iru zklfk dq lpsuryhphqw lq rqh ri wkh remhfwlyhv
zloo qhfhvvdulo| uhvxow lq d orvv lq dw ohdvw rqh ri wkh rwkhu remhfwlyhv1

Wkh h!flhqw vhw ri pxowlremhfwlyh lqwhjhu surjudpv pd| eh yhu| odujh
dqg pd| hyhq jurz h{srqhqwldoo| zlwk sureohp vl}h/ pdnlqj lw ydu| kdug wr
frpsxwh1 Ehfdxvh ri wkh frpsxwdwlrqdo exughq dvvrfldwhg zlwk jhqhudwlqj
wkh hqwluh h!flhqw vhw/ lw lv xvxdoo| vdwlvidfwru| wr jhqhudwh dq dssur{lpdwlrq
ri wkh h!flhqw vroxwlrq vhw1 Wzr pdlq dssur{lpdwhg vroxwlrq whfkqltxhv iru
pxowlremhfwlyh sureohpv irupxodwhg dv lqwhjhu surjudpv duh wkh frqvwudlqw
phwkrg dqg wkh xwlolw| ixqfwlrq phwkrg1

Wkh frqvwudlqw phwkrg frqyhuwv doo exw rqh ri wkh remhfwlyhv lqwr frq0
vwudlqwv vr dv wr rswlpl}h zlwk uhvshfw wr rqo| d vlqjoh remhfwlyh1 Iru h{dp0
soh/ iru d elfulwhulxp sureohp lqyroylqj plq frvw dqg pd{ dffhvvlelolw| wkh
wzr srvvleoh frqvwudlqhg irupxodwlrqv zrxog eh +4, plqlpl}lqj frvw vxemhfw
wr dq dffhvvlelolw| frqvwudlqw/ ru +5, pd{lpl}lqj dffhvvlelolw| vxemhfw wr d
frvw frqvwudlqw1

Wkh xwlolw| ixqfwlrq phwkrg frqvlvwv ri frpelqlqj wkh gl�huhqw remhfwlyhv
lqwr d xqltxh remhfwlyh ixqfwlrq wr eh rswlpl}hg1 D yhu| riwhq xvhg whfk0
qltxh lv wkh zhljkwlqj phwkrg/ lq zklfk hyhu| remhfwlyh lv pxowlsolhg e| d
qrq0qhjdwlyh zhljkw1 Wkhq/ wkh zhljkwhg remhfwlyhv duh vxpphg wr irup d
zhljkwhg0vxp remhfwlyh ixqfwlrq zklfk lv plqlpl}hg +ru pd{lpl}hg, wr re0
wdlq dq h!flhqw vroxwlrq1 Wklv surfhvv lv uhshdwhg zlwk d vhulhv ri zhljkwv wr
jhqhudwh dq dssur{lpdwlrq ri wkh h!flhqw vhw1 Wkh hqgsrlqwv ri wkh h!flhqw
vhw duh rewdlqhg e| plqlpl}lqj +ru pd{lpl}lqj, wkh ruljlqdo remhfwlyh ixqf0
wlrqv lqglylgxdoo|1 Wklv phwkrgrorj| surylghv rqo| h!flhqw vroxwlrqv wkdw
duh rq wkh frqyh{ kxoo ri wkh vroxwlrq vhw1

Iru pruh ghwdlov rq pxwlfulwhuld rswlpl}dwlrq zh uhihu wr Vwhxhu ^98`1
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Fkdswhu 5
Sdwk/ Wuhh dqg F|foh orfdwlrq
H{whqvlyh idflolwlhv duh vwuxfwxuhv wkdw duh wrr odujh wr eh frqvlghuhg dv vlqjoh
srlqwv1 Lq Vhfwlrq 515 zh sursrvh lqwhjhu surjudpplqj irupxodwlrqv iru
elremhfwlyh orfdwlrq sureohpv ri h{whqvlyh idflolwlhv rq xqgluhfwhg judskv/
zklfk fdq dovr eh frqvlghuhg dv urxwlqj sureohpv/ xqghu plq0frvw/ pd{0
fryhu dqg plq0glvwvxp fulwhuld1 Uhjduglqj wkh vkdsh/ zh kdyh uhvwulfwhg rxu
dwwhqwlrq wr sdwk/ wuhh dqg f|foh vkdshg vwuxfwxuhv1 Rxu dlp lv wr jlyh d
jhqhulf zd| ri pdnlqj lqwhjhu surjudpplqj irupxodwlrqv ri wkhvh nlqg ri
sureohpv1 Vhfwlrqv 516 wr 51: uhylhz wkh h{lvwlqj olwhudwxuh rq wklv wrslf/ dqg
wu| wr hvwdeolvk wkh frpsoh{lw| ri doo sureohpv1

514 Lqwurgxfwlrq
Lq wklv fkdswhu/ zh vwxg| elremhfwlyh orfdwlrq sureohpv ri rqh h{whqvlyh id0
flolw| rq d judsk/ xqghu plq0frvw dqg pd{0dffhvvlelolw| fulwhuld1 Zh frqvlghu
rqo| wkrvh sureohpv lqyroylqj ghvludeoh idflolwlhv1 Lq idfw/ zh irfxv rq wkuhh
zhoo gh�qhg remhfwlyhv=

� +r4, plq0frvw= plqlpl}h wkh wrwdo frvw ri wkh idflolw|>
� +r5, pd{0fryhu= pd{lpl}h wkh wrwdo ghpdqg fryhuhg e| wkh idflolw|>
� +r6, plq0glvwvxp= plqlpl}h wkh wrwdo glvwdqfh iurp wkh idflolw| wr wkh
yhuwlfhv ri wkh judsk>

46



47 FKDSWHU 51 SDWK/ WUHH DQG F\FOH ORFDWLRQ

Wklv ohdgv wr wkuhh srvvleoh elremhfwlyh sureohpv= +plq0frvw/ pd{0fryhu,/
+plq0frvw/ plq0glvwvxp, dqg +pd{0fryhu/ plq0glvwvxp,1 Pruhryhu/ iru � 	 �/
hdfk elremhfwlyh sureohp +rl/ rm, pd| eh dssurdfkhg lq wkuhh gl�huhqw zd|v=

� rswlpl}h d olqhdu frpelqdwlrq ri wkh remhfwlyhv= b � EJ�� n b � EJ��/
� rswlpl}h +rl, vxemhfw wr d uhvwulfwlrq rq +rm,/ ru
� rswlpl}h +rm, vxemhfw wr d uhvwulfwlrq rq +rl,1

Zh gr qrw frqvlghu wkh rwkhu fodvvlfdo fulwhuld lq orfdwlrq dqdo|vlv= wkh
plq0pd{ fulwhulrq1 Wkh uhdvrq lv wkdw zh wklqn wkdw pd{0fryhu dqg plq0
glvwvxp duh ehwwhu vxlwhg wkdq wkh plq0pd{ fulwhulrq wr wkh jhqhulf jrdo ri
pd{lpl}lqj dffhvvlelolw|1 Lqghhg/ wkh odwwhu lqwhqgv wr plqlpl}h wkh gdpdjh
fdxvhg wr wkh ixuwkhvw ghpdqg srlqw dqg lv pruh dssursuldwh lq hphujhqf|
vhuylfh orfdwlrq sureohpv vxfk dv wkdw ri �uh vwdwlrqv1

Dv wr wkh idflolwlhv wr eh orfdwhg/ zh uhvwulfw rxuvhoyhv wr wkh �yh iroorzlqj
w|shv ri h{whqvlyh idflolwlhv=

� Sdwkv zlwk �{hg hqg srlqwv1
� Sdwkv zlwkrxw �{hg hqg srlqwv1
� Wuhhv1
� F|fohv zlwk d �{hg ruljlq1
� F|fohv zlwkrxw d �{hg ruljlq1

Zh frqvlghu wkhp dv wkh prvw uhsuhvhqwdwlyh1 Sdwk dqg f|foh vwuxfwxuhv
duh frpprq lq urxwlqj dssolfdwlrqv/ dqg wkh wuhh lv frpprqo| dvvrfldwhg wr
qhwzrun ghvljq sureohpv vlqfh lw lv wkh ohdvw frvwo| frqqhfwhg vwuxfwxuh1

515 Qrwdwlrq dqg irupxodwlrqv
Ohw C ' ETc.� eh dq xqgluhfwhg judsk ru qhwzrun1 Ohw S � ghqrwh wkh frvw ri
dq hgjh e ' d� � c �� o 5 .1 Dv wr wkh ghpdqg vwuxfwxuh/ zh zloo frqvlghu wkdw
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ghpdqg dulvhv rqo| dw wkh yhuwlfhv1 Ohw � � � f eh wkh ghpdqg dvvrfldwhg
zlwk � � 5 T 1 Ohw ` ' � � � � � �� eh wkh wrwdo ghpdqg lq wkh judsk1 Li � � ' �
iru doo � � 5 T zh vd| wkh judsk lv xqzhljkwhg > rwkhuzlvh wkh judsk lv zhljkwhg1

Zkhq frqvlghulqj fryhulqj/ iru d jlyhq ydoxh o � f zh gh�qh 7 � ' i�� 5
T G _E� � c �� � � oj dv wkh vhw ri yhuwlfhv wkdw fdq lqgluhfwo| fryhu yhuwh{ � � 1 Li
o ' f wkhq zh wdon ri gluhfw fryhulqj/ d vshfldo fdvh ri lqgluhfw fryhulqj1

Wr ghulyh lqwhjhu surjudpplqj irupxodwlrqv zh qhhg wkh dgglwlrqdo qr0
wdwlrqv jlyhq lq Wdeoh 5141

% � ' 	 � li hgjh e lv lq wkh vroxwlrq/
f rwkhuzlvh>

5 
 ' � � li qrgh � 
 lv lqgluhfwo| fryhuhg/
f rwkhuzlvh>

+ 
 � ' � � li � 
 lv dvvljqhg wr �� c
f rwkhuzlvh1

Wdeoh 514= Ghflvlrqdo yduldeohv
Qrwh wkdw zlwk wklv qrwdwlrq/ + 
 
 ' � phdqv wkdw yhuwh{ � 
 lv lq wkh vroxwlrq1

Jlyhq d qrqqhjdwlyh frqvwdqwg/ zh fdq gh�qh frvw/ fryhudjh dqg glvwvxp
hlwkhu dv remhfwlyh ixqfwlrqv wr eh rswlpl}hg ru dv frqvwudlqwv wr eh vdwlv�hg
lq wkh iroorzlqj zd|1 Zkhq frqvlghuhg dv remhfwlyh ixqfwlrq/ wkh frvw fdq eh
zulwwhq dv

plqlpl}h � � � S � % � c +514,
zkloh zkhq frqvlghuhg dv d frqvwudlqw/ lw lv h{suhvvhg dv

� � � S � % � � g� +515,

Vlploduo|/ iru wkh fryhudjh/ wkh remhfwlyh ixqfwlrq lv

pd{lpl}h � � � � �� 5 � c +516,
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li lqgluhfw fryhulqj lv frqvlghuhg dqg

pd{lpl}h �� � � � � � + � � c +517,

li wkh ghpdqg lv wr eh fryhu gluhfwo|1 Wkh fruuhvsrqglqj frqvwudlqwv duh

�� � � � � � 5 � � g +518,

iru wkh lqgluhfw fryhulqj/ dqg

�� � � � � � + � � � g +519,

iru wkh gluhfw rqh1
Li g ' ` / wkdw lv/ li doo wkh ghpdqg ri wkh judsk pxvw eh fryhuhg/ zh zloo

wdon ri wrwdo fryhulqj ri wkh ghpdqg/ zkloh li g 	 ` zh zloo wdon ri sduwldo
fryhulqj ri wkh ghpdqg1 Qrwh wkdw lq dq xqzhljkwhg judsk/ d frqvwudlqw rq
wkh gluhfw fryhulqj ri wkh idflolw| lv d frqvwudlqw rq wkh qxpehu ri yhuwlfhv
lw frqwdlqv1 Wkh prvw jhqhudo irup ri fryhulqj lv lqgluhfw sduwldo zhljkwhg
fryhulqj1 Lq doo fdvhv frqfhuqlqj fryhulqj/ wkh iroorzlqj frqvwudlqwv pxvw eh
dgghg wr wkh prgho=

+ � � � 5 � c ;� � 5 T +51:,
5 � � �� 	 
 � � +   c ;� � 5 T� +51;,

Frqvwudlqwv +51:, phdq wkdw gluhfw fryhulqj lpsolhv lqgluhfw fryhulqj1 Frq0
vwudlqwv +51;, hqvxuh wkdw d yhuwh{ � � lv fryhuhg rqo| li vrph yhuwh{ � 5 7 � lv
lq wkh vroxwlrq1 Ilqdoo|/ glvwvxp |lhogv wkh remhfwlyh ixqfwlrq

plqlpl}h � � � � � � � _E�  c � � �+  � c +51<,

dqg wkh frqvwudlqw
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� � � � � � �� _E�� c � � �+ � � � g� +5143,

Khuh djdlq/ wkh iroorzlqj dgglwlrqdo frqvwudlqwv pxvw eh lqfoxghg lq wkh
prgho=

�� � �� � 	 + 
 � n + 
 
 ' �c ;� 
 5 Tc +5144,
+ 
 � � + � � c ;� 
 5 Tc;�� 5 T� +5145,

Frqvwudlqwv +5144, irufh hdfk yhuwh{ � 
 wr eh hlwkhu lq wkh vroxwlrq ru dvvljqhg
wr dqrwkhu yhuwh{ � � 1 Frqvwudlqwv +5145, phdq wkdw d yhuwh{ � 
 fdq eh dvvljqhg
wr d yhuwh{ �� rqo| li �� lv lq wkh vroxwlrq1

Zh qrz suhvhqw frqvwudlqwv gh�qlqj wkh �yh gl�huhqw orfdwlrq vwuxfwxuhv
zh frqvlghu1

� Sdwkv zlwk �{hg hqg srlqwv � � dqg �  1
�� � � � � � % � ' � 2+ � � c � � 5 T qi� � c � � j

�c � � 5 i� � / � � j +5146,�� � � � �  % � � + ! ! c ;7 � Tc � � *5 7 ru � � *5 7c � ! 5 7c
2 �m 7 m� ?� � +5147,

+ � � ' � +5148,
+ � � ' � +5149,

� Sdwkv zlwkrxw �{hg hqg srlqwv1

"� � # % � ' "$ % � & + � � � � +514:,�� � � � �  % � � + ! ! n + ' ' � �c ;7 � Tc � ! 5 7c � ' *5 7c
2 �m 7 m� ?� � +514;,�� � � � �  % � � 2+ � � c ;� � 5 T� +514<,
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� Wuhhv1

�

� � �
% � ' �

� � �
+ � � � �

�
� � � � 	 
 % � � + � � n + � � � �c ;7 � Tc � � 5 7c � � *5 7c

2 �m 7 m� ?� ��

� F|fohv zlwk d �{hg ruljlq �  1

�
� � � � � 
 % � ' 2+ � � c ;� � 5 T +5153,

�
� � � � 	 
 % � � 2+ � � c ;7 � Tc �  *5 7c � � 5 7c

2 �m 7 m� ?� � +5154,
+   ' �

� F|fohv zlwkrxw d �{hg ruljlq1

�
� � � � � 
 % � ' 2+ � � c ;� � 5 T

�
� � � � 	 
 % � � 2E+ � � n + � � � ��c ;7 � Tc � � 5 7c � � *5 7c

2 �m 7 m� ?� �� +5155,

Frqvwudlqwv +5146, lpso| wkdw hdfk lqwhuqdo yhuwh{ ri wkh sdwk kdv ghjuhh
wzr dqg hdfk h{wuhplw| kdv ghjuhh rqh1 Frqvwudlqwv +5147, duh vxewrxu holpl0
qdwlrq frqvwudlqwv1 Frqvwudlqwv ri w|sh +5148, dqg +5149, irufh d jlyhq yhuwh{
wr eh lq wkh vroxwlrq1 Frqvwudlqwv +514:, dqg +514;, gh�qh d wuhh idflolw|/ vlqfh
frqvwudlqw +514:, uhtxhvwv d qxpehu ri hgjhv htxdo wr wkh qxpehu ri yhuwlfhv
plqxv rqh lq wkh vroxwlrq/ dqg frqvwudlqwv +514;, lpso| frqqhfwlylw|1 Li zh
dgg +514<, zh gh�qh d sdwk/ vlqfh +514<, irufhv wkh ghjuhh ri hdfk yhuwh{ lq
wkh idflolw| wr eh dw prvw htxdo wr wzr1 Frqvwudlqwv +5153, lpsrvh wkdw hdfk



5151 QRWDWLRQ DQG IRUPXODWLRQV 4<

yhuwh{ ri wkh vroxwlrq kdv ghjuhh wzr1 Vxewrxu holplqdwlrq frqvwudlqwv +5154,
dqg +5155, gl�hu dffruglqj wr zkhwkhu wkh f|foh kdv d �{hg ruljlq ru qrw1

Frqyhqlhqwo| frpelqlqj doo wkhvh frqvwudlqwv/ wkrvh xvhg wr gh�qh frvw/
fryhulqj dqg glvwvxp/ dqg wkrvh xvhg wr prgho wkh idflolwlhv/ zh duulyh dw
jhqhulf lqwhjhu surjudpplqj irupxodwlrqv iru doo wkh orfdwlrqv sureohpv rq
xqgluhfwhg judskv frqvlghuhg lq wklv fkdswhu1 Qrwh wkdw sduwldo hgjhv duh qrw
doorzhg1 Zh qrz jlyh vrph h{dpsohv1
H{dpsoh 514= Lq d jhqhudo judsk/ �qg d plqlpxp frvw sdwk iurp d yhuwh{
� � wr d yhuwh{ � � wkdw lqgluhfwo| fryhuv d wrwdo ghpdqg ri ydoxh dw ohdvw g1
Wklv sureohp lv irupxodwhg dv iroorzv=

plqlpl}h �� � � S � % �
v1w1�� � � � � 	 5 	 � g
5 	 � �� 
 � � � + � � c ;� 	 5 T
+ 	 	 � 5 	 c ;� 	 5 T�� �  � 	 � % � '

� �c � 	 5 i� � / � � j
2+ 	 	 c rwkhuzlvh�� �  � � � % � � + � � c ;7 � Tc � � 5 7c � � *5 7 ru � � *5 7c

2 �m 7 m� ?� �
+ � � ' �
+ � � ' �
% � c + 	 	 c 5 	 5 ifc �j ;� 	 5 Tc ;e 5 .�

H{dpsoh 515= Lq d judsk/ �qg d wuhh zlwk frvw ohvv wkdq ru htxdo wr g
wkdw plqlpl}hv wkh vxp ri glvwdqfhv wr wkh yhuwlfhv1 Wkh fruuhvsrqglqj
irupxodwlrq lv=
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plqlpl}h � � � � � � �� _E�c ��+� �
v1w1

�� � � S � % � � g
�� � 	
 � � + � � n + � � ' �c ;� � 5 T

+ � � � +� � c ;� � c � � 5 T
�� � � % � ' �� � � � + � � � �

�� � �  � � % � � + � � n + � � � �c ;7 � Tc � � 5 7c � � *5 7c
2 �m 7 m� ?� �

% � c + � � 5 ifc �jc ;� � c � � 5 Tc ;e 5 .�
H{dpsoh 516= Orfdwh d wrxu rq d jhqhudo judsk/ sdvvlqj wkurxjk yhuwh{ � � /
plqlpl}lqj wkh vxp ri glvwdqfhv wr wkh yhuwlfhv dqg lpsrvlqj d frqvwudlqw rq
wkh idflolw| frvw1 Wklv fdq eh irupxodwhg dv=

plqlpl}h � � � � � � �� _E�c ��+� �
v1w1

�� � � S � % � � g
�� � 	
 � � + � � n + � � ' �c ;� � 5 T

+ � � � +� � c ;� � c �� 5 T
�� � �  � � % � ' 2+ � � c ;� � 5 T

�� � �  � � % � � 2+ � � c ;7 � Tc � � 5 7c � � *5 7c
2 �m 7 m� ?� �

+ � � ' �
% � c + � � 5 ifc �jc ;� � c �� 5 Tc ;e 5 .�

516 Sdwkv zlwk �{hg hqg srlqwv
Lq d wuhh/ wkh sureohp ri �qglqj dq rswlpdo sdwk frqqhfwlqj wzr jlyhq srlqwv
lv wulyldo vlqfh wkhuh lv rqo| rqh vxfk d sdwk1 Rq wkh rwkhu kdqg/ lq d jhqhudo
judsk wkh qlqh elremhfwlyh sureohpv frqvlghuhg duh QS0kdug/ vlqfh iru hdfk
rqh wkhuh h{lwv d uhgxfwlrq iurp hlwkhu wkh sureohp ri �qglqj d Kdplowrqldq
sdwk ru wkh sureohp ri �qglqj d vkruwhvw Kdplowrqldq sdwk ehwzhhq wzr �{hg
hqg yhuwlfhv +vhh Kdnlpl hw do1 ^66` iru wkh plq0glvwvxp v1w1 plq0frvw fdvh,1
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Zh qrz uhylhz wkh h{lvwlqj olwhudwxuh rq elremhfwlyh orfdwlrq ri sdwk0
vkdshg idflolwlhv rq jhqhudo judskv/ frqvlghulqj plq0frvw/ pd{0fryhu dqg plq0
glvwvxp1

+Plq0frvw/ pd{0fryhu,
Fxuuhqw hw do1 ^47` lqwurgxfh wkh elremhfwlyh sureohp ri orfdwlqj d sdwk iurp
d suhghwhuplqhg vwduwlqj yhuwh{ wr d suhgh�qhg whuplqxv yhuwh{ lq rughu wr
plqlpl}h lwv ohqjwk dqgpd{lpl}h wkh fryhuhg ghpdqg1 Wkh| fdoo wkh sureohp
wkh Pd{lpxp Fryhulqj Vkruwhvw Sdwk sureohp +PFVS, zkhq lqgluhfw fry0
hulqj ri wkh ghpdqg lv doorzhg/ dqg wkh Pd{lpxp Srsxodwlrq Vkruwhvw Sdwk
sureohp +PSVS, zkhq wkh ghpdqg kdv wr eh gluhfwo| fryhuhg/ dqg suhvhqw
lqwhjhu surjudpplqj irupxodwlrq iru erwk fdvhv1 Wkh| xvh wkh zhljkwlqj
phwkrg wr jhqhudwh h!flhqw vroxwlrqv/ dqg vroyh wkh sureohp e| uhod{lqj
wkh lqwhjudolw| dqg vxewrxu holplqdwlrq frqvwudlqwv1 Li qrqlqwhjhu vroxwlrqv
dsshdu/ wkhq Eudqfk0dqg0Erxqg lv dssolhg1 Zkhq vxewrxuv rffxu/ wkh qhfhv0
vdu| vxewrxu euhdnlqj frqvwudlqwv duh dgghg dqg wkh sureohp lv vroyhg djdlq1
D vdpsoh PSVS sureohp zlwk 48 yhuwlfhv dqg 67 hgjhv lv jlyhq1

Plq0frvw v1w1 pd{0fryhu
Wkh sureohp zlwk lqgluhfw wrwdo zhljkwhg fryhulqj kdv ehhq vwxglhg e| Fxu0
uhqw hw do1 ^45` dqg ^46`1 Lw zdv �uvw lqwurgxfhg lq Fxuuhqw hw do1 ^45` zlwk wkh
qdph ri Vkruwhvw Fryhulqj Sdwk Sureohp +VFSS, dqg suhvhqwhg dv d v|qwkh0
vlv ri wkh Orfdwlrq Vhw Fryhulqj Sureohp dqg wkh Vkruwhvw Sdwk Sureohp1 Lq
wkdw sdshu/ dq lqwhjhu surjudpplqj irupxodwlrq ri wkh sureohp lv jlyhq dqg
wzr sduwlfxodu lqvwdqfhv/ zlwk 53 yhuwlfhv dqg 4<3 hgjhv dqg 48 yhuwlfhv dqg
66 hgjhv uhvshfwlyho|/ duh vroyhg e| uhod{lqj wkh lqwhjudolw| dqg vxewrxu holp0
lqdwlrq frqvwudlqwv1 Eudqfk0dqg0Erxqg lv dssolhg zkhq qrqlqwhjhu vroxwlrqv
dsshdu dqg vxewrxu holplqdwlrq frqvwudlqwv duh dgghg zkhq qhfhvvdu|1

Fxuuhqw hw do1 ^46` vkrz wkdw wklv sureohp lv QS0kdug vlqfh/ li wkh lq0
vwdqfh zkhuh hdfk yhuwh{ lv rqo| fryhuhg e| lwvhoi +l1h1/ gluhfw fryhulqj, lv
frqvlghuhg/ wkhq wkh sureohp frqvlvwv ri �qglqj wkh vkruwhvw Kdplowrqldq
Sdwk iurp ehwzhhq wkh wzr �{hg hqg yhuwlfhv1

Wkh| jlyh dq lqwhjhu surjudpplqj irupxodwlrq iru wkh sureohp rq gl0
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uhfwhg judskv dqg sursrvh d khxulvwlf dqg dq h{dfw vroxwlrq phwkrg1 Wkh
khxulvwlf lv edvhg xsrq d Odjudqjldq uhod{dwlrq ri wkh sureohp lq zklfk
wkh vhw ri frqvwudlqwv lpsrvlqj fryhulqj uhvwulfwlrqv duh gxdol}hg1 Wklv Od0
judqjldq uhod{dwlrq kdv wkh vwuxfwxuh ri d vkruwhvw sdwk sureohp zlwk dggl0
wlrqdo vxewrxu holplqdwlrq frqvwudlqwv1 D vxejudglhqw rswlpl}dwlrq phwkrg
lv xvhg wr �qg pxowlsolhuv/ glvfduglqj wkrvh wkdw ohdg wr qhjdwlyh f|fohv lq
wkh vkruwhvw sdwk vxesureohpv1 Wkh vxesureohpv fdq wkxv eh vroyhg xvlqj
Ior|g*v dojrulwkp +Ior|g ^55`,1 Wkh h{dfw phwkrg lv edvhg xsrq d Eudqfk0
dqg0Erxqg surfhgxuh zklfk xvhv wkh erxqgv jhqhudwhg e| wkh khxulvwlf1

Erwk wkh khxulvwlf dqg wkh Eudqfk0dqg0Erxqg dojrulwkpv duh whvwhg rq
493 udqgrpo| jhqhudwhg judskv zlwk xs wr ;3 yhuwlfhv dqg ;333 hgjhv1 Wkh
khxulvwlf vroyhv rswlpdoo| xs wr wkh ;7( ri doo wkrvh sureohpv1 Wkh dyhudjh
jds ehwzhhq wkh khxulvwlf vroxwlrq dqg wkh Odjudqjldq uhod{dwlrq vroxwlrq
lv vpdoohu wkdq 4(/ zlwk d pd{lpxp ri 4:(1 Pruhryhu/ prvw sureohpv duh
vroyhg lq ohvv wkdq 4333 vhfrqgv rq d FGF F\EHU :9 frpsxwhu/ dowkrxjk
wkh odujhvw rqhv uhtxluh doprvw rqh krxu1

+Plq0frvw/ plq0glvwvxp,
Fxuuhqw hw do1 ^48` surylgh dq dojrulwkp +PRQHW, wkdw jhqhudwhv h!flhqw
vroxwlrqv wr wkh elfulwhulrq sureohp fdoohg wkh Phgldq Vkruwhvw Sdwk Sure0
ohp +PVSS,1 PRQHW lv dq hqxphudwlrq dojrulwkp edvhg rq wkh &0vkruwhvw
sdwk sureohp1 Lwv frpsoh{lw| lv �E&? � n ? � n & � � rq frpsohwh judskv dqg
�E&6 *L} ? n 6? *L} � � � � � ? n & � � rq vsduvh judskv1 Frpsduhg zlwk wkh
zhljkwlqj phwkrg/ PRQHW vhhpv wr eh d jrrg dqg txlfn dojrulwkp wr jhq0
hudwh h!flhqw vroxwlrqv iru phglxp vl}h lqvwdqfhv ri wkh PVSS1 Pruhryhu/ lw
lghqwl�hv d vhulhv ri h!flhqw vroxwlrqv wkdw wkh zhljkwlqj phwkrg grhv qrw
�qg ehfdxvh wkh| duh qrw rq wkh frqyh{ kxoo ri wkh vroxwlrq vhw1

Dyhood dqg Viru}d ^4` dqg ^5` vwxg| wkh Phgldq Sdwk Sureohp +PSS,/
zklfk lv d yhuvlrq ri wkh sureohp frqvlvwlqj ri plqlpl}lqj wkh vxp ri wkh wzr
remhfwlyhv/ frvw dqg vxp ri glvwdqfhv1 Wkh| sursrvh dq lqwhjhu surjudpplqj
irupxodwlrq/ edvhg rq d qhz fodvv ri lqhtxdolwlhv zklfk duh suryhg wr eh idfhw
gh�qlqj iru wkh PSS sro|wrsh1 Wr vroyh wkh sureohp wkh| ghyhors erwk d
Eudqfk0dqg0Fxw dojrulwkp dqg d Odjudqjldq khxulvwlf1
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517 Sdwkv zlwkrxw �{hg hqg srlqwv
Wkh qxpehu ri sdwkv rq d wuhh lv �E? � � dqg wkhuhiruh doo sureohpv frqvlvwlqj
ri orfdwlqj d sdwk rq d wuhh duh sro|qrpldo/ xqohvv wkhuh lv d qrqsro|qr0
pldo remhfwlyh ixqfwlrq wr eh hydoxdwhg iru hdfk sdwk1 Iru h{dpsoh/ wkh qlqh
sureohpv zh frqvlghu fdq eh vroyhg lq �E? � � rshudwlrqv1 Krzhyhu/ rq jhq0
hudo judskv doo wkhvh sureohpv duh QS0kdug/ vlqfh lw lv srvvleoh wr �qg d
uhgxfwlrq iurp hlwkhu wkh Kdplowrqldq sdwk ru wr wkh vkruwhvw Kdplowrqldq
sdwk sureohp wr hdfk ri wkhp +wkh surri iru plq0glvwvxp v1w1 plq0frvw lv
surylghg lq Kdnlpl hw do1 ^66`,1

Plq0glvwvxp v1w1 plq0frvw

Rq wuhh judskv/ Plqlhnd dqg Sdwho ^85` frqvlghu wkh sureohp ri �qglqj wkh
fruh ru sdwk phgldq ri ohqjwk ,/ zkhq sduwldo hgjhv duh doorzhg lq wkh vroxwlrq1
Wkh| glg qrw vxffhhg lq ixoo| fkdudfwhul}lqj wkh vroxwlrq/ dqg wkh sureohp
ri ghyhorslqj dq h!flhqw dojrulwkp uhpdlqhg xqvroyhg xqwlo Plqlhnd ^84`
sursrvhg d vroxwlrq phwkrg zkrvh frpsoh{lw| ghshqgv rq wkh qxpehu ri
ohdyhv ri wkh wuhh1 Lq idfw/ wkh dojrulwkp frqvlvwv ri/ iru hyhu| sdlu ri ohdyhv
� � / �� zlwk _E� � c �� � � ,/ prylqj d sdwk ri ohqjwk , dorqj wkh xqltxh sdwk
iurp � � wr �� xqwlo d fhuwdlq frqglwlrq ehfrphv wuxh/ fkrrvlqj wkhq wkh ehvw
dprqj doo wkrvh fdqglgdwhv sdwkv1 Vlqfh wkh qxpehu ri ohdyhv ri d wuhh lv
�E?� dqg wkh ehvw sdwk iru d jlyhq sdlu ri ohdyhv fdq eh irxqg lq olqhdu wlph/
Plqlhnd*v dojrulwkp kdv �E? � � frpsoh{lw|1

Rq jhqhudo judskv/ Ulfkh| ^95` vwxglhv wkh sureohp ri �qglqj wkh sdwk
zklfk plqlpl}hv wkh vxp ri glvwdqfhv wr wkh yhuwlfhv/ surylghg lwv ohqjwk lv
qrw odujhu wkdq d jlyhq ydoxh1 Wkh vroxwlrq pd| frqwdlq sduwldo dufv1 Ulfkh|
vkrzv wkdw wkh sureohp lv QS0kdug lq jhqhudo/ vlqfh wkh Kdplowrqldq Sdwk
sureohp fdq eh uhgxfhg wr lw/ exw zkhq wkh frqvwudlqw rq wkh ohqjwk lv dq
htxdolw| lw fdq eh vroyhg iru d fodvv ri judskv +vhulhv0sdudooho judskv, xvlqj
svhxgr0sro|qrpldo dojrulwkpv1 Li sduwldo hgjhv duh qrw doorzhg/ wkh sureohp
lv dovr QS0kdug +vhh Kdnlpl hw do1 ^66`,1
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518 Wuhhv
Wkh frqvwudlqhg irupxodwlrqv ri wkh elremhfwlyh sureohpv +plq0frvw/ pd{0
fryhu,/ zlwk gluhfw sduwldo zhljkwhg fryhulqj ri wkh ghpdqg/ dqg +plq0frvw/
plq0glvwvxp, duh QS0kdug hyhq rq wuhh judskv1 Wkh surri iru +plq0frvw/
plq0glvwvxp, lv jlyhq e| Kdnlpl hw do1 ^66`1 Khuh lv wkh surri iru +plq0frvw/
pd{0fryhu,1

Frqvlghu wkh ghflvlrq yhuvlrq ri wkh gluhfw sduwldo zhljkwhg pd{0fryhu v1w1
plq0frvw sureohp rq d wuhh judsk=
Sureohp 514= Jlyhq d wuhh A dqg srvlwlyh qxpehuv g dqg , � / lv wkhuh
d vxewuhh A � zlwk frvw ohvv wkdq ru htxdo wr , � dqg vxfk wkdw wkh ghpdqg
fryhuhg e| A � lv dw ohdvw gB
Wkhruhp 9 Sureohp 514 lv QS0frpsohwh1
Surri1

Wr suryh wkdw wklv sureohp lvQS0frpsohwh zh uhgxfh wkh Sduwlwlrq Sure0
ohp wr lw1 Jlyhq d vhtxhqfh @ � c @ � c ���c @ � ri srvlwlyh lqwhjhuv zlwk ��

� � �
@ � ' 7/

wkh Sduwlwlrq Sureohp dvnv zkhwkhu wkhuh lv d vxevhw U � i�c ���c ?j zlwk
� i@ � G � 5 Uj ' 7*21 Zh exlog d vwdu wuhh dv lqglfdwhg lq Iljxuh 514/ lq
zklfk wkh ghpdqg ri hdfk yhuwh{ � � / � ' �c 2c ���c ?c lv � � ' @ � / wkh ghpdqg
ri yhuwh{ � � lv � � ' f/ dqg wkh ohqjwk ri hdfk hgjh d� � c � � o lv @ � 1 Ohw lw eh
` ' � �� � � � � / dqg ohw wdnh , � ' `*2 dqg g ' `*21 Wkhq lw lv hdv| wr vhh
wkdw d vroxwlrq wr rxu sureohp h{lvwv iru wkh judsk ri Iljxuh 514 li dqg rqo|
li wkhuh lv d vxevhw ri yhuwlfhv zlwk wrwdo ghpdqg htxdo wr `*2/ wkdw lv/ li
dqg rqo| li wkh Sduwlwlrq Sureohp kdv d vroxwlrq1 Dv wkh Sduwlwlrq Sureohp
lv QS0frpsohwh / vr lv rxu sureohp1

Wkh vdph wudqvirupdwlrq fdq eh xvhg wr suryh wkh QS0kdugqhvv ri wkh
plq0frvw v1w1 pd{0fryhu sureohp1 Ixuwkhupruh/ qrwlfh wkdw wkh sureohp zlwk
gluhfw sduwldo zhljkwhg fryhulqj lv d vshfldo fdvh ri wkh jhqhudo sureohp zlwk
lqgluhfw sduwldo zhljkwhg fryhulqj/ zklfk lv wkhuhiruh QS0kdug dovr1

Rq wkh rwkhu kdqg/ wkh wkuhh irupxodwlrqv lqyroylqj pd{0fryhu dqg plq0
glvwvxp duh wulyldo rq wuhh judskv +wkh| kdyh wkh zkroh wuhh dv vroxwlrq,/ dqg
sro|qrpldo rq jhqhudo judskv +wkh| uhgxfh wr �qglqj d vsdqqlqj wuhh,1
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Iljxuh 514= D vwdu judsk

b � +plq0frvw, . b � +pd{0fryhu,
Wkh sureohp ri plqlpl}lqj d olqhdu frpelqdwlrq ri wkhplq0frvw dqgpd{0fryhu
remhfwlyhv lv QS0kdug vlqfh wkh Vwhlqhu Wuhh Sureohp/ zklfk lv nqrzq wr eh
QS0kdug/ lv hdvlo| uhgxfhg wr lw1 Wkh Vwhlqhu Wuhh Sureohp lv wkh frqvlvwv ri
�qglqj d plqlpxp frvw vxewuhh ri d judsk frqwdlqlqj doo yhuwlfhv lq 7/ zkhuh
7 lv d vxevhw ri T 1 Iru wkh uhgxfwlrq/ frqvlghu gluhfw fryhulqj ri wkh ghpdqg
dqg vhw b � wr d vpdoo qxpehu dqg wkh ghpdqg ri hdfk yhuwh{ wr � � ' �
iru doo � � 5 7/ ehlqj � d yhu| odujh qxpehu/ dqg � � ' f rwkhuzlvh1 Zlwk
wklv wudqvirupdwlrq/ vroylqj wkh b � +plq0frvw, . b � +pd{0fryhu, sureohp lv
htxlydohqw wr vroylqj wkh Vwhlqhu Wuhh Sureohp1

Wkh uhylhz ri wkh olwhudwxuh uhyhdov wkdw wklv sureohp kdv ehhq vwxglhg
e| vhyhudo dxwkruv/ exw rqo| rq wuhh judskv1 Lw vhhpv wkdw lw zdv �uvw lqwur0
gxfhg e| Kxwvrq dqg UhYhooh ^69`/ zkr sursrvhg dq lqwhjhu surjudpplqj
elfulwhulrq irupxodwlrq iru wkh fdvh zlwk gluhfw sduwldo zhljkwhg fryhulqj ri
wkh ghpdqg dqg xvh wkh zhljkwlqj phwkrg wr dssur{lpdwh wkh h!flhqw vhw1
Wkh rswlpdo lqwhjhu vroxwlrq wr wkh uhod{hg zhljkwhg sureohp +irxqg xvlqj
Eudqfk0dqg0Erxqg li qhfhvvdu|, lv dq h!flhqw vroxwlrq iru wkh elremhfwlyh
sureohp1 Wkh| dovr frqvlghuhg wkh fdvh zkhuh vrph hgjhv duh uhtxluhg wr eh
lq wkh vroxwlrq/ wkdw lv/ wkh fdvh ri cdgglqj wr dq h{lvwlqj vwuxfwxuh*1 Kxwvrq
dqg UhYhooh ^6:` xvhg wkh vdph dssurdfk wr vroyh wkh sureohp zlwk lqgluhfw
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fryhulqj ri wkh ghpdqg1
Wdplu ^99` vkrzv wkdw wkh zhljkwlqj phwkrg xvhg e| Kxwvrq dqg UhYhooh

^69` fdq eh lpsohphqwhg lq �E? � � wlph xvlqj g|qdplf surjudpplqj1 Fkxufk
dqg Fxuuhqw ^43` sursrvh d qhz lqwhjhu irupxodwlrq dqg dqrwkhu �E? � � wlph
dojrulwkp fdoohg EXFV +Exloglqj d Fryhulqj Vxewuhh,/ wkdw �qgv wkh vxe0
wuhh plqlpl}lqj d olqhdu frpelqdwlrq ri plq0frvw dqg pd{0fryhu zlwk jlyhq
zhljkwv1 EXFV lv d frqvwuxfwlyh dojrulwkp zklfk exlogv wkh ehvw vxewuhh
iurp d jlyhq hgjh1 Wkhq wkh ehvw ri wkrvh vxewuhhv lv fkrvhq dv wkh vroxwlrq1
EXFV fdq dovr eh dssolhg wr lqgluhfw fryhulqj ri wkh ghpdqg zkhq sduwldo
dufv duh doorzhg/ dqg wr wkh sureohp ri dgglqj wr dq h{lvwlqj vwuxfwxuh1

Ilqdoo|/ Nlp hw do1 ^73` jlyh �E?� dqg �E? *L} � ?� wlph g|qdplf surjudp0
plqj dojrulwkpv iru vroylqj wkh olqhdu frpelqdwlrq irupxodwlrq zlwk gluhfw
dqg lqgluhfw fryhulqj ri wkh ghpdqg/ uhvshfwlyho|1 Wkh dojrulwkpv fdq eh
vhhq dv vshfldo fdvhv ri d phwkrg ghyhorshg wr vroyh d pruh jhqhudo sureohp1
Wkh dxwkruv wdnh wkh vxp ri wkh idflolw| ohqjwk dqg ri wkh ghpdqg fryhuhg
dv wkh ixqfwlrq wr plqlpl}h1

Plq0frvw v1w1 pd{0fryhu
Rq wuhh judskv/ wkh gluhfw wrwdo fryhulqj sureohp lv wulyldo vlqfh wkh vroxwlrq
lv wkh zkroh wuhh1 Kxwvrq dqg UhYhooh ^6:` sursrvh dq lqwhjhu surjudpplqj
irupxodwlrq ri wkh sureohp zlwk lqgluhfw wrwdo fryhulqj1 Wkh vroxwlrq phwkrg
wkh| jlyh h{whqgv uhgxfwlrq whfkqltxhv xvhg e| Wruhjdv dqg UhYhooh lq ^9;`
dqg ^9<` wr vroyh wkh Orfdwlrq Vhw Fryhulqj Sureohp rq wuhh judskv1 Nlp
hw do1 ^76` frqvlghu d irupxodwlrq zlwk lqgluhfw wrwdo fryhulqj zklfk gl�huv
iurp wkh rqh lq Kxwvrq hw do1 ^6:` vlqfh wkhuh duh qrz gl�huhqw fryhulqj
glvwdqfhv o � iru hdfk � � 5 Tc dqg sduwldo hgjhv duh doorzhg lq wkh vroxwlrq1
Wkh dxwkruv suhvhqw dq �E?� wlph h{dfw phwkrg edvhg rq wkh dojrulwkp
iru wkh Vhw Fryhulqj Sureohp1 Pd!rol ^7<` vwxglhv wkh sureohp zlwk gluhfw
sduwldo xqzhljkwhg fryhulqj/ wkdw lv/ wkh sureohp ri �qglqj wkh plqlpxp frvw
vxewuhh zlwk dw ohdvw g yhuwlfhv1 Kh jlyhv dq �Eg � ?� g|qdplf surjudpplqj
h{dfw dojrulwkp1 Hkujrww hw do1 ^4;` jlyh d sro|qrpldo wlph dojrulwkp iru wkh
yhuvlrq ri wklv sureohp wkdw orrnv iru d vxewuhh zlwk h{dfwo| g yhuwlfhv1

Rq jhqhudo judskv/ Nlp hw do1 ^75` irupxodwh wkh Vxewuhh u0Fryhu Sureohp/
zklfk frqvlvwv ri �qglqj wkh plqlpdo ohqjwk vxewuhh ri d judsk wkdw lqgluhfwo|
fryhuv doo wkh yhuwlfhv +lqgluhfw wrwdo zhljkwhg fryhulqj,1 D yhuwh{ � � lv vdlg wr
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eh fryhuhg e| wkh idflolw| li lw lv zlwklq d jlyhq glvwdqfh o � iurp lw/ dqg sduwldo
dufv duh doorzhg lq wkh vroxwlrq1 Wkh dxwkruv vkrz wkdw wklv sureohp lv QS0
kdug/ dqg jlyh d svhxgr0sro|qrpldo dojrulwkp wkdw h{sorlwv wkh vwuxfwxuh
ri wkh judskv dqg lv sro|qrpldo rq vrph ri wkhp +h1j1/ lq fdfwxv judskv,1
Hkujrww hw do1 ^4;` vwxg| wkh sureohp ri �qglqj wkh plqlpxp ohqjwk vxewuhh
zlwk h{dfwo| g yhuwlfhv lq d jhqhudo xqzhljkwhg judsk1 Wkh| vkrz wklv
sureohp lv QS0kdug dqg suhvhqw gl�huhqw khxulvwlf dssurdfkhv edvhg rq
vsdqqlqj wuhh dqg vkruwhvw sdwk phwkrgv dqg rq wkh h{dfw dojrulwkp iru
vroylqj wkh sureohp lq sro|qrpldo wlph rq wuhh judskv1

Pd{0fryhu v1w1 plq0frvw
Wkh sureohp ri pd{lpl}lqj wkh ghpdqg fryhuhg vxemhfw wr wkh frqvwudlqw
wkdw wkh frvw ri wkh wuhh lv ohvv wkdq ru htxdo wr d jlyhq ydoxh , kdv rqo| ehhq
wuhdwhg rq wuhh judskv1 Lw lv wulyldo zkhq , lv dw ohdvw htxdo wr wkh wrwdo frvw ri
wkh wuhh1 Wdplu ^9:` sursrvhv d E�n "�0dssur{lpdwlrq phwkrg iru vroylqj wkh
plq0glvwvxp v1w1 plq0frvw sureohp zlwk frpsoh{lw| �E? � *"�1 Kh vkrzv wkdw
wkh phwkrg fdq eh hdvlo| prgl�hg wr vroyh wkh sureohp zlwk lqgluhfw fryhulqj
ri wkh ghpdqg1 Dqrwkhu uhodwhg sdshu lv wkdw ri Fkxufk dqg Fxuuhqw ^43`/
zkr dsso| Eudqfk0dqg0Erxqg wr vroyh wkh sureohp ri plqlpl}lqj d olqhdu
frpelqdwlrq ri remhfwlyhv plq0frvw dqg pd{0fryhu/ zlwk gluhfw fryhulqj ri
wkh ghpdqg/ vxemhfw wr d exgjhw +frvw, frqvwudlqw1

b � +plq0frvw, . b � +plq0glvwvxp,
Rq wuhh judskv/ Nlp hw do1 ^73` dqg Nlp hw do1 ^74` suhvhqw wzr gl�hu0
hqw phwkrgv zlwk �E?� frpsoh{lw| wr vroyh wkh Phgldq Vxewuhh Orfdwlrq
Sureohp/ frqvlvwlqj ri plqlpl}lqj wkh vxp ri wkh idflolw| frvw dqg vxp ri
glvwdqfhv1 Wkh phwkrg sursrvhg e| Nlp hw do1 ^74` lv lq vrph zd| vlplodu
wr Jrogpdq*v dojrulwkp iru wkh phgldq ri d wuhh jlyhq lq Jrogpdq ^5<`1 Lq
wkh vhfrqg sdshu/ Nlp hw do1 ^73` sursrvh d g|qdplf surjudpplqj phwkrg1

Rq jhqhudo judskv/ Nlp ho do1 ^74` rswlpl}h wkh idflolw| frvw soxv wkh
vxp ri glvwdqfhv/ dqg fdoo wkh sureohp wkh Phgldq Vxewuhh Sureohp1 Wkh|
vkrz wkdw wkh sureohp lv QS0kdug dqg jlyh d vroxwlrq phwkrg wkdw xvhv
wkh frqfhsw ri eorfn ri d judsk1 Wkh phwkrg uhgxfhv wkh ruljlqdo judsk
C wr d judsk C � 1 Wklv qhz judsk C � lv vxfk wkdw lw frqwdlqv d ihdvleoh
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vxewuhh A kdylqj qrqhpsw| lqwhuvhfwlrq zlwk hdfk eorfn ri C � 1 Lw lv wkhq
vkrzq wkdw wkh sureohp fdq eh ghfrpsrvhg lqwr vroylqj/ lq olqhdu wlph/ d
Phgldq Vxewuhh Sureohp rq hdfk vsdqqlqj wuhh zlwklq hdfk eorfn ri C � 1 Wklv
ohdgv wr d svhxgr0sro|qrpldo dojrulwkp/ dowkrxjk lw lv sro|qrpldo zkhq wkh
xqghuo|lqj judsk lv d fdfwxv1

Plq0glvwvxp v1w1 plq0frvw
Rq wuhh judskv/ Wdplu ^9:` jlyhv dq dojrulwkp wkdw jhqhudwhv d E� n "�0
dssur{lpdwlrq lq �E? � *"� wlph1 Wkh dojrulwkp lv edvhg rq d vwdqgdug ds0
solfdwlrq ri wkh lqwhuydo sduwlwlrqlqj phwkrg vxjjhvwhg e| Vdkql ^96` dqg
pdnhv xvh ri g|qdplf surjudpplqj whfkqltxhv1 Plqlhnd ^84` irupxodwhv wkh
sureohp zlwk dq htxdolw| frqvwudlqw rq wkh frvw ri wkh idflolw|1 Qrwh wkdw
lq wklv fdvh wkh vroxwlrq pd| frqwdlq sduwldo dufv1 Kh jlyhv d sro|qrpldo
wlph vroxwlrq phwkrg zklfk/ vwduwlqj iurp wkh vhw � ri phgldqv ri wkh wuhh/
exlogv xs d vroxwlrq vxewuhh A 1 Wklv phwkrg lv edvhg rq wkh idfw wkdw/ iru dq|
ihdvleoh ohqjwk ,/ wkhuh lv d plqlpxp glvwvxp vxewuhh ri vl}h ,/ A � / vdwlvi|lqj
wkdw A � _� 9' >1 Rq jhqhudo judskv/ Ulfkh| ^95` jlyhv d svhxgr0sro|qrpldo
dojrulwkp wkdw vroyhv wkh sureohp zkhq sduwldo hgjhv duh doorzhg1

519 F|fohv zlwk dq ruljlq
Doo qlqh sureohpv zh frqvlghu xqghu wklv khdglqj duh QS0kdug vlqfh hlwkhu
wkh Kdplowrqldq f|foh sureohp ru wkh Wudyholqj Vdohvpdq Sureohp uhgxfhv
wr hdfk ri wkhp1

Qrwh dovr wkh uhodwlrq h{lvwlqj ehwzhhq wkhvh sureohpv dqg wkrvh lqyroylqj
wkh orfdwlrq ri d sdwk zlwkrxw �{hg h{wuhph srlqwv1 Vxssrvh wkdwC ' ETc.�/
T ' i� � c ���c � � j/ zlwk hgjh frvwv S � / dqg glvwdqfhv _E� � c �� �/ lv dq lqvwdqfh
ri d sdwk sureohp1 Frqvlghu wkh wudqvirupdwlrq C � ' ET � c . � � vxfk wkdw
T � ' T ^ i� 	 j dqg . 
 ' . ^ id� 	 c � � o G � � 5 T j/ zlwk yhuwh{ ghpdqg/ hgjh
frvwv dqg glvwdqfhv ehwzhhq yhuwlfhv gh�qhg dv iroorzv=
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� �� ' � � � c li � � 5 T
fc li � � ' � �

S � � ' � S � c li e 5 .
fc li e 5 . � q.

dqg

_ � E� � c �� � ' ��� 	
 _E� � c �� �c li � � c �� 5 T
fc li � � ' �� ' � 
4c li � � ' � � ru �� ' � � �

Zlwk wklv gh�qlwlrq/ wkh frvw/ fryhulqj/ dqg glvwdqfh vxp ri d sdwk � lq C
duh wkh vdph wkdq wkrvh dvvrfldwhg wr wkh f|foh lq C � rewdlqhg e| olqnlqj
wkh h{wuhph srlqwv ri � wr � � 1Wkhq/ li � �� ' i� � c � � � c ���c � � � j lv dq rswlpdo
vroxwlrq iru rqh ri wkh f|foh sureohpv zlwk ruljlq � � lq wkh judsk C � / wkh sdwk
� � ' i� � � c ���c � � � j lv dq rswlpdo vroxwlrq iru wkh fruuhvsrqglqj sdwk sureohp
lq C1 Lq idfw/ li � � zhuh qrw dq rswlpdo vroxwlrq ri wkh sdwk sureohp/ wkhuh
zrxog eh d ehwwhu sdwk � � ' i�� � c ���c �� � j lq C1 Exw lq wkdw fdvh/ wkh f|foh
� � ' i�  c �! " c ���c �! � j zrxog eh d vroxwlrq ehwwhu wkdq � # iru wkh f|foh sureohp
lq C $ 1
Plq0frvw v1w1 pd{0fryhu
Jhqguhdx hw do1 ^58` vwxg| wkh sureohp ri ghwhuplqlqj wkh plqlpxp ohqjwk
Kdplowrqldq f|foh lq d vxevhw ri T / vxfk wkdw doo yhuwlfhv lq d vhw ` duh
zlwklq d vshfl�hg glvwdqfh o iurp wkh f|foh1 Rqh ri wkh yhuwlfhv lv �{hg
dv ghsrw ru vwduw dqg hqg srlqw ri wkh wrxu1 Wklv lv/ xvlqj rxu qrwdwlrq/ d
plq frvw v1w1 pd{ fryhu irupxodwlrq zlwk lqgluhfw wrwdo zhljkwhg fryhulqj ri
wkh ghpdqg1 Dq lqwhjhu olqhdu irupxodwlrq lv jlyhq dqg h{dfw dqg khxulvwlf
vroxwlrq phwkrgv duh sursrvhg1

Wkh khxulvwlf phwkrg frpelqhv wkh JHQLXV khxulvwlf iru wkh WVS +Jhq0
guhdx hw do1 ^57`, zlwk wkh SULPDO4 vhw fryhulqj khxulvwlf ri Edodv dqg Kr
^7`1 Wkh vroxwlrq lv xvhg dv dq lqlwldo xsshu erxqg lq dq h{dfw Eudqfk0dqg0
Fxw dojrulwkp1

Erwk wkh khxulvwlf dqg wkh h{dfw phwkrg duh whvwhg rq udqgrpo| jhqhudwhg
judskv zlwk xs wr 933 yhuwlfhv/ ri zklfk xs wr :8 pxvw eh lq wkh wrxu1
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Frpsxwdwlrqdo uhvxowv vkrz wkdw wkh dyhudjh khxulvwlf jds lv vpdoohu wkdq
4( dqg wkdw wkh dyhudjh jds lq wkh urrw ri wkh Eudqfk0dqg0Fxw lv vpdoohu
wkdq 318(1

51: F|fohv zlwkrxw d �{hg ruljlq
Wkh qlqh elfulwhuld sureohpv zh frqvlghu/ lqyroylqj wkh orfdwlrq d f|foh zlwk0
rxw d �{hg ruljlq rq d jhqhudo judsk/ duh QS0kdug/ vlqfh hdfk ri wkhp kdv
wkh Kdplowrqldq f|foh sureohp ru wkh WVS dv d vshfldo fdvh1

Fxuuhqw hw do1 ^4:` lqwurgxfh wzr elfulwhuld sureohpv frqvlvwlqj ri orfdw0
lqj d wrxu lq d judsk ylvlwlqj rqo| ? � yhuwlfhv1 Wkh �uvw remhfwlyh lq erwk
sureohpv lv wr plqlpl}h wkh wrwdo wrxu ohqjwk1 Lq rqh sureohp/ wkh Pd{lpdo
Fryhulqj Wrxu Sureohp +PFWS,/ wkh vhfrqg remhfwlyh lv wr pd{lpl}h wkh
wrwdo ghpdqg zlwklq vrph suhvshfl�hg pd{lpdo wudyho glvwdqfh iurp d yhu0
wh{ ri wkh wrxu1 Lq wkh rwkhu sureohp/ wkh Phgldq Wrxu Sureohp +PWS,/ wkh
vhfrqg remhfwlyh frqvlvwv ri plqlpl}lj wkh vxp ri glvwdqfhv wr wkh yhuwlfhv qrw
lq wkh idflolw|1 Vr/ lq wkh PFWS wkh remhfwlyhv duh +plqlpl}h frvw/ pd{lpl}h
fryhu,/ zlwk lqgluhfw fryhulqj ri wkh ghpdqg/ dqg lq wkh PWS duh +plq0
lpl}h frvw/ plqlpl}h glvwvxp,1 Wkh dxwkruv sursrvh lqwhjhu surjudpplqj
irupxodwlrqv iru erwk sureohpv/ dqg vkrz wkdw wkh PFWS fdq eh ylhzhg
dv d sduwlfxodu fdvh ri wkh PWS1 Pruhryhu/ lw lv suryhg wkdw erwk sureohpv
duh QS0kdug/ vlqfh wkh vshfldo fdvh lq zklfk ? � ' ? lv wkh WVS1 D khxulvwlf
surfhgxuh iru dssur{lpdwlqj wkh h!flhqw iurqwlhu ri wkh vroxwlrq vhw ri wkh
PWS lv suhvhqwhg1

Plq0frvw v1w1 pd{0fryhu
Fxuuhqw hw do1 ^49` kdyh vwxglhg wkh sureohp zlwk lqgluhfw wrwdo fryhulqj ri
wkh ghpdqg1 Wklv sureohp/ fdoohg wkh Fryhulqj Vdohvpdq Sureohp +FVS,/
lv QS0kdug vlqfh lw lv d jhqhudol}dwlrq ri wkh WVS1 Dq lqwhjhu surjudpplqj
irupxodwlrq lv jlyhq dqg d khxulvwlf vroxwlrq surfhgxuh lv suhvhqwhg1 Wkh
khxulvwlf/ fdoohg FRYWRXU/ lv edvhg xsrq vroxwlrq surfhgxuhv iru wkh vhw
fryhulqj sureohp +VFS, dqg wkh WVS1 Lq idfw/ lw frqvlvwv lq vroylqj �uvw d
VFS dqg wkhq vroylqj d WVS rq d frpsohwh judsk lqgxfhg e| wkh yhuwh{ vhw
wkdw lv wkh vroxwlrq ri wkh VFS1 Wkh vroxwlrq jlyhq e| FRYWRXU lv dozd|v
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ihdvleoh/ exw lw pd| qrw eh rswlpdo dqg lw lv qrw srvvleoh wr phdvxuh lwv
txdolw|1 Erwk wkh jlyhq lqwhjhu surjudpplqj irupxodwlrq dqg wkh khxulvwlf
fdq eh prgl�hg wr irufh fhuwdlq yhuwlfhv wr eh lq wkh vroxwlrq/ dqg fdq wkxv
eh xvhg wr vroyh wkh sureohp ri �qglqj wkh ehvw f|foh wkdw ylvlwv d jlyhq
yhuwh{11

Qrwh wkdw wkh FVS lv lq vrph zd| uhodwhg zlwk wkh Jhqhudol}hg Wudyholqj
Vdohvpdq Sureohp +JWVS, +Ilvfkhwwl hw do1 ^4<` dqg ^53`,/ d yduldqw ri wkh
WVS lq zklfk yhuwlfhv duh sduwlwlrqhg lqwr foxvwhuv dqg wkh vdohvpdq kdv wr
ylvlw dw ohdvw rqh yhuwh{ ri hdfk foxvwhu1 Wkh vhwv 7 � ri yhuwlfhv wkdw fdq fryhu
yhuwh{ � � lq wkh FVS fdq eh lghqwl�hg zlwk wkh foxvwhuv ri wkh JWVS1

b � +plq0frvw, . b � +plq0glvwvxp,
[x hw do1 ^:5` ghyhors d Wdex Vhdufk khxulvwlf iru d qhwzrun ghvljq sureohp
dulvlqj lq wkh whohfrppxqlfdwlrq �hog1 Wkh lqsxw hohphqwv ri wkh sureohp
duh d vhw ri hqg r!fhv dqg d vhw ri kxev1 Hdfk hqg r!fh pxvw eh frqqhfwhg
wr h{dfwo| rqh kxe/ dqg wkh vhohfwhg kxev pxvw eh olqnhg e| d ulqj1 Wkhuh duh
frvwv dvvrfldwhg wr vhohfwlqj d kxe/ hvwdeolvklqj d olqn ehwzhhq wzr kxev/ dqg
frqqhfwlqj dq hqg r!fh wr d kxe1 Wkh remhfwlyh lv wr ghvljq vxfk d qhwzrun
dw plqlpxp frvw/ ehlqj wkh ixqfwlrq wr rswlpl}h wkh vxp ri wkh wkuhh nlqg
ri frvwv mxvw phqwlrqhg1

Wdeohv 515 wr 519 vxppdul}h wkh olwhudwxuh uhylhz zh suhvhqw lq Vhfwlrqv
516 wr 51:1 Wkhlu dlp lv wr vkrz zklfk sureohpv kdyh ehhq wuhdwhg lq vrph
zd| dqg zklfk ri wkhp uhpdlq xqvwxglhg/ kljkoljkwlqj lq wklv zd| wkh h{0
lvwlqj jdsv1 Wdeohv 51: wr 5144 vxppdul}h wkh frpsxwdwlrqdo frpsoh{lw|
uhvxowv1 Wr ghvfuleh wkh fryhulqj ri wkh ghpdqg lq wkhvh odvw �yh wdeohv zh
kdyh xvhg d qrwdwlrq ri w|sh *gluhfw +g, 0 lqgluhfw+l, 2 wrwdo+w, 0 sduwldo+s, 2
zhljkwhg+z, 0 xqzhljkwhg+x,*1 Vr/ iru h{dpsoh/ l2w2z phdqv wkdw d zhljkwhg
judsk lv frqvlghuhg dqg wkdw doo wkh ghpdqg pxvw eh fryhuhg lqgluhfwo|1 Dv
wr wkh w|sh ri judsk rq zklfk wkh sureohp lv frqvlghuhg/ zh uhihu e| C wr
jhqhudo judskv dqg e| A wr wuhh judskv1
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rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ�� ^47` ^48` ^4` ^5`
+rl, v1w1 +rm, ^45` ^46`
+rm, v1w1 +rl,

Wdeoh 515= Olwhudwxuh rq sdwkv zlwk �{hg hqg srlqwv

rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ��
+rl, v1w1 +rm,
+rm, v1w1 +rl, ^84` ^85` ^95`

Wdeoh 516= Olwhudwxuh rq sdwkv zlwkrxw �{hg hqg srlqwv

rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ�� ^43` ^69` ^6:` ^73` ^74`

^73` ^99`
+rl, v1w1 +rm, ^6:` ^76` ^7<`

^75` ^4;`
+rm, v1w1 +rl, ^9:` ^9:` ^84` ^95`

Wdeoh 517= Olwhudwxuh rq wuhhv
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rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ��
+rl, v1w1 +rm, ^58`
+rm, v1w1 +rl,

Wdeoh 518= Olwhudwxuh rq f|fohv zlwk dq ruljlq

rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ�� ^:5`
+rl, v1w1 +rm, ^49`
+rm, v1w1 +rl,

Wdeoh 519= Olwhudwxuh rq f|fohv zlwkrxw d �{hg ruljlq

rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ�� A G Sro|qrpldo A G Sro|qrpldo A G Sro|qrpldo

C G QS0kdug C G QS0kdug C G QS0kdug
+rl, v1w1 +rm, A G Sro|qrpldo ^46` A G Sro|qrpldo A G Sro|qrpldo

C G QS0kdug C G QS0kdug C G QS0kdug
+rm, v1w1 +rl, A G Sro|qrpldo A G Sro|qrpldo A G Sro|qrpldo

C G QS0kdug C G QS0kdug C G QS0kdug
Wdeoh 51:= Frpsoh{lw| ri sdwk zlwk �{hg hqg srlqwv sureohpv
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rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ�� A G Sro|qrpldo A G Sro|qrpldo A G Sro|qrpldo

C G QS0kdug C G QS0kdug C G QS0kdug
+rl, v1w1 +rm, A G Sro|qrpldo A G Sro|qrpldo A G Sro|qrpldo

C G QS0kdug C G QS0kdug C G QS0kdug
+rm, v1w1 +rl, A G Sro|qrpldo A G Sro|qrpldo A G Sro|qrpldo

C G QS0kdug C G QS0kdug ^66` C G QS0kdug
Svhxgr0sro|qrpldo lq
vhulhv0sdudooho judskv
lv sduwldo hgjhv doorzhg
dqg htxdolw| frqvwudlqw
rq frvw ^95`

Wdeoh 51;= Frpsoh{lw| ri sdwk zlwkrxw �{hg hqg srlqwv sureohpv
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rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ�� A G Sro|qrpldo A G Sro|qrpldo Sro|qrpldo

^73` ^99` ^73` ^74`
C G QS0kdug C G QS0kdug ^74`

+rl, v1w1 +rm, QS0kdug QS0kdug ^66` Sro|qrpldo
Srolqrpldo lq=
0 A G l2w2z fryhu/
sduwldo hgjhv doorzhg
^76`
0 A G g2s2x fryhu
^4;` ^7<`

+rm, v1w1 +rl, QS0kdug QS0kdug Sro|qrpldo
Sro|qrpldo lq=
0 A G sduwldo hgjhv
doorzhg/ htxdolw| frqwudlqw
rq frvw ^84`
Svhxgr0sro|qrpldo lq=
0 C G sduwldo hgjhv
doorzhg/ htxdolw| frqwudlqw
rq frvw ^95`

Wdeoh 51<= Frpsoh{lw| ri wuhh sureohpv

rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ�� QS0kdug QS0kdug QS0kdug
+rl, v1w1 +rm, QS0kdug QS0kdug QS0kdug
+rm, v1w1 +rl, QS0kdug QS0kdug QS0kdug

Wdeoh 5143= Frpsoh{lw| ri f|fohv zlwk d �{hg ruljlq sureohpv
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rl @ plq0frvw rl @ plq0frvw rl @ pd{0fryhu
rm @ pd{0fryhu rm @ plq0glvwvxp rm @ plq0glvwvxp

rem1 ixqfwlrq
b � EJ�� n b � EJ�� QS0kdug QS0kdug QS0kdug
+rl, v1w1 +rm, QS0kdug QS0kdug QS0kdug
+rm, v1w1 +rl, QS0kdug QS0kdug QS0kdug

Wdeoh 5144= Frpsoh{lw| ri f|fohv zlwkrxw d �{hg ruljlq sureohpv



Fkdswhu 6
Wzr Phgldq F|foh Sureohpv

614 Lqwurgxfwlrq dqg prwlydwlrq
Lq Fkdswhu 5 zh pdgh dq h{whqvlyh uhylhz ri wkh nqrzq olwhudwxuh rq elful0
whuld orfdwlrq0urxwlqj sureohpv frqfhuqlqj f|fohv/ sdwkv dqg wuhhv/ ehlqj wkh
wzr fulwhuld frqvlghuhg wkh plqlpl}dwlrq ri wkh frvw dqg wkh pd{lpl}dwlrq
ri wkh dffhvvlelolw| wr wkh idflolw|1 Zkhq orrnlqj dw Wdeoh 518 zh revhuyhg
wkdw wkhuh zhuh vhyhudo sureohpv vwloo wr eh h{soruhg1 Wklv prwlydwhg xv wr
vwxg| zkdw zh kdyh fdoohg wkh Phgldq F|foh Sureohp +PFS,/ wkdw lv gh0
�qhg dv iroorzv1 Ohw C ' ETc. ^ �� eh d frpsohwh pl{hg judsk zkhuh
T ' i� � c � � c � � � c � � j lv wkh yhuwh{ vhw/ . ' id� � c �� o G � � c �� 5 Tc � 	 �j lv
wkh hgjh vhw/ dqg � ' iE� � c �� � G � � c �� 5 T j lv wkh duf vhw +orrsv E� � c � � �
duh lqfoxghg lq �,1 Yhuwh{ � � lv uhihuuhg wr dv wkh ghsrw1 Zlwk hdfk hgjh
d� � c �� o lv dvvrfldwhg d qrq0qhjdwlyh urxwlqj frvw S � � / dqg zlwk hdfk duf E� � c � � �
lv dvvrfldwhg d qrq0qhjdwlyh dvvljqphqw frvw _ � � 1 D vroxwlrq wr wkh PFS
lv d vlpsoh f|foh wkurxjk d vxevhw T � ri T lqfoxglqj � � dqg dw ohdvw wzr
rwkhu yhuwlfhv1 Wkh urxwlqj frvw ri d vroxwlrq lv wkh vxp ri wkh urxwlqj frvwv
ri doo hgjhv rq wkh f|foh1 Wkh dvvljqphqw frvw ri d vroxwlrq lv gh�qhg dv� � � 	 
 � �  4�? � � � � � _ � � 1 D vroxwlrq ri wkh PFS pd| orrn olnh wkh h{dpsoh lq
Iljxuh 614/ zklfk vkrzv dq lqvwdqfh zlwk wzhoyh yhuwlfhv> d wrxu ylvlwv vrph ri
wkhp/ lqfoxglqj wkh ghsrw � � / dqg wkh rwkhuv duh dvvljqhg wr ylvlwhg yhuwlfhv1

Wkh sxusrvh ri wklv fkdswhu lv wr surylgh d prgho iru wzr yhuvlrqv ri wkh
PFS1 Lq wkh �uvw yhuvlrq/ fdoohg PFS4/ wkh dlp lv wr ghwhuplqh d vroxwlrq

6:
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assignment

routed edgev1

Iljxuh 614= D PFS vroxwlrq

vr dv wr plqlpl}h wkh vxp ri wkh urxwlqj frvw dqg wkh dvvljqphqw frvw1 Lq
wkh vhfrqg yhuvlrq/ fdoohg PFS5/ zh vhhn d vroxwlrq ri ohdvw urxwlqj frvw/
vxemhfw wr dq xsshu erxqg _ � rq wkh dvvljqphqw frvw1

615 Dssolfdwlrqv dqg uhodwhg sureohpv
D jhqhulf dssolfdwlrq ri wkh PFS lv wkh orfdwlrq ri d flufxodu vkdshg wudqv0
sruwdwlrq lqiudvwuxfwxuh vxfk dv d phwur olqh ru d prwruzd|1 Dqrwkhu srv0
vleoh dssolfdwlrq lv wkh ghvljq ri d whohfrppxqlfdwlrq qhwzrun ri wkh w|sh
ghvfulehg e| [x hw do1 ^:5`/ lq zklfk wkhuh duh sulpdu| qrghv ru kxev/ vrph ri
zklfk pxvw eh olqnhg e| d ulqj/ dqg vhfrqgdu| qrghv wkdw pxvw eh dvvljqhg
wr wkh kxev1

PFS4 frqvlvwv ri plqlpl}lqj d zhljkwhg vxp ri frqvwuxfwlrq dqg dffhvv
frvwv1 Lq PFS5/ rqo| frqvwuxfwlrq frvwv duh frqvlghuhg lq wkh remhfwlyh ixqf0
wlrq/ exw d olplw lv lpsrvhg rq wkh dvvljqphqw frvw1 Vlplodu sureohpv dulvh lq
wkh ghvljq ri d froohfwlrq ru gholyhu| urxwhv wkurxjk d vhw ri orfdwlrqv1 Odeeì
dqg Odsruwh ^78` frqvlghu wkh fdvh ri frqyhqlhqwo| orfdwlqj srvw0er{hv wdn0
lqj lqwr dffrxqw froohfwlrq frvw dqg xvhu lqfrqyhqlhqfh1 Dqrwkhu dssolfdwlrq
ehorqjlqj wr wkh vdph idplo| lv wkh orfdwlrq ri uhf|fodeoh jduedjh froohfwlrq
elqv lq d flw|1
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Wr wkh ehvw ri rxu nqrzohgjh/ wkh PFS kdv qhyhu suhylrxvo| ehhq vwxglhg/
exw d qxpehu ri uhodwhg orfdwlrq0urxwlqj sureohpv kdyh ehhq lqyhvwljdwhg1
Dq lpsruwdqw vshfldo fdvh ri PFS5 lv wkh Wudyholqj Vdohvpdq Sureohp +WVS,
rewdlqhg zkhq _ � ' f1 D qxpehu ri dxwkruv kdyh vwxglhg wkh orfdwlrq ri d
vlpsoh f|foh rq dq xqgluhfwhg judsk xqghu gl�huhqw remhfwlyhv ru frqvwudlqwv
wkdq wkrvh ri wkh PFS1 Zh ghvfuleh eulh | vrph fodvvlfdo h{dpsohv=

Jhqhudol}hg Wudyholqj Vdohvpdq Sureohp +Ilvfkhwwl/ Vdod}du dqg
Wrwk ^4<` dqg ^53`, = Ohw xv frqvlghu dq xqgluhfwhg judsk zlwk wkh vhw ri
yhuwlfhv glylghg lq jurxsv ru foxvwhuv1 Hdfk hgjh kdv dq dvvrfldwhg frvw1
Wkh Jhqhudol}hg Wudyholqj Vdohvpdq Sureohp vhhnv wkh plqlpxp frvw vlpsoh
f|foh wkdw ylvlwv hdfk foxvwhu dw ohdvw rqfh1 Dqrwkhu yhuvlrq ri wkh sureohp/
wkh Htxdolw| Jhqhudol}hg Wudyholqj Vdohvpdq Sureohp/ orrnv iru d plqlpxp
frvw vlpsoh f|foh wkdw ylvlwv hdfk foxvwhu h{dfwo| rqh1

Rulhqwhhulqj Sureohp +Ilvfkhwwl/ Vdod}du dqg Wrwk ^54`> Jhqguhdx/ Od0
sruwh dqg Vhphw ^59`,= Ohw xv frqvlghu dq xqgluhfwhg judsk zkhuh hdfk hgjh
kdv d frvw dqg hdfk yhuwh{ kdv dq dvvrfldwhg sul}h1 Wkh Rulhqwhhulqj Sure0
ohp frqvlvwv rq �qglqj d vlpsoh f|foh/ zlwk erxqghg frvw/ wkdw pd{lpl}hv
wkh wrwdo sul}h froohfwhg lq wkh ylvlwhg yhuwlfhv1

Sul}h Froohfwlqj Wudyholqj Vdohvpdq Sureohp +Edodv ^6`,= Ohw xv
frqvlghu dq xqgluhfwhg judsk zkhuh hdfk hgjh kdv d frvw dqg hdfk yhuwh{ kdv
dq dvvrfldwhg sul}h1 Wkh Sul}h Froohfwlqj Wudyholqj Vdohvpdq Sureohp vhhnv
d plqlpxp frvw f|foh wkdw froohfwv dw ohdvw d jlyhq dprxqw rq sul}hv lq wkh
ylvlwhg yhuwlfhv1

F|foh Sureohp +Edxhu ^8`,= Ohw xv frqvlghu dq xqgluhfwhg judsk lq
zklfk hdfk hgjh kdv dq dvvrfldwhg frvw1 Wkh F|foh Sureohp fdoov iru �qglqj
d plqlpxp frvw vlpsoh f|foh/ qrw qhfhvvdulo| Kdplowrqldq/ lq wkh judsk1

Fryhulqj Wrxu Sureohp +Jhqguhdx/ Odsruwh dqg Vhphw ^59`,= Ohw xv
frqvlghu dq xqgluhfwhg judsk zlwk vhw ri yhuwlfhv T ' L ^ ` 1 Hdfk hgjh
kdv dq dvvrfldwhg frvw1 Wkh Fryhulqj Wrxu Sureohp frqvlvwv ri ghwhuplqlqj
d plqlpxp frvw vlpsoh f|foh rq d vxevhw ri L vxfk wkdw hyhu| yhuwh{ ri `
lv zlwklq d jlyhq glvwdqfh iurp wkh f|foh1
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616 Prgho PFS4
61614 Frpsxwdwlrqdo frpsoh{lw|
Lw lv hdv| wr vhh wkdw wkh PFS4 lv QS0kdug/ vlqfh wkh WVS lv d vshfldo fdvh
ri lw1 Lq idfw/ li iru hdfk sdlu ri yhuwlfhv � � dqg �� wkh dvvljqphqw frvw lv
gh�qhg dv

_ � � ' � 4c li � � 9' ��
fc rwkhuzlvh c

wkhq PFS4 ehfrphv d WVS1 Krzhyhu/ dq hyhq vwurqjhu uhvxow fdq eh suryhg1

Sursrvlwlrq : Wkh ghflvlrq yhuvlrq ri PFS4 lv QS0frpsohwh lq wkh vwurqj
vhqvh1

Surri1 Zhzloo suryh wkdw wkh ghflvlrq yhuvlrq ri wkh PFS4 lvQS0frpsohwh/
e| vkrzlqj wkdw wkhuh h{lwv d sro|qrpldo wudqvirupdwlrq iurp wkh ghflvlrq
Kdplowrqldq flufxlw +KF, sureohp wr lw1

Ghflvlrq KF= Jlyhq d judsk C ' ETc.�/ grhv C frqwdlq d Kdplowrqldq
f|fohB

Ghflvlrq PFS4= Jlyhq d frpsohwh xqgluhfwhg judsk C ' ETc.� zlwk
urxwlqj frvwv S � � � f dvvrfldwhg wr doo hgjhv d� � c �� o 5 ./ d vhw dvvljqphqw
frvwv _ � � � f dvvrfldwhg wr doo sdlu ri yhuwlfhv � � c �� 5 T / dqg d erxqg
� 5 ~ � / lv wkhuh d f|foh lq C vxfk wkdw lwv ohqjwk soxv wkh wrwdo dvvljqphqw
frvw lv qrw odujhu wkdq �B

Wkh wudqvirupdwlrq s iurp KF wr PFS4 lv gh�qhg dv iroorzv1 Vxssrvh
C ' ETc.�c zlwk mT m ' ?/ lv dq lqvwdqfh ri wkh KF1 Wkh fruuhvsrqglqj
lqvwdqfh sEC� ri PFS4 kdv wkh vdph vhw ri yhuwlfhv1 Iru hdfk sdlu ri yhuwlfhv
� � dqg �� wkh urxwlqj dqg dvvljqphqw frvw duh gh�qhg dv

S � � ' � � li d� � c � � o 5 .
2 li d� � c � � o *5 .

dqg



6161 PRGHO PFS4 74

_ � � '
� fc li � � ' ��
2?c li � � 9' �� c

uhvshfwlyho|1 Pruhryhu/ wkh erxqg � rq wkh wrxu ohqjwk lv vhw wr ?1
Lw lv hdv| wr vhh wkdw wklv wudqvirupdwlrq s fdq eh shuiruphg lq sro|qrpldo

wlph1 Iru hdfk ri wkh ?E? � ��*2 frvwv S � � wr vshfli| lw lv qhfhvvdu| rqo| wr
h{dplqh C wr vhh li wkh hgjh d� � c �� o h{lvwv ru qrw1 Wkh ydoxh ri wkh ? � frvwv
_ � � lv hyhq hdvlhu wr ghwhuplqh1

Zhpxvw vkrz qrz wkdwC frqwdlqv d Kdplowrqldq f|foh li dqg rqo| li wkhuh
lv d f|foh lq sEC� vxfk wkdw wkh vxp ri lwv ohqjwk dqg wkh wrwdo dvvljqphqw
frvw lv qrw odujhu wkdq �1 Iluvw/ vxssrvh wkdw wkhuh lv d Kdplowrqldq wrxu
lq C1 Wkhq/ wkh vdph wrxu lq sEC� yhul�hv wkdw lwv ohqjwk soxv wkh wrwdo
dvvljqphqw frvw lv qrw odujhu wkhq �/ vlqfh wkhuh duh qrw yhuwlfhv ohiw rxwvlgh
wkh wrxu/ dqg khqfh wkh wrwdo dvvljqphqw frvw lv f/ dqg wkh wrwdo ohqjwk ri
wkh wrxu lq sEC� lv ?1 Frqyhuvho|/ vxssrvh wkhuh lv d f|foh lq sEC� vxfk
wkdw lwv ohqjwk soxv wkh wrwdo dvvljqphqw frvw lv qrw eljjhu wkdq �1 Vlqfh
� ' ?/ qr yhuwh{ lv dvvljqhg wr d yhuwh{ gl�huhqw iurp lwvhoi/ wkdw lv/ wkh
wrwdo dvvljqphqw frvw lv }hur1 Pruhryhu lwv ohqjwk pxvw eh h{dfwo| htxdo wr
?/ zklfk phdqv wkdw doo glvwdqfhv ehwzhhq frqvhfxwlyh yhuwlfhv kdyh ydoxh �
dqg fruuhvsrqg wr hgjhv lq C1 Vr wkh f|foh lv Kdplowrqldq lq C1

Xqwlo qrz zh kdyh suryhg wkdw wkh ghflvlrqdo yhuvlrq ri PFS4 lv QS0
frpsohwh1 Qrz qrwlfh wkdw wkh odujhvw ydoxh wkdw dsshduv lq wkh ghvfulswlrq ri
doo wkh lqvwdqfhv fuhdwhg e| wklv wudqvirupdwlrq lv 2?/ zkloh wkh lqsxw ohqjwk
lv ri rughu ? � +wkhuh duh ? � dvvljqphqw frvwv/ ?E?� ��*2 urxwlqj frvw dqg d
ydoxh �,1 Vr lw lv fohdu wkdw wkh pdjqlwxgh ri wkh odujhvw qxpehu lv erxqghg
e| d sro|qrpldo ri wkh gdwd ohqjwk/ dqg hyhq zlwk wklv uhvwulfwlrq wkh sureohp
lv QS0frpsohwh1 Wkhuhiruh zh fdq frqfoxgh wkdw PFS4 lv QS0frpsohwh lq
wkh vwurqj vhqvh1

61615 Pdwkhpdwlfdo irupxodwlrq
PFS4 fdq eh irupxodwhg dv dq lqwhjhu olqhdu surjudp dv iroorzv1 Iru hdfk
hgjh d� � c �� o 5 ./ ohw % � � eh d elqdu| yduldeoh htxdo wr 4 li hgjh d� � c �� o dsshduv
rq wkh f|foh/ dqg htxdo wr 3 rwkhuzlvh1 Iru hdfk duf E� � c �� � 5 �/ ohw + � �
eh d elqdu| yduldeoh htxdo wr 4 li yhuwh{ � � lv dvvljqhg wr yhuwh{ � � rq wkh
f|foh/ dqg htxdo wr 3 rwkhuzlvh1 Qrwlfh wkdw li d yhuwh{ � � lv rq wkh f|foh/
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lw lv wkhq dvvljqhg wr lwvhoi/ l1h1/ + � � ' �1 Lq dgglwlrq/ iru 7 � T gh�qh
.E7� G' id� � c �� o 5 . G � � c �� 5 7j dqg BE7� G' id� � c �� o 5 . G � � 5 7c �� *5 7j1
Li 7 ' i� � j/ zh vlpso| zulwh BE�� lqvwhdg ri BE7�1 Iru . � � ./ gh�qh
%E. � � G' � � � � � � 	 
 � �  % � � 1

Wkh irupxodwlrq lv wkhq=
plqlpl}h �� � � � � � 
 � � S � � % � � n �� � � � � � � � � _ � � + � � +614,

vxemhfw wr=
%EBE��� ' 2+ � � iru doo � � 5 Tc +615,
%EBE7�� � 2+ � � iru doo 7 � T G � � *5 7c � � 5 7c +616,�

� � �  + � � ' � iru doo � � 5 T q i� � jc +617,
+ � � � +� � iru doo E� � c �� � 5 �c � � 9' � � c +618,
+ � � ' � +619,
+ � � ' f iru doo �� 5 T q i� � jc +61:,
+ � � � f iru doo E� � c �� � 5 �c +61;,

+ � � 5 ifc �j iru doo �� 5 T q i� � jc +61<,
% � � 5 ifc �j iru doo d� � c �� o 5 .� +6143,

Frqvwudlqwv +615, duh fdoohg ghjuhh frqvwudlqwv/ dqg hqvxuh wkdw wkh ghjuhh
ri d yhuwh{ � � lv 5 li dqg rqo| li lw ehorqjv wr wkh f|foh +l1h1/ + � � ' �,1 Frq0
vwudlqwv +616, duh frqqhfwlylw| frqvwudlqwv vlqfh wkh| vwdwh wkdw 7 � T q i� � j
pxvw eh frqqhfwhg wr lwv frpsohphqw e| dw ohdvw wzr hgjhv ri wkh f|foh zkhq0
hyhu dw ohdvw rqh yhuwh{ � � 5 7 lv ylvlwhg e| wkh vroxwlrq1 Frqvwudlqwv +617,
vwdwh wkdw hlwkhu � � lv d yhuwh{ rq wkh f|foh +lq zklfk fdvh + � � ' �,/ ru � �
lv dvvljqhg wr rwkhu yhuwh{ �� +lq zklfk fdvh + � � ' �,1 Zh zloo fdoo wkhp
dvvljqphqw frqvwudlqwv1 Frqvwudlqwv +618, vwdwh wkdw d yhuwh{ � � 5 T fdq eh
dvvljqhg wr dqrwkhu yhuwh{ � � 5 T rqo| li �� lv lq wkh f|foh +l1h1/ + � � ' �,1
Frqvwudlqwv +619, dqg +61:, hqvxuh wkdw wkh ghsrw lv lq wkh vroxwlrq1 Wkh
frpelqdwlrq ri +615,/ +6143,/ +619, dqg +61:, jxdudqwhhv wkdw wkh vroxwlrq zloo
frqwdlq dw ohdvw rqh f|foh lqfoxglqj wkh ghsrw1 Frqvwudlqwv +616, olplw wkh
qxpehu ri f|fohv wr rqh/ dqg wkh frpelqdwlrq ri +615,/ +617,/ +618,/ dqg +61;,
phdqv wkdw hyhu| yhuwh{ qrw ehorqjlqj wr wkh f|foh lv dvvljqhg wr d yhuwh{
rq wkh f|foh1 Lqwhjudolw| frqglwlrqv rq wkh + � � yduldeohv zlwk � � 9' �� duh xq0
qhfhvvdu| vlqfh/ iru d jlyhq lqwhjhu yhfwru %/ wkh remhfwlyh lv plqlpl}hg zkhq
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yhuwlfhv qrw rq wkh f|foh duh dvvljqhg wr forvhvw yhuwlfhv rq wkh f|foh1 Lqwhjhu
vroxwlrqv duh wulyldoo| ghwhuplqhg lq fdvh ri wlhv1 Lpsolflwo| wkh deryh prgho
lpsrvhv wkdw wkh f|foh ylvlwv dw ohdvw wkuhh yhuwlfhv/ lqfoxglqj wkh ghsrw1 Wkh
suryh lv jlyhq ehorz1

Sursrvlwlrq ; D ihdvleoh vroxwlrq ri wkh prgho +615,0+6143, frqwdlqv d ohdvw
wkuhh yhuwlfhv/ lqfoxglqj � � 1

Surri1 Frqvwudlqw +619, vwdwhv wkdw + � � ' �1 Wkhuhiruh/ wkh ghjuhh frqvwudlqw
+615, dvvrfldwhg wr yhuwh{ � � ehfrphv

%EBE��� ' 2�

Wklv phdqv wkdw wkhuh duh wzr hgjhv lqflghqw wr yhuwh{ � � / wkdw lv/ % � � '
% � � ' � iru vrph � � dqg � � 1 Frpelqlqj wkhvh lqirupdwlrq zlwk wkh ghjuhh
frqvwudlqwv iru � � dqg � � / zh kdyh wkdw

2+ � � ' %EBE��� � �

dqg

2+ � � ' %EBE��� � ��

Wklv lpsolhv + � � � f�D dqg +� � � f�D1 Dv + � � dqg +� � duh elqdu| yduldeohv/
wkh rqo| srvvlelolw| lv + � � ' +� � ' �1 Vr/ wkh vroxwlrq frqwdlqv dw ohdvw wkuhh
yhuwlfhv= � � / � � dqg � � 1

61616 Vwuhqjwkhqlqj wkh OS0uhod{dwlrq
Wkh olqhdu uhod{dwlrq ri prgho +PFS4, fdq eh vwuhqjwkhqhg wkurxjk wkh
lqwurgxfwlrq ri dgglwlrqdo ydolg lqhtxdolwlhv1 Lq wklv vhfwlrq zh suhvhqw vrph
ri wkhvh lqhtxdolwlhv wkdw zh irxqg dqdol}lqj vroxwlrqv ri wkh OS0uhod{dwlrq
ri prgho +614,0+6143,1
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Vlpsoh frqvwudlqwv
Fohduo|/ % � � ' � zrxog lpso| + � � ' � +dqg dovr + � � ' �,1 Vr wkh fodvvlfdo
lqhtxdolwlhv

% � � � + � � c % � � � + � � iru doo � � c �� 5 T +6144,
duh ydolg iru PFS41 Pruhryhu/ wkh| duh qrw lqfoxghg lq wkh OS0uhod{dwlrq ri
wkh prgho +615,0+6143,/ gh�qhg e| wkh frqvwudlqwv +615,0+61;,1 Frqvlghu/ iru
h{dpsoh/ dq lqvwdqfh zlwk wuhh yhuwlfhv dqg d iudfwlrqdo srlqw E% � c + � � zlwk
% � � � ' % � � � ' �/ + �� � ' �/ + �� � ' + �� � ' + �� � ' + �� � ' f�D dqg doo rwkhu yduldeohv
zlwk ydoxh f +vhh Iljxuh 615,1 Wklv srlqw vdwlv�hv doo wkh frqvwudlqwv lq wkh
OS0uhod{dwlrq/ exw grhv qrw yhuli| % � � � + � � dqg % � � � + � � 1 Frqvwudlqwv
+6144, zloo eh fdoohg orjlfdo frqvwudlqwv1

v1

v2

v3

0.5

1

Iljxuh 615= Srwhqwldo vroxwlrq ri wkh OS0uhod{dwlrq ri PFS4

Sursrvlwlrq < Wkh lqhtxdolwlhv
% � � n + � � n + � � � + � � n + � � iru doo � � c �� c � � 5 T qi� � j +6145,

duh ydolg iru PFS41
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Surri1 Lq d ihdvleoh vroxwlrqv iru PFS4 wkh yduldeoh % � � kdv ydoxh hlwkhu �
hlwkhu f1 Li % � � ' �/ yhuwlfhv � � dqg �� duh lq wkh vroxwlrq/ wkdw lv/ + � � ' + � � ' �/
dqg vlqfh + � � n + � � � � � � � � + � � ' �/ wkh lqhtxdolw| +6145, lv yhul�hg1 Lq wkh
fdvh zkhuh % � � ' f/ zh kdyh wkdw

% � � n + � � n + � � ' + � � n + � � � + � � n +� �

e| xvlqj +618, iru E� � c � � � 5 � dqg E� � c �� � 5 �1
Iljxuh 616 vkrzv d iudfwlrqdo srlqw E% � c + � � rq dq lqvwdqfh zlwk wzhqw|

yhuwlfhv wkdw vdwlv�hv doo frqvwudlqwv lq wkh OS0uhod{dwlrq ri PFS4 dqg wkdw/
krzhyhu/ ylrodwhv +6145,1 Lq idfw/ % �	 
 � � n + � � � � n + �� � � � � ' ��D. zklfk lv eljjhu
wkdq + �� � � n + �� � � � � ' ���e1 Zh kdyh rplwwhg wkh uhsuhvhqwdwlrq ri yduldeohv + � �
wr vlpsoli| wkh gudzlqj1

1

20

19

18

17

16

15

14

13

12

11

10

2

3

4

5

6

7 8

9

0.57

0.43

0.14

0.29

1

Iljxuh 616= Vroxwlrq ri wkh OS0uhod{dwlrq ri d PSF4 lqvwdqfh
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Sursrvlwlrq 43 Wkh lqhtxdolwlhv
% � � n + � � n + � � � � iru doo � � c �� 5 T qi� � jc � � 9' �� +6146,

duh ydolg iru PFS41

Surri1 Li hgjh d� � c �� o lv lq wkh vroxwlrq vr pxvw eh yhuwlfhv � � dqg �� / wkdw
lv/ + � � ' +� � ' �/ dqg khqfh/ ehfdxvh ri frqglwlrq +617,/ + � � ' + � � ' f +vlqfh
� � 9' �� dqg � � 9' � � ,1 Li hgjh d� � c �� o lv qrw lq wkh vroxwlrq wkhq wkh lqhtxdolw|
+6146, lv grplqdwhg e| lqhtxdolw| +618,/ vlqfh + � � � +� � ' �� � � � � � 	 
 � �  +� � �
�� + � � 1

Lqhtxdolw| +6146, fdq eh vwuhqjwkhqhg lq wkh iroorzlqj zd|=

% � � n + � � n �� � � � � � � � � +� � � � iru doo � � c �� 5 T qi� � j +6147,

Iljxuh 617 vkrzv d ihdvleoh vroxwlrq iru wkh OS0uhod{dwlrq ri PFS4/ rq
wkh vdph lqvwdqfh xvhg lq Iljxuh 616/ wkdw ylrodwhv +6146,1 Lq idfw/ % � � � � n
+ � � � � n + � � �  ' ��D : �1

Sursrvlwlrq 44 Wkh lqhtxdolwlhv
% ! " n + ! " � +" " c % ! " n +" ! � + ! ! iru doo � ! c �" 5 T +6148,

duh ydolg iru PFS41

Surri1 Li % ! " ' �/ wkhq + ! ! ' +" " ' � dqg + ! " ' +" ! ' f1 Vr/ +6148, lv yhul�hg1
Li/ rq wkh frqwudu|/ % ! " ' f/ wkhq +6148, lv grplqdwhg e| +618,1

Iljxuh 617 dovr looxvwudwhv wkdw wklv nlqg ri lqhtxdolwlhv fdqqrw eh ghulyhg
iurp wkh frqvwudlqwv lq wkh OS0uhod{dwlrq ri prgho +PFS4,1 Lq wkdw h{dpsoh
wkh frqvwudlqw % # $ % & n + % & $ # � + # $ # lv ylrodwhg1

Qrwh wkdw lqhtxdolwlhv +6148, grplqdwh lqhtxdolwlhv +618, dqg +6144,1 Pruh0
ryhu/ wkh| dovr grplqdwh lqhtxdolwlhv +6147,/ vlqfh

% ! " n + ! " � + " " ' �� '( ) * + , - ( . / +" 0
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Iljxuh 617= Vroxwlrq ri wkh OS0uhod{dwlrq ri d PFS4 lqvwdqfh
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ehfdxvh +617,/ dqg wklv lpsolhv

% � � n + � � n �� � � � � � � 	 
 + � � � ��

Jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqwv +JVHF,
Wkh qdwxuh ri rxu sureohp doorzv xv wr uhlqirufh wkh vxewrxu holplqdwlrq
frqvwudlqwv +616,1 Li wkhuh lv d vhw 7 � T qi� � j vxfk wkdw d yhuwh{ � � 5 7 lv
dvvljqhg wr dqrwkhu yhuwh{ �� 5 7/ wkhq wkdw yhuwh{ �� lv lq wkh vroxwlrq dqg
vr/ dv � � *5 7/ wkh vhw 7 pxvw eh frqqhfwhg wr lwv frpsohphqw e| dw ohdvw wr
hgjhv ri wkh vroxwlrq +vhh Iljxuh 618,1

vi

vj

v1

S

Iljxuh 618= JVHF h{sodqdwlrq

Wklv lv zkdw wkh iroorzlqj jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqwv vwdwh=

%EBE7�� � 2 � 	 � � + � � iru doo 7 � T qi� � jc � � 5 7c 2 �m 7 m�m T m �� +6149,

Iluvw/ revhuyh wkdw frqvwudlqwv +6149, duh yhu| ulfk dqg uhgxfh wr wkh frq0
vwudlqwv +6148, zkhqhyhu 7 ' i�c �j � T q i� � j1 Vhfrqg/ frqvwudlqwv +6149,
grplqdwh dovr frqvwudlqwv +6145, +mxvw wdnh 7 ' i� � c �� c � � j,1 Vr/ wkhvh jhq0
hudol}hg vxewrxu holplqdwlrq frqvwudlqwv grplqdwh doo lqhtxdolwlhv lq +6144,0
+6148,/ h{fhsw wkrvh lqhtxdolwlhv +6148, wkdw uhihu wr � � / wkdw lv
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% � � � + � � iru doo � � 5 T qi� � j +614:,
dqg

% � � n + � � � � iru doo � � 5 T qi� � j�
Krzhyhu/ qrwh wkdw wkh odwhu rqhv duh grplqdwhg e| wkh �uvw rqhv1 Vr/ rqo|
htxdwlrqv +614:, uhpdlq xqgrplqdwhg e| +6149,1

Wkh grplqdwlrq uhodwlrqv phqwlrqhg xqwlo qrz dprqj wkhvh frqvwudlqwv
duh judsklfdoo| uhsuhvhqwhg lq Iljxuh 6191

Iljxuh 619= Grplqdqfh wuhh

50pdwfklqj frqvwudlqwv
Ilqdoo|/ revhuyh wkdw doo lqhtxdolwlhv ydolg iru wkh f|foh sro|wrsh +vhh Edxhu
^8`, duh dovr fohduo| ydolg iru wkh PFS41 Zh uhvwulfw rxu dwwhqwlrq wr wkh
iroorzlqj 50pdwfklqj lqhtxdolwlhv=

%E.EM�� n %EA � � �
� � � �

+ � � n mA m � �
2 +614;,
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iru doo M � T dqg A � BEM� vdwlvi|lqj=

+l, i� � c � � j _ i� � c �� j ' > iru d� � c �� oc d� � c �� o 5 A dqg d� � c �� o 9 'd� � c � � o/
+ll, mA m � � dqg rgg1

Wkhvh lqhtxdolwlhv duh rewdlqhg e| vxpplqj xs wkh ghjuhh htxdwlrqv +615,
iru doo � � 5 M dqg wkh erxqg uhvwulfwlrqv % � � � � iru doo d� � c �� o 5 A / glylglqj
doo e| wzr/ dqg urxqglqj grzq doo frh!flhqwv wr wkh forvhvw lqwhjhu1

617 Prgho iru PFS5
61714 Frpsxwdwlrqdo frpsoh{lw|
WkhQS0kdugqhvv ri PSF5 fdq eh hdvlo| suryhg e| revhuylqj wkdw wkh vshfldo
fdvh iru zklfk _ � ' f lv wkh WVS1 Zh suhvhqw dq hyhq vwurqjhu uhvxow1

Sursrvlwlrq 45 Wkh ghflvlrq yhuvlrq ri PFS5 lv QS0frpsohwh lq wkh vwurqj
vhqvh1

Surri1 Iluvw/ zh zloo suryh wkdw wkh ghflvlrq yhuvlrq ri PFS5 lv QS0
frpsohwh e| vkrzlqj wkdw wkhuh lv d sro|qrpldo wudqvirupdwlrq iurp wkh
ghflvlrq KF wr lw1

Ghflvlrq PFS5= Jlyhq d frpsohwh xqgluhfwhg judsk C ' ETc.� zlwk
glvwdqfhv S � � � f iru doo hgjhv d� � c �� o 5 ./ d vhw ri dvvljqphqw frvwv _ � � � f
iru doo sdlu ri yhuwlfhv � � c � � 5 T / d ydoxh _ � � f/ dqg d erxqg � 5 ~ � / grhv
wkhuh h{lvw d f|foh lq C zlwk wrwdo dvvljqphqw frvw erxqghg e| _ � vxfk wkdw
lwv ohqjwk lv qrw odujhu wkdq �B

Wkh sro|qrpldo wudqvirupdwlrq s zh zloo xvh lv wkh rqh wkdw zdv gh�qhg
lq wkh surri ri Sursrvlwlrq :/ zlwk wkh dgglwlrqdo frqglwlrq _ � ' f1 Zh pxvw
vkrz qrz wkdw wkhuh lv d Kdplowrqldq wrxu lq C li dqg rqo| li wkhuh lv d f|foh
lq sEC� zlwk wrwdo dvvljqphqw frvw erxqghg e| _ � vxfk wkdw wkh lwv ohqjwk
lv qrw odujhu wkdq �1 Iluvw/ vxssrvh wkdw wkhuh lv d Kdplowrqldq wrxu lq C1
Vlqfh wkhuh lv qr yhuwh{ rxwvlgh wkh wrxu/ wklv vdph vroxwlrq kdv/ lq sEC�/ d
wrwdo dvvljqphqw frvw htxdo wr }hur/ dqg vr lw lv erxqghg e| _ � 1 Pruhryhu/
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lwv ohqjwk lq sEC� lv qrw odujhu wkdq �1 Frqyhuvho|/ vxssrvh wkdw wkhuh lv d
f|foh lq sEC� zlwk wrwdo dvvljqphqw frvw erxqghg e| _ � dqg vxfk wkdw lwv
ohqjwk lv qrw odujhu wkdq �1 Vlqfh _ � lv d �qlwh qxpehu/ wklv phdqv wkdw qr
yhuwh{ lv dvvljqhg wr dqrwkhu yhuwh{ gl�huhqw iurp lwvhoi/ wkdw lv/ wkh wrwdo
dvvljqphqw frvw lv }hur1 Rq wkh rwkhu kdqg/ wkh glvwdqfh ehwzhhq dq| wzr
frqvhfxwlyh yhuwlfhv lq wkh wrxu kdyh wr eh � lq rughu wr vdwlvi| wkh ohqjwk
frqvwudlqw1 Wklv phdqv wkdw d� � c �� o 5 . iru doo sdlu ri frqvhfxwlyh yhuwlfhv lq
wkh wrxu/ l1h1/ wkh wrxu lv Kdplowrqldq lq C1

Wr vkrz wkdw wkh ghflvlrqdo PFS5 lv QS0frpsohwh lq wkh vwurqj vhqvh lw
vx!fhv wr vkrz wkdw/ iru hdfk lqvwdqfh fuhdwhg e| wklv wudqvirupdwlrq/ wkh
pdjqlwxgh ri wkh odujhvw ydoxh lv erxqghg e| d sro|qrpldo ri wkh lqsxw gdwd
ohqjwk1 Wklv lv fohdu vlqfh wkh odujhvw ydoxh wkdw dsshduv lq wkh ghvfulswlrq ri
doo wkh lqvwdqfhv fuhdwhg e| wklv wudqvirupdwlrq lv 2?/ zkloh wkh lqsxw ohqjwk
lv ri rughu ? � +wkhuh duh ? � dvvljqphqw frvwv/ ?E?� ��*2 urxwlqj frvw dqg d
ydoxh �,1

61715 Pdwkhpdwlfdo irupxodwlrq
Wkh lqwhjhu olqhdu surjudpplqj irupxodwlrq ri PFS5 lv lghqwlfdo wr wkdw ri
PFS4 h{fhsw wkdw wkh remhfwlyh ehfrphv

plqlpl}h �
� � � � � 	 
 � � S � � % � � +614<,

dqg wkh frqvwudlqw �
 � � � � � � � �� � �� � �

_ � � + � � � _ � +6153,

lv lqwurgxfhg1 Wkhuhiruh/ d ydolg prgho iru PFS5 lv=

plqlpl}h � ! " # ! � $ % & S � � % � �
vxemhfw wr

%EBE��� ' 2+ � � iru doo � � 5 Tc
%EBE7�� � 2+ � � iru doo 7 � T G � ' 9 57c � � 5 7c
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�

� � � � + � � ' � iru doo � � 5 T q i� � jc
+ � � � + � � iru doo E� � c �� � 5 �c
+ � � ' �
+ � � ' f iru doo �� 5 T q i� � jc�

� 	 
 � 	 � �  �	 
 �� 	 �
_ � � + � � � _ �

+ � � � f iru doo E� � c �� � 5 �c
+� � 5 ifc �j iru doo �� 5 T q i� � jc
% � � 5 ifc �j iru doo d� � c �� o 5 .�

Frqwudlqw +6153, sxwv dq xsshu erxqg rq wkh vxp ri dvvljqphqw frvwv
iurp wkh yhuwlfhv qrw lq wkh f|foh wr yhuwlfhv lq wkh f|foh1 Ehfdxvh ri lw irup/
zh zloo uhihu wr wklv frqvwudlqw dv nqdsvdfn frqvwudlqw1

61716 Vwuhqjwkhqlqj wkh OS0uhod{dwlrq
Doo wkh frqvwudlqwv ydolg iru PFS4/ vxfk dv +614:,/ +6149, dqg +614;,/ duh vwloo
ydolg iru PFS51 Exw qrz/ wkh nqdsvdfn frqvwudlqw +6153,/ wrjhwkhu zlwk wkh
lpsolflw elqdu| qdwxuh ri wkh + � � yduldeohv/ gh�qhv d 304 nqdsvdfn sureohp
zlwk jhqhudol}hg xsshu erxqg +JXE, frqvwudlqwv

�
� � � �

� � �� � 

+ � � � �

iru doo � � 5 T / lq zklfk wkh lwhpv duh wkh dufv ri wkh judsk1 Wklv doorz xv
wr uhlqirufh wkh OS0uhod{dwlrq ri PFS5 e| lqwurgxflqj d nlqg ri lqhtxdolwlhv
wkdw frph iurp wkh nqdsvdfn sureohp1

Fryhu lqhtxdolwlhv
Ohw xv vxssrvh wkdw wkhuh lv d vhw ri dufv A � � zlwk gl�huhqw wdlov vxfk
wkdw wkh vxp ri wkhlu dvvljqphqw frvwv lv eljjhu wkdq _ � 1 Lq wklv fdvh/ qrw
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doo wkh yduldeohv fruuhvsrqglqj wr wkhvh dufv fdq kdyh ydoxh rqh lq d ihdvleoh
vroxwlrq ri PFS51 Wklv lv zkdw wkh iroorzlqj fryhu lqhtxdolwlhv vwdwh=

�
� � � � � � � � � + 	 
 � mA m � �c

iru doo vhw A ri dufv zlwk gl�huhqw wdlov vxfk wkdw � � � � � � � � � � _ 	 
 : _ � 1
Ehfdxvh ri wkh JXE frqvwudlqwv/ wkh fryhu lqhtxdolwlhv fdq eh hdvlo| oliwhg

dqg uhzulwwhq dv=
�

� � � � � � � � � + 	 
 � mA m � � +6154,

zkhuh 7A G' iE�  c � � � G wkhuh h{lvwv E�  c �� � 5 A iru vrph �� zlwk _  � � _  � j
+vhh Zrovh| ^:3`,1

Vhyhudo vwuhqjwkhqlqjv ri wkhvh frqvwudlqwv kdyh ehhq vxjjhvwhg +vhh Qhpkdxvhu
dqg Ydqfh ^89` dqg Jx hw do1 ^65`,1 Lq sduwlfxodu/ wkh fodvvlfdo h{whqghg fryhu
lqhtxdolw|

�
� � � � � � � � � � �� + � � � mA m � �c +6155,

zkhuh �A G' iE� � c �� � *5 A G _ � � � 4@ � �  ! " # � i_ � ! jj duh gluhfwo| uhohydqw lq
sudfwlfh wr PFS51

Vxewrxu holplqdwlrq frqvwudlqwv 5 +VHF5,
Sursrvlwlrq 46 Wkh VHF5 lqhtxdolwlhv

%EBE7�� � 2 iru doo 7 � T qi� $ j vxfk wkdw %& ' # ( 4�?& ) *# ( _ � � : _ + +6156,

duh ydolg iru PFS51
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Surri1 Li wkhuh lv d vhw ri yhuwlfhv 7 � T qi� � j vxfk wkdw � � � � � 4�? � � �� � _ � 	 :
_ 
 / wkhq dw ohdvw rqh yhuwh{ ri 7 pxvw eh lq wkh wrxu/ zklfk lpsolhv wkdw wkh
wrxu pxvw sdvv wkurxjk 71

Iru d vhw 7 � T qi� � j yhuli|lqj wkh suhylrxv frqglwlrq/ wkh uhtxluhphqw
ri ehlqj ylvlwhg e| wkh vroxwlrq fdq dovr eh h{suhvvhg e| wkh lqhtxdolw|

�� � � � + � � � � 1 +6157,

Krzhyhu/ zh zloo xvh +6156, ehfdxvh lw lv vwurqjhu1 Lqghhg/ iru dq| vhw 7 � T
�� � � � %EBE� � �� ' 2 �� � � � + � �

' %EBE7�� n 2%E.E7���

Vr/ %EBE7�� � 2 lv htxlydohqw wr � � � � � + � � � � n %E.E7��/ zklfk grplqdwhv
+6157,1

Dv wr wkh uhodwlrq ehwzhhq frqvwudlqwv +6149, dqg +6156,/ qrwh wkdw wkh
pd{lpxp ydoxh wkh uljkw kdqg vlgh ri lqhtxdolwlhv +6149, pd| wdnh lv 51 Wklv
phdqv wkdw/ iru d vhw 7 � T qi� � j vxfk wkdw � � � � � 4�? � � �� � _ � 	 : _ 
 / wkh
fruuhvsrqglqj frqvwudlqw +6156, lv vwurqjhu wkdq wkh frqvwudlqw +6149,1

Fryhu0frqqhfwlylw| frqvwudlqwv
Frqvlghu d vhw ri yhuwlfhv 7 � T qi� � j vxfk wkdw �� � � � 4�? � � �� � _ � 	 � _ 
 1 Wkhq
zh fdqqrw lpsrvh +6156,1 Krzhyhu/ li wkhuh lv dq duf E� � c �  � 5 ET q7��ET q7�
vxfk wkdw �� � � � 4�? � � �� � _ � � n_ � � : _ � +vhh Iljxuh 61:,/ wkhq lw lv fohdu wkdw zkhq
+ � � ' � wkh vroxwlrq pxvw ylvlw 7 lq rughu wr yhuli| +6153,1

Zh fdq wkxv frqfoxgh wkdw/ iru vxfk d vhw 7 ri yhuwlfhv dqg vxfk dq duf
E� � c � � �/

%EBE7�� � 2+ � � �
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S

v1 vs

vt

Iljxuh 61:= Fryhu0frqqhfwlylw| h{sodqdwlrq

Wklv lghd fdq eh h{whqghg wr d eljjhu vhw ri dufv1 Iru h{dpsoh/ vxssrvh
wkdw �� � � � 4�? � � �� � _ � � n_ 	 
 lv vpdoohu ru htxdo wkdq _ � / exw wkhuh lv dqrwkhu duf
E�� c �  � 5 ET q7�� ET q7�/ zlwk �� 9' � � / dqg �� � � � 4�? � � �� � _ � � n _ � � n _�  : _ � 1
Wkhq dq| vroxwlrq lq zklfk + � � n +�  ' � pxvw ylvlw 7/ wkdw lv

%EBE7�� � 2E+ � � n +�  � ���

Lq jhqhudo/ zh rewdlq wkh iroorzlqj w|sh ri frqvwudlqwv wkdw zloo eh fdoohg
fryhu0frqqhfwlylw| frqvwudlqwv=

%EBE7�� � 2
� �� � �  � ! " # $ + % & � EmA m � �� ' c +6158,

zkhuh 7 lv d vhw ri yhuwlfhv qrw frqwdlqlqj � ( dqg A lv d vhw ri dufv zlwk
gl�huhqw wdlov lq T q7 vxfk wkdw

)* + , - 4�? * . /, - _ 0 1 n )2 * 3 4 5 6 7 8 9 _ : ; : _ < �
Pruhryhu/ +6158, fdq eh uhlqirufhg e| dgglqj wr A doo wkrvh dufv E� : c � = � vxfk
wkdw wkhuh h{lvwv d yhuwh{ � ; iru zklfk E� : c � ; � 5 A dqg _ : = � _ : ; ru � = 5 71

Wkh iroorzlqj sursrvlwlrq suhvhqwv wkhvh lghdv lq d pruh irupdo zd|1
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Sursrvlwlrq 47 Wkh fryhu0frqqhfwlylw| frqvwudlqwv
%EBE7�� � 2 � �� mA mn �� � � � � � � � 	
 + � �  +6159,

iru doo 7c Ac 7A vxfk wkdw

+l, 7 � T q i� � j/
+ll, A lv d vxevhw ri dufv E� � c �� � zlwk gl�huhqw wdlov ehorqjlqj wr T q7/
+lll, 7A G' iE� � c � � � G wkhuh h{lvwv E� � c � � � 5 A iru vrph �� zlwk _ � � � _ � � ru

� � 5 7jc

duh ydolg lqhtxdolwlhv iru PFS5 prgho zkhqhyhu�� � � � 4�?� � �� � i_ � � jn �� � � � � � � � 
 _ � � : _ � � +615:,

Surri1 Ohw ` ' i� � 5 T G E� � c �� � 5 Aj1 Iluvw revhuyh wkdw � � � � � � � � � 
 + � � �
mA m vlqfh m` m ' mA m dqg frqvwudlqwv +617, dsso|1 Li � � � � � � � � � 
 + � � � mA m �
�/ frqvwudlqw +6159, krogv wulyldoo|1 Li � � � � � � � 
 + � � ' mA m/ frqvwudlqw +6159,
uhgxfhv wr %EBE7�� � 21 Lq idfw/ wzr fdvhv duh wkhq srvvleoh=

+l, Wkhuh h{lvwv E� � c � � � 5 A zlwk � � 5 7 dqg + � � ' �1 Wkhq dw ohdvw
rqh yhuwh{ � � ri 7 pxvw eh rq wkh f|foh vlqfh � � lv dvvljqhg wr lw dqg
%EBE7�� � 2 pxvw krog1

+ll, Doo E� � c � � � 5 A vxfk wkdw + � � ' � vdwlv�hv � � *5 7 dqg � � *5 71 Wkhq wkh
ohiw0kdqg vlgh ri +615:, lv d orzhu erxqg rq wkh dvvljqphqw frvw li qr
yhuwh{ ri 7 ehorqjv wr wkh f|foh/ vr wkdw djdlq %EBE7�� � 2 pxvw krog1

Diwhu kdylqj suhvhqwhg wkh fryhu0frqqhfwlylw| frqvwudlqwv vrph uhpdunv
duh lq rughu/ wr kljkoljkw wkhlu ulfkqhvv1 Iluvw/ revhuyh wkdw zkhq A ' >/
frqvwudlqwv +6159, uhgxfh wr



6171 PRGHO IRU PFS5 8:

%EBE7�� � 2

iru doo 7 � T qi� � j vxfk wkdw �
� � � � 4�? � � �� � _ � 	 : _ 
 / wkdw lv/ wkh| uhgxfh wr

+6156,1 Vhfrqg/ qrwh wkdw zkhq 7 ' >/ wkh frqvwudlqwv fdq eh zulwwhq dv
�

� � �  � � � � �
+ � 	 � mA m � �

xqghu wkh frqglwlrq � � � �  � � � � � _ � 	 : _ 
 1 Wkhvh duh qrwklqj hovh wkdw wkh fryhu
frqvwudlqwv +6154, zh suhvhqwhg ehiruh1 Vr wkh fryhu0frqqhfwlylw| frqvwudlqwv
jhqhudol}h erwk +6154, dqg +6156,1 Wkhvh grplqdwlrq uhodwlrqv duh judsklfdoo|
uhsuhvhqwhg lq Iljxuh 61;1

Iljxuh 61;= Grplqdqfh wuhh
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Fkdswhu 7
Sro|khgudo vwxg| ri PFS4
Lq wklv fkdswhu zh ghulyh vrph sro|khgudo uhvxowv iru prgho +614,�+6143, gh�q0
lqj PFS41 Lq Vhfwlrqv 714 dqg 715 zh zloo dvvxph wkdw mT m � S lq rughu wr
holplqdwh wulyldo ru ghjhqhudwh lqvwdqfhv/ dqg wr eh deoh wr dsso| nqrzq uh0
vxowv iru wkh WVS sro|wrsh zkhq uhtxluhg1 Lq Vhfwlrq zh vwxg| wkh PFS4
sro|wrsh zkhq mT m ' �/ mT m ' e/ dqg mT m ' D1

Ohw � eh wkh sro|wrsh gh�qhg e| wkh frqyh{ kxoo ri ihdvleoh vroxwlrqv wr
PFS4/ wkdw lv/

� G' frqy � E%c +� 5 LU � � � � � � � G E%c +� vdwlv�hv +615,�+6143, � �
Ohw ' eh wkh sro|wrsh dvvrfldwhg zlwk wkh WVS1 Qrwh wkdw ' fdq eh ghvfulehg
dv

' G' iE%c +� 5 � G + � � ' � iru doo � � 5 T q i� � jj �
Lq idfw/ erwk sro|wrshv � dqg ' duh olqnhg e| wkh lqwhuphgldwh sro|wrshv=

� E8 � G' iE%c +� 5 � G + � � ' � iru doo � � *5 8 ^ i� � jjc
iru doo 8 � T q i� � j/ lq wkh vhqvh wkdw � E>� ' ' dqg � ET q i� � j� ' � 1 Wkh
yhuwlfhv lq vhw 8 duh fdoohg vdlg wr eh iuhh/ vlqfh wkh| duh qrw frpsxovrulo| lq
wkh vroxwlrq1

Wklv frqqhfwlrq doorzv xv wr h{whqg nqrzq uhvxowv iurp ' wr � 1 Iru dq|
k 5 LU � 	 � c q 5 LU 
 � 
 dqg � 5 LU/ gh�qh wkh k|shusodqh

KEkc qc �� G' iE%c +� 5 LU �  � � � � � G k%n q+ ' �j�

8<
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Ohppd 48 Ohw � � � c � � � c ���c � � � � � eh dq rughulqj ri wkh yhuwlfhv ri T qi� � j dqg
ohw 8 � ' i� 	 � c ���c � 	 
 j iru doo & ' �c � � � c ?� �1 Li iru hdfk & ' �c ���c ?� � dqg
hdfk � 	 � 5 T qi� 	 
 j wkhuh h{lvwv d ihdvleoh vroxwlrq E%c +� wr +PFS4, vxfk wkdw

+l, + 	 �  � ' � iru doo , : & +l1h1/ doo yhuwlfhv ri T q8 � ehorqj wr wkh f|foh,/
+ll, +  �  � n +  � � ' � iru doo , 	 & +l1h1/ doo yhuwlfhv ri 8 � qi�  � j duh hlwkhu rq

wkh f|foh ru dvvljqhg wr wkh ghsrw � � ,/
+lll, +  �  � ' � +l1h1/ yhuwh{ �  � grhv qrw ehorqj wr wkh f|foh dqg lv dvvljqhg wr

yhuwh{ �  � ,/ dqg
+ly, k%n q+ ' �/

wkhq _�4EKEkc qc �� _ � � � _�4EKEkc qc �� _'� n EmT m � �� � �
Surri1 Zh zloo suryh e| lqgxfwlrq rq m8 � m wkdw _�4EKEkc qc �� _ � E8 � �� �
_�4EKEkc qc �� _ '� n m8 � mEmT m � ��1 Li m8 � m ' f/ l1h1/ li 8 � ' >/ wkhq wklv
lqhtxdolw| krogv vlqfh � E8 � � ' '1 Qrz/ e| wkh lqgxfwlrq k|srwkhvlv/ wkhuh
h{lvw _�4EKEkc qc ��_'�n m8 � � � mEmT m� ��n� ' _�4EKEkc qc ��_'�n m8 � �
�mEmT m � ��n� d!qho| lqghshqghqw srlqwv vxfk wkdw + � � � � ' � lq KEkc qc ��_
� E8 � � � � dqg wkxv lq KEkc qc ��_� E8 � �1 Dq dgglwlrqdo vhw ri mT m� � d!qho|
lqghshqghqw lqKEkc qc ��_� E8 � � fdq eh rewdlqhg dv iroorzv1 Wdnh wkh srlqwv
frqvlvwlqj ri d Kdplowrqldq f|foh lq T qi� � � j dqg dvvljq � � � wr hdfk yhuwh{
lq wkh f|foh lq wxuq1 Qrwh wkdw lq doo wkhvh srlqwv + � � � � ' f1 Zulwlqj wkh
srlqwv E%c +� dv urz yhfwruv zlwk yduldeohv lq wkh rughu Ee_}erc ?J_erc @oSr�
zh rewdlq wkh pdwul{ lq Iljxuh 7141

����������
�

� � � � �  ! " � � # $ % &' ( ) * ) + * ) , - - - . / 0 12 3 - - - 34 5 6 777 777 7778 9 : : : 98 : : : 9 : : : 8 8; < = >>> >>> >>> > > >? @ @ @ A @ @ @ ? ?

B CCCCCCCCC
D

Iljxuh 714= D!qho| lqghshqghqw srlqwv lq KEkc qc �� _ � E8 E �
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Yhfwruv lq sduw +d, ri wkh pdwul{ uhsuhvhqw wkh _�4EKEkc qc ��_'�nm8 � � � mEmT m�
�� n � srlqwv h{lvwlqj gxh wr wkh lqgxfwlrq k|srwkhvlv/ dqg yhfwruv lq sduw
+e, uhsuhvhqw wkh qhz mT m�� srlqwv1 Lw lv hdvlo| vhhq wkdw doo wkh urzv ri wklv
pdwul{ duh olqhduo| lqghshqghqw1

Dq lpsruwdqw frqvhtxhqfh ri Ohppd 48 lv wkdw dq| idfhw0gh�qlqj lqhtxdo0
lw| k% n q+ � � iru ' vdwlvi|lqj +l,�+ly, lv dovr idfhw0gh�qlqj iru � 1 Lq wkh
iruwkfrplqj vhfwlrqv zh zloo xvh wklv idfw wr suhvhqw dowhuqdwlyh dqg vlpsohu
surriv +uhihuuhg lq zkdw iroorzv dv Ohppd0edvhg surriv, iru wkh glphqvlrq
dqg idfhw gh�qlqj uhvxowv1

714 Glphqvlrq dqg wulyldo idfhwv
Zh vwduw e| vwxg|lqj wkh glphqvlrq ri wkh lqwhuphgldwh sro|wrshv � E8 �
gh�qhg lq wkh suhylrxv vhfwlrq1

Sursrvlwlrq 49 _�4E� E8 �� � m.m � mT mn m8 mEmT m � ��1

Surri1 Wkh surri lv e| lqgxfwlrq rq m8 m1 Li 8 ' > wkhq � E8 � ' ' dqg
wkh lqhtxdolw| krogv vlqfh _�4E'� ' m.m � mT m1 Ohw xv vxssrvh wkdw wkh
lqhtxdolw| krogv iru d jlyhq 8 � 9' >/ dqg frqvlghu wkh vhw 8 � � ' 8 � ^ i� � j/
� � 5 T qi8 � ^ i� � jj1 Zh pxvw suryh wkdw

_�4E� E8 � � �� � m.m � mT mn m8 � � mEmT m � ��
' m.m � mT mn Em8 � mn ��EmT m � ��
' m.m � mT mn m8 � mEmT m � �� n EmT m � ��

E| wkh lqgxfwlrq k|srwkhvlv/ wkhuh h{lvw dw ohdvw m.m�mT mnm8 � mEmT m���n�
d!qho| lqghshqghqw yhfwruv lq � E8 � �c dqg wkxv lq � E8 � � �1 Wkh dgglwlrqdo
mT m � � d!qho| lqghshqghqw srlqwv zh qhhg fdq eh rewdlqhg lq wkh iroorzlqj
zd|= wdnh d Kdplowrqldq wrxu lq T qi� � j dqg dvvljq � � wr hdfk yhuwh{ ri
wkh wrxu/ lq wxuq1 Wkh d!qh lqghshqghqfh ri wkh yhfwruv fdq eh vhhq lq wkh
pdwul{ lq Iljxuh 715= yhfwruv +d, duh wkh m.m � mT mn m8 � mEmT m � ��n� d!qho|
lqghshqghqw yhfwruv lq � E8 � � � � E8 � � ��/ yhfwruv +e, duh wkh rqhv dvvrfldwhg
wr wkh mT m � � qhz vroxwlrqv1 Lw fdq eh vhhq wkdw wkh mT m � � qhz yhfwruv
duh pxwxdoo| d!qho| lqghshqghqw1 Wkh| duh dovr d!qho| lqghshqghqw zlwk
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Iljxuh 715= D!qho| lqghshqghqw srlqwv lq � E8 � � �
doo yhfwruv lq +d, vlqfh lq doo wkrvh wkh yduldeoh + � � kdv ydoxh �/ zkloh lw kdv
ydoxh f lq wkh doo yhfwruv lq +e,1
Wkhuhiruh/ _�4E� E8 � � �� � m.m � mT mn m8 � mEmT m � �� n EmT m � �� ' m.m � mT mn
m8 � � mEmT m � ��1
Sursrvlwlrq 4: _�4E� E8 �� ' m.m � mT mn m8 mEmT m � ��1
Surri1 Jlyhq Sursrvlwlrq 49 lw rqo| uhpdlqv wr vkrz wkdw _�4E� E8 �� �
m.m�mT mnm8 mEmT m���1 Wklv iroorzv iurp wkh olqhdu surjudpplqj irupxodwlrq
dvvrfldwhg wr � E8 �/ zklfk lv=

%EBE��� ' 2+ � � iru doo � � 5 Tc
%EBE7�� � 2+ � � iru doo 7 � T G � � 9 57c � � 5 7c�

� �  ! + � " ' � iru doo � � 5 8c
+ � " � +" " iru doo E� � c �" � 5 �c
+ � � ' � iru doo � � 5 T q8
+ � " ' f iru doo � � 5 T q8c �" 5 T q i� � jc
+ � " � f iru doo E� � c �" � 5 �c

+ " " 5 ifc �j iru doo �" 5 T q i� � jc
% � " 5 ifc �j iru doo d� � c � " o 5 .�

Lq wklv prgho wkhuh duh/ iru hdfk yhuwh{ � � *5 8 / mT m htxdwlrqv ++ � � ' �c
dqg + � " ' f iru doo � " 9' � � ,/ dqg wkhuhiruh wkh fruuhvsrqglqj htxdwlrqv +617,
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duh uhgxqgdqw1 Vr/ lq wkh prgho wkhuh duh mT m � n mT mn m 8 m EmT m� �� olqhduo|
lqghshqghqw htxdwlrqv +mT m ri w|sh +615,/ m8 m ri w|sh +617,/ dqg EmT m�m8 m�mT m
ri w|sh + � � ' � dqg + � � ' f,1 Dv wkh qxpehu ri yduldeohv lv m.m n mT m � / lw
iroorzv wkdw _�4E� E8 �� � m.m � mT mn m 8 m EmT m � ��1

Zh fdq qrz ghwhuplqh hdvlo| wkh glphqvlrq ri wkh PFS4 sro|wrsh1

Sursrvlwlrq 4; _�4E� � ' m.mn mT m � � �mT mn �1

Surri1
Gluhfw surri=

Wklv uhvxow lv d fruroodu| ri Sursrvlwlrq 4: rewdlqhg zkhq wdnlqj 8 '
T qi� � j1
Ohppd0edvhg surri=

Uhfdoo wkdw zh duh dvvxplqj mT m � S1 Wkhq
_�4E� � ' _�4EKEfc fc f� _ � �

� _�4EKEfc fc f� _'� n EmT m � �� � +e| Ohppd 48 xvlqj dq| vhtxhqfh,
' _�4E'� n EmT m � �� �
' m.m � mT mn EmT m � �� � +vhh Juùwvfkho dqg Sdgehuj ^64`,1

Rq wkh rwkhu kdqg/ _�4E� � � m.m n mT m � � �mT m n � vlqfh +PFS4, fdq eh
ghvfulehg zlwk m.mn mT m � yduldeohv dqg mT m w|sh +615,/ mT m�� w|sh +617,/ dqg
mT m w|sh +619,�+61:, olqhduo| lqghshqghqw htxdolw| frqvwudlqwv1

Zh suhvhqw qrz vrph idfhw gh�qlqj uhvxowv1

Sursrvlwlrq 4< Wkh lqhtxdolw| % � � � f gh�qhv d idfhw ri � iru doo d� � c �� o 5
.1

Surri1
Gluhfw surri=

Wkh surri lv e| lqgxfwlrq rq m8 m1 Li 8 ' > wkhq � E8 � ' ' dqg wkh
vwdwhphqw lv wuxh +Juùwvfkho dqg Sdgehuj ^64`,1 Ohw xv vxssrvh lw krogv iru
d jlyhq 8 9' >/ dqg frqvlghu wkh vhw 8 � ' 8 ^ i� � j/ � � 5 T qi8 ^ i� � jj1
E| wkh lqgxfwlrq k|srwkhvlv/ % � � � f gh�qhv d idfhw ri � E8 �/ wkdw lv/ wkhuh
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duh _�4E� E8 �� n � d!qho| lqghshqghqw yhfwruv lq � E8 �/ dqg wkxv lq � E8 � �/
vdwlvi|lqj % � � ' f1 Vlqfh _�4E� E8 � �� ' _�4E� E8 �� n EmT m � ��/ wr suryh wkdw
% � � � f lqgxfhv d idfhw ri � E8 � � zh pxvw �qg mT m�� qhz d!qho| lqghshqghqw
yhfwruv lq � E8 � � vdwlvi|lqj % � � ' f1 Wkhvh srlqwv fdq eh rewdlqhg e| wdnlqj d
Kdplowrqldq wrxu lq T qi� � j vxfk wkdw hgjh d� � c �� o lv qrw lq wkh wrxu/ dqg e|
dvvljqlqj � � vxffhvvlyho| wr hyhu| yhuwh{ lq wkh wrxu1 Zulwlqj doo wkhvh srlqwv
E%c +� dv urzv zlwk yduldeohv lq wkh rughu +hgjhv/ qrghv/ dufv,/ zh rewdlq wkh
pdwul{ lq Iljxuh 7161
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Iljxuh 716= D!qho| lqghshqghqw srlqwv vdwlvi|lqj % " # ' f
Wkh yhfwruv lq +d, fruuhvsrqg wr wkh _�4E� E8 �� n � d!qho| lqghshqghqw
srlqwv lq � E8 $ �/ dqg wkh yhfwru lq +e, wr wkh qhz mT m � � srlqwv1 Dv fdq eh
hdvlo| ghgxfhg iurp wkh pdwul{/ doo wkhvh yhfwruv duh d!qho| lqghshqghqw1
Ohppd0edvhg surri=

Wkh k|shusodqh gh�qhg e| % " # ' f vdwlv�hv wkh dvvxpswlrqv ri Ohppd 48
iru dq| vhtxhqfh1 Lqghhg iru dq| yhuwh{ � % 5 T qi� � j/ d vlpsoh f|foh vsdqqlqj
T qi� % j dqg qrw frqwdlqlqj hgjh d� " c �# o/ wrjhwkhu zlwk wkh dvvljqphqw ri � % wr
dq| yhuwh{ ri wkh f|foh/ |lhogv dq E%c +� yhfwru ri � vxfk wkdw % " # ' f1 Khqfh/
_�4EiE%c +� 5 � G % " # ' fj� � _�4EiE%c +� 5 ' G % " # ' fj� n EmT m � �� & '
Em.m � mT m � ��n EmT m � �� & / vlqfh % " # � f lqgxfhv d idfhw ri ' +vhh Juùwvfkho
dqg Sdgehuj ^64`,1 Wkh wkhvlv wkhq iroorzv iru Sursrvlwlrq 4<1

Qrwh dw wklv vwdjh wkdw wkh lqhtxdolwlhv % " # � � duh qrw idfhw lqgxflqj
vlqfh wkh| duh grplqdwhg e| wkh frqvwudlqwv +6144,/ vlqfh % " # � +# # � �1

Sursrvlwlrq 53 Wkh lqhtxdolw| + " # � f gh�qhv d idfhw ri � iru doo E� " c �# � 5
�c � 9' � dqg � 9' �1
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Surri1
Gluhfw surri=

Zh zloo vkrz wkdw wkhuh duh _�4E� � n � d!qho| lqghshqghqw yhfwruv lq
� wkdw vdwlvi| + � � ' f1

d, Vlqfh ' � � / wkhuh duh m.m � mT mn� d!qho| lqghshqghqw yhfwruv lq �
fruuhvsrqglqj wr Kdplowrqldq wrxuv lq T / dqg kdylqj wkxv + � � ' f1

e, Iru hdfk � � 5 T qi� � c � � j/ ohw xv frqvlghu wkh mT m � � srlqwv frqvlvwlqj
ri d Kdplowrqldq wrxu lq T qi� � j zlwk � � dvvljqhg wr d yhuwh{ lq wkh wrxu1
Wklv pdnhv d wrwdo ri EmT m � 2�EmT m � �� ' mT m � � �mT m n 2 yhfwruv wkdw duh
d!qho| lqghshqghqw dprqj wkhp dqg zlwk wkh yhfwruv lq +d,1

f, Wkh uhpdlqlqj mT m�2 yhfwruv fdq eh rewdlqhg e| wdnlqj d Kdplowrqldq
wrxu lq T qi� � j +wklv lv dozd|v srvvleoh ehfdxvh � � 9' � � , dqg e| vxffhvvlyho|
dvvljqlqj � � wr hyhu| yhuwh{ lq wkh wrxu h{fhsw �� 1

Wkhvh wkuhh nlqg ri srlqwv duh judsklfdoo| uhsuhvhqwhg e| wkh urzv ri wkh
pdwul{ lq Iljxuh 7171 Lw lv hdvlo| vhhq wkdw doo urzv duh olqhduo| lqghshqghqw1
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Iljxuh 717= D!qho| lqghshqghqw srlqwv vdwlvi|lqj + � � ' f
Ohppd0edvhg surri=

Wkh surri lv rewdlqhg dorqj wkh olqhv ri wkh surri ri Ohppd 48 h{fhsw wkdw
8 lv qrz lqlwldol}hg dv 8 ' i� � j1 Vlqfh lq wklv fdvh ' � � E8 �/ wkhuh h{lvw
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_�4E'�n� ' m.m� mT mn� d!qho| lqghshqghqw yhfwruv +Kdplowrqldq f|fohv,
vxfk wkdw + � � ' f1 Dq dgglwlrqdo mT m � 2 d!qho| lqghshqghqw yhfwruv duh
rewdlqhg e| wdnlqj d vlpsoh f|foh vsdqqlqj T q i� � j dqg dvvljqlqj � � wr hdfk
yhuwh{ ri wkh f|foh gl�huhqw iurp �� +vr + � � ' f,/ zklfk suryhv wkdw + � � � f
gh�qhv d idfhw ri � E8 � iru 8 ' i� � j1 Pruhryhu/ iru doo � � 5 T q i� � c � � j/ dq|
vlpsoh f|foh vsdqqlqj T q i� � j dqg wkh vxffhvvlyh dvvljqphqw ri � � wr wkh
yhuwlfhv ri wkh f|foh |lhog E%c +� yhfwruv ri � vdwlvi|lqj frqglwlrqv +l,�+ly, ri
Ohppd 481

Li � � ' �� / wkh lqhtxdolw| + � � � f lv qrw idfhw lqgxflqj vlqfh lw lv lpsolhg
e| wkh frpelqdwlrq ri htxdolwlhv +615, dqg % � � � f iru d� � c �� o 5 .1 Lq idfw/
ehfdxvh ri frqwudlqwv +615,/

+ � � ' %EBE���*2 � f�

Wkh lqhtxdolw| + � � � � lv qrw idfhw lqgxflqj vlqfh lw lv lpsolhg e| wkh
frpelqdwlrq ri frqvwudlqwv +617, dqg +61;,1 Lq idfw/ ehfdxvh ri frqvwudlqwv
+61;, dqg +617,/

+ � � � �
� � � � + � � ' ��

715 Rwkhu idfhwv
Lq wklv vhfwlrq zh suryh wkdw vrph ri wkh lqhtxdolwlhv suhvhqwhg lq Vhfwlrq
61616 duh qrw rqo| ydolg exw dovr idfhw gh�qlqj iru wkh PFS4 sro|wrsh1

Sursrvlwlrq 54 Wkh ydolg lqhtxdolw| %EBE7�� � 2 	 � 
 � � + � � gh�qhv d idfhw
ri � iru doo 7 � T q i� � j/ 2 � m7m � mT m � �/ � � 5 71

Surri1
Gluhfw surri=

Wkh surri lv e| lqgxfwlrq rq m8 m1 Li 8 ' > wkhq � E8 � ' ' dqg +6149,
uhgxfhv wr %EBE7�� � 2/ zklfk lv d idfhw ri ' +Juùwvfkho dqg Sdgehuj ^64`,1
Vr/ ohw xv dvvxph wkdw %EBE7�� � 2 	 � 
 � � + � � gh�qhv d idfhw ri � E8 � iru d
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jlyhq vhw 8 � T qi� � j/ 8 9' >/ dqg frqvlghu wkh vhw 8 � ' 8 ^ i� � j/ � � 5
T qi8 ^i� � jj1 Zh pxvw suryh wkdw %EBE7�� � 2 � � � � � + � 	 dovr gh�qhv d idfhw
ri � E8 � �1 Zh zloo vkrz wkdw wkhuh duh _�4E� E8 � �� n � d!qho| lqghshqghqw
yhfwruv lq � E8 � � wkdw vdwlvi| +6149, dw htxdolw|1

Qrwh wkdw _�4E� E8 � �� ' _�4� E8 �n EmT m� ��1 E| wkh lqgxfwlrq k|srwk0
hvlv zh nqrz wkdw wkhuh duh _�4E� E8 �� n � d!qho| lqghshqghqw yhfwru lq
� E8 �/ dqg vr lq � E8 � �/ wkdw vdwlvi| +6149, dw htxdolw|1 Doo wkhvh srlqwv kdyh
+ � � ' �1 Zh qhhg dqrwkhu mT m�� d!qho| lqghshqghqw srlqwv1 Zh glvwlqjxlvk
wzr fdvhv=

l, � � 9' � � 1 Wkh mT m�� qhz vroxwlrqv duh exlow xs e| wdnlqj d Kdplowrqldq
wrxu lq T q i� � j dqg e| dvvljqlqj � � wr hdfk ri wkh yhuwlfhv lq wkh wrxu/ rqh
diwhu wkh rwkhu1 Doo wkhvh srlqwv yhuli| %EBE7�� ' 2 � � � � � + � 	 ' 21

Uhsuhvhqwlqj wkh srlqwv dv urz yhfwruv zh rewdlq wkh pdwul{ lq Iljxuh
7181


���������
�

 � �  � � � �  � � � � �� � � � � � � � � � � �� � � � � �� � � ��� ��� ���� � � � � �� � � � � � � � � �� � � ��� ��� ��� � � �� � � � � � � � � �

�          
!

Iljxuh 718= D!qho| lqghshqghqw srlqwv vdwlvi|lqj +6149, dw htxdolw|

Urzv +f, uhsuhvhqw wkh yhfwruv jlyhq e| wkh lqgxfwlrq k|srwkhvlv/ dqg urzv
+d, wkh qhz exlow rqhv1 Lw lv fohdu wkdw doo yhfwruv duh d!qho| lqghshqghqw1

ll, � � ' � � 1 Li � � lv vhw iuhh qrz/ lw phdqv wkdw wkh suhylrxv _�4E� E8 ��n�
d!qho| lqghshqghqw yhfwruv kdg + � � ' �1 E| wdnlqj d Kdplowrqldq wrxu
lq T q i� � j dqg dvvljqlqj � � wr hdfk ri wkh yhuwlfhv �	 5 7qi� � j zh rewdlq
m7m � � qhz olqhduo| lqghshqghqw vroxwlrqv vdwlvi|lqj %EBE7�� ' 2 � � � � � + � 	 '
21 Dqrwkhu mT m � m7m vroxwlrq fdq eh rewdlqhg wdnlqj d Kdplowrqldq wrxu lq
T q7 +wklv lv dozd|v srvvleoh ehfdxvh mT m � S,/ dqg dvvljqlqj � � wr hdfk ri
wkh yhuwlfhv lq wkh wrxu1 Wkhvh iruphu wrxuv yhuli| %EBE7�� ' 2 � � � � � + � 	 ' f1
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Wkh wzr nlqg ri vroxwlrqv lq +ll, vxp xs d wrwdo ri mT m � � srlqwv zklfk
duh fohduo| olqhduo| lqghshqghqw dprqj wkhp dqg zlwk wkh _�4E� E8 �� n �
�uvw srlqwv/ dv vkrzv wkh pdwul{ uhsuhvhqwdwlrq lq Iljxuh 7191 Urzv +f,
uhsuhvhqw wkh yhfwruv jlyhq e| wkh lqgxfwlrq k|srwkhvlv/ dqg urzv +e4, dqg
+e5, fruuhvsrqg/ uhvshfwlyho|/ wr wkh m7m � � dqg mT m � m7m qhz srlqwv1

����������������
�

� � � � � � � � � � 	 
 � ��  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  !" # $ %%%!& !" ' ! $ %%% % % %& !& � � � & !" ' ( $ %%% %%% % % %& � � � & !

) ***************
+

Iljxuh 719= D!qho| lqghshqghqw srlqwv vdwlvi|lqj +6149, dw htxdolw|
Ohppd0edvhg surri=

Wkh k|shusodqh gh�qhg e| %EBE7�� ' 2 , - . / 0 + 1 2 vdwlv�hv wkh dvvxpswlrqv
ri Ohppd 48 iru dq| vhtxhqfh frqwdlqlqj � 1 lq odvw srvlwlrq1 Lqghhg/ iru dq|
yhuwh{ � 3 5 T qi� ! c � 1 j wkhuh h{lvwv d vlpsoh f|foh vsdqqlqj T qi� 3 j dqg zlwk
wzr hgjhv lq BE7� vxfk wkdw/ wrjhwkhu zlwk wkh dvvljqphqw ri � 3 wr hdfk yhuwh{
ri wkh f|foh/ |lhogv E%c +� yhfwruv ri � vdwlvi|lqj %EBE7�� ' 2 , - . / 0 + 1 2 E� 2�1
Ixuwkhupruh/ iru � 4 / wkh odvw yhuwh{ ri wkh vhtxhqfh/ d vlpsoh f|foh vsdqqlqj
7 ^ i� 5 j q i� 4 j zlwk wzr hgjhv lq BE7� fdq eh frqvwuxfwhg1 Wkh dvvljqphqw
ri � 4 wr hdfk yhuwh{ ri 7 q i� 4 j |lhogv m7m � � vroxwlrqv E%c +� vdwlvi|lqj wkh
k|srwkhvlv +l, wr +ly, ri Ohppd 481 Dq dgglwlrqdo mT q7m vxfk vroxwlrqv E%c +�
duh rewdlqhg e| frqvwuxfwlqj d vlpsoh f|foh vsdqqlqj T q 7 +zklfk frqwdlqv
dw ohdvw wkuhh yhuwlfhv,/ dqg vxffhvvlyho| dvvljqlqj � 4 wr hdfk yhuwh{ ri T q 71
Wkh wkhvlv iroorzv e| qrwlqj wkdw lq '/ wkh lqhtxdolw| %EBE7�� � 2 6 7 8 9 : + 4 ;
uhgxfhv wr %EBE7�� � 2/ zklfk lv idfhw gh�qlqj +Juùwvfkho dqg Sdgehuj/ ^64`,1

Sursrvlwlrq 54 grhv qrw krog li m7m ' � ru m7m ' mT m � 2 vlqfh frq0
vwudlqwv +6149, duh wkhq grplqdwhg e| +615, ru %EBE7�� � 2/ uhvshfwlyho|1 Wkh
ydolglw| ri wkh odwwhu lqhtxdolw| frphv iurp wkh idfw wkdw wkh f|foh pxvw frq0
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wdlq dw ohdvw rqh yhuwh{ iurp 7 zkhqhyhu 7 � T q i� � j dqg m7m � mT m � 21
Sursrvlwlrq 54 lv dovr lqydolg li � � *5 7 vlqfh wkhq
%EBE7^i� � j�� ' %EBE7��n%EBE����2 �

� � � � % � � � 2 �
� � � � � 	 � 
 � + � � ' 2E+ � � n �

� � � � + � � ��

Wklv lpsolhv
%EBE7�� � 2 � � � � � E+ � � n % � � �/

zklfk grplqdwhv wkh fruuhvsrqglqj frqvwudlqw +6149,1
Sursrvlwlrq 55 Wkh lqhtxdolw| % � � � + � � gh�qhv d idfhw ri � iru � 9' �1
Surri1
Gluhfw surri=

Wkh surri lv e| lqgxfwlrq rq m8 m1 Li 8 ' > wkhq � E8 � ' ' dqg % � � � +� �
uhgxfhv wr % � � � �/ zklfk lv d idfhw ri ' +Juùwvfkho dqg Sdgehuj ^64`,1 Ohw
xv vxssrvh wkdw Sursrvlwlrq 55 krogv iru d jlyhq vhw 8 � T qi� � j/ 8 9' >/ dqg
frqvlghu wkh vhw 8  ' 8 ^i� � j/ � � 5 T qE8 ^i� � j�1 Zh pxvw suryh wkdw % � � �
+ � � gh�qhv d idfhw ri � E8  �/ wkdw lv/ wkdw wkhuh duh _�4E� E8  �� n � d!qho|
lqghshqghqw srlqwv lq � E8  � vdwlvi|lqj % � � ' +� � 1 Ehfdxvh ri wkh lqgxfwlrq
k|srwkhvlv zh nqrz wkdw wkhuh duh _�4E� E8 �� n � srlqwv lq � E8 �/ dqg vr
lq � E8  �/ zlwk wkhvh surshuwlhv1 Dv _�4E� E8  �� ' _�4� E8 � n EmT m � ��/ lw
uhpdlqv wr �qg dqrwkhu mT m � � srlqwv1 Zh glvwlqjxlvk wzr fdvhv

l, � � ' �� 1 Li �� lv vhw iuhh qrz lw phdqv wkdw lq wkh �uvw _�4E� E8 �� n �
yhfwruv wkh yduldeoh +� � kdg ydoxh �1 Wkh qhz mT m � � srlqwv duh rewdlqhg e|
wdnlqj d Kdplowrqldq wrxu lq T qi�� j dqg dvvljqlqj �� wr hdfk ri wkh yhuwlfhv
lq wkh wrxu1 Doo wkhvh vroxwlrqv zrxog yhuli| % � � ' + � � ' f1 Li zh uhsuhvhqw
wkh srlqwv dv urz yhfwruv zh rewdlq wkh pdwul{ lq Iljxuh 71:1
Yhfwruv +f, duh wkrvh jlyhq e| gh lqgxfwlrq k|srwkhvlv/ dqg yhfwruv +d, duh
wkh qhz rqhv1 Lw lv fohdu wkdw doo urz yhfwruv duh d!qho| lqghshqghqw1

ll, � � 9' �� 1 Wkh qhz mT m� � srlqwv duh rewdlqhg e| wdnlqj d Kdplowrqldq
wrxu lq T qi� � j wkdw lqfoxghv hgjh d� � c �� o/ dqg dvvljqlqj � � wr hdfk ri wkh
yhuwlfhv lq wkh wrxu1 Doo wkhvh vroxwlrqv zrxog yhuli| % � � ' + � � ' �1 Djdlq/
uhsuhvhqwlqj wkh srlqwv dv urz yhfwruv zh rewdlq wkh pdwul{ lq Iljxuh 71;1
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����������
�

� � � � � � � � � � 	 
 � ��  � � � � � �  � � � � � �� � � � � �� � � ��� ��� ���� � � � � �� � � � � � � � � � �� 	 � ��� ��� ��� ��� � � �� � � � � � � � � � �

� ���������
�

Iljxuh 71:= D!qho| lqghshqghqw srlqwv vdwlvi|lqj % � � ' + � �
����������
�

� � � � � � � � � � 	 
 � ��  � � � � � �  � � � � � �� � � � � �� � � ��� ��� ���� � � � � �� � � � � � � � � � �� � � ��� ��� ��� ��� � � �� � � � � � � � � � �

� ���������
�

Iljxuh 71;= D!qho| lqghshqghqw srlqwv vdwlvi|lqj % � � ' + � �
Yhfwruv +f, duh wkrvh jlyhq e| wkh lqgxfwlrq k|srwkhvlv/ dqg yhfwruv +e, duh
wkh qhz rqhv1 Lw lv fohdu wkdw doo urz yhfwruv duh d!qho| lqghshqghqw1
Ohppd0edvhg surri=

Wkh k|shusodqh gh�qhg e| % � � ' + � � vdwlv�hv wkh dvvxpswlrqv ri Ohppd 481
Wklv fdq eh vhhq e| wdnlqj d vlpsoh f|foh vsdqqlqj T qi� � j dqg vxffhvvlyho|
dvvljqlqj � � wr hdfk yhuwh{ ri wkh f|foh1 Ixuwkhupruh/ wklv f|foh pxvw frq0
wdlq hgjh d� � c �� o zkhqhyhu � � 9' �� 1 Wkh wkhvlv iroorzv iurp wkh idfw wkdw
% � � � +� � ' � lqgxfhv d idfhw ri ' +Juùwvfkho dqg Sdgehuj ^64`,1

Wkh frqvwudlqwv % � � n + � � � � iru doo � � 9' � � gr qrw lqgxfh idfhwv ri �
vlqfh wkh| duh grplqdwhg e| wkh frqvwudlqwv % � � � + � � 1 Lqghhg/

% � � � + � � ' �� � � ! " # $  % & + � � � �� + � � �
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Sursrvlwlrq 56 Wkh lqhtxdolw| %E.EM�� n %EA � � � � � � � + � � n EmA m � ��*2
iru doo M � T dqg A � BEM� vdwlvi|lqj=
+l, i� � c �� j _ i� � c � � j ' > iru d� � c �� oc d� � c �� o 5 A dqg d� � c �� o 9' d� � c �� o/
+ll, mA m � � dqg rgg/

gh�qhv d idfhw ri � 1
Surri1
Gluhfw surri=

Zh xvh lqgxfwlrq rq m8 m1 Li 8 ' > wkhq � E8 � ' ' dqg + � � ' � iru doo
� � 5 T / vr wkh wzr pdwfklqj lqhtxdolw| +614;, uhgxfhv wr

%E.EM�� n %EA � �m M m n mA m � �
2 c

zklfk gh�qhv d idfhw ri '1
Ohw xv vxssrvh wkdw +614;, gh�qhv d idfhw ri � E8 �/ iru d jlyhq 8 �

T qi� 	 j/ 8 9' >/ dqg ohw xv frqvlghu wkh vhw 8 
 ' 8 ^i� � j/ � � 5 T qi8 ^i� 	 jj1
Wr suryh wkdw +614;, dovr gh�qhv d idfhw ri � E8 
 � zh pxvw �qg _�4E� E8 
 ��n
� ' _�4E� E8 ��n EmT m� ��n� d!qho| lqghshqghqw srlqw lq � E8 
 � vdwlvi|lqj
+614;, dw htxdolw|1 E| wkh lqgxfwlrq k|srwkhvlv zh nqrz wkdw _�4E� E8 ��n�
vxfk srlqwv h{lvw/ doo ri wkhp kdylqj + � � ' �> lw uhpdlq wr �qg dqrwkhu mT m��1

Zh glvwlqjxlvk wzr fdvhv=
l, � � *5 M1 Zh wdnh d Kdplowrqldq wrxu lq T qi� � j vxfk wkdw % � � ' � iru

doo d� � c � � o 5 A h{fhsw iru rqh +wkh rqh lqflghqw lq � � / li wkhuh lv dq|,/ dqg
% � � ' � iru h{dfwo| mMm � EmA m � ��*2 hgjhv lq .EM�1 Revhuyh wkdw iru vxfk
d vroxwlrq +614;, lv vdwlv�hg dw htxdolw|/ vlqfh

%E.EM�� n %EA � '

mMm � mA m � �

2 � n EmA m � ��

' mMmn mA m � �
2

' +EM� n mA m � �
2 �
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ll, � � 5 M1 Zh wdnh d Kdplowrqldq wrxu lq T qi� � j vxfk wkdw % � � ' � iru
doo d� � c � � o 5 A h{fhsw iru rqh +wkh rqh lqflghqw lq � � / li wkhuh lv dq|,/ dqg
% � � ' � iru h{dfwo| EmMm����EmA m���*2 hgjhv lq .EM�1 Djdlq/ vxfk vroxwlrq
vdwlv�hv +614;, lv vdwlv�hg dw htxdolw|/ vlqfh

%E.EM�� n %EA � '
�
EmMm � ��� mA m � �

2 � n EmA m � ��

' EmMm � �� n mA m � �
2

' +EM� n mA m � �
2 �

Wkhuhiruh/ lq erwk fdvhv/ +l, dqg +ll,/ lw lv srvvleoh wr �qg d Kdplowrqldq
wrxu lq T qi� � j vdwlvi|lqj +614;, dw htxdolw|1 Wkh mT m�� d!qho| lqghshqghqw
vroxwlrqv zh qhhg duh rewdlqhg e| dvvljqlqj � � wr hdfk ri wkh qrghv lq wkdw
f|foh1
Ohppd0edvhg surri=

Wkh k|shusodqh gh�qhg e| %E.EM�� n %EA � � � � � � 	 + � � n EmA m � ��*2
vdwlv�hv wkh dvvxpswlrqv ri Ohppd 481 Lqghhg/ iru hdfk yhuwh{ � 
 5 T qi� � j
d vlpsoh f|foh vsdqqlqj T qi� 
 j dqg vdwlvi|lqj k|srwkhvlv +l,�+ly, ri Ohppd
48 fdq eh ghvljqhg dv ghvfulehg lq wkh gluhfw surri/ dqg � 
 fdq eh dvvljqhg
wr hdfk yhuwh{ ri wkh f|foh1 Wkh wkhvlv iroorzv iurp wkh idfw wkdw %E.EM�� n
%EA � � � � � � 	 + � � n EmA m � ��*2 gh�qhv d idfhw ri ' +Juùwvfkho dqg Sdgehuj
^64`,1

716 Vpdoo PFS4 sro|wrshv
Xs wr qrz lq wklv fkdswhu zh kdyh dvvxphg wkdw wkhuh duh dw ohdvw 9 yhuwlfhv
lq wkh judsk1 Wklv zdv grqh lq rughu wr holplqdwh ghjhqhudwhg fdvhv dqg dovr
wr eh deoh wr dsso| nqrzq uhvxowv iru wkh WVS sro|wrsh zkhq uhtxluhg1

Lq wklv vhfwlrq zh jlyh d frpsohwh olqhdu ghvfulswlrq ri wkh PFS4 sro|wrsh
� iru wkh vl}hv ri T wkdw uhpdlq xqvwxglhg/ wkdw lv/ mT m ' �/ mT m ' e dqg mT m '
D1 Wkhvh ghvfulswlrqv zhuh jhqhudwhg xvlqj wkh vriwzduh sdfndjh SRUWD/
ghvljqhg e| Wk1 Fkulvwri/ P1 Mÿqjhu dqg J1 Uhlqhow +vhh Wk1 Fkulvwri ^<`,
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71614 PFS4 sro|wrsh zkhq mT m ' �
Zkhq mT m ' �/ � frqwdlqv rqo| rqh ihdvleoh srlqw +wkh rqo| srvvleoh vroxwlrq lv
d f|foh ri wkuhh hgjhv,/ zkrvh frruglqdwhv duh vkrzq lq Wdeoh 7141 Wkhuhiruh/
_�4E� � ' f1

hgjhv qrghv dufv
4 4 4 4 4 4 3 3 3 3 3 3

Wdeoh 714= Rqo| ihdvleoh srlqw iru PFS4 zlwk mT m ' �

71615 PFS4 sro|wrsh zkhq mT m ' e
Zkhq mT m ' e/ � lv wkh frqyh{ kxoo ri wkh 45 srlqwv/ wkdw fruuhvsrqg wr �
f|fohv ri irxu hgjhv dqg � f|fohv zlwk wkuhh hgjhv ylvlwlqj wkh ghsrw/ frpelqhg
zlwk doo srvvleoh dvvljqphqwv1 Wkhlu frruglqdwhv duh vkzrq lq Wdeoh 7151

hgjhv qrghv dufv
4 3 4 4 3 4 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3 3
4 4 3 3 4 4 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3 3
3 4 4 4 4 3 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3 3
4 4 3 4 3 3 4 4 4 3 3 3 3 3 3 3 3 3 3 4 3 3
4 4 3 4 3 3 4 4 4 3 3 3 3 3 3 3 3 3 3 3 4 3
4 4 3 4 3 3 4 4 4 3 3 3 3 3 3 3 3 3 3 3 3 4
4 3 4 3 4 3 4 4 3 4 3 3 3 3 3 3 4 3 3 3 3 3
4 3 4 3 4 3 4 4 3 4 3 3 3 3 3 3 3 4 3 3 3 3
4 3 4 3 4 3 4 4 3 4 3 3 3 3 3 3 3 3 4 3 3 3
3 4 4 3 3 4 4 3 4 4 3 3 3 4 3 3 3 3 3 3 3 3
3 4 4 3 3 4 4 3 4 4 3 3 3 3 4 3 3 3 3 3 3 3
3 4 4 3 3 4 4 3 4 4 3 3 3 3 3 4 3 3 3 3 3 3

Wdeoh 715= Ihdvleoh srlqwv iru PFS4 zlwk mT m ' e
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Qrwh wkdw doo 45 srlqwv duh d!qho| lqghshqghqw1 Wkhuhiruh/ _�4E� � ' ��1
D frpsohwh dqg qrquhgxqgdqw fkdudfwhul}dwlrq ri � lv jlyhq e| wkh iro0

orzlqj vhw ri htxdolwlhv dqg lqhtxdolwlhv=

%EBE��� ' 2+ � � iru doo � � 5 Tc
�

� � � �
+ � � ' � iru doo � � 5 T q i� � jc
+ � � ' �
+ � � ' f iru doo � � 5 T q i� � jc

% � � � +� � iru doo � � 5 T q i� � jc
+ � � � f iru doo � � 5 T q i� � jc
+ 	 � � f iru doo � � 5 T q i� 	 jc
+ 
 � � f iru doo � � 5 T q i� 
 j�

Wkh qxpehu ri glvwlqfw idfhwv lv �21

71616 PFS4 sro|wrsh zkhq mT m ' D
Zkhq mT m ' D/ � lv wkh frqyh{ kxoo ri wkh 447 srlqwv/ wkdw uhsuhvhqw doo
ihdvleoh vroxwlrqv +45 f|fohv ri �yh hgjhv/ 45 f|fohv ri irxu hgjhv ylvlwlqj wkh
ghsrw/ dqg 9 f|fohv ri wkuhh hgjhv ylvlwlqj wkh ghsrw/ doo ri wkhp frpelqhg
zlwk doo srvvleoh dvvljqphqwv lq hdfk fdvh,1

D frpsohwh dqg qrquhgxqgdqw fkdudfwhul}dwlrq ri � lv jlyhq e| wkh iro0
orzlqj vhw ri htxdolwlhv dqg lqhtxdolwlhv=

%EBE��� ' 2+ � � c iru doo � � 5 Tc
+ � � ' �c
+ � � ' f iru doo �� 5 T q i� � j

�
� � � �

+ � � ' � iru doo � � 5 T q i� � jc
% � � � f iru doo �� 5 T q i� � jc

% � � � + � � c iru doo �� 5 T q i� � jc



7161 VPDOO PFS4 SRO\WRSHV :8
% � � n + � � � + � �
% � � n + � � � + � �

�
iru doo d� � c �� o 5 .c � � 9' � � c

+ � � � fc iru doo �� 5 T q i� � jc
+ � � � fc iru doo �� 5 T q i� � jc
+ � � � fc iru doo �� 5 T q i� � jc
+ 	 
 � fc iru doo �
 5 T q i� 	 jc
% � 
 � fc iru doo d� � c �
 o 5 .c � � 9' � �

+  	 n + 	 � n + �  � �c
+ 	  n +  � n + � 	 � �c
+ � � n + � 	 n + 	 � � �c
+ � � n + � 	 n + 	 � � �c
+ � 	 n + 	  n +  � � �c
+ 	 � n + �  n +  	 � �c
+ �  n +  � n + � � � �c
+  � n + � � n + �  � ��

Wkh qxpehu ri glvwlqfw idfhwv lv Df1
Vlqfh doo wkh irxuwhhq htxdolwlhv duh olqhduo| lqghshqghqw dqg wkh qxpehu

ri yduldeohv lqyroyhg lv �D +m.m ' �f dqg m�m ' 2D,/ wkh glphqvlrq ri wkh
sro|wrsh lv dw prvw 2�1 Rq wkh rwkhu kdqg/ wkh 55 ihdvleoh srlqwv vkrzq lq
Wdeoh 716/ fruuhvsrglqj wr irxu f|fohv zlwk wkuhh hgjhv dqg vl{ f|fohv zlwk
�yh hgjhv/ duh d!qho| lqghshqghqw1 Wkhuhiruh/ _�4E� � ' 2�1
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hgjhv qrghv dufv
3 4 3 4 3 3 3 4 3 4 4 3 4 4 4 3 3 3 3 4 3 3 3 3 3 3
3 4 3 4 3 3 3 4 3 4 4 3 4 4 4 3 3 3 3 3 4 3 3 3 3 3
3 4 3 4 3 3 3 4 3 4 4 3 4 4 4 3 3 3 3 3 3 4 3 3 3 3
3 4 3 4 3 3 3 4 3 4 4 3 4 4 4 3 3 3 3 3 3 3 4 3 3 3
4 3 3 4 3 4 3 3 3 4 4 4 3 4 4 3 3 3 3 3 3 3 3 4 3 3
4 3 3 4 3 4 3 3 3 4 4 4 3 4 4 3 3 3 3 3 3 3 3 3 4 3
4 3 3 4 3 4 3 3 3 4 4 4 3 4 4 3 3 3 3 3 3 3 3 3 3 4
4 3 3 4 3 4 3 3 3 4 4 4 3 4 4 3 3 3 3 3 3 3 3 3 3 3
4 3 3 4 4 3 3 3 4 3 4 4 4 3 4 3 3 3 3 3 3 3 3 3 3 3
4 3 3 4 4 3 3 3 4 3 4 4 4 3 4 3 3 3 3 3 3 3 3 3 3 3
4 3 3 4 4 3 3 3 4 3 4 4 4 3 4 3 3 3 3 3 3 3 3 3 3 3
4 3 3 4 4 3 3 3 4 3 4 4 4 3 4 3 3 3 3 3 3 3 3 3 3 3
4 3 4 3 4 3 3 4 3 3 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3 3
4 3 4 3 4 3 3 4 3 3 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3 3
4 3 4 3 4 3 3 4 3 3 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3 3
4 3 4 3 4 3 3 4 3 3 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3 3
4 3 4 3 4 3 3 3 4 4 4 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3
4 3 3 4 3 4 3 4 4 3 4 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3
4 4 3 3 3 4 3 3 4 4 4 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3
4 3 4 3 3 3 4 4 4 3 4 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3
4 4 3 3 3 3 4 4 3 4 4 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3
3 4 3 4 4 4 3 3 3 4 4 4 4 4 4 3 3 3 3 3 3 3 3 3 3 3
Wdeoh 716= 55 d!qho| lqghshqghqw ihdvleoh srlqwv iru PFS4 zlwk mT m ' D



Fkdswhu 8
Eudqfk0dqg0Fxw dojrulwkpv
Lq wklv fkdswhu zh ghvfuleh wkh pdlq ihdwxuhv ri d Eudqfk0dqg0Fxw dojrulwkp
iru wkh wzr prghov ri PFS1 Lq Vhfwlrq 814 zh vwxg| wkh vhsdudwlrq sureohpv
iru wkh ydolg lqhtxdolwlhv ghvfulehg lq wkh wzr suhylrxv fkdswhuv1 Vhfwlrq 815
rxwolqhv wkh Eudqfk0dqg0Fxw surfhgxuh1

814 Vhsdudwlrq surfhgxuhv
Lq wklv vhfwlrq zh rxwolqh wkh surfhgxuhv xvhg wr vhsdudwh wkh gl�huhqw
w|shv ri fxwv xvhg zlwklq rxu Eudqfk0dqg0Fxw dojrulwkp1 Zh ghqrwh e|
C � ' ET � c . � � wkh vxssruw judsk dvvrfldwhg zlwk d jlyhq +iudfwlrqdo, vrox0
wlrq E% � c + � �/ l1h1/ T � G' i� � 5 T G + �� � : fj dqg . � G' id� � c � � o 5 . G % �� � : fj1
Zh dovr gh�qh � � G' iE�c �� 5 � G + �� � : fj1

81414 Jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqwv
Wkh JVHF lqhtxdolwlhv +6149, lqyroylqj vhwv 7 vxfk wkdw m7m ' 2 uhgxfh wr wkh
lqhtxdolwlhv +6148,/ wkdw lv/ % � � n + � � � +� � / dqg dq| ri wkhp fdq eh ylrodwhg
rqo| li wkh fruuhvsrqglqj hgjh d� � c �� o ehorqjv wr . � ru wkh fruuhvsrqglqj duf
E� � c �� � ehorqjv wr � � 1 Vr/ wkh| duh vhsdudwhg e| h{dplqlqj rqo| hgjhv lq . �
dqg dufv lq � � 1 Wkh h{kdxvwlyh vhdufk ri ylrodwhg lqhtxdolwlhv +6148, fdq eh
grqh lq �EmT m � �1

::
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Ohw xv frqvlghu qrz wkh vhsdudwlrq sureohp iru jhqhudo JVHF1 Li wkh
vxssruw judsk C � lv qrw frqqhfwhg/ wkhq hdfk vxevhw 7 � T fruuhvsrqglqj
wr d frqqhfwhg frpsrqhqw qrw frqwdlqlqj yhuwh{ � � dqg hdfk � � 5 7 jhqhudwh
d ylrodwhg jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqw1 Li C � lv frqqhfwhg/
�qglqj d prvw ylrodwhg jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqw

%EBE7�� � 2 �
� � � �

+ � �

lv htxlydohqw wr �qglqj wkh odujhvw ylrodwlrq ri

%EBE7�� n 2 �
� � 	� �

+ � � � 2 �
� � � �

+ � � n 2 �
� � 	� �

+ � � ' 2 �
� � � 


+ � � ' 2�

Iru d jlyhq yhuwh{ � � 5 T q i� � j wklv uhgxfhv wr d pd{lpxp  rz sureohp
gh�qhg dv iroorzv1 Ohw C � � ' ET � � c . � � � eh d judsk vxfk wkdw T � � ' T � ^
i� � � � j dqg . � � ' . � ^ id�� c � � � � o G � � 5 T � j1 Wkh fdsdflw| ri hdfk hgjh
e 5 . � lv htxdo wr % � dqg wkdw ri wkh qhz hgjhv d�� c � � � � o lv htxdo wr 2+ �� � li
�� 9' � � / dqg wr lq�qlw| li �� ' � � +vhh Iljxuh 814,1

Ohw 7 � � T � � eh vxfk wkdw � � � � 5 7 � / � � *5 7 � dqg wkh fdsdflw| { ri wkh fxw
BE7 � � lq C � � lv plqlpxp1 Li { � 2/ wkh fxuuhqw vroxwlrq E% � c + � � grhv qrw
ylrodwh dq| jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqw lqyroylqj � � 1 Rwkhu0
zlvh/ 7 ' 7 � qi� � � � j gh�qhv d prvw ylrodwhg jhqhudol}hg vxewrxu holplqdwlrq
frqvwudlqw +6149, lqyroylqj � � 1 Qrwh wkdw/ ehfdxvh ri wkh kxjh fdsdflw| dv0
vrfldwhg wr hgjh d� � c � � � � o/ yhuwh{ � � zloo dozd|v ehorqj wr 71 Dojrulwkp 4
ghvfulehv wklv h{dfw vhsdudwlrq surfhgxuh1

Ilqglqj wkh pd{lpxp  rz ehwzhhq wzr yhuwlfhv lq d judsk zlwk ? yhu0
wlfhv uhtxluhv �E? � � rshudwlrqv/ vr wkh ryhudoo frpsoh{lw| ri Dojrulwkp 4 lv
�EmT m � �1

81415 50pdwfklqj lqhtxdolwlhv
Wkh 50pdwfklqj lqhtxdolwlhv fdq eh vhsdudwhg lq sro|qrpldo wlph xvlqj d
prgl�fdwlrq ri wkh rgg fxwv vhsdudwlrq surfhgxuh sursrvhg e| Sdgehuj dqg



8141 VHSDUDWLRQ SURFHGXUHV :<

vn+1

2y*ij

vj

v1

vi

x*e

x*e

2y*i1

Iljxuh 814= Judsk C � �

Udr ^8;`1 Krzhyhu/ wr uhgxfh wkh frpsxwdwlrqdo wlph zh kdyh lpsohphqwhg
wkh khxulvwlf jlyhq e| Ilvfkhwwl/ Vdod}du dqg Wrwk ^54`/ zklfk lv ghvfulehg lq
Dojrulwkp 51

Dojrulwkp 5 lv edvhg rq wkh vdph lghd wkdw wkh juhhg| Nuxvndo*v dojrulwkp
iru �qglqj wkh Plqlpxp Vsdqqlqj Wuhh ri d judsk1 Wkh hgjhv lq . � duh
vruwhg e| lqfuhdvlqj ydoxh ri % �� 1 Dw hdfk lwhudwlrq wkh dojrulwkp vhohfwv d
qhz hgjh e 5 . � / surylglqj wkdw lw grhv qrw pdnh d f|foh zkhq dgghg wr wkh
suhylrxvo| vhohfwhg rqhv1 OhwM eh wkh frqqhfwhg frpsrqhqw ri wkh vxejudsk
pdgh xs e| wkh vhohfwhg hgjhv wkdw frqwdlqv e1 Wkh vhw ri yhuwlfhv M lv wkhq
frqvlghuhg dv wkh kdqgoh lq d srvvleoh 50pdwfklqj frqvwudlqw1 Wkh whhwk duh
ghwhuplqhg lq wkh iroorzlqj zd|1 Ohw BEM� ' ie � c ���c e� j/ zlwk % �� � � ��� �
% �� � 1 Lqlwldoo| zh uhod{ wkh uhtxluhphqw ri hpsw| lqwhuvhfwlrq ehwzhhq doo
sdluv ri whhwk1 Iru hdfk rgg ydoxh mA m ehwzhhq 6 dqg s/ wkh ehvw srvvleoh
fkrlfh iru wkh whhwk duh e � c ���c e � � � 1 Vr/ dq lqhtxdolw| zlwk pd{lpxp ylrodwlrq
zrxog fruuhvsrqg wr wkh qxpehu mA m wkdw pd{lpl}hv %EA � � EmA m � ��*21
Li surfhhglqj wklv zd| qr ylrodwhg lqhtxdolw| lv irxqg/ wkhq qr ylrodwhg 50
pdwfklqj lqhtxdolw| h{lwv iru wkh fxuuhqw kdqgoh M1 Rwkhuzlvh/ wkh vhw ri
yhuwlfhv M dqg wkh vhw ri hgjhv A yhuli| %E.EM��n%EA � � � 	 
 � � +   nEmA m�
��*2 / wkhuh pljkw eh vrph sdluv ri whhwk lqflghqw wr wkh vdph yhuwh{1 Ohw xv
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Dojrulwkp 4 Vhsdudwlrq ri JVHF
Gdwd= wkh vxssruw judsk C � ' ET � c . � �� � li C � lv qrw frqqhfwhg wkhq� � hdfk frqqhfwhg frpsrqhqw 7 vxfk wkdw � � *5 7 dqg hdfk � � *5 7 jhqhudwh

d ylrodwhg JVHF� 	 hovh
 � iru � � 5 T  qi� � j gr� � fuhdwh C � �� � �qg wkh plqxpxq fxw 7 � ehwzhhq � � � � dqg � � / dqg ohw { eh lwv ydoxh� � li { 	 2 wkhq� � 7 � qi� � �  j dqg � ! gh�qh d ylrodwhg JVHF" # hqg li$ % & hqg iru' ' & hqg li

vxssrvh wkdw e dqg s duh wzr vxfk whhwk/ erwk lqflghqw wr yhuwh{ �1 Wkhq zh
gh�qh d qhz frxsoh EM ( c A ( � ri kdqgoh dqg whhwk dv A ( ' Aqiec sj dqg M ( '
Mqi�j/ li � 5 M/ ru M ( ' M ^ i�j li � *5 M1 Wkh qhz 50pdwfklqj lqhtxdolw|
dvvrfldwhg wr EM ( c A ( � lv dw ohdvw dv ylrodwhg dv wkh rqh dvvrfldwhg wr EMcA �1
Lq idfw/ uhsodflqj EMcA � e| EM ( c A ( � wkh lqfuhphqw lq wkh ylrodwlrq lv htxdo
wr �� + ) ) � f/ li � 5 M/ ru lv dw ohdvw �n + ) ) � %EBE��� � 2+ ) ) � %EBE��� ' f/
li � *5 M1 Wklv vwhs lv uhshdwhg xqwlo qr sdlu ri whhwk lqwhuvhfwv1 Li dw wkh
hqg ri wkh surfhvv mA m ' �/ ehlqj A ' id� * c �+ oj/ zlwk �+ *5 M/ wkhq wkh
50pdwfklqj lqhtxdolw| lv glvfdughg vlqfh lw lv grplqdwhg e| wkh jhqhudol}hg
vxewrxu holplqdwlrq frqvwudlqw dvvrfldwhg wr �+ dqg wkh fxw M ^ i�+ j1

81416 Fryhu0frqqhfwlylw| lqhtxdolwlhv
Lq rughu wr vhsdudwh frqvwudlqwv vxfk dv jhqhudol}hg vxewrxu holplqdwlrq frq0
vwudlqwv +6149, ru 50pdwfklqj frqvwudlqwv +614;,/ zh jhqhudwh vxevhwv 7 �
T qi� , j1 Li - ) . / 0 4�? ) 1 2/ 0 _ * + : _ 3 dqg % 4 EBE7�� 	 2 iru d jlyhq vxevhw 7/
wkhq wkh fryhu0frqqhfwlylw| frqvwudlqw +615:, fruuhvsrqglqj wr 7 dqg A ' >
uhgxfhv wr d VHF5 +6156, wkdw lv ylrodwhg e| wkh fxuuhqw vroxwlrq E% 4 c + 4 �1 Wkh
VHF5 lv wkhq dgghg wr wkh fxuuhqw OS0uhod{dwlrq/ suhihudeo| wr wkh frqvwudlqw
zh duh wu|lqj wr vhsdudwh zkloh exloglqj 71

Qrz frqvlghu wkh vhsdudwlrq sureohp iru wkh jhqhudo fdvh1 Vshfl�fdoo|/
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Dojrulwkp 5 Vhsudwlrq ri 50pdwfklqj lqhtxdolwhv
Gdwd= wkh vxssruw judsk C � ' ET � c . � �

� � vruw wkh hgjhv lq . � e| lqfuhdvlqj rughu ri % ��
� � Aoee G' >

� � iru doo e 5 . � gr
� � li e grhv qrw pdnh d f|foh zkhq dgghg wr Aoee wkhq

� � M G' ifrqqhfwhg frpsrqhw ri Aoee wkdw frqwdlqv ej
� � vruw wkh hgjhv lq BEM� e| ghfuhdvlqj rughu ri % �� / vr wkdw BEM� G'

ie 	 c ���c e
 j
� � fkrrvh wkh rgg ydoxh mA m ehwzhhq � dqg R wkdw pd{lpl}hv %EA � �

EmA m � ��
� � A G' i% �  c ���c % � � � � j

� � zkloh wkhuh duh hgjhv lq A zlwk frpprq yhuwlfhv gr
� � � wdnh d sdlu ri hgjhv s dqg } lq A zlwk d frpprq yhuwh{ �
� � � A G' Aqisc }j
� � � li � 5 M wkhq
� � � M G' Mqi�j
� � � hovh
� � � M G' M ^ i�j
� � � hqg li
� � � hqg zkloh
� � � li mA m ' � wkhq
� � � wkh yhuwh{ ri wkh wrrwk wkdw grhv qrw ehorqj wr M/ dqg M soxv

wkdw vdph yhuwh{ gh�qh d ylrodwhg JVHF
� � � hovh
� � � EMcA � gh�qhv d ylrodwhg 50pdwfklqj lqhtxdolw|
� � � hqg li
� � � hqg li
� � � hqg iru
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wkh sureohp dprxqwv wr ghwhuplqlqj vhwv 7 � T qi� � j dqg A � � vxfk wkdw=

+l, li E� � c �� � 5 A wkhq � � 5 T q7 dqg �� 5 T q7/
+ll, qr wzr gl�huhqw dufv ri A kdyh wkh vdph wdlo/
+lll, � � � � � 4�? � � 	� � _ � � n � 
 � � � � � � �  _ � � : _ � / dqg
+ly, % � EBE7�� n � 
 � � � � � � �  2E� � � �� � � 	 2/ zkhuh � �� � G' � i+ �� � G _ � � � _ � � ru

� � 5 7j1

Frqglwlrq +ly, phdqv wkdw wkh fryhu0frqqhfwlylw| lqhtxdolw| dvvrfldwhg
zlwk 7 dqg A lv ylrodwhg e| wkh fxuuhqw vroxwlrq E% � c + � �/ vlqfh � 
 � � � � � � �  2E��
� �� � � ' 2EmA m� � 
 � � � � � � �  + �� � �1 Revhuyh wkdw hyhq li wkh vhw 7 +uhvshfwlyho| A , lv
�{hg/ �qglqj dq dssursuldwh vhw A +uhvshfwlyho| 7, lv qrw d fodvvlfdo nqdsvdfn
+uhvshfwlyho|/ plqlpxp fxw, sureohp1 Lq idfw wkh vhsdudwlrq sureohp iru wkh
fryhu0frqqhfwlylw| frqvwudlqwv lvQS0kdug1 Wr vkrz lw zh zloo suryh wkdw hyhq
wkh vhsdudwlrq ri wkh vshfldo fdvh ri fryhu0frqqhfwlylw| frqvwudlqwv uhvxowlqj
iurp frqvlghulqj A ' > +wkdw lv/ VHF5, lv QS0kdug1

Sursrvlwlrq 57 Wkh vhsdudwlrq sureohp iru VHF5 +6156, lv QS0kdug1

Surri1 Jlyhq d iudfwlrqdo vroxwlrq E% � c + � �/ wkh vhsdudwlrq sureohp iru frq0
vwudlqwv VHF5/ frqvlvwv rq ghwhuplqlqj zkhwkhu wkhuh lv d vxevhw 7 � T qi� � j
zlwk � � � � � 4�? � � 	� � _ � � : _ � iru zklfk %EBE7�� 	 21

Vxssrvh zh duh jlyhq wkh judsk C ' ETc.� vxfk wkdw . ' id� � c � � o G � '
2c ���c ?j +vhh Iljxuh 815, dqg _ � � ' f li � � 9' � � dqg �� 9' � � 1

Lq vxfk judsk/ wkh vhsdudwlrq sureohp iru frqvwudlqwv +6156, fdq eh irupx0
odwhg dv

j � ' 4�? �� � � � � � � � � % � � � 5 �

vxemhfw wr



8141 VHSDUDWLRQ SURFHGXUHV ;6

Iljxuh 815= H{dpsoh judsk
�

� � � � � � � � � _ 	 
 5 	 � _ � n �
5 	 5 ifc �j iru doo � 	 5 T qi� 
 jc

dqg wklv lv d 304 nqdsvdfn sureohp/ zklfk lv nqrzq wr eh QS0kdug1
Zh wkhuhiruh xvh d khxulvwlf surfhgxuh iru vhsdudwlqj fryhu0frqqhfwlylw|

frqvwudlqwv lq zklfk vhwv 7 dqg A duh exlow vhtxhqwldoo|1 Pruh suhflvho|/ zh
frpelqh wkh iroorzlqj wzr sro|qrpldo juhhg| surfhgxuhv1

Khxulvwlf 4= Juhhg| surfhgxuh iru A
Ohw E% � c + � � eh d iudfwlrqdo vroxwlrq dqg ohw 7 eh d jlyhq vxevhw ri T qi�  j
vxfk wkdw % � EBE7�� 	 2 dqg � � � � � 4�? � � �� � _ � � � _ � +li � � � � � 4�? � � �� � _ � � : _ �
wkhq zh zrxog kdyh d ylrodwhg VHF51 Wkh khxulvwlf orrnv iru d vhw A ri dufv
lq T q7 dqg zlwk gl�huhqw wdlov/ vxfk wkdw

�� � � � � � � � � 2E�� � �� � � 	 2� % � EBE7��� � � � ! " #

dqg
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�� � � � � � � � � _ 	 
 : _ � � �� � �  4�?� � ��  _ 	 


� � � �� � � �
�

Lw surfhhgv dv iroorzv1 Iru hdfk yhuwh{ � 	 *5 7/ ohw �
 � 	 � eh vxfk wkdw
�E�� G' @h}4@ i� �� � G �� *5 7j/ vhw

rSJoeE� � � G' 2E�� � �� � � � � �
_ � � � � � c

dqg udqn wkh yhuwlfhv � � 5 T q 7 lq qrq0ghfuhdvlqj rughu ri wkhlu vfruh1
+Li _ � � � � � ' f wkhq rSJoeE� � � lv vhw wr dq duelwudu| odujh qxpehu1, Sdluv
E� � c �� � � � � duh lwhudwlyho| vhohfwhg dffruglqj wr wkhlu udqnlqj xqwlo frqglwlrq
+lll, lv vdwlv�hg1 Wklv surylghv d �uvw fdqglgdwh duf vhw iru A 1 Wkhq/ wkh duf
wkdw zdv vhohfwhg odvw lv uhpryhg dqg vxevhtxhqw dufv lq wkh olvw duh dgghg
xqwlo +lll, krogv djdlq1 Wklv vwhs lv uhshdwhg xqwlo doo yhuwlfhv lq wkh olvw kdyh
ehhq frqvlghuhg1 Hyhu| fdqglgdwh vhw iru A vdwlvi|lqj +ly, rewdlqhg lq wklv
zd| dovr gh�qh/ wrjhwkhu zlwk 7/ d fryhu0frqqhfwlylw| frqvwudlqwv ylrodwhg e|
wkh fxuuhqw iudfwlrqdo vroxwlrq E% � c + � �1

Dojrulwkp 6 jlyhv d svhxgr0frgh ghvfulswlrq ri wkh surfhgxuh1

Khxulvwlf 5= Juhhg| surfhgxuh iru 7
Ohw E% � c + � � eh d iudfwlrqdo vroxwlrq dqg ohw A eh d jlyhq vxevhw ri dufv vdwlvi|0
lqj frqglwlrq +ll, dqg vxfk wkdw � � � � � �  � ! " 2E��� �� � � 	 21 Li � � � � � �  � ! " _ � � : _ # /
wkhq A dqg 7 G' > gh�qh d ylrodwhg fryhu lqhtxdolw| +6154,1 Lq vxfk fdvh/
zh dgg wr wkh fxuuhqw OS0uhod{dwlrq wkh fodvvlfdo h{whqghg yhuvlrq ri fryhu
lqhtxdolw| $

� � � � �  � ! " % &' + ( ) � mA m � �c

zkhuh 7A G' iE� ( c � * � G wkhuh h{lvwv E� ( c �) � 5 A iru vrph �) zlwk _ ( * � _ ( ) ru
� * 5 7j dqg �A G' iE� + c �, � *5 A G _ + , � 4@ - . / 0 1 2 3 i_ . 0 jj1

Li A vdwlv�hv 4 - 5 6 / 5 7 1 2 3 _ + , 	 _ 8 / zh xvh d vhtxhqwldo surfhgxuh wr ghwhu0
plqh d vxlwdeoh vhw 7 � T qET EA � ^ i� 9 j�/ zkhuh T EA � ghqrwhv wkh vhw ri doo
yhuwlfhv lqflghqw wr dufv ri A / vxfk wkdw
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Dojrulwkp 6 Vhsdudwlrq ri fryhu0frqqfhwlylw| frqvwudlqwv1 Juhhg| 4
Gdwd= wkh vxssruw judsk C � ' ET � c . � �/ � � / dqg d vhw 7 � T qi� � j vxfk

wkdw %EBE7�� 	 2 dqg � � � � � 4�? � � �� � _ 	 
 	 _ ��  A G' >�  iru doo � 	 *5 7 gr�  iru doo �
 *5 7c �
 9' � 	 gr�  � �	 
 G' � i+ �	 � G _ 	 � � _ 	 
 ru � � 5 7j�  hqg iru�  �E�� G' @h}4@ i� �	 
 G � 
 *5 7j�  li _ 	 
 � 	 � 9' f wkhq�  rSJoeE� 	 � G' 2E�� � �	 
 � 	 � �*_ 	 
 � 	 ��  hovh� �  rSJoeE� 	 � G' 4� �  hqg li� �  hqg iru� �  Ohw u G' i� � � c ���c � � � j eh wkh olvw ri yhuwlfhv � � *5 7 vruwhg e| lqfuhdvlqj
rughu ri wkhlu vfruh� � � & G' ��  � zkloh & � R gr� ! � A G' A ^ iE� � " c �# $ � " % �j� & � li ' ( ) * + 4�? ( , -* + _ � # n ' $ ( ) . ( , % * / _ � # : _ 0 wkhq� 1 � li % 2 EBE7�� n ' $ ( ) . ( , % * / 2E�� � 2� # � 	 2 wkhq� 3 � 7 dqg A gh�qh d ylrodwhg fryhu0frqqhfwlyl| frqvwudlqw4 5 � A G' AqiE� � " c �# $ � " % �j4 � � hovh4 4 � uhwxuq4 6 � hqg li4 � � hqg li4  � & G' & n �4 ! � hqg zkloh
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% � EBE7�� 	 2� �� � � � � � � � 	 2E�� � �
 � ��  � �� � � �
dqg

�� � � � 4�? � � �� � _ 
 � : _ � � �� � � � � � � � 	 _ 
 �
�  � �� � � �

�

Zh vwduw zlwk 7 ' >1 Wkhq/ dw hdfk lwhudwlrq/ doo yhuwlfhv �� lq T qET EA �^
i� � j ^ 7� duh jlyhq wkh iroorzlqj odehov=

, � E�� m 7� G' % � EBE7 ^ i�� j��� % � EBE7�� n 2
' 2 � + �� � � % � EBE�� _ BE7�� n � �

dqg
, � E� � m 7� G' � ! " # $ %  & ' 4�? ( )" # $ %  & ' _ * + � � ! " # 4�? ( )" # _ * + �

Odeho , , E�� m 7� phdvxuhv wkh frqwulexwlrq ri �� wr % - EBE7��/ dqg wkxv wr
wkh ohiw0kdqg vlgh ri +ly, li �� lv lqfoxghg lq 71 Wkh frqvwdqw 2 lv dgghg wr
hqvxuh wkh qrqqhjdwlylw| ri wkh odeho1 Vlploduo|/ odeho , � E�� m 7� fdswxuhv wkh
frqwulexwlrq ri �� wr wkh ohiw0kdqg vlgh ri +lll,/ dqg lw lv srvlwlyh e| gh�qlwlrq1

Hdfk �� 5 T qET EA �^ i� , j ^ 7� lv wkhq jlyhq d vfruh dqg wkh yhuwh{ zlwk
wkh vpdoohvw vfruh lv dgghg wr 71 Wkh surfhgxuh vwrsv zkhq frqglwlrq +lll,
lv ixo�oohg/ dqg wkh fryhu0frqqhfwlylw| frqvwudlqw dvvrfldwhg zlwk 7 dqg A lv
wkhq dgghg wr wkh fxuuhqw OS0uhod{dwlrq li frqglwlrq +ly, dovr krogv1

Jlyhq d vhw 7/ wkh vfruh ri yhuwh{ �� 5 T qET EA �^ i� , j ^ 7� lv gh�qhg dv
wkh udwlr ri wkh wzr odehov=

rSJoeE�� m 7� G' , , E�� m 7�
, � E�� m 7� �

Dw hdfk lwhudwlrq dqg iru doo �� 5 T zh vdyh
?e@oer|E�� m 7� G' @h}4�?i_� + G � + *5 7 ^ i�� jj�
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Hyhu| wlph d yhuwh{/ vd| � � / lv lqfoxghg lq 7/ wkh odehov ri doo yhuwlfhv �� *5
7 ^ T EA � ^ i� � j duh xsgdwhg dv iroorzv=

, � E� � m 7 ^ i� � j� ' , � E�� m 7�� 2% �� � c
dqg , � E�� m 7 ^ i� � j� lv frpsxwhg iurp , � E�� m 7� e| xvlqj ?e@oer|E�� m 7�1

Dojrulwkp 7 jlyhv d svhxgr0frgh ghvfulswlrq ri wkh surfhgxuh1
Dojrulwkp 7 Vhsdudwlrq ri fryhu0frqqfhwlylw| frqvwudlqwv1 Juhhg| 5
Gdwd= wkh vxssruw judsk C � ' ET � c . � �/ � � / dqg d vhw A ri dufv zlwk gl�h0

whqw wdlov vxfk wkdw � � � � 	 � 
 � �  2E�� � �� � � 	 2 dqg � � � � 	 � 
 � �  _ � � � _ �� � 7 ' >� � iru doo �� 5 T qET EA � ^ i� � j� gr� � , � E�� m 7� G' 2E+ �� � n ��� � ?e@oer|E�� m 7� G' @h}4�?i_� � G � � *5 7 ^ i�� jj� � , � E�� m 7� G' _� 	 � � � � � � � � � 
 � � �� � rSJoeE�� m 7� G' , � E�� m 7�*, � E�� m 7�� � hqg iru � zkloh qrw h{lw dqg T qET EA � ^ 7 ^ i� � j� qrw hpsw| gr! � vruw yhuwlfhv lq T qET EA � ^ 7 ^ i� � j� e| lqfuhvlqj ydoxh ri vfruh� " � 7 G' 7 ^ i�uvw yhuwh{ lq wkh vruwhg olvwj� � � li % � EBE7�� n � � � � 	 � 
 � �  2E� � � �� � � 	 2 dqg � � � � � 4�? � 
 #� � _ � � n� � � � 	 � 
 � �  _ � � : _ � wkhq� � � 7 dqg A gh�qh d ylrodwhg fryhu0frqqhfwlylw| frqvwudlqw� � � h{lw� � � hovh� � � iru doo �� 5 T qET EA � ^ 7 ^ i� � j� gr� � � , � E�� m 7� G' 2 $ + �� � � % � EBE�� _ BE7�� n � %� � � , � E�� m 7� G' � � � � � & ' � 
 ( 4�? � ) #� � & ' � 
 ( _ � � � � � � � � 4�? � ) #� � _ � ��  � rSJoeE�� m 7� G' , � E�� m 7�*, � E�� m 7�� ! � hqg iru� " � hqg li� � � hqg zkloh

Wdeoh 814 vxppdul}hv wkh lqirupdwlrq derxw wkh idfhw uhvxowv dqg wkh
vhsdudwlrq sureohpv frqfhuqlqj wkh fxwv wkdw dsshdu lq rxu Eudqfk0dqg0Fxw
vfkhph1
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Qdph Irup Idfhw Vhsdudwlrq
JVHF %EBE7�� � 2 � � � � � + � � |hv H{dfw/

Surs1 +54, sro|qrpldo wlph
JVHF zlwk % � � n + � � � +� � |hv H{dfw/
m7m ' 2 Surs1 +54, sro|qrpldo wlph
50pdwfklqj %E.EM�� n %EA � � |hv Khxulvwlf/� � � � � + � � n 	 
 	 � � Surs1 +56, sro|qrpldo wlph
Fryhu0 %EBE7�� � B Khxulvwlf/
frqqhfwlylw| 2

� � � � � � � � � � 
 + � � � EmA m � �� � Surs1 +47, QS0kdug
Wdeoh 814= Vxppdu| ri fxwv

815 Eudqfk0dqg0Fxw lpsohphqwdwlrq
Zh qrz rxwolqh wkh pdlq lqjuhglhqwv ri rxu Eudqfk0dqg0Fxw dojrulwkp iru
erwk PFS4 dqg PFS5/ srlqwlqj rxw wkh gl�huhqfh ehwzhhq erwk sureohpv
rqo| zkhq lw lv qhfhvvdu|1

81514 Suhsurfhvvlqj
Ehiruh vwduwlqj zlwk wkh rswlpl}dwlrq zh wu| wr �{ wkh ydoxh ri vrph yduldeohv
xvlqj orjlfdo lpsolfdwlrqv1 Zh kdyh xvhg d yhu| hdv| suhsurfhvvlqj/ zklfk
frqvlvwv ri vhwwlqj wr � doo + � � yduldeohv fruuhvsrqglqj wr yhuwlfhv � � vxfk wkdw
4�?i_ � � G �� 5 T qi� � jj � _ � n �1 Wklv suhsurfhvvlqj surfhgxuh dssolhv rqo|
wr PFS51

81515 Lqlwldol}dwlrq
Wr vwduw wkh rswlpl}dwlrq zh kdyh wr gh�qh wkh frqvwudlqwv ri wkh �uvw olqhdu
surjudp +OS,1
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PFS4
Iru PFS4 rxu fkrlfh zdv wr wdnh wkh ghjuhh frqvwudlqwv/ wkh dvvljqphqw
frqvwudlqwv/ wkh frqvwudlqwv wkdw irufh � � wr eh lq wkh vroxwlrq dqg wkh orjl0
fdo frqvwudlqwv lqyroylqj � � 1 Wklv jlyhv wkh iroorzlqj irupxodwlrq/ lqyroylqj
emT m � 2 frqvwudlqwv=

plqlpl}h �
� � � � � � � � 	 S 
 � % 
 � n �

� � � � � �  � � _ 
 � + 
 �

vxemhfw wr=

%EBE��� ' 2+ 
 
 iru doo � 
 5 T�
� � � � + 
 � ' � iru doo � 
 5 T q i� � j

+ � � ' �
+ � � ' f iru doo �� 5 T q i� � j

% � � � +� � iru doo �� 5 T qi� � j

PFS5
Wkh lqlwldo OS iru PFS5 gl�huv iurp wkdw ri PFS4 lq wkh remhfwlyh ixqfwlrq
dqg lq wkh nqdsvdfn frqvwudlqw1 Lw lv gh�qhg dv=

plqlpl}h �
� � � � � � � � 	 S 
 � % 
 �

vxemhfw wr=

%EBE��� ' 2+ 
 
 iru doo � 
 5 T�
� � � � + 
 � ' � iru doo � 
 5 T q i� � j

+ � � ' �
+ � � ' f iru doo �� 5 T q i� � j

% � � � + � � iru doo �� 5 T qi� � j�
� � � � � � � � �� � �� � �

_ 
 � + 
 � � _ �
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Pruhryhu/ lw lv srvvleoh wr ghwhuplqh d orzhu erxqg ? � rq wkh qxpehu ri
yhuwlfhv lq wkh vroxwlrq dv iroorzv1 Vruw wkh yhuwlfhv lq lqfuhdvlqj rughu ri wkh
ydoxh ,E�� G' 4�?i_ � � G �� 5 T qi� � jj1 Ohw & eh wkh lqgh{ lq wkh vruwhg olvw
vxfk wkdw � � � �� � � ,E�� � _ � dqg � �� � � ,E�� : _ � 1 Wkhq ? � G' 4@ i�c ?� & n �j�
Wklv uhvxowv lq wkh frqvwudlqw

�
	 
 � � + � � � ? � c +814,

zklfk lv dovr dgghg wr wkh lqlwldo olqhdu surjudp/ pdnlqj xs d wrwdo ri emT m
frqvwudlqwv1

81516 Ihdvlelolw| fkhfn
D vroxwlrq ri wkh OS0uhod{dwlrq ri wkh PFS lv ihdvleoh li doo yduldeohv kdyh
ydoxhv }hur ru rqh/ wkhuh duh qrw vxewrxuv dqg hdfk wlph d yhuwh{ �  lv dvvljqhg
wr d yhuwh{ �� / �� lv lq wkh wrxu1 +Qrwh wkdw iru PFS5/ wkh nqdsvdfn frqvwudlqw
lv dozd|v lq wkh OS dq vr lw lv vdwlv�hg e| doo OS0vroxwlrqv1,

Zh vwduw e| fkhfnlqj wkdw doo + � � yduldeohv/ � 9' �/ kdyh 304 ydoxhv/ dqg
wkdw + � � � + �� � 1

Wr fkhfn li wkh judsk lqgxfhg e| wkh hgjh yduldeohv zlwk ydoxh rqh lv
frqqhfwhg zh xvh d glvmrlqw vhw vwuxfwxuh1 Lqlwldoo| hdfk yhuwh{ lv d vhw e|
lwvhoi1 Wkhq zh vfdq doo hgjhv1 Li wkhuh lv dq hgjh zlwk ydoxh rqh/ zh fkhfn li
lwv wzr hqg yhuwlfhv duh frqwdlqhg lq glvmrlqw vhwv1 Li wklv lv wkh fdvh/ zh phujh
wkh wzr vhwv dqg frqwlqxh1 Rwkhuzlvh/ wkh OS0vroxwlrq frqwdlqv d vxewrxu/
h{fhsw li wkh hgjh ehwzhhq wkh wzr yhuwlfhv lv wkh odvw hgjh forvlqj wkh wrxu1

81517 Fxwwlqj sodqh skdvh
Jlyhq d iudfwlrqdo vroxwlrq/ zh dsso| wkh vhsdudwlrq surfhgxuhv ghvfulehg lq
Vhfwlrq 814 lq wkh iroorzlqj rughu/ �{hg diwhu shuiruplqj vhyhudo frpsxwd0
wlrqdo h{shulphqwv=
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PFS4
+l, wzr0pdwfklqj lqhtxdolw| vhsdudwlrq +Vhfwlrq 81415,/
+ll, vhsdudwlrq ri jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqwv zlwk m7m : 2

+Vhfwlrq 81414,/
+lll, frpsohwh hqxphudwlrq ri jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqwv

zlwk m7m ' 2 +6148,1

PFS5
+l, khxulvwlf 4 zlwk 7 ' > iru h{whqghg fryhu lqhtxdolwlhv +6159,/
+ll, wzr0pdwfklqj lqhtxdolw| vhsdudwlrq +Vhfwlrq 81415,/
+lll, khxulvwlf 5 zlwk A ' > iru lqhtxdolwlhv +6156,/
+ly, khxulvwlf 5 iru fryhu0frqqhfwlylw| lqhtxdolwlhv +Vhfwlrq 81416,/
+y, khxulvwlf 4 iru fryhu0frqqhfwlylw| lqhtxdolwlhv +Vhfwlrq 81416,/
+yl, vhsdudwlrq ri jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqwv zlwk m7m : 2

+Vhfwlrq 81414,/
+yll, frpsohwh hqxphudwlrq ri jhqhudol}hg vxewrxu holplqdwlrq frqvwudlqwv

zlwk m7m ' 2 +6148,1

Iru erwk PFS4 dqg PFS5/ doo lqhtxdolwlhv duh joredo +l1h1/ ydolg lq doo wkh
Eudqfk0dqg0Fxw wuhh,1 Dw hdfk lwhudwlrq zh doorz d pd{lpxp ri 633 ylrodwhg
fxwv wr eh jhqhudwhg> li wklv qxpehu lv uhdfkhg zh vwrs wkh vhsdudwlrq skdvh/
lqwurgxfh wkrvh lqhtxdolwlhv lq wkh OS0uhod{dwlrq dqg uhrswlpl}h lw1 Hdfk
�yh lwhudwlrqv zh fdoo wkh OS0edvhg khxulvwlf zlwk wkh fxuuhqw +iudfwlrqdo,
vroxwlrq1 Zkhq wkh fxuuhqw vroxwlrq lv iudfwlrqdo exw qr vhsdudwlrq surfhgxuh
�qgv d ylrodwhg fxw wkhq eudqfklqj lv dssolhg1

Srro vhsdudwlrq lv glvfdughg vlqfh/ iurp rxu frpsxwdwlrqdo h{shulhqfh/ zh
ghgxfh wkdw/ iru wklv sduwlfxodu sureohp/ gluhfw vhsdudwlrq lv pruh h!flhqw
wkdq vfdqqlqj wkh srro gdwd vwuxfwxuh1
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81518 Eudqfklqj vwudwhj|
Rxu �uvw eudqfklqj vwudwhj| frqvlvwv ri vhohfwlqj d + � � yduldeoh zlwk iudfwlrqdo
ydoxh1 Wr wklv hqg/ zh dssolhg wkh �vwurqj eudqfklqj� uxoh +vhh Mÿhqjhu dqg
Wklhqho ^6<` iru ghwdlov, zlwklq wkh �yh + � � yduldeohv zlwk iudfwlrqdo ydoxh
forvhvw wr 3181 Li doo + � � yduldeohv kdyh lqwhjhu ydoxhv/ zh vhohfw d % � � yduldeoh
xvlqj wkh vdph fulwhulrq1 Wkh odvw fkrlfh zrxog eh wr eudqfk rq d + � � yduldeoh
zlwk � � 9' � � 1

81519 Khxulvwlf surfhgxuhv
Zh kdyh lpsohphqwhg wzr khxulvwlfv1 Wkh �uvw rqh +lqlwldo khxulvwlf, jlyhv d
ihdvleoh vroxwlrq/ dqg lv h{hfxwhg dw wkh ehjlqqlqj ri wkh ryhudoo Eudqfk0dqg0
Fxw dojrulwkp1 Wkh vhfrqg rqh +OS0edvhg khxulvwlf,/ lv edvhg rq wkh fxuuhqw
iudfwlrqdo vroxwlrqv/ dqg lw lv h{hfxwhg hdfk �yh fxwwlqj0sodqh lwhudwlrqv1

Lqlwldo khxulvwlf
Wklv khxulvwlf lv d frqvwuxfwlyh phwkrg wkdw jhqhudwhv d ihdvleoh vroxwlrq wr
eh xvhg dv �uvw joredo xsshu erxqg lq wkh Eudqfk0dqg0Fxw vfkhph1 Zh vwduw
zlwk wkh ghsrw dqg/ lq hdfk lwhudwlrq d qhz yhuwh{ lv dgghg xqwlo ihdvlelolw|
lv uhdfkhg/ wkdw lv/ xqwlo � � � �� � 	 
 � 4�?i_ �  G � 5 T E��j � _ � +ehlqj T E��
wkh vhwv ri yhuwlfhv lq wkh vroxwlrq �,1

Zkhq d qhz yhuwh{ lv dgghg wr wkh f|foh/ wzr wklqjv kdsshq= wkh ohqjwk ri
wkh f|foh lqfuhdvhv dqg wkh wrwdo dvvljqphqw frvw ghfuhdvhv1 Lq rughu wr wdnh
lqwr dffrxqw wkhvh wzr idfwv/ rxu dgglwlrq fulwhulxp zloo eh wkh plqlpl}dwlrq
ri wkh frqyh{ frpelqdwlrq ri wkh lqfuhphqw lq wkh ohqjwk dqg +plqxv, wkh
ghfuhphqw lq wkh wrwdo dvvljqphqw frvw1 Wkdw lv/ hdfk wlph zh fkrvh wr dgg
wr wkh f|foh wkh yhuwh{ � � *5 T E�� wkdw plqlpl}hv

sE�c b� G' b {ue? � n E�� b�E�{�Jr � �c
ehlqj {ue? � dqg {�Jr � wkh lqfuhphqw lq wkh ohqjwk dqg wkh ghfuhphqw lq
wkh wrwdo dvvljqphqw frvw/ uhvshfwlyho|/ surgxfhg zkhq yhuwh{ � � *5 T E�� lv
dgghg wr wkh f|foh �/ dqg ehlqj f � b � �1 Wkh ydoxh ri b uhsuhvhqwv wkh
uhodwlyh lpsruwdqfh jlyhq wr wkh lqfuhphqw ri ohqjwk dqg wkh ghfuhphqw ri
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dvvljqphqw frvw1 Li b ' �/ wkh sulrulw| lv wkdw wkh dgglwlrq ri wkh qh{w yhuwh{
surgxfhv wkh vpdoohvw srvvleoh lqfuhphqw lq wkh ohqjwk ri wkh f|foh1 Li b ' f/
wkh fulwhulxp lv wr fkrrvh wkh yhuwh{ wkdw jlyhv wkh eljjhvw ghfuhphqw lq wkh
wrwdo dvvljqphqw frvw zkhq dgghg wr wkh f|foh1 Dojrulwkp 8 jlyhv d ghwdlohg
ghvfulswlrq ri wklv surfhgxuh1

Dojrulwkp 8 Frqvwuxfwlyh surfhgxuh iru PFS5
Gdwd= D judsk C ' ETc.�/ dqg wkh ydoxhv ri _ � dqg b1� � T E�� G' i� � j� � iru doo � � 9' � � gr� � sE�c b� G' b S � � n E�� b�E� � i_ � � � _ � � G �� 9' � � dqg _� � : _� � j�	 � hqg iru
 � dgg wr wkh f|foh wkh yhuwh{ � � wkdw plqlplfhv uE�c b�� � uhshdw� � iru doo � � *5 T E�� gr � {ue? � G' 4�?iS � � n S � � � S � � G d� � c � � o 5 �j� � r � G' r� � � | � G' |� � � {�Jr � G' � i4�? � � � � � � � _ � � � _ � � G �� *5 T E�� dqg 4�? � � � � � � � _ � � :

_ � � j� � � sE�c b� G' b{ue? � n E�� b�E�{�Jr � �� � � hqg iru� 	 � vhohfw wkh yhuwh{ wkh yhuwh{ � � wkdw plqlplfhv sE�c b�� 
 � dgg � � wr wkh f|foh lq wkh ehvw srvlwlrq/ wkdw lv/ ehwzhhq � � � dqg � � �� � � xqwlo � � � �� � � � � 4�?i_ � � G �� 5 T E��j � _ �

Li _ � ' f/ zh rqo| whvw zlwk b ' f��/ rwkhuzlvh zh whvw zlwk b 5
if��c f��c f�Dc f�.c f�bj dqg wdnh wkh ehvw vroxwlrq lghqwl�hg1 Rqfh wkh yhu0
wlfhv ri wkh f|foh kdyh ehhq vhohfwhg lq wklv idvklrq/ d ehwwhu Kdplowrqldq
f|foh lv vrxjkw e| phdqv ri d 50rsw surfhgxuh1

Wkh phwkrg zh kdyh mxvw ghvfulehg �qgv d ihdvleoh vroxwlrq iru PFS51
Wr dgdsw lw iru PFS4 wkh rqo| wklqj zh qhhg wr fkdqjh lv wkh vwrsslqj uxoh1
Ehiruh dgglqj wkh vhohfwhg yhuwh{ zh hydoxdwh wkh frvw ri wkh vroxwlrq +f|foh
ohqjwk soxv wrwdo dvvljqphqw frvw,1 Wkh dgglwlrq lv shuiruphg rqo| li wkh
qhz vroxwlrq lv ehwwhu wkdq wkh iruphu rqh> rwkhuzlvh/ wkh surfhvv vwrsv1 Vhh
dojrulwkp 9 iru d ghwdlohg ghvfulswlrq1
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Dojrulwkp 9 Frqvwuxfwlyh surfhgxuh iru PFS4
Gdwd= D judsk C ' ETc.�/ dqg wkh ydoxh ri _ � 1� � T E�� G' i� � j� � iru doo � � 9' � � gr� � sE�c b� G' b S � � n E�� b�E� � i_ � � � _ � � G �� 9' � � dqg _ � � : _ � � j�	 � hqg iru
 � dgg wr wkh f|foh wkh yhuwh{ � � wkdw plqlplfhv sE�c b�� � ,e?}|� G' 2S � �� � @rr�}? G' � � � � � � � � 4�?i_ � � c _� � j� � ?e�SJr| G' ,e?}|�n @rr�}?� � uhshdw� � � SJr| G' ?e�SJr|� � � iru doo � � *5 T E�� gr� � � {ue? � G' 4�?iS � � n S � � � S � � G d� � c � � o 5 �j� � � r � G' r� 	 � | � G' |� 
 � {�Jr � G' � i4�? � � � � � � � _� � � _ � � G �� *5 T E�� dqg 4�? � � � � � � � _� � :

_� � j� � � sE�c b� G' b{ue? � n E�� b�E�{�Jr � �� � � hqg iru� � � vhohfw wkh yhuwh{ wkh yhuwh{ � � wkdw plqlplfhv sE�c b�� � � oe?}|� G' ,e?}|�n{ue? �� � � @rr�}? G' @rr�}?�{�Jr �� � � ?e�SJr| G' ,e?}|�n @rr�}?� � � li ?e�SJr| 	 SJr| wkhq� � � dgg � � wr wkh f|foh lq wkh ehvw srvlwlrq/ wkdw lv/ ehwzhhq � � � dqg � � �� 	 � hqg li� 
 � xqwlo ?e�SJr| � SJr|
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OS0khxulvwlf
Wkh dlp ri wklv khxulvwlf lv wr lpsuryh wkh xsshu erxqg e| frqvlghulqj wkh
lqirupdwlrq jlyhq e| wkh fxuuhqw iudfwlrqdo vroxwlrq E% � c + � �1 Wr wklv sxusrvh/
zh frqvlghu ydoxh % �� wr eh/ lq vrph vhqvh/ wkh suredelolw| ri hgjh e wr eh lq
wkh vroxwlrq1

PFS4 Wkh phwkrg zh sursrvh zrunv dv iroorzv1 Jlyhq d iudfwlrqdo vrox0
wlrq E% � c + � �/ wkh hgjhv duh vruwhg e| ghfuhdvlqj ydoxh ri % �� 1 Wkh| duh wdnhq
lq wkdw rughu xqwlo wkh uhvxowlqj vxejudsk frqwdlqv d f|foh �1 Wkh vxejudsk
lv wkhq suxqhg wr uhgxfh lw rqo| wr �1 Li � � lv qrw ylvlwhg e| �/ zh lqwurgxfh
lw lq wkh zd| wkdw jlyhv wkh vpdoohvw srvvleoh lqfuhphqw lq wkh frvw ri wkh
f|foh1

PFS5 Wkh �uvw sduw ri wkh khxulvwlf frlqflghv zlwk wkh rqh iru PFS41 Li
wkh f|foh � rewdlqhg wkdw zd| grhv qrw vdwlvi| wkh nqdsvdfn frqvwudlqw +6153,/
lw lv hqodujhg e| dgglqj d yhuwh{ wkdw surgxfhv wkh vpdoohvw lqfuhphqw lq wkh
frvw ri wkh f|foh zkhq dgghg wr lw1 Wklv hqodujhphqw vwhs lv uhshdwhg dv
pdq| wlphv dv qhfhvvdu| wr jhw d ihdvleoh vroxwlrq1
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Fkdswhu 9
Yduldeoh Qhljkerxukrrg Wdex
Vhdufk khxulvwlf
Lq wklv fkdswhu zh ghvfuleh d qhz phwdkhxulvwlf fdoohg YQWV/ dqg vkrz krz
lw fdq eh dssolhg wr vroyh PFS1

914 Wkh YQWV Khxulvwlf
Orfdo Vhdufk phwkrgv iru frpelqdwruldo dqg joredo rswlpl}dwlrq surfhhg e|
shuiruplqj d vhtxhqfh ri orfdo fkdqjhv lq dq lqlwldo vroxwlrq zklfk lpsuryh
hdfk wlph wkh ydoxh ri wkh remhfwlyh ixqfwlrq xqwlo d orfdo rswlpxp lv irxqg1
Wkdw lv/ dw hdfk lwhudwlrq dq lpsuryhg vroxwlrq % � lq wkh qhljkerxukrrgQ E%�
ri wkh fxuuhqw vroxwlrq % lv rewdlqhg/ xqwlo qr ixuwkhu lpsuryhphqw lv irxqg1
Lq uhfhqw |hduv/ vhyhudo phwdkhxulvwlfv kdyh ehhq sursrvhg zklfk h{whqg lq
ydulrxv zd|v wklv vfkhph dqg dyrlg ehlqj wudsshg lq d orfdo rswlpxp1 Wkh
prvw idprxv ri wkhvh phwdkhxulvwlfv duh Vlpxodwhg Dqqhdolqj +Nlunsdwulfn
hw do1 ^77`,/ Jhqhwlf Vhdufk +Kroodqg ^68`,/ dqg Wdex Vhdufk +Joryhu ^5:` dqg
^5;`,1

Wr dyrlg whuplqdwlrq dw d orfdo plqlpxp/ wkh phwdkhxulvwlfv doorz qrq0
lpsurylqj pryhv1 Krzhyhu/ wklv suhvhqwv wkh ulvn ri f|folqj1 Lq Wdex Vhdufk
wkh xvh ri d vkruw whup phpru| khosv wr iruelg pryhv wkdw pljkw ohdg wr
uhfhqwo| ylvlwhg vroxwlrqv1

<:



<;FKDSWHU 91 YDULDEOHQHLJKERXUKRRGWDEX VHDUFKKHXULVWLF

Yduldeoh Qhljkerxukrrg Vhdufk +Podghqrylf ^86`/ Podghqrylf dqg Kdqvhq
^87`, lv d uhodwlyho| qhz whfkqltxh zkrvh ruljlqdolw| frqvlvwv ri wu|lqj wr hv0
fdsh iurp orfdo rswlpd e| fkdqjlqj wkh qhljkerxukrrg vwuxfwxuh1 Lq lwv
edvlf irup/ YQV h{soruhv d vhw ri qhljkerxukrrgv ri wkh fxuuhqw vroxwlrq/
pdnhv d orfdo vhdufk iurp d qhljkerxu vroxwlrq fkrvhq dw udqgrp wr d orfdo
rswlpxp/ dqg pryhv wr lw rqo| li wkhuh kdv ehhq dq lpsuryhphqw1 Yduldeoh
Qhljkerxukrrg Ghvfhqw +YQG, lv d yduldqw ri YQV lq zklfk wkh fkdqjh ri
qhljkerxukrrgv lv shuiruphg gxulqj wkh orfdo vhdufk skdvh1 Ohw xv ghqrwh d
�qlwh vhw ri suh0vhohfwhg qhljkerxukrrg vwuxfwxuhv zlwk Q � / & ' �c ���c & � � � /
dqg zlwk Q � E%� wkh vhw ri vroxwlrqv lq wkh &0wk qhljkerxukrrg ri %1 Wkh
vfkhph ri YQG lv wkh iroorzlqj1
YQG dojrulwkp

41 Lqlwldol}dwlrq=
+d, Vhohfw d vhw ri qhljkerxukrrgv Q � / & ' �c ���c & � � � / wkdw zloo eh

xvhg lq wkh ghvfhqw1
+e, Ilqg dq lqlwldo vroxwlrq %1

51 Uhshdw wkh iroorzlqj xqwlo qr lpsuryhphqw lv rewdlqhg=
+d, Vhw & G' ��
+e, Uhshdw wkh iroorzlqj vwhsv xqwlo & ' & � � � =

l1 H{sorudwlrq ri wkh qhljkerxukrrg= �qg wkh ehvw qhljkerxu % �
ri % +% � 5 Q � E%�,1

ll1 Pryh ru qrw= li % � lv ehwwhu wkdq %c vhw % G' % � 1 Rwkhuzlvh/
vhw & G' & n ��

hqg
Wkh phwdkhxulvwlf phwkrg zh sursrvh/ wkh Yduldeoh Qhljkerxukrrg Wdex

Vhdufk +YQWV,/ zdv ruljlqdoo| lqvsluhg e| YQG1 Krzhyhu/ rxu frqvwuxfwlrq
ri wkh qhljkerxukrrgv lv vrphkrz gl�huhqw/ vlqfh lq YQWV wkh gl�huhqw
qhljkerxukrrgv xvhg duh qhvwhg dqg duh gh�qhg iurp dq ruljlqdo rqh Q lq
wkh iroorzlqj zd|=

Q � E%� G' Q E%�c Q 	 E%� G' 

� �  � � � � Q E+�c ���c Q � E%� G' �� �  � � � � � � Q E+��
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Iljxuh 914= Qhljkerxukrrg vwuxfwxuhv lq YQWV

Wkdw lv/ Q � E%� frqwdlqv wkh qhljkerxuv ri { dw glvwdqfh � wr � +vhh Iljxuh
914,1

Wkh YQWV frpsulvhv wkh iroorzlqj vwhsv=
YQWV dojrulwkp

41 Lqlwldol}dwlrq=
+d, Vhohfw dq lqlwldo qhljkerxukrrg Q / iurp zklfk Q � / & ' �c ���c & � � �

duh gh�qhg dv ghvfulehg ehiruh1
+e, Ilqg dq lqlwldo vroxwlrq %1
+f, Vhw Ker| % G' %�
+g, Fkrrvh d vwrsslqj frqglwlrq1

51 Uhshdw wkh iroorzlqj xqwlo wkh vwrsslqj frqglwlrq lv phw=
+d, Orfdo Vhdufk= dsso| d wdex orfdo vhdufk lq Q E%� xqwlo d orfdo

plqlpxp % � lv irxqg1
+e, Li % � lv ehwwhu wkdq Ker| %/ gr Ker| % G' % � 1
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+f, Vkdnlqj= jhqhudwh dw udqgrp d srlqw % � � lq Q � E% � �1
+g, Vhw % G' % � � 1

hqg
Wdex vhdufk wrrov duh lqfrusrudwhg wr erwk orfdo vhdufk dqg vkdnlqj sur0

fhgxuhv wr prgxodwh wkh lqwhqvl�fdwlrq dqg glyhuvl�fdwlrq ri wkh vhdufk1 Wkh
orfdo vhdufk whvwv doo wkh qrqwdex pryhv/ dqg wkdw surylglqj wkh ehvw ihdvleoh
vroxwlrq lv pdgh1 Wkh vkdnh frqvlvwv ri dsso|lqj d qxpehu ri udqgrp pryhv
+ihdvleoh ru qrw,1 Wklv qxpehu ri udqgrp pryhv lv wkh vl}h ri wkh vkdnh1 Wkh
vkdnh frxog surylgh dq lqihdvleoh vroxwlrq zlwkrxw ihdvleoh qhljkerxu1 Lq
wkrvh fdvhv wkh orfdo vhdufk lv doorzhg wr pdnh wkh ehvw qrqwdex pryh dprqj
wkrvh wkdw uhgxfh wkh lqihdvlelolw|1 Wkhuhiruh/ wkh orfdo vhdufk frqvlvwv ri
fkrrvlqj wkh ehvw ihdvleoh qrqwdex pryh/ li wkhuh lv rqh/ ru wkh ehvw qrqwdex
pryh wkdw uhgxfhv wkh lqihdvlelolw|1 Dv vwrsslqj fulwhuld xvxdo frqglwlrqv fdq
eh dssolhg= wkh wrwdo FSX wlph/ wkh qxpehu ri orfdo vhdufkhv/ wkh qxpehu
ri pryhv/ wkh uhodwlyh qxpehu ri pryhv zlwkrxw lpsurylqj wkh ehvw vroxwlrq
irxqg1

Wkh wdex wrro sursrvhg lv d olvw zlwk wkh odvw hohphqwv wkdw kdyh ehhq
gursshg iurp wkh vroxwlrq1 Wkh hohphqwv wkdw duh lq wkh wdex olvw duh qrw
doorzhg wr jr lpphgldwho| lqvlgh wkh vroxwlrq djdlq1 Wklv wdex wrro lv pruh
srzhuixo wkdq wkh xvxdo olvw ri wdex pryhv/ vlqfh zlwk d vkruw olvw ri wdex
hohphqwv pdq| pryhv duh iruelgghq1

Wr vkrz wkh zlgh dssolfdelolw| ri wkh YQWV phwdkhxulvwlf frqvlghu wkh
sureohpv zkhuh hdfk vroxwlrq lv jlyhq e| d vhohfwlrq ri d vhw ri hohphqwv
iurp dq xqlyhuvh1 Pdq| ri uhohydqw frpelqdwruldo rswlpl}dwlrq sureohpv
fdq eh irupxodwhg lq wklv zd|1 Wkh vwdqgdug pryhv iru wkrvh sureohpv duh
wkh dgg/ gurs dqg wkh lqwhufkdqjh pryhv1 Wkhvh pryhv frqvlvw ri dgglqj
d qhz phpehu wr wkh vroxwlrq/ gursslqj d phpehu iurp wkh vroxwlrq/ ru
lqwhufkdqjlqj d phpehu ri wkh vroxwlrq iru dqrwkhu rqh rxw ri wkh vroxwlrq1
Wkh vhohfwlrq fdq eh vxemhfw wr vrph frqvwudlqwv1 Lq wkrvh fdvhv/ wkh pryhv
wkdw surylgh d ihdvleoh vroxwlrq duh fdoohg ihdvleoh pryhv1 Lq qh{w vhfwlrq zh
phqwlrq vrph dvshfwv wr eh wdnhq lqwr dffrxqw zkhq dsso|lqj YQWV wr d
jhqhudo Orfdwlrq0Doorfdwlrq sureohp1
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915 Jhqhudo dvshfwv ri wkh dssolfdwlrq ri YQWV
wr Orfdwlrq0Doorfdwlrq sureohpv

Wkh Orfdwlrq0Doorfdwlrq sureohpv duh wkrvh frqvlvwlqj ri vhohfwlqj d vhw ri
srlqwv 7 wr krog wkh idflolwlhv/ dqg doorfdwlqj wkh xvhuv wr wkhp1 D vroxwlrq
7 lv xvxdoo| hydoxdwhg e| wzr ixqfwlrqv wkdw zh zloo fdoo ohqjwk/ ue?E7�c
dqg frvw/ �JrE7�/ ri wkh vroxwlrq1 Wkh ohqjwk ri wkh vroxwlrq uhsuhvhqwv wkh
orfdwlrq frvw/ wkdw fdq eh gh�qhg dv wkh qxpehu ri srlqwv vhohfwhg/ wkh wrwdo
ohqjwk ri d f|foh/ ri d wuhh/ ru dq| rwkhu phdvxuh ri wkh vwuxfwxuh frqqhfwlqj
wkh srlqwv lq wkh vroxwlrq/ hwf1 Wkh frvw ri wkh vroxwlrq 7 lv d phdvxuh ri
wkh vwuxfwxuh frqqhfwlqj wkh xvhuv wr wkh vhw ri vhohfwhg srlqwv1 Xvxdo frvw
ixqfwlrqv duh wkh vxp ru wkh pd{lpxp ri wkh glvwdqfhv iurp wkh xvhuv wr wkh
srlqwv lq wkh vroxwlrq1

Wkh prvw frpprq dssurdfkhv xvhg wr vroyh wklv nlqg ri elfulwhuld sure0
ohpv duh wr �{ dq xsshu erxqg rq rqh ri wkh wzr ixqfwlrqv dqg wr plqlpl}h
wkh rwkhu rqh/ ru wr plqlpl}h d frqyh{ frpelqdwlrq ri wkhp1

91514 Frglqj ri wkh vroxwlrqv
Wkh vhohfwlrq ri d vroxwlrq frglqj wkdw surylghv dq h!flhqw zd| ri lpsoh0
phqwlqj wkh pryhv dqg hydoxdwlqj wkh vroxwlrqv lv hvvhqwldo iru wkh vxffhvv ri
dq| vhdufk phwkrg1

Zh sursrvh wkh iroorzlqj frglqj ri wkh vroxwlrqv1 Ohw ? eh wkh vl}h ri
wkh xqlyhuvh1 D vroxwlrq 7 lv uhsuhvhqwhg e| dq duud| dr � G � ' �c ���c ?o zkhuh
r � lv wkh �0wk hohphqw ri wkh vroxwlrq/ iru � ' �c 2c ���c6/ dqg wkh E� �6�0wk
hohphqw rxwvlgh wkh vroxwlrq/ iru � ' 6n �c ���c ?1

91515 Hydoxdwlrq ri wkh vroxwlrqv
Iru vrph sureohpv/ wkh hydoxdwlrq ri d vroxwlrq frxog phdq wr vroyh dqrwkhu
rswlpl}dwlrq sureohp1 Iru lqvwdqfh/ zkhq orrnlqj iru urxwhv wkh vroxwlrqv
duh rughuhg vhwv ri ylvlwhg srlqwv1 Wkhuhiruh/ wkh hydoxdwlrq ri wkh ohqjwk ri
wkh vkruwhvw urxwh uhtxluhv wr vroyh d WVS1 Wkh h!flhqf| zkhq hydoxdwlqj wkh
prgl�fdwlrq surgxfhg lq wkh remhfwlyh ixqfwlrq e| d pryh lv yhu| lpsruwdqw/
ehfdxvh d juhdw ghdo ri pryhv duh whvwhg1 Wkhuhiruh/ kdylqj dq h!flhqw



435FKDSWHU 91 YDULDEOHQHLJKERXUKRRGWDEXVHDUFKKHXULVWLF

surfhgxuh wr +pd| eh khxulvwlfdoo|, hydoxdwh wkh prgl�fdwlrqv ri wkh vroxwlrq
lv yhu| xvhixo1 Wkh lqirupdwlrq jlyhq e| wkh dfwxdo vroxwlrq fdq eh xvhg wr
ghvljq dq h!flhqw zd| ri hydoxdwlqj d pryh/ e| frqvlghulqj rqo| wkh orfdo
prgl�fdwlrqv wkdw lw zrxog surgxfh1 Vr/ zkhq d vroxwlrq lv prgl�hg e|
dgglqj dqg2ru gursslqj d srlqw/ wkh ohqjwk ri wkh qhz vroxwlrq lv rewdlqhg
e| h{wudfwlqj wkh ohdylqj srlqw dqg2ru orrnlqj iru wkh ehvw srvlwlrq wr lqvhuw
wkh qhz rqh1 Lq dgglwlrq/ wr fdofxodwh wkh frvw ri wkh qhz vroxwlrq zh qhhg
wr nqrz wkh qhz rswlpdo doorfdwlrq ri wkh xvhuv1 Xvxdoo| zh rqo| qhhg wr
nqrz li wkh hqwhulqj srlqw fdq lpsuryh wkh doorfdwlrq ri wkh xvhuv dqg li wkh
xvhuv doorfdwhg wr wkh ohdylqj srlqw qhhg wr eh uhdoorfdwhg1

91516 Wkh pryhv
Wkh xvxdo pryhv frqvlghuhg lq wklv nlqg ri sureohpv duh wkh dgg/ gurs dqg
lqwhufkdqjh pryhv1 Jlyhq d vroxwlrq 7 dqg dq hohphqw r� qrw lq wkh vroxwlrq/
dq dgg pryh frqvlvwv ri dgglqj r� wr 7� D gurs pryh frqvlvwv ri holplqdwlqj
dq hohphqw r � iurp 71 Jlyhq d vroxwlrq 7/ dq hohphqw r � lq wkh vroxwlrq dqg
dq hohphqw r� qrw lq wkh vroxwlrq/ dq lqwhufkdqjh ru dgg2gurs pryh frqvlvwv
ri gursslqj r � iurp 7 dqg dgglqj r� wr 71

Li vrph frqvwudlqw lv lpsrvhg/ qrw hyhu| pryh lv ihdvleoh1 Wkh pryhv wkdw
surylgh d ihdvleoh vroxwlrq duh fdoohg ihdvleoh pryhv1 Li wkh frqvwudlqw frqvlvwv
lq dq xsshu erxqg rq d ixqfwlrq ri wkh vroxwlrq wkhq wkh pryhv wkdw uhgxfh
wkh lqihdvlelolw| fdq eh xvhg wr jhw ihdvleoh vroxwlrqv1

91517 Lqlwldo vroxwlrq
Xvxdoo| d frqvwuxfwlyh khxulvwlf lv xvhg wr jhqhudwh dq lqlwldo vroxwlrq1 Vwdq0
gdug frqvwuxfwlyh khxulvwlfv frqvlvwv ri d vhulhv ri dgg pryhv vwduwlqj iurp
dq hpsw| vroxwlrq1 Gxulqj wkh exloglqj surfhvv wkh ohqjwk ri wkh fdqgl0
gdwh vroxwlrqv lqfuhdvhv zkloh wkhlu doorfdwlrq frvw ghfuhdvhv1 Wkh surfhgxuh
vwrsv zkhq wkh vroxwlrq rewdlqhg lv ihdvleoh1 Wkh pruh frpprq vwudwhjlhv
iru dgglqj hohphqwv wr wkh vroxwlrqv duh wr xvh vlpsoh/ udqgrp/ dqg jrrg
dgg pryhv1 Wkh jrrg surshuwlhv wkdw d frqvwuxfwlyh phwkrg vkrxog kdyh lq
rughu wr eh xvhg lq d phwdkhxulvwlf duh=
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Txdolw|= Wkh ghjuhh ri rswlpdolw| ri wkh vroxwlrq sursrvhg
pxvw eh kljk1

H!flhqf|= Wkh dprxqw ri uhvrxufhv +wlph, xvhg pxvw eh
vpdoo1

Udqgrpqhvv= Wkh delolw| wr fryhu wkh zkroh vhdufk vsdfh1
Wkh iroorzlqj surfhgxuhv duh vwdqgdug frqvwuxfwlyh phwkrgv=
41 Udqgrp Lqvhuw phwkrg1 Vhohfw d qhz phpehu dw udqgrp1
51 Ehvw Lqvhuw phwkrg1 Vhohfw d qhz phpehu lq rughu wr plqlpl}h wkh

lqfuhphqw lq wkh ohqjwk ri wkh vroxwlrq1
61 Fkhdshvw Lqvhuw phwkrg1 Vhohfw d qhzphpehu lq rughu wr pd{lpl}h

wkh ghfuhphqw lq wkh frvw ri wkh qhz vroxwlrq1

916 Wkh YQWV iru PFS
Lq wklv vhfwlrq zh ghvfuleh zlwk pruh ghwdlov wkh lpsohphqwdwlrq ri d YQWV
khxulvwlf iru PFS1

91614 Frglqj ri wkh urxwhv
Wkh vroxwlrq jlyhq e| d f|foh � ylvlwlqj 6 yhuwlfhv lv uhsuhvhqwhg e| dq duud|
7 ' d� � G � ' �c ���c ?o zkhuh � � lv wkh ghsrw/ dqg � � lv=

� wkh �0wk yhuwh{ ri wkh f|foh/ iru � ' 2c ���c6/ dqg
� wkh E��6�0wk yhuwh{ qrw ehorqjlqj wr wkh f|foh/ iru � ' 6n �c ���c ?1

Qrwh wkdw wkh vroxwlrq jlyhv qrw rqo| wkh srlqwv ylvlwhg exw dovr wkhlu rughu
lq wkh f|foh/ vwduwlqj iurp wkh ghsrw1

Wkh dvvljqphqw ru doorfdwlrq frvwv _ � � duh vwruhg lq d pdwul{ (/ dqg wkh
ohqjwkv ru urxwlqj frvwv S � � duh vwruhg lq d pdwul{ u1 Wkh ohqjwk ri wkh
vroxwlrq f|foh uhsuhvhqwhg e| 7 lv jlyhq e|=

ue?E7� G'
��

� � �
ud� � 	 
 c � � o n ud� 
 c � � o�
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Dqg lwv doorfdwlrq frvw lv jlyhq e|=

�JrE7� G' ��
� � � � � 4�?� � � � � 	 (dr 
 c r� o�

Dq rswlpdo vroxwlrq 7 � ri PFS4 lv d vroxwlrq wkdw plqlpl}hv ue?E7� n
�JrE7�1 Wkh vroxwlrq 7 lv ihdvleoh iru PFS5 li �JrE7� � _  1 Dq rswlpdo
vroxwlrq 7 � iru PFS5 lv d ihdvleoh vroxwlrq wkdw plqlpl}hv ue?E7�/ wkdw
lv/ wkh vroxwlrq 7 � vxfk wkdw �JrE7 � � � _  dqg ue?E7 � � G' 4�?iue?E7� G
�JrE7� � _  j�

91615 Wkh pryhv
Lq wklv vhfwlrq zh vkrz krz wr uhfrpsxwh wkh ohqjwk dqg frvw ri d vroxwlrq
diwhu d pryh kdv ehhq grqh1

Lqvhuwlqj d yhuwh{ lq wkh f|foh
Wkh lqvhuwlrq ri d qhz yhuwh{ �� lq wkh f|foh lpsolhv wr nqrz lq zklfk srvlwlrq
lw lv wr eh lqvhuwhg1 Wkh dvvljqphqw frvw ri wkh qhz vroxwlrq grhv qrw ghshqg
rq wkh lqvhuwlrq srvlwlrq1 Vr zh zloo dozd|v lqvhuw wkh qhz yhuwlfhv lq wkh
ehvw srvvleoh srvlwlrq/ l1h1/ wkh srvlwlrq wkdw surylghv d vkruwhvw f|foh1

Wkh ohqjwk ri wkh qhz vroxwlrq 7 � � / rewdlqhg e| wkh lqvhuwlrq ri d qhz
yhuwh{ �� lq wkh f|foh mxvw diwhu wkh yhuwh{ � � / lv jlyhq e|=

� iru & ' �c ���c6 � � G ue?E7 � � � G' ue?E7� n ud� � c �� o n ud�� c � � � � o �
ud� � c � � � � oc

� iru & ' 6 G ue?E7 � � � G' ue?E7� n ud� 	 c �� o n ud� � c � � o� ud� 	 c � � o/

Wklv fdq eh uhzulwwhq dv=
ue?E7 � � � G' ue?E7� n ud� � c �� o n ud�� c � � � � � � � � o� ud� � c � � � � � � � � o�

Hyhu| yhuwh{ lv lqvhuwhg dw wkh srvlwlrq & zkhuh wkh plqlpxp
4�?� � � � � � ue?E7 � � �
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lv uhdfkhg1 Wkhuhiruh/ wr hydoxdwh wkh ohqjwk ri wkh qhz f|foh wdnhv �E6�
wlph1

Diwhu wkh lqvhuwlrq/ wkh qhz wrwdo frvw lv jlyhq e|=
�JrE7 � � � G' �JrE7��

��� � � � � 4@ 	 fc 4�?
 � �   � (d� � c � 
 o�(d� � c �� o � �

Qrwh wkdw wkh ghfuhphqw lq wkh frvw ghshqgv rqo| rq wkh yhuwh{ lqvhuwhg/
dqg qrw rq wkh srvlwlrq &1

Lpsurylqj wkh xsgdwlqj ri wkh frvwv Wkh frpsxwdwlrq ri wkh frvw ri
wkh qhz vroxwlrq diwhu hdfk dgglqj pryh fdq eh vlpsol�hg e| vwrulqj wkh
lqglylgxdo doorfdwlrq frvwv lq d yhfwru qdphg �Jr�d�o/ gh�qhg dv=

�Jr�d�o G' 4�?� � � � � � (d� � c �� oc � ' �c ���c ?�
Wkhuhiruh/ wkh wrwdo frvw lv=

�JrE7� G' ��� � � � � �Jr�d�o�

Wkh qhz lqglylgxdo doorfdwlrq frvwv rewdlqhg zkhq wkh yhuwh{ �� lv lq0
vhuwhg fdq eh fdofxodwhg lq wkh iroorzlqj zd|=

�Jr�d�o G' 4�?i�Jr�d�oc (d� � c � � oj�
Wkhq/ wr fdofxodwh wkh qhz doorfdwlrq frvw wdnhv �E?� wlph1

Ghohwlqj d yhuwh{ iurp wkh f|foh
Ohw 7 � ghqrwh wkh vroxwlrq rewdlqhg li wkh &0wk yhuwh{ ri wkh f|foh/ � � / lv
uhpryhg iurp 7c iru & ' �c ���c61 Wkh qhz ohqjwk/ ghshqglqj rq &/ lv jlyhq
e|=
ue?E7 � � G' ue?E7� n ud� � � � c � � � � � � � � o� ud� � � � c � � o� ud� � c � � � � � � � � o

Wkh lqglylgxdo doorfdwlrq frvwv kdyh wr eh uhfrpsxwhg rqo| iru wkh yhuwlfhv
� � vxfk wkdw �Jr�d�o ' (d� � c � � o1 Iru wkrvh yhuwlfhv/

�Jr�d�o G' 4�?� � �  � � �  �� !� � (d� � c �� o�
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Vhfrqg Lpsuryhphqw lq wkh xsgdwlqj ri wkh frvwv Wkh frpsxwdwlrq
ri wkh frvw ri wkh qhz vroxwlrq rewdlqhg zkhq d yhuwh{ lv uhpryhg iurp
wkh f|foh fdq eh lpsuryhg e| xvlqj wkh vhfrqg ehvw doorfdwlrq1 Frqvlghu
d vroxwlrq 7 lq zklfk wkh lqglylgxdo doorfdwlrq frvwv iru hyhu| yhuwh{ � � /
� ' �c ���c ?/ lv

�Jr�d�o G' 4�?� � � � � � � � � (d� � c �� o ' (d� � c � � � � 	 o�
Wkhq ohw wkh vhfrqg ehvw doorfdwlrq frvw ri � � c � ' �c ���c ?/ eh

�Jr2d�o G' 4�?� � � � � � � � �� 
� � � � 	 (d� � c �� o�

Ohw T � eh wkh vhw ri yhuwlfhv doorfdwhg wr yhuwh{ � � / wkdw lv/ T � G' i� � 5 T G
�Jr�d�o ' (d� � c � � oj1 Wkhq/ li yhuwh{ � � lv uhpryhg iurp wkh f|foh/ wkh qhz
wrwdo doorfdwlrq frvw lv=

�JrE7 � � G' � � � � � �Jr2d�o n � � � � � � � �Jr�d�o�

Vr/ wkh qhz doorfdwlrq frvw fdq eh frpsxwhg lq �E?� wlph1
Zkhq uhprylqj � � / wkh �uvw dqg vhfrqg lqglylgxdo doorfdwlrq frvwv kdyh

wr eh uhfrpsxwhg rqo| iru wkh yhuwlfhv � � vxfk wkdw (d� � c � � o � �Jr2d�o1 Iru
wkrvh yhuwlfhv � � / wkh �uvw doorfdwlrq frvw duh xsgdwhg xvlqj wkh iroorzlqj uxoh=

li �Jr�d�o ' (d� � c � � oc wkhq �Jr�d�o G' �Jr2d�o�

Dqg wkh vhfrqg doorfdwlrq frvwv duh xsgdwhg e|
�Jr2d�o G' 4�?� � � � � � � � �� 
� � � � 	 (d� � c �� oc

zkhuh oE�� lv vxfk wkdw �Jr�d�o ' (d� � c � � � � 	 o1
Wkh vhfrqg ehvw doorfdwlrq frvw lv d wrro vlplodu wr wkh rqh xvhg lq wkh

YQG e| Kdqvhq/ Podghqrylf/ dqg Sìuh}0Eulwr ^67`1

Lqwhufkdqjlqj wzr yhuwlfhv
Wkh lqwhufkdqjh ri wzr yhuwlfhv frqvlvwv ri d frpelqdwlrq ri dq dgg dqg d
gurs pryh1 D yhuwh{ lv uhpryhg iurp wkh f|foh/ dqg d yhuwh{ lv lqvhuwhg
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lq wkh ehvw srvvleoh srvlwlrq lq wkh f|foh1 Wkh ohqjwk dqg frvw ri wkh qhz
vroxwlrq duh frpsxwhg dv iroorzv1 Ohw 7 � � eh wkh qhz vroxwlrq frqvlvwlqj lq
lqwhufkdqjlqj � � dqg �� c e| gursslqj � � dqg dgglqj �� lq wkh ehvw srvvleoh
srvlwlrq/ vd| diwhu &1 Wkhq wkh qhz ohqjwk lv=
ue?E7 � � � G' ue?E7�n

ud� � � � c � � � � � � � � 	 
 � � o� ud� � � � c � � o� ud� � c � � � � � � � � 	 
 � � on
4�?� � �  � � �  
 � ud� � c �� o n ud�� c � � � � � � � � 	 
 � � o� ud� � c � � � � � � � � 	 
 � � o � �

Vr lw wdnhv �E6� wlph wr hydoxdwh wkh qhz f|foh ohqjwk1
Wkh qhz doorfdwlrq frvw lv jlyhq e|=

�JrE7 � � � G' ��� � 
 � � 4�?i(d� � c �� oc 4�?� � �  � � �  
� �� � (d� � c � � ojc
zklfk lpsolhv �E6 � ?� rshudwlrqv1 Krzhyhu/ xvlqj wkh ydoxhv lq �Jr� dqg
�Jr2c dq lpsuryhg surfhgxuh fdq eh dssolhg1 Zh �uvw whvw li wkh jrlqj lq
yhuwh{ lv wkh ehvw ru wkh vhfrqg ehvw doorfdwlrq iru wkh xvhuv1 Wklv lv grqh iru
hyhu| & : 6/ lq wkh iroorzlqj zd|= li (d� � c �� o � �Jr�d&oc wkhq �Jr2d&o G'
�Jr�d&o dqg �Jr|�d&o G' (d� � c �� o1 Rwkhuzlvh/ li (d� � c �� o � �Jr|2d&o wkhq
�Jr2d&o G' (d� � c �� o�

Wkhq zh qhhg wr xsgdwh wkh lqglylgxdo frvwv ri wkh xvhuv dvvljqhg wr wkh
gursshg yhuwh{/ l1h1/ iru wkh xvhuv � � / & : 6/ vxfk wkdw �Jr�d&o ' (d� � c � � o�
Iru wkrvh � � zh gr �Jr�d&o G' �Jr2d&o dqg

�Jr2d&o G' 4�?� � � � � � � � �� �� �  � ! (d� � c � � oc
zkhuh oE&� lv vxfk wkdw �Jr�d&o ' (d� � c � �  � ! o1

Wkh xsgdwlqj ri wkh lqglylgxdo doorfdwlrq frvwv/ dqg wkhuhiruh/ ri wkh
wrwdo doorfdwlrq frvw/ wdnhv �E6? � n?� wlph/ ? � ehlqj wkh qxpehu ri yhuwlfhv
dvvljqhg wr yhuwh{ � � 1
91616 Wkh lqlwldo vroxwlrq
Wr rewdlq dq lqlwldo f|foh zh xvh d frqvwuxfwlyh phwkrg1 Zh vwduw rqo| zlwk
wkh ghsrw1 Dw hdfk lwhudwlrq d qhz yhuwh{ lv fkrvhq dw udqgrp dw lw lv lqvhuwhg
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lq wkh ehvw srvlwlrq/ l1h1/ wkh srvlwlrq wkdw jlyhv d vpdoohvw lqfuhphqw lq wkh
ydoxh ri wkh remhfwlyh ixqfwlrq1 Dw hdfk lwhudwlrq wkh frpsxwdwlrq ri wkh
ohqjwk wdnhv �E6� wlph dqg wkh frpsxwdwlrq ri wkh frvw wdnhv �E6?�1 Wkh
surfhgxuh vwrsv zkhq wkhuh duh dw ohdvw wkuhh yhuwlfhv lq wkh f|foh dqg=
0 Iru PFS4= wkh ydoxh ri wkh remhfwlyh ixqfwlrq fdqqrw eh ghfuhdvhg dq|pruh1
0 Iru PFS5= wkh f|foh ehfrphv ihdvleoh1

91617 Wdex olvw
Zh xvh d wdex olvw wr lpsuryh wkh h!flhqf| ri wkh vhdufk e| dyrlglqj pryhv
ohdglqj wr uhfhqwo| ylvlwhg vroxwlrqv1 Lq rughu wr gr vr zh sxw lq d ILIR wdex
olvw wkh yhuwlfhv gursshg iurp wkh f|foh1 Wkh wdex olvw lv nhsw dw wkh hqg ri
wkh duud| 7 wkdw frghv wkh vroxwlrq1 Lq idfw/ li wkh vl}h ri wkh wdex olvw lv |/
d vroxwlrq frqvlvwlqj ri d f|foh ylvlwlqj 6 yhuwlfhv lv uhsuhvhqwhg e| dq duud|
7 ' d� � G � ' �c ���c ?o zkhuh � � lv wkh ghsrw/ dqg � � lv=

� wkh �0wk yhuwh{ ri wkh f|foh/ iru � ' 2c ���c6/

� d yhuwh{ rxwvlgh wkh f|foh/ iru � ' 6n �c ���c ?/ dqg

� d yhuwh{ lq wkh wdex olvw/ iru � ' ?� |n �c ���c ?1

Zkhq d yhuwh{ lv uhpryhg iurp wkh f|foh lw lv �uvw sodfhg lq d srvlwlrq
&/ ehlqj & wkh srvlwlrq 6n � li wkh shuiruphg pryh zdv d gurs pryh/ dqg
wkh srvlwlrq suhylrxvo| rffxslhg e| wkh dgghg yhuwh{ li dq dgg0gurs zdv
shuiruphg1 Lq d vhfrqg vwhs/ wkh yhuwh{ lq srvlwlrq & dqg wkh �uvw yhuwh{ lq
wkh wdex olvw duh lqwhufkdqjhg 1

Rqo| yhuwlfhv �� / zlwk � ' 6n |n� wr ?c duh whvwhg iru ehlqj lqfoxghg lq
wkh f|foh1 Vr/ d ohdylqj yhuwh{ zloo eh rxw ri wkh f|foh lq dw ohdvw | lwhudwlrqv
+wkh vl}h ri wkh wdex olvw,1 Qrwh wkdw wklv wdex wrro lv pruh srzhuixo wkdq wkh
xvxdo olvw ri wdex pryhv/ vlqfh zlwk d vkruw olvw ri wdex hohphqwv pdq| pryhv
duh iruelgghq1
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91618 Vkdnh surfhgxuh
Wkh vkdnh surfhgxuh +xvhg e| Podghqrylf dqg Kdqvhq ^87` lq wkhlu YQV
khxulvwlf, doorzv wr hvfdsh iurp orfdo plqlpxp zlwkrxw ghvwur|lqj frp0
sohwho| wkh jrrg surshuwlhv ri wkh fxuuhqw vroxwlrq1 Jlyhq d vl}h r iru wkh
vkdnh surfhgxuh/ zh fkrrvh r wlphv wzr yhuwlfhv dw udqgrp/ � � dqg �� 1 Li wkh
yhuwh{ � � lv lq wkh f|foh dqg �� lv rxwvlgh wkh f|foh zh gr wkh fruuhvsrqg0
lqj dgg2gurs pryh/ li erwk yhuwlfhv duh lq wkh f|foh zh gurs � � c dqg li erwk
yhuwlfhv duh rxwvlgh wkh f|foh zh dgg �� 1 Wkh jrlqj0lq yhuwh{ �� lv dozd|v
fkrvhq wdnlqj lqwr dffrxqw wkh wdex olvw/ dqg lw lv lqvhuwhg lq wkh ehvw srvvl0
eoh srvlwlrq1 Wkh jrlqj0rxw yhuwh{ � � / li gursshg/ jrhv wr wkh wdex olvw/ wkdw
lv xsgdwhg1

91619 Orfdo vhdufk
Jlyhq d vroxwlrq/ wkh juhhg| orfdo vhdufk lv lpsohphqwhg e| fkrrvlqj hdfk
wlph wkh ehvw srvvleoh pryh dprqj doo wkh dgg/ gurs ru dgg2gurs pryhv1 Iru
PFS4 wkh ehvw pryh lv wkdw plqlpl}lqj wkh vxp ri ohqjwk dqg doorfdwlrq
frvwv1 Iru PFS5/ wkh ehvw srvvleoh pryh lv wkdw zlwk plqlpxp ohqjwk dprqj
wkrvh wkdw surylgh d ihdvleoh frvw ru d ohvv lqihdvleoh frvw +wkh odwhvw rqo| li
wkhuh duh qrw ihdvleoh pryhv,1 Wklv lv grqh wr doorz wkh surfhvv wr pryh
wkurxjk ihdvlelolw| li wklv surshuw| kdv ehhq orvw zkhq pdnlqj wkh vkdnh1

Ohw 7 � � ghqrwh wkh vroxwlrq rewdlqhg iurp 7 e| lqwhufkdqjlqj � � dqg �� /
iru � ' �c ���c6 dqg � ' 6 n �c ���c ?1 Ohw 7 � ghqrwh wkh vroxwlrq rewdlqhg
iurp 7 e| gursslqj � � iurp wkh f|foh/ li & ' �c ���c6c ru dgglqj � � wr lw/ li
& ' 6n �c ���c ?1 Wkh svhxgrfrgh ri d orfdo vhdufkhv lv=

Orfdo Vhdufk iru PFS4
Vwduw zlwk 7 � c ? ' f�
Uhshdw

7 � � � # @h}4�?
���� ��	
@h} 4�?
 � �  � � �  � iue?E7 �
 � n �JrE7 �
 �j
@h} 4�?� � �  � �  �� � � � �  � � �  � iue?E7

�� � � n �JrE7 �� � �j
? # ?n �
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Xqwlo ue?E7 � � � � n �JrE7 � � � � ' ue?E7 � � n �JrE7 � �1
Orfdo Vhdufk iru PFS5

Vwduw zlwk 7 � c ? ' f�
Uhshdw

7 � � � # @h}4�?
���� ���
@h} 4�?� 	 � 
 � � � 
 � iue?E7 �� � G �JrE7 �� � � 4@ i_ � c �JrE7 � �j
@h} 4�? 	 � 
 � � 
 �� 	 � � � 
 � � � 
 �

iue?E7 � � � G �JrE7 � � � � 4@ i_ � c �JrE7 � �j
? # ?n �

Xqwlo ue?E7 � � � � ' ue?E7 � �1
Diwhu wkh vhw ri yhuwlfhv lq wkh vroxwlrq kdv ehhq ghwhuplqhg wklv zd|/ wkh

ohqjwk ri wkh f|foh lv lpsuryhg e| shuiruplqj fodvvlfdo 50rsw lqwhufkdqjhv ri
hgjhv +vhh Olq dqg Nhuqljkdq ^7;`,1

9161: Wkh vwudwhj| iru wkh vl}hv
Wkh vl}h ri | ri wkh wdex olvw lv lqlwldoo| f1 Hdfk wlph d yhuwh{ lv uhpryhg iurp
wkh f|foh lw jrhv wr wkh wdex olvw dqg | dxjphqw rqh xqlw1 Zkhq | uhdfkhv d
jlyhq erxqg +whq shu fhqw ri ? lq rxu fdvh, lw lv �{hg/ dqg wkh wdex olvw vwduwv
wr zrun dv d ILIR olvw1

Wkh sdudphwhu r wkdw frqwuro wkh vkdnh surfhgxuh lv lqlwldol}hg wr 21 Hdfk
wlph d orfdo plqlpxp lv uhdfkhg wkh vkdnh surfhgxuh lv dssolhg r wlphv1 Li wkh
fxuuhqw orfdo plqlpxp lv htxdo wr wkh rqh irxqg mxvw ehiruh/ r lv dxjphqwhg
e| rqh xqlw1 Li wkh fxuuhqw orfdo plqlpxp lv ehwwhu wkdq wkh ehvw nqrz
vroxwlrq/ r lv vhw djdlq wr 21 Zh gr qrw doorz r wr ehfrph odujhu wkdq 61

9161; Vwrsslqj fulwhulrq
Dv vwrsslqj fulwhulrq zh xvh wkh qxpehu ri lwhudwlrqv zlwkrxw lpsurylqj wkh
ehvw vroxwlrq irxqg1 Ohw �| eh wkh fxuuhqw lwhudwlrq dqg �| � eh wkh lwhudwlrq
zkhuh wkh ehvw vroxwlrq zdv irxqg/ wkhq zh vwrs li �|� �| � : 2D1



Fkdswhu :
Frpsxwdwlrqdo uhvxowv
Lq wklv fkdswhu zh suhvhqw wkh frpsxwdwlrqdo uhvxowv rewdlqhg zkhq vroylqj
PFS e| wkh Eudqfk0dqg0Fxw dqg wkh YQWV dojrulwkpv ghvfulehg lq wkh
iruphu wzr fkdswhuv1 Zh dovr frpsduh wkh YQWV uhvxowv zlwk wkrvh jlyhq
e| rwkhu khxulvwlf phwkrgv1

Doo wkh frpsxwdwlrqdo h{shulphqwv uhsruwhg zhuh shuiruphg rq d VXQ
Xowud093 frpsxwhu uxqqlqj dw 633 PK}/ zlwk wkh iroorzlqj vshfl�fdwlrqv=
<8 VSHFv/ 46 PLSv/ dqg 5618 PIorsv1 Uhjduglqj wkh whvw lqvwdqfhv/ wkh
ghsrw zdv dozd|v fkrvhq dv wkh �uvw yhuwh{1 Iru PFS4/ wkh dvvljqphqw dqg
urxwlqj frvwv zhuh v|pphwulf dqg sursruwlrqdo wr wkh glvwdqfh ehwzhhq wkh
yhuwlfhv frqvlghuhg1 Ohw xv ghqrwh e| , � � wkh glvwdqfh ehwzhhq yhuwlfhv � � dqg
�� 1 Wr rewdlq rswlpdo vroxwlrqv ylvlwlqj dssur{lpdwho| 433(/ :8(/ 83( dqg
58( ri wkh wrwdo qxpehu ri yhuwlfhv lq wkh lqvwdqfhv/ zh vhw _ � � ' gk , � � h
dqg S � � ' gE�f � k�, � � h/ iru k 5 i�c Dc .c bj1 Iru PFS5/ wkh dvvljqphqw
dqg urxwlqj frvwv zhuh erwk lghqwlfdo wr wkh glvwdqfh/ dqg wkh wkuhvkrog _ �

zdv frpsxwhg dv d sursruwlrq ri wkh dvvljqphqw frvw S � ri d vkruwhvw 60hgjh
f|foh lqfoxglqj wkh ghsrw1 Wklv zdv grqh wr |lhog rswlpdo urxwhv ylvlwlqj
dssur{lpdwho| 433(/ :8(/ 83( dqg 58( ri wkh wrwdo qxpehu ri yhuwlfhv lq
wkh lqvwdqfhv1 Zh wkhq vhw _ � ' gqS � h iru q 5 if�ffc f�fHc f�22c f�e2j1
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:14 Eudqfk0dqg0Fxw uhvxowv
Wkh Eudqfk0dqg0Fxw dojrulwkp ghvfulehg lq Fkdswhu 8 zdv lpsohphqwhg lq
F.. surjudpplqj odqjxdjh1 DEDFXV 515 olqnhg zlwk FSOH[ 913 zdv xvhg
dv d Eudqfk0dqg0Fxw iudphzrun1 Vhh Mÿhqjhu dqg Wklhqho ^6<` iru ghwdlov rq
wklv vriwzduh1 Zh ghyhorshg wzr yhuvlrqv ri wkh dojrulwkp/ rqh iru PFS4
dqg dqrwkhu iru PFS51 Wkh shuirupdqfh ri hdfk rqh zdv whvwhg rq wzr
gl�huhqw fodvvhv ri whvw lqvwdqfhv1

Wkh �uvw lqvwdqfh fodvv lqfoxghv doo WVS lqvwdqfhv iurp WVSOLE 514
+Uhlqhow ^94`, lqyroylqj xs wr 533 yhuwlfhv +sureohpv *exupd47* wr *nurE533*,1
Wkh vhfrqg lqvwdqfh fodvv zdv udqgrpo| jhqhudwhg1 Iru hdfk ydoxh ri ? lq
~58/ 83/ :8/ 433/ 458/ 483/ 4:8/ 533�/ zh jhqhudwhg ? yhuwlfhv zlwk frrugl0
qdwhv lq dfc �fffo�dfc �fffo/ dqg frpsxwhg wkh urxwlqj frvw dv wkhlu Hxfolghdq
glvwdqfh urxqghg xs wr wkh qh{w lqwhjhu1 Iru hdfk sdlu E?c k� +ru E?c q�/ iru
PFS5, zh jhqhudwhg whq lqvwdqfhv1

Wdeohv :14 wr :1; vxppdul}h wkh frpsxwdwlrqdo ehkdylru ri rxu Eudqfk0
dqg0Fxw frghv rq wkh ydulrxv fodvvhv ri lqvwdqfhv1 Wkh froxpq khdglqjv duh
gh�qhg dv iroorzv1

Qdph= sureohp qdph +iru lqvwdqfhv iurp WVSOLE,>
mT m= qxpehu ? ri yhuwlfhv +iru udqgrp lqvwdqfhv,>
k 2 q= vfdoh idfwru ghvfulehg deryh>
vxff= qxpehu ri lqvwdqfhv vroyhg wr rswlpdoolw| ryhu 43 wuldov +iru udqgrp

lqvwdqfhv,>
R � = shufhqwdjh ri yhuwlfhv lqfoxghg lq wkh rswlpdo f|foh>
rsw= rswlpdo remhfwlyh ydoxh +iru lqvwdqfhv iurp WVSOLE,>
(0OE= shufhqwdjh udwlr OE2rswlpxp/ zkhuh OE lv wkh ydoxh ri wkh ehvw

khxulvwlf vroxwlrq frpsxwhg dw wkh urrw qrgh>
(0XE= shufhqwdjh udwlr XE2rswlpxp/ zkhuh XE lv wkh xsshu erxqg frp0

sxwhg dw wkh urrw qrgh>
sdlu= qxpehu ri frqvwudlqwv ri w|sh +6148,>
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jvhf= qxpehu ri frqvwudlqwv ri w|sh +6149, zlwk m7m : 2>
5pdw= qxpehu ri frqvwudlqwv ri w|sh +614;,>
fryhu= qxpehu ri frqvwudlqwv ri w|sh +6154, +rqo| iru PFS5,>
vhf5= qxpehu ri frqvwudlqwv ri w|sh +6156, +rqo| iru PFS5,>
ff= qxpehu ri frqvwudlqwv ri w|sh +6159, zlwk A 9' > dqg 7 9' > +rqo| iru

PFS5,>
qrghv= wrwdo qxpehu ri qrghv jhqhudwhg +4 phdqv wkdw wkh sureohp uhtxluhg

qr eudqfklqj,>
wlph= wrwdo frpsxwlqj wlph vshqw e| wkh Eudqfk0dqg0Fxw frgh1

Wkh frpsxwlqj wlphv uhsruwhg duh h{suhvvhg lq wkh irupdw kk=pp=vv/
dqg uhihu wr FSX wlph1 Zh lpsrvhg d wlph olplw ri wzr krxuv iru hdfk
uxq1 Iru wkh lqvwdqfhv h{fhhglqj wkh wlph olplw/ zh uhsruw c:5=33=33* lq
wkh wlph froxpq/ dqg frpsxwh wkh fruuhvsrqglqj uhvxowv e| frqvlghulqj wkh
ehvw dydlodeoh vroxwlrq wr eh rswlpdo1 Khqfh/ iru wkh wlph0olplw lqvwdqfhv
wkh froxpq (0XE jlyhv dq xsshu erxqg rq wkh shufhqwdjh dssur{lpdwlrq
huuru1 Wdeohv :14 wr :16 dqg :17 wr :19 uhihu wr sureohpv PFS4 dqg PFS5/
uhvshfwlyho|/ rq WVSOLE lqvwdqfhv1 Wdeohv :1: dqg :1; uhihu wr wkh vdph
sureohpv rq udqgrp lqvwdqfhv dqg frqwdlq dyhudjh uhvxowv ryhu whq wuldov1

Uhvxowv suhvhqwhg lq Wdeohv :14 wr :1; lqglfdwh wkdw wkh sursrvhg Eudqfk0
dqg0Fxw dojrulwkp fdq vroyh lqvwdqfhv lqyroylqj xs wr dssur{lpdwho| 483
yhuwlfhv zlwklq prghvw frpsxwlqj wlphv1 Iru d jlyhq sureohp vl}h/ wkh prvw
gl!fxow lqvwdqfhv whqg wr eh wkrvh zkhuh uhodwlyho| ihz yhuwlfhv ehorqj wr wkh
rswlpdo f|foh1 Wklv fdq eh h{sodlqhg e| wkh idfw wkdw wkh orfdwlrq frpsrqhqw
ri wkh sureohp lv wkhq lpsruwdqw1 Dw wkh rwkhu h{wuhph/ lqvwdqfhv lq zklfk
doo yhuwlfhv ehorqj wr wkh f|foh uhgxfh wr d WVS zklfk lv d uhodwlyho| hdv|
sureohp iru wkh ydoxhv ri ? frqvlghuhg1 Wkh (0OE froxpq lqglfdwhv wkdw
wkh orzhu erxqg ghyhorshg dw wkh urrw ri wkh Eudqfk0dqg0Fxw wuhh lv yhu|
wljkw/ w|slfdoo| zlwklq 318( ri wkh rswlpxp1 Wkh frpelqdwlrq ri wkh sulpdo
dqg OS0edvhg khxulvwlfv lv dovr yhu| srzhuixo dqg xvxdoo| |lhogv vroxwlrqv
zlwklq 8( ri wkh rswlpxp1 Lw vhhpv wr shuirup ehwwhu zkhq qrw doo yhuwlfhv
ehorqj wr wkh f|foh1 Doo ydolg lqhtxdolwlhv ghyhorshg iru wkh wzr prghov duh
iuhtxhqwo| jhqhudwhg zlwklq wkh vhdufk wuhh/ wkh prvw frpprqo| xvhg ehlqj
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frqvwudlqwv +6149,/ +6148, dqg +6156,1 Wkh qxpehu ri qrghv lq wkh wuhh lv
uhodwlyho| orz/ dqg vhyhudo lqvwdqfhv +lq sduwlfxodu wkh WVSOLE lqvwdqfhv iru
PFS4, duh vroyhg zlwkrxw dq| eudqfklqj1 Ilqdoo|/ PFS4 vhhpv hdvlhu wr
vroyh wkdq PFS5/ dv uh hfwhg e| wkh odujhu (0OE ydoxhv1 Wklv wudqvodwhv
lqwr pruh eudqfklqj dqg odujhu frpsxwlqj wlphv zkhq d erxqg olplw rq wkh
wrwdo dvvljqphqw frvw lv frqvlghuhg dv d frqvwudlqw1 Ryhudoo zh zhuh deoh wr
vroyh wr rswlpdoolw| 4:9 dqg 493 ri wkh 4<5 WVSOLE lqvwdqfhv iru PFS4 dqg
PFS5/ uhvshfwlyho|1 Iru wkh udqgrp lqvwdqfhv/ wkh fruuhvsrqglqj �jxuhv
duh 5;3 dqg 577 rxw ri 6531 Qrwh/ wkdw wkh pdmrulw| ri xqvroyhg fdvhv duh
lqvwdqfhv zlwk ? � �Df iru PFS4/ dqg zlwk ? � �2D iru PFS51
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:15 Khxulvwlf uhvxowv
Holplqdwlqj wkh vkdnlqj vwhs iurp wkh YQWV dojrulwkp ghvfulehg lq Fkdswhu
9/ d Wdex Vhdufk dojrulwkp iru PFS lv rewdlqhg1 Li/ lq dgglwlrq/ wkh wdex olvw
lv dovr holplqdwhg/ wkh dojrulwkp ehfrphv d Orfdo Vhdufk phwkrg1 Uhvwduw0
lqj wkh Orfdo Vhdufk d jlyhq qxpehu ri wlphv zh kdyh d Pxowlvwduw vroxwlrq
phwkrg1 Lq wklv vhfwlrq zh suhvhqw wkh uhvxowv rewdlqhg e| wkh YQWV dojr0
ulwkp/ dqg frpsduh lw zlwk wkrvh rewdlqhg e| wkh Orfdo Vhdufk / Wdex Vhdufk
dqg Pxowlvwduw phwkrgv mxvw phqwlrqhg1 Rxu lqwhqwlrq lv wr vkrz wkdw wkh
Wdex olvw dqg wkh vkdnh surfhgxuh xvhg lq YQWV frqwulexwh wr pdnh wkh
phwkrg pruh h!flhqw1

Zh dovr frpsduh YQWV zlwk wzr rwkhu khxulvwlfv phwkrgv/ qrw vr uh0
odwhg wr wkh YQWV dojrulwkp dv wkh iruphu wkuhh rqhv1 Wkh �uvw rqh lv
wkh frqvwuxfwlyh phwkrg ghvfulehg lq Fkdswhu 8 wr jhqhudwh lqlwldo vroxwlrqv
dw wkh ehjlqqlqj ri wkh Eudqfk0dqg0Fxw dojrulwkp1 Wkh vhfrqg rqh lv d
sxuh Yduldeoh Qhljkerxukrrg Ghvfhqw phwkrg +Podghqrylf ^86`,/ zlwk wkuhh
qhljkerxukrrg vwuxfwxuhv/ wkrvh jlyhq e| wkh dgg/ gurs dqg dgg0gurs pryhv1

Doo wkh khxulvwlf dojrulwkpv zhuh lpsohphqwhg lq F.. dqg whvwhg rq lq0
vwdqfhv iurp wkh WVSOLE lqyroylqj ehwzhhq 83 dqg 833 qrghv dqg kdylqj
HXF5G irupdw +Hxfolghdq glvwdqfh,1 Wdeohv :1< wr :145 vxppdul}h wkh frp0
sxwdwlrqdo uhvxowv iru PFS4 dqg PFS5 xvlqj wkh gl�huhqw khxulvwlf phwkrgv1
Wkh Pxowlvwduw zdv shuiruphg 8 wlphv dqg wkh uhvxowv uhsruwhg zhuh wdnhq lq
dyhudjh1 Iru lqvwdqfhv zlwk dw prvw 533 qrghv +Wdeohv :1< dqg :144, zh frp0
sduh wkh khxulvwlf uhvxowv zlwk wkrvh jlyhq e| wkh Eudqfk0dqg0Fxw phwkrg1
Iru lqvwdqfhv zlwk pruh wkdq 533 qrghv +Wdeohv :143 dqg :145, zh frpsduh
wkh ydoxhv jlyhq e| wkh gl�huhqw khxulvwlf phwkrgv dprqj wkhp1 Lq doo fdvhv/
wkh ehvw uhvxowv iru hdfk lqvwdqfh duh zulwwhq lq erog fkdudfwhuv1

Lq Wdeohv :143 dqg :145 wkh froxpq khdglqj duh gh�qhg dv iroorzv=

Qdph= sureohp qdph1
k 2 q G vfdoh idfwru ghvfulehg dw wkh ehjlqqlqj ri wkh fkdswhu1
ODP= ydoxh jlyhq e| wkh frqvwuxfwlyh phwkrg xvh dw wkh ehjlqqlqj ri wkh

Eudqfk0dqg0Fxw dojrulwkp ghvfulehg lq Fkdswhu 91
YQG= ydoxh jlyhq e| wkh Yduldeoh Qhljkerxukrrg Ghvfhqw khxulvwlf1
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YQWV= ydoxh jlyhq e| wkh Yduldeoh Qhljkerxukrrg Wdex Vhdufk ghvfulehg
lq Fkdswhu :1

WV= ydoxh jlyhq e| wkh Wdex Vhdufk1
OV= ydoxh jlyhq e| wkh Orfdo Vhdufk1
PV= ydoxh jlyhq e| wkh PxowlVwduw1

Froxpqv KHXU0w vkrz wkh FSX wlph/ lq vhfrqgv/ vshqw e| hdfk khxulv0
wlf phwkrg1 Lq Wdeoh :1< dqg Wdeoh :144/ wkh froxpqv KHXU0H vkrz wkh
huuruv/ frpsxwhg dv 433+ef 0 khxu,2ef/ zkhuh ef wkh vroxwlrq jlyhq e| wkh
Eudqfk0dqg0Fxw dojrulwkp/ dqg khxu wkh khxulvwlf vroxwlrq1 Wkh vroxwlrq
jlyhq e| wkh Eudqfk0dqg0Fxw dojrulwkp lv qrw uhdoo| wkh rswlpdo rqh lq doo
wkh fdvhv/ vlqfh wkhuh zdv d wlph olplw ri wzr krxuv lq wkh h{hfxwlrq wlph
iru hdfk lqvwdqfh1 Wklv h{sodlqv wkh qhjdwlyh ydoxhv wkdw dsshdu lq wkh hu0
uru froxpqv= wkh| fruuhvsrqg wr lqvwdqfhv lq zklfk wkh khxulvwlf vroxwlrq lv
ehwwhu wkdq wkh ehvw vroxwlrq irxqg e| wkh Eudqfk0dqg0Fxw dojrulwkp lq wzr
krxuv1

Ilqdoo|/ Wdeoh :146 vxppdul}hv wkh lqirupdwlrq derxw YQWV jlyhq e| wkh
suhylrxv irxu wdeohv1 Lw vkrzv wkh shufhqwdjh ri wlphv wkdw YQWV jlyhv wkh
ehvw uhvxow zkhq frpsduhg zlwk wkh rwkhu khxulvwlfv1 Wkh �uvw froxpq ri wkh
wdeoh lqglfdwhv wkh vl}h ri wkh vroxwlrq +ghshqglqj rq wkh ydoxh ri wkh vfdoh
idfwru,1 Wkh rwkhu froxpqv fruuhvsrqg wr=

PFS40533 PFS4 rq lqvwdqfhv zlwk ohvv dw prvw 533 qrghv1
PFS40833 PFS4 rq lqvwdqfhv zlwk d qxpehu ri qrghv ehwzhhq 533 dqg

8331
PFS50533 PFS5 rq lqvwdqfhv zlwk ohvv dw prvw 533 qrghv1
PFS50833 PFS5 rq lqvwdqfhv zlwk d qxpehu ri qrghv ehwzhhq 533 dqg

8331

Iurp Wdeoh :1< dqg Wdeoh :144 zh fdq frqfoxgh wkdw YQWV jlyhv ehwwhu
uhvxowv iru PFS4 wkdq iru PFS51 Uhjduglqj wkh vroxwlrq vl}h/ wkh shuiru0
pdqfh ri YQWV lv ehwwhu zkhq wkh vroxwlrq lv d vpdoo f|foh +k ' b dqg
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q ' f�e2,1 Wkh huuru shufhqwdjh duh qrw dv jrrg iru phglxp dqg elj f|fohv1
Krzhyhu/ zkhq frpsduhg zlwk wkh rwkhu khxulvwlfv/ YQWV lv wkh phwkrg wkdw
jlyhv wkh odujhvw shufhqwdjh ri *ehvw uhvxow rewdlqhg* +erog fkdudfwhuv,1 Wklv
lv dovr wuxh iru Wdeohv :143 dqg :1451 Dv iru wkh uxqqlqj wlph/ lw lv dffhswdeo|
vpdoo iru lqvwdqfhv zlwk ohvv wkdq 533 qrghv1 Lw jurzv frqvlghudeo| iru eljjhu
lqvwdqfhv/ exw wkh vdph kdsshqv wr wkh rwkhu khxulvwlf phwkrgv1
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Dsshqgl{ D
DEDFXV lpsohphqwdwlrq
Wkh eudqfk0dqg0fxw dojrulwkp ghvfulehg lq Fkdswhu 8 zdv lpsohphqwhg lq
F../ xvlqj DEDFXV 515 dqg wkh OS0vroyhu FSOH[ 9131 DEDFXV lv d
froohfwlrq ri F.. oleudulhv iru wkh lpsohphqwdwlrq ri eudqfk0dqg0fxw dqg
eudqfk0dqg0sulfh dqg wkh frpelqdwlrq ri erwk whfkqltxhv1 Lw dssolhv wkh
frqfhsw ri remhfw rulhqwhg surjudpplqj1 Dv d uhvxow/ dq lpsohphqwdwlrq ri d
sureohp vshfl�f dojrulwkp lv rewdlqhg e| ghulylqj vrph fodvvhv iurp devwudfw
edvh fodvvhv ri DEDFXV lq rughu wr hpehg sureohp vshfl�f ixqfwlrqv1

Lq wklv fkdswhu zh ghvfuleh wkh pdlq ihdwxuhv ri rxu DEDFXV edvhg
eudqfk0dqg0fxw dojrulwkp iru wkh PFS1

Wkh fodvvhv
Lq rughu wr xvh DEDFXV iru d qhz dssolfdwlrq zh kdyh wr ghulyh sureohp
vshfl�f fodvvhv iurp vrph edvh fodvvhv1 Xvxdoo| rqo| irxu edvh fodvvhv ri DED0
FXV duh lqyroyhg= DEDbYDULDEOH/ DEDbFRQVWUDLQW/ DEDbPDVWHU
dqg DEDbVXE1 D sureohp vshfl�f dojrulwkp fdq eh frpsrvhg e| vlpso|
gh�qlqj vrph sxuh yluwxdo ixqfwlrqv ri wkh edvh fodvvhv lq wkh ghulyhg fodvvhv
dqg uhgh�qlqj vrph yluwxdo ixqfwlrqv1

Iljxuh D14 vkrzv wkh lqkhulwdqfh wuhh ri wkh fodvvhv ri rxu eudqfk0dqg0fxw
dojrulwkp iru PFS1 Wkh sureohp vshfl�f fodvvhv duh vxuurxqghg e| d erog
iudph1
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Lq wkh iroorzlqj vhfwlrqv zh zloo ghvfuleh eulh | vrph ghwdlov ri wkh lp0
sohphqwdwlrq ri wkhvh fodvvhv1
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Iljxuh D14= Wkh PFS lqkhulwdqfh wuhh

Wkh yduldeohv
Wr vlpsoli| wkh lpsohphqwdwlrq zh kdyh xvhg wkuhh fodvvhv wr uhsuhvhqw wkh
yduldeohv zlwklq wkh eudqfk0dqg fxw0dojrulwkp1 Wkhvh duh wkh QRGH/ HGJH
dqg DUF fodvvhv/ wkdw fruuhvsrqg wr wkh + � � / % � � dqg + � � yduldeohv uhvshfwlyho|1
Zh ghulyh wkh wkuhh fodvvhv iurp wkh jhqhulf fodvv PFSYDULDEOH/ wkdw
ghulyhv iurp wkh devwudfw fodvv DEDbYDULDEOH1 Wklv lqwhuphgldwh fodvv lv
xvhg lq rughu wr ghwhuplqh fruuhfwo| wkh frh!flhqwv ri wkh gl�huhqw w|shv ri
yduldeohv zlwklq wkh gl�huhqw w|shv ri frqvwudlqwv1

Wkh ixqfwlrq lq fkdujh ri jlylqj wkh frh!flhqw ri d yduldeoh zlwklq d frq0
vwudlqw lv frh�+,1 Wklv lv d sxuh yluwxdo ixqfwlrq ri wkh fodvv DEDbFRQVWUDLQW/
dqg vr lw kdv wr eh gh�qhg lq hdfk frqvwudlqw fodvv P\FRQVWUDLQW1 Lq
rxu fdvh/ zh gh�qh lw lq wkh iroorzlqj zd|=



464
� � � � � � � � � 	 
 � �  � � � � � � � � � � � � � � � � � � � �  ! " # $ %

&
' ( ) * + , - + . / 0 1 2 3 4 5 6 7 8 9 : ; < = ; > ? @ A B C D

E F G H I J K L M N O P Q R S T U V W X Y Z [ \ ] ^ _ ` a b c c c d d e
f

Wkh ixqfwlrq p|frqvwudlqwbfrh�+, lv ghfoduhg dv yluwxdo lq wkh fodvv PFS0
YDULDEOH/ dqg lw lv uhgh�qhg lq wkh dssursuldwh zd| lqvlgh hdfk ri wkh
fodvvhv QRGH/ HGJH dqg DUF1

Doo wkuhh w|sh ri yduldeohv duh gh�qhg dv elqdu|1

Wkh frqvwudlqwv
Zh kdyh ghulyhg iurp wkh devwudfw fodvv DEDbFRQVWUDLQW d fodvv iru
hdfk ri wkh frqvwudlqwv wkdw gh�qh rxu sureohp1

DEDFXV doorzv wr glvwlqjxlvk ehwzhhq joredoo| dqg orfdoo| ydolg frq0
vwudlqwv11 Lq rxu dojrulwkp doo wkh frqvwudlqwv duh gh�qhg dv joredoo| ydolg1
Wklv phdqv wkdw wkh| duh ydolg qrw rqo| lq rqh vshfl�f vxesureohp exw lq doo
wkh eudqfk0dqg0fxw wuhh1 Pruhryhu/ wkh frqvwudlqwv fdq eh gh�qhg dv vwdwlf ru
g|qdplf1 Vwdwlf frqvwudlqwv vwd| dozd|v lq wkh OS rqfh wkh| duh lqwurgxfhg/
zkloh g|qdplf frqvwudlqwv fdq eh uhpryhg dqg lqvhuwhg djdlq zkhq qhhghg1

Zkhq lpsohphqwlqj d frqvwudlqw fodvv lw lv lpsruwdqw wr wklqn lq wkh
wudgh0r� ehwzhhq shuirupdqfh dqg phpru| xvdjh1 D phpru| h!flhqw vwru0
djh irupdw fdq eh rqh ri wkh nh|v iru wkh vroxwlrq ri odujh lqvwdqfhv1 Krzhyhu/
vxfk irupdwv duh lq jhqhudo qrw yhu| xvhixo zkhq frpsxwlqj wkh yduldeoh fr0
h!flhqwv zlwklq wkh frqvwudlqw1 Rq wkh rwkhu kdqg/ d gl�huhqw irupdw/ wkdw
xvhv pruh phpru|/ pljkw pdnh pxfk txlfnhu wkh frpsxwdwlrq ri wkh ydul0
deoh frh!flhqwv1 Wr frsh zlwk wklv idfw/ DEDFXV jlyhv wkh srvvlelolw| ri
gh�qlqj wzr irupdwv iru wkh frqvwudlqwv= frpsuhvvhg dqg h{sdqghg1 Wkh h{0
sdqghg irupdw lv xvhg zkhq wkh frh!flhqw frpsxwdwlrq lv shuiruphg1 Wkhq/
wkh frqvwudlqw lv frpsuhvvhg1 Wkh lpsohphqwdwlrq ri wkh h{sdqvlrq dqg wkh
frpsuhvvlrq lv rswlrqdo1

Zh ghvfuleh qrz eulh | wkh frqvwudlqw fodvvhv xvhg lq rxu eudqfk0dqg0fxw
dojrulwkp1
GHJUHH
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Wkh fodvv GHJUHH fruuhvsrqgv wr wkh ghjuhh frqvwudlqwv +615,1 Wkhvh
frqvwudlqwv duh ghfoduhg vwdwlf dqg duh uhsuhvhqwhg lqwhuqdoo| dv %EBE� � �� �
2+ � ' f1 D yduldeoh dvvrfldwhg zlwk dq hgjh e kdv ydoxh � li dqg rqo| li � � lv
rqh ri wkh hqgqrghv ri e1 Wkh yduldeoh dvvrfldwhg zlwk qrgh � � kdv ydoxh �21
DVVLJQ

Wkh fodvv DVVLJQ fruuhvsrqgv wr wkh dvvljqphqw frqvwudlqwv +617,1 Wkhvh
frqvwudlqwv duh ghfoduhg vwdwlf1 Wkh| duh gh�qhg e| wkh fruuhvsrqglqj qrgh
� � �
NQDSVDFN

Wkh fodvv NQDSVDFN fruuhvsrqg wr wkh frqvwudlqw +6153,1 Wklv frq0
vwudlqw lv ghfoduhg vwdwlf
ORJLF

Wkh fodvv ORJLF uhsuhvhqwv wkh orjlfdo frqvwudlqwv +614:,1 Wkhvh frq0
vwudlqwv duh ghfoduhg vwdwlf1
VXP

Wkh fodvv VXP fruuhvsrqg wr wkh frqvwudlqw +814,1 Wklv frqvwudlqwv lv
ghfoduhg vwdwlf1
JVHF

Wkh JVHF fodvv fruuhvsrqg wr wkh jhqhudol}hg vxewrxu holplqdwlrqv frq0
vwudlqwv +6149,1 D JVHF frqvwudlqwv lv gh�qhg e| d fxw 7 � T qi� � j dqg d
yhuwh{ � � 5 71 Wkh| duh uhsuhvhqwhg lqwhuqdoo| dv %EBE7��� 2 � � � � � + � � � f1
Lq wkh frpsuhvvhg irupdw zh vwruh wkh yhuwlfhv ri 7 lq dq duud|1 Dq hgjh
yduldeoh % 	 
 kdv frh!flhqw � li dqg rqo| li � 	 dqg � 
 duh erwk lq wkh duud|
71 Dq duf yduldeoh + 	 
 kdv frh!flhqw �2 li dqg rqo| li � ' � dqg � 
 ehorqj
wr 71 Wkhuhiruh/ wkh frpsxwdwlrq ri dq hgjh ru duf yduldeoh frh!flhqw lq
wkh frpsuhvvhg irupdw uhtxluhv �Em7m� wlph1 Zh dovr surylgh dq h{sdqghg
irupdw/ uhsuhvhqwhg e| d errohdq duud| ri vl}h mT m1 Wkh frpsrqhqw � ri wkh
duud| lv wuxh li dqg rqo| li wkh yhuwh{ �� lv frqwdlqhg lq wkh fxw 71 Zlwk
wklv irupdw/ wkh frpsxwdwlrq wkh frh!flhqw ri dq hgjh ru duf yduldeoh rqo|
uhtxluhv �E�� wlph1

Wkh JVHF frqvwudlqwv duh ghfoduhg g|qdplf1
SDLU
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Wklv fodvv fruuhvsrqgv wr frqvwudlqwv +6148,1 Wkhvh frqvwudlqwv duh gh0
foduhg g|qdplf1 Wkh| duh gh�qhg e| d sdlu ri yhuwlfhv � � dqg �� 1
FRYFRQ

Wkh fodvv FRYFRQ fruuhvsrqgv wr wkh fryhu0frqqhfwlylw| frqvwudlqwv
+6159,/ zklfk duh ghfoduhg g|qdplf dqg duh lqwhuqdoo| uhsuhvhqwhg dv %EBE7���
2 � � � � � � � � 	 
� + � � � 2E�� mA m�1 Wkhvh frqvwudlqwv duh gh�qhg e| wkh fxw 7/ wkh
qxpehu mA m ri ruljlqdo dufv/ dqg wkh vhw 7A ri dufv1 Wkh vhw 7A lv uhsuhvhqwhg
e| duud|v ri vl}h m 7A m/ rqh frqwdlqlqj wkh wdlov +A|@�,, dqg rwkhu wkh khdgv
+A�e@_, ri wkh dufv1 Dq duf yduldeoh zloo kdyh frh!flhqw �2 li dqg rqo| li
wkh lwv wdlo dqg lwv khdg duh lq wkh vdph srvlwlrq lq wkh duud|v A|@�, dqg
A�e@_/ uhvshfwlyho|1 Lq wkh h{sdqghg irupdw/ wkh fxw 7 lv uhsuhvhqwhg e|
d errohdq duud|/ dv iru wkh JVHF1 Vr/ wkh frpsxwdwlrq ri dq hgjh yduldeoh
frh!flhqw wdnhv �Em7m� wlph lq wkh frpsuhvvhg irupdw dqg frqvwdqw wlph lq
wkh h{sdqghg irupdw1 Wkh frpsxwdwlrq ri dq duf yduldeoh frh!flhqw dozd|v
uhtxluhv �Em 7A m� wlph1
FRYHU

Wklv fodvv fruuhvsrqgv wr wkh fryhu frqvwudlqwv +6154,1 Wkhvh lqhtxdolwlhv
duh ghfoduhg g|qdplf1 Wkh| duh gh�qhg e| wkh qxpehu mA m ri ruljlqdo dufv/
dqg wkh vhw 7A ri dufv1 Wkh vhw 7A lv uhsuhvhqwhg dv lq wkh fryhu0frqqhfwlylw|
frqvwudlqwv1 Qr h{sdqghg irupdw lv jlyhq1
VHF5

Wkh fodvv VHF5 fruuhvsrqgv wr wkh frqvwudlqwv +6156,1 Wkhvh frqvwudlqwv
duh gh�qhg g|qdplf1 Hdfk ri wkhp lv gh�qhg e| d vhw ri qrghv 71 Wklv vhw lv
uhsuhvhqwhg lq wkh frpsuhvvhg dqg h{sdqghg irupdw dv wkh fxw lq wkh JVHF1
WZRPDWFK

Wkh fodvv WZRPDWFK fruuhvsrqg wr wkh 50pdwfklqj frqvwudlqwv +614;,1
Wkhvh lqhtxdolwlhv duh ghfoduhg g|qdplf/ dqg wkh| lqwhuqdoo| duh uhsuhvhqwhg
dv %E.EM�� n %EA � � +EM� � EmA m � ��*21 Lq wkh frpsuhvvhg irupdw zh
uhsuhvhqw wkh kdqgoh e| dq duud| M ri yhuwlfhv1 Wkh whhwk duh uhsuhvhqwhg
e| wr duud|v/ A|@�, dqg A�e@_/ wkdw frqwdlq lq wkh �0wk srvlwlrq wkh wdlo
dqg wkh khdg ri wkh �0wk wrrwk/ uhvshfwlyho|1 Zlwk wklv irupdw/ wr fdofxodwh
wkh frh!flhqw ri d yduldeoh uhtxluhv �EmMm� wlph li lw lv d qrgh yduldeoh/
�EmMm n mA m� wlph li lw lv dq hgjh yduldeoh/ dqg �EmA m� wlph li lw lv dq duf
yduldeoh1 Lq wkh h{sdqghg irupdw/ wkh kdqgoh lv uhsuhvhqwhg dv wkh fxw lq
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wkh JVHF frqvwudlqwv +wkdw lv/ xvlqj dq duud| ri errohdq,/ dqg wkh whhwk duh
uhsuhvhqwhg e| wzr duud| ri lqwhjhu/ eA |@�, dqg eA�e@_/ ri vl}h mT m1 Wkh whhwk
duh qxphudwhg iurp 4 wr mA m1 Wkhvh wzr duud|v duh lqlwldol}hg wr ��1 Wkhq/
wkh srvlwlrqv | dqg � ri wkh duud|v eA |@�, dqg eA�e@_ uhfhlyh wkh qxpehu �
li E� � c � � � lv wkh �0wk whhwk1 Zlwk wkh h{sdqghg irupdw/ wkh frpsxwdwlrq ri
doo wkh frh!flhqwv uhtxluhv rqo| d frqvwdqw wlph1

Wkh pdvwhu
Wkh fodvv PFSPDVWHU lv ghulyhg iurp wkh devwudfw edvh fodvv DEDbPDVWHU1
Wkh pdlq wzr uhdvrqv wr uhtxluh d sureohp vshfl�f pdvwhu ri wkh rswlpl}d0
wlrq duh wkdw zh kdyh wr hpehg wkh sureohp vshfl�f gdwd/ dqg wkdw zh kdyh
wr lqlwldol}h wkh �uvw vxesureohp/ l1h1/ wkh urrw qrgh ri wkh eudqfk0dqg0fxw
wuhh1

Wkh frqvwuxfwru
Wkh frqvwuxfwru ri wkh fodvv PFSPDVWHU fdoov wkh frqvwuxfwru ri lwv edvh
fodvv DEDbPDVWHU1 Wkh dujxphqwv duh wkh sureohp qdph dqg wkh ydoxh
kc xvhg wr fdofxodwh wkh urxwlqj dqg dvvljqphqw frvwv lq PFS4 dqg wkh xsshu
erxqg _ � lq PFS51

� � � � � � � 	 
 � � � � � � � � � 	 
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Uhjduglqj wkh dujxphqwv ri wkh DEDbPDVWHU frqvwuxfwru/ wkh �uvw
rqh lv djdlq wkh sureohp qdph1 Wkh vhfrqg dujxphqw lv wuxh ehfdxvh zh
xvh fxwwlqj sodqh jhqhudwlrq iru wkh vroxwlrq ri wkh vxesureohpv1 Vlqfh qr
yduldeohv duh jhqhudwhg g|qdplfdoo| wkh wklug dujxphqw lv vhw wr idovh1 Wkh
iruwk dujxphqw lqglfdwhv wkh vhqvh ri wkh rswlpl}dwlrq +wkh PFS lv d plq0
lpl}dwlrq sureohp,1 Wkh odvw wzr dujxphqwv duh wkh hsv dqg pdfklqhHsv/
uhvshfwlyho|1 Wkh uhdvrq iru kdylqj wzr gl�huhqw }hur0wrohudqfh lv wkdw wkhlu
frpplwphqw lv gl�huhqw= hsv lv xvhg wr whvw li d frqvwudlqw lv ylrodwhg/ zkloh
pdfklqhHsv lv xvhg wr frpsduh wkh ydoxh ri d  rdwlqj srlqw yduldeoh zlwk
31 Wkh ghidxow ydoxhv ri wklv wzr sdudphwhuv duh eRr ' ��f � �f J K dqg
6@S��?e.Rr ' ��f� �f J L 1
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Lq wkh erg| ri wkh frqvwuxfwru wkh sureohp gdwd lv uhdg dqg wkh phpru|
lv doorfdwhg1

Iluvw vxesureohp
Wkh urrw ri wkh eudqfk0dqg0fxw wuhh lv lqlwldol}hg zlwk dq remhfw ri wkh fodvv
PFSVXE/ wkdw lv ghulyhg iurp wkh fodvv DEDbVXE1 Wklv lqlwldol}dwlrq pxvw
eh shuiruphg e| d gh�qlwlrq ri wkh ixqfwlrq �uvwVxe+,/ zklfk uhwxuqv d
srlqwhu wr wkh �uvw vxesureohp1

� � � � � � � � � � 	 � 
 � �  � � � � � � � � � � � �
�
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)

Lqlwldol}dwlrq ri wkh frqvwudlqwv dqg yduldeohv
Wkh frqvwudlqwv dqg yduldeohv wkdw duh qrw g|qdplfdoo| jhqhudwhg pxvw eh vhw
xs dqg lqvhuwhg lq srrov lq d phpehu ixqfwlrq ri wkh fodvv PFSPDVWHU1
Iru wklv sxusrvh zh xvh wkh yluwxdo gxpp| ixqfwlrq lqlwldol}hRswlpl}dwlrq+,/
zklfk lv fdoohg dw wkh ehjlqqlqj ri wkh rswlpl}dwlrq1

E| ghidxow DEDFXV surylghv wkuhh gl�huhqw srrov= rqh iru wkh yduldeohv
dqg wzr iru wkh frqvwudlqwv1 Wkh �uvw frqvwudlqw srro vwruhv wkh frqvwudlqwv
wkdw duh qrw g|qdplfdoo| jhqhudwhg dqg zlwk zklfk wkh �uvw OS0uhod{dwlrq
ri wkh �uvw vxesureohp lv lqlwldol}hg1 Wkh vhfrqg frqvwudlqw srro lv hpsw| dw
wkh ehjlqqlqj dqg lw lv �oohg xs zlwk g|qdplfdoo| jhqhudwhg fxwwlqj sodqhv1
Zh kdyh fdoohg wkh yduldeoh srro yduldeohv/ dqg wkh �uvw frqvwudlqw srro lqlw0
Frqvwudlqwv1 Lq lqlwFrqvwudlqwv zh vwruh wkh frqvwudlqwv ri fodvvhv GHJUHH/
DVVLJQ/ SDLU/ NQDSVDFN dqg VXP/ zklfk jlyhv 6q.4 frqvwudlqwv iru
dq lqvwdqfh zlwk q qrghv1 Wkh vl}h ri wkh yduldeoh srro lv vhw wr qYduldeohv
@ q+6q04,25/ zklfk lv wkh wrwdo qxpehu ri % dqg + yduldeohv iru dq lqvwdqfh
zlwk q qrghv1 Ilqdoo|/ zh vhw wkh vl}h ri wkh fxw srro wr 433331 Wkh srrov
duh lqlwldol}hg e| fdoolqj wkh ixqfwlrq lqlwldol}hSrrov+,1 Lq rxu fdvh/ wkh fdoo
lv=
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Diwhu wkh srrov duh vhw xs/ wkh sulpdo erxqg lv lqlwldol}hg xvlqj ixqfwlrq
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sulpdoErxqg+, zlwk wkh ydoxh ri d ihdvleoh vroxwlrq uhwxuqhg e| wkh ixqfwlrq
pfsKhxulvwlf+,1

� � � � � � � � � � � 	 
 � �  � � � � � � � � � � � � � �
� � � � � � � � � �  � � � � ! � " � �

Wkh sdudphwhuv
Wkh ixqfwlrq lqlwldol}hSdudphwhuv+, uhgh�qhv d yluwxdo gxpp| ixqfwlrq ri
wkh fodvv DEDbPDVWHU1 Wklv ixqfwlrq lv fdoohg dw wkh ehjlqqlqj ri wkh
rswlpl}dwlrq1

# � �  $ % & $ ' ( ) * + , , � � � � � � � � - � & � � � � � � � � � � �
.
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K
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n
n

Wkh ixqfwlrq uhdgSdudphwhuv+, uhdgv wkh �oh 1pfs wkdw frqwdlqv wkh sd0
udphwhuv dqg wkhluv ydoxhv/ lq wkh DEDFXV sdudphwhu �oh irupdw1 Lq rxu
fdvh/ lq wkh �oh 1pfs zh �uvw uhgh�qh wkh iroorzlqj sdudphwhuv irup wkh �oh
1dedfxv1

RemLqwhjhu wuxh
Pd{FrqDgg 633
Pd{FrqEx�huhg 633
WdloR�QOsv 8
WdloR�Shufhqw 313358
HolplqdwhIl{hgVhw wuxh
RxwsxwOhyho Vwdwlvwlfv
Pd{FsxWlph 33334=8<=8<
QEudqfklqjYduldeohFdqglgdwhv 8
Fsoh{SulpdoSulflqj FS[bSSULLQGbVWHHSTVWDUW

Wkhq zh lqwurgxfh dq h{wud sdudphwhu11 Dw wkh hqg ri wkh rswlpl}dwlrq wkh
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ehvw nqrzq wrxu lv rxwsxw li wkh ydoxh ri wkh sdudphwhu VkrzEhvwWrxu lv
wuxh1

VkrzEhvwWrxu wuxh

Wkh vxesureohp
Wkh fodvv PFSVXE lv ghulyhg iurp wkh devwudfw fodvv DEDbVXE1 Lw lpsoh0
phqwv wkh vshfl�f ixqfwlrqv iru wkh rswlpl}dwlrq ri d vxesureohp +qrgh ri
wkh eudqfk0dqg0fxw wuhh,1

Ehvlghv wkh frqvwuxfwru/ rqo| rwkhu wzr yluwxdo ixqfwlrqv ri wkh fodvv
DEDbVXE kdyh wr eh gh�qhg/ wkrvh wkdw fkhfn wkh ihdvlelolw| ri wkh vroxwlrq
jlyhq e| wkh OS0uhod{dwlrq/ dqg jhqhudwh wkh qhz qrghv diwhu wkh eudqfklqj
vwhs1 Pruhryhu/ wklv fodvv surylghv wkh ixqfwlrqv iru shuiruplqj wkh fxwwlqj
sodqh jhqhudwlrq dqg lpsurylqj wkh xsshu erxqg e| xvlqj sulpdo khxulvwlfv1

Wkh frqvwuxfwruv
Wkh fodvv DEDbVXE kdv wzr gl�huhqw frqvwuxfwruv= rqh iru wkh urrw qrgh
dqg rqh iru doo rwkhu qrghv ri wkh rswlpl}dwlrq1 Wkhuhiruh/ zh dovr kdyh wr
lpsohphqw wkhvh wzr frqvwuxfwruv iru wkh fodvv PFSVXE1

Wkh urrw qrgh frqvwuxfwru iru wkh fodvv DEDbVXE pxvw eh fdoohg iurp
wkh urrw qrgh frqvwuxfwru ri wkh fodvv PFSVXE=

� � � � � � � � � � � � � � � � � � 	 � � � 
 � �  � � � � � � � �
� � � 	 � � � � � � � � � � � � � � � � � � � � � � � � �

� �

Wkh sdudphwhuv lqglfdwh wkdw 43( ri dgglwlrqdo vwrudjh vsdfh iru frqvwudlqwv/
qr dgglwlrqdo vsdfh iru yduldeohv dqg 43( dgglwlrqdo vsdfh iru qrq}hurv ri
wkh frqvwudlqw pdwul{ lq wkh OS0vroyhu/ vkrxog eh doorfdwhg1

Wkh frqvwuxfwru iru wkh vrq ri dq h{lvwlqj qrgh wdnhv doo wkh ghidxow ydoxhv1
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Wkh ihdvlelolw| fkhfn
Diwhu wkh OS0uhod{dwlrq lv vroyhg zh kdyh wr fkhfn li lwv rswlpxp vroxwlrq lv d
ihdvleoh vroxwlrq iru rxu rswlpl}dwlrq sureohp1 Wkhuhiruh/ zh kdyh wr gh�qh
wkh sxuh yluwxdo ixqfwlrq ihdvleoh+, lq wkdw fodvv PFSVXE/ zklfk uhwxuqv
wuxh lv wkh OS0vroxwlrq lv d ihdvleoh vroxwlrq dqg idovh rwkhuzlvh1

Wkh OS0vroxwlrq lv PFS ihdvleoh li doo yduldeohv kdyh ydoxh }hur ru rqh/
+ � � � + � � iru doo sdlu ri qrghv i� � c �� j/ dqg wkh judsk lqgxfhg e| wkh hgjh
yduldeohv % � � zlwk ydoxh rqh lv frqqhfwhg +l1h1/ wkhuh duh qrw vxewrxuv,1

Zh fkhfn li wkh judsk lqgxfhg e| wkh hgjh yduldeohv zlwk ydoxh rqh lv frq0
qhfwhg zlwk wkh khos ri d glvmrlqw vhw gdwd vwuxfwxuh +fodvv DEDbIDVWVHW,1
Lqlwldoo| hdfk qrgh lv d vhw e| lwvhoi1 Wkhq doo hgjhv duh vfdqqhg1 Li dq hgjh
yduldeoh kdv ydoxh rqh zh fkhfn lv lwv wzr hqgqrghv duh frqwdlqhg lq glvmrlqw
vhwv1 Li wklv lv wkh fdvh/ zh phujh wkh wzr vhwv dqg frqwlqxh1 Rwkhuzlvh d
vxewrxu kdyh ehhq irxqg/ surylglqj wkdw wkh vfdqqhg hgjh lv qrw wkh odvw rqh
wkdw forvh wkh wrxu/

Wkh vhsdudwlrq
Wkh PFS ylrodwhg fxwv duh jhqhudwhg e| uhgh�qlqj wkh yluwxdo gxpp| ixqf0
wlrq vhsdudwh+,1 DEDFXV doorzv wr glvwlqjxlvk ehwzhhq wkh vhsdudwlrq iurp
vfudwfk +wkdw shuiruphg h{dplqlqj wkh OS0vroxwlrq wr vhh li lw ylrodwhv d jlyhq
w|sh ri fxw, dqg wkh vhsdudwlrq iurp d frqvwudlqw srro1 Qhzo| jhqhudwhg frq0
vwudlqwv kdyh wr eh dgghg e| wkh ixqfwlrq dggFrqv+, wr d ex�hu ri wkh fodvv
DEDbVXE/ ehiruh sdvvlqj wr wkh fxw srro1 Frqvwudlqwv jhqhudwhg lq hduolhu
lwhudwlrqv wkdw kdyh ehfrph lqdfwlyh lq wkh phdqwlph pljkw eh vwloo frqwdlqhg
lq wkh fxw srro1 Wkhvh frqvwudlqwv fdq eh uhjhqhudwhg e| fdoolqj wkh ixqfwlrq
frqvwudlqwSrroVhsdudwlrq+,/ zklfk dggv wkh frqvwudlqwv wr wkh ex�hu zlwkrxw
wkh h{solflw fdoo ri wkh ixqfwlrq dggFrqv+,1

Dq d sulrul jrrg vhsdudwlrq vwudwhj| frqvlvwv ri jhqhudwlqj qhz fxwv iurp
vfudwfk rqo| zkhq srro vhsdudwlrq idlov1 Zh wulhg �uvw wklv dssurdfk iru wkh
PFS/ exw wkh frpsxwdwlrqdo uhvxowv vkrzhg wkdw/ iru wklv sureohp/ wkh srro
vhsdudwlrq lqfuhdvhv wkh uxqqlqj wlph1 Wkhuhiruh/ zh rswhg iru shuiruplqj
rqo| vhsdudwlrq iurp vfudwfk1

Wkh vhsdudwlrq surfhgxuhv iru wkh gl�huhqw nlqg ri fxwv kdyh ehhq gh0
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vfulehg lq Vhfwlrq 8141 Zh dssolhg wkhp lq wkh rughu phqwlrqhg lq Vhfwlrq
8151 Zh jr rq zlwk wkh vhsdudwlrq ri d w|sh ri frqvwudlqwv rqo| li wkh qxpehu
ri ylrodwhg fxwv jhqhudwhg xqwlo wkdw prphqw grhv qrw h{fhhg wkh ydoxh jlyhq
e| wkh sdudphwhu Pd{FrqDgg/ wkdw zh vhw wr 6331

Sulpdo khxulvwlf
Diwhu wkh OS0uhod{dwlrq kdv ehhq vroyhg lq wkh vxesureohp rswlpl}dwlrq/ wkh
yluwxdo ixqfwlrq lpsuryh+, lv fdoohg1 Wklv ixqfwlrq doorzv wr wu| wr lpsuryh
wkh fxuuhqw sulpdo erxqg e| xvlqj wkh khxulvwlf surfhgxuhv ghvfulehg lq Vhf0
wlrq 815191 Li wkh ydoxh uhwxuqhg e| wkh khxulvwlf lv ehwwhu wkdq wkh fxuuhqw
xsshu erxqg/ wkhq wklv lv xsgdwhg1

Eudqfklqj vwudwhj|
DEDFXV jlyhv wkh srvvlelolw| ri fkrrvlqj wkh ehvw yduldeoh iru eudqfklqj
dprqj d qxpehu ri fdqglgdwhv +wklv lv fdoohg vwurqj eudqfklqj,1 Wkh qxpehu
ri yduldeohv wr whvw lv �{hg zlwk wkh sdudphwhu QEudqfklqjYduldeohFdqgl0
gdwhv/ wkdw zh vhw wr 81 Wkh �yh fdqglgdwh yduldeohv duh fkrvhq e| uhgh�qlqj
wkh yluwxdo ixqfwlrq vhohfwEudqfklqjYduldeohFdqglgdwhv+,1

Iru wkh PFS/ zh wdnh dv fdqglgdwhv iru eudqfklqj wkh �yh qrgh yduldeohv
zlwk iudfwlrqdo ydoxhv forvhvw wr 3181 Li wkhuh duh qrw �yh iudfwlrqdo qrgh
yduldeohv/ zh vhohfw zlwk wkh vdph fulwhulxp wkh qhfhvvdu| hgjh yduldeohv1

Dvvrfldwhg wr hdfk fdqglgdwh yduldeoh wkhuh duh wzr eudqfklqj uxohv= rqh
frqvlvwlqj ri �{lqj lw wr }hur/ dqg rwkhu frqvlvwlqj ri �{lqj lw wr rqh1 Wr
ghwhuplqh wkh ehvw eudqfklqj yduldeoh/ hdfk uxoh ri hdfk fdqglgdwh yduldeoh
lv jlyhq d udqn1 Lq wkh ghidxow lpsohphqwdwlrq +wkh rqh zh kdyh xvhg,/ wklv
udqn lv rewdlqhg e| shuiruplqj d olplwhg qxpehu ri lwhudwlrqv ri wkh gxdo
vlpsoh{ phwkrg iru wkh �uvw olqhdu surjudp ri wkh vxesureohp gh�qhg e| wkh
uxoh1 Wkhq/ wkh fdqglgdwh yduldeoh iru zklfk wkh plqlpdo udqn ri lwv uxohv lv
pd{lpdo lv vhohfwhg iru eudqfklqj1
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Wkh pdlq surjudp
Wkh pdlq surjudp fuhdwhv dq remhfw ri wkh fodvv PFSPDVWHU dqg ehjlqv
wkh rswlpl}dwlrq1 Wkh wzr dujxphqwv uhtxluhg e| wkh frqvwuxfwru ri wkh
PFSPDVWHU fodvv duh jlyhq lq wkh frppdqg olqh1

Wkh surjudp uhwxuqv 3 li wkh rswlpl}dwlrq �qlvkhv fruuhfwo|/ dqg 4 rwkhu0
zlvh1
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Eleolrjudsk|
^4` S1 Dyhood/ D1 Viru}d1 Wkh Phgldq Sdwk Sureohp= irupxodwlrqv dqg sro|0

khgudo dqdo|vlv1 Zrunlqj sdshu/ 4<<<1
^5` S1 Dyhood/ D1 Viru}d1 Wkh Phgldq Sdwk Sureohp= d frpsxwdwlrqdo vwxg|1

Zrunlqj sdshu/ 4<<<1
^6` H1 Edodv1 Wkh Sul}h Froohfwlqj Wudyholqj Vdohvpdq sureohp/ Qhwzrunv

4< +4<;<,/ 954�9691
^7` H1 Edodv/ D1 Kr1 Vhw fryhulqj dojrulwkpv xvlqj fxwwlqj sodqhv/ khxulv0

wlfv dqg vxejudglhqw rswlpl}dwlrq= d frpsxwdwlrqdo vwxg|/Pdwkhpdwlfdo
Surjudpplqj 45 +4<;3,/ 6:�931

^8` S1 Edxhu1 Wkh Flufxlw Sro|wrsh= Idfhwv/ Pdwkhpdwlfv ri Rshudwlrqv Uh0
vhdufk 55 +4<<:,/ 443�4781

^9` F1 Ehujh1 Judskv dqg k|shujudskv1 Qruwk0Kroodqg/ Dpvwhugdp/ 4<:61
^:` M1D1 Erqg|/ X1V1U1 Pxuw|1 Judsk wkhru| zlwk dssolfdwlrqv1 Xqlyhuvlw|

Suhvv/ Ehoidvw/ 4<:91
^;` Q1 Fkulvwr�ghv1 Judsk Wkhru|1 dq dojrulwkplf dssurdfk1 Dfdghplf

Suhvv/ Qhz \run/ 4<:81
^<` Wk1 Fkulvwri1 Hlq Yhuidkuhq }xu wudqvirupdwlrq }zlvfkhq sro|hghu0

gduvwhooxqjhq1 Glsorpduehlw1 Xqlyhuvlwçw Dxjvexuj/ 4<<41
^43` U1 Fkxufk/ M1 Fxuuhqw1 Pd{lpdo fryhulqj wuhh sureohpv/ Qdydo Uhvhdufk

Orjlvwlfv 73 +4<<6, 45<�4751
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^44` M1 Fxuuhqw1 Wkh ghvljq ri d klhudufklfdo wudqvsruwdwlrq qhwzrun zlwk
wudqvvklsphqw idflolwlhv/ Wudqvsruwdwlrq Vflhqfh 55 +4<;;,/ 5:305::1

^45` M1 Fxuuhqw/ M1O1 Frkrq/ F1V Uhyhooh1 Wkh vkruwhvw fryhulqj sdwk sureohp=
dq dssolfdwlrq ri orfdwlrqdo frqvwudlqwv wr qhwzrun ghvljq/ Mrxuqdo ri
Uhjlrqdo Vflhqfh 57 +4<;7,/ 49404;61

^46` M1 Fxuuhqw/ K1 Slunxo/ H1 Uroodqg1 H!flhqw dojrulwkpv iru vroylqj wkh
vkruwhvw fryhulqj sdwk sureohp/ Wudqvsruwdwlrq Vflhqfh 5; +4<<7,/ 64:0
65:1

^47` M1 Fxuuhqw/ F1V1 Uhyhooh/ M1O1 Frkrq1 Wkh pd{lpxp fryhulqj2vkruwhvw
sdwk sureohp= d pxowlremhfwlyh qhwzrun ghvljq dqg urxwlqj irupxodwlrq/
Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 54 +4<;8, / 4;<04<<1

^48` M1 Fxuuhqw/ F1V1 Uhyhooh/ M1O1 Frkrq1 Wkh phgldq vkruwhvw sdwk sureohp=
d pxowlremhfwlyh dssurdfk wr dqdo|}h frvw yv1 dffhvvlelolw| lq wkh ghvljq
ri wudqvsruwdwlrq qhwzrunv/ Wudqvsruwdwlrq Vflhqfh 54 +4<;:,/ 4;;04<:1

^49` M1 Fxuuhqw/ G1D1 Vfkloolqj1 Wkh fryhulqj vdohvpdq sureohp/ Wudqvsruwd0
wlrq Vflhqfh 56 +4<;<,/ 53;05461

^4:` M1 Fxuuhqw/ G1D1 Vfkloolqj1 Wkh phgldq wrxu dqg pd{lpdo fryhulqj wrxu
sureohpv= irupxodwlrq dqg khxulvwlfv/ Hxurshdq Mrxuqdo ri Rshudwlrqdo
Uhvhdufk :6 +4<<7,/ 44704591

^4;` P1 Hkujrww/ M1 Iuhwdj/ K1Z1 Kdpdfkhu/ I1 Pd!rol1 Khxulvwlfv iru wkh
N0fduglqdolw| wuhh vxejudsk sureohpv1 Zrunlqj sdshu/ 4<<81

^4<` P1 Ilvfkhwwl/ M1M1 Vdod}du/ S1 Wrwk1 Wkh v|pphwulf jhqhudol}hg wudyhoolqj
vdohvpdq sro|wrsh/ Qhwzrunv 59 +4<<8,/ 44604561

^53` P1 Ilvfkhwwl/ M1M1 Vdod}du/ S1 Wrwk1 D Eudqfk0dqg0Fxw Dojrulwkp iru
wkh V|pphwulf Jhqhudol}hg Wudyholqj Vdohvpdq Sureohp/ Rshudwlrqv Uh0
vhdufk 78 +4<<:,/ 6:;�6<71

^54` P1 Ilvfkhwwl/ M1M1 Vdod}du/ S1 Wrwk1 Vroylqj wkh Rulhqwhhulqj Sureohp
wkurxjk Eudqfk0dqg0Fxw/ LQIRUPV Mrxuqdo rq Frpsxwlqj 43 +4<<;,/
466�47;1

^55` U1Z1 Ior|g1 Dojrulwkp <:= vkruwhvw sdwk/ Frppxqlfdwlrqv ri DFP 8
+4<95,/ 6781
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^56` P1U1 Jduh|/ G1V1 Mrkqvrq1 Frpsxwhuv dqg lqwudfwdelolw|= D jxlgh wr wkh
wkhru| ri QS0frpsohwhqhvv1 Iuhhpdq/ Vdq Iudqflvfr/ 4<:<1

^57` P1 Jhqguhdx/ D1 Khuw}/ J1 Odsruwh1 Qhz lqvhuwlrq dqg srvwrswlpl}dwlrq
surfhgxuhv iru wkh Wudyholqj Vdohvpdq Sureohp/ Rshudwlrqv Uhvhdufk 73
+4<<5,/ 43;9043<71

^58` P1 Jhqguhdx/ J1 Odsruwh/ I1 Vhphw1 Wkh Fryhulqj Wrxu Sureohp/ Rs0
hudwlrqv Uhvhdufk 78 +4<<:,/ 89;�8:91

^59` P1 Jhqguhdx/ J1 Odsruwh/ I1 Vhphw1 Wkh Vhohfwlyh Wudyholqj Vdohvpdq
Sureohp/ Qhwzrunv 65 +4<<;,/ 596�5:61

^5:` I1 Joryhu1 Wdex Vhdufk 0 Sduw L1 RUVD Mrxuqdo rq Frpsxwlqj 4 +4<;<,/
4<305391

^5;` I1 Joryhu1 Wdex Vhdufk 0 Sduw LL1 RUVD Mrxuqdo rq Frpsxwlqj 5 +4<<3,/
70651

^5<` D1M1 Jrogpdq1 Rswlpdo fhqwhu orfdwlrq lq vlpsoh qhwzrunv/ Wudqvsruwd0
wlrq Vflhqfh 8 +4<:4,/ 739073<1

^63` P1 Juùwvfkho/ O1 Oryäv}/ D1 Vfkulmyhu1 Jhrphwulf dojrulwkpv dqg frpel0
qdwruldo rswlpl}dwlrq/ Vsulqjhu0Yhuodqj/ 4<;;1

^64` P1 Juùwvfkho/ P1Z1 Sdgehuj1 Sro|khgudo Wkhru|/ lq Wkh Wudyholqj
Vdohvpdq Sureohp= D Jxlghg Wrxu ri Frpelqdwruldo Rswlpl}dwlrq/ H1O1
Odzohu/ M1N1 Ohqvwud/ D1K1J1 Ulqqrr| Ndq/ G1E1 Vkpr|v +hgv,/ Zloh|/
Fklfkhvwhu/ 584�638/ 4<<81

^65` ]1 Jx/ J1O1 Qhpkdxvhu/ P1Z1S1 Vdyhovehujk1 Fryhu Lqhtxdolwlhv iru 304
Lqwhjhu Surjudpv= Frpsxwdwlrq/ LQIRUPV Mrxuqdo rq Frpsxwlqj 43
+4<<;,/ 75:�76:1

^66` V1O1 Kdnlpl/ H1I1 Vfkphlfkho/ P1 Odeeì1 Rq orfdwlqj sdwk0 ru wuhh0
vkdshg idflolwlhv rq qhwzrunv/ Qhwzrunv 56 +4<<6,/ 87608881

^67` S1 Kdqvhq/ Q1 Podghqrylf/ G1 Sìuh}0Eulwr1 Yduldeoh Qhljkerukrrg Gh0
frpsrvlwlrq Vhdufk1 Wr dsshdu lq Mruqdo ri Khxulvwlfv +4<<<,1

^68` M1K1 Kroodqg1 Dgdswdwlrq lq Qdwxudo dqg Duwl�fldo V|vwhpv1 Wkh Xql0
yhuvlw| ri Plfkljdq Suhvv/ Dqq Dueru/ Plfkljdq +4<:8,1
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^69` Y1D1 Kxwvrq/ F1V1 Uhyhooh1 Pd{lpdo gluhfw fryhulqj wuhh sureohpv/
Wudvsruwdwlrq Vflhqfh 56 +4<;<, / 4;;05<<1

^6:` Y1D1 Kxwvrq/ F1 Uhyhooh1 Lqgluhfw fryhulqj wuhh sureohpv rq vsdqqlqj
wuhh qhwzrunv/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 98 +4<<6,/ 530
651

^6;` G1 Mrkqvrq/ F1 Sdsdglplwulrx1 Frpsxwdwlrqdo Frpsoh{lw|1 Lq Wkh Wudy0
holqj Vdohvpdq Sureohp 1 D jxlghg wrxu ri Frpelqdwruldo Rswlpl}dwlrq/
H1 Odzohu/ M1 Ohqvwud/ D1K1J1 Ulqqrr| Ndq dqg G1E1 Vkpr|v +hgv,/
Zloh|/ Fklfkhvwhu/ 4<;81

^6<` P1 Mÿhqjhu/ V1 Wklhqho1 Lqwurgxfwlrq wr DEDFXV 0 D Eudqfk0Dqg0FXw
V|vwhp/ Whfkqlfdo Uhsruw Qr1 <:1596/ Xqlyhuvlçw }x Nùoq/ 4<<:1

^73` W1X1 Nlp/ W1M1 Orzh/ D1 Wdplu/ M1H1 Zdug1 Rq wkh Orfdwlrq ri d Wuhh0
vkdshg Idflolw|/ Qhwzrunv 5; +4<<9,/ 49:�4:81

^74` W1X1 Nlp/ W1M1 Orzh/ M1H1 Zdug1 Orfdwlqj d phgldq vxewuhh rq d qhw0
zrun/ LQIRU 5< +4<<4,/ 48604991

^75` W1X1 Nlp/ W1M1 Orzh/ M1H1 Zdug/ U1O1 Iudqflv1 D plqlpxp ohqjwk fry0
hulqj vxejudsk ri d qhwzrun/ Dqqdov ri Rshudwlrqv Uhvhdufk 4; +4<;<,/
57805931

^76` W1X1 Nlp/ W1M1 Orzh/ M1H1 Zdug/ U1O1 Iudqflv1 D plqlpxp0ohqjwk fry0
hulqj vxewuhh ri d wuhh/ Qdydo Uhvhdufk Orjlvwlfv 6: +4<<3,/ 63<06591

^77` V1 Nlunsdwulfn/ F1G1 Jhodww/ P1S1 Yhffkl1 Rswlpl}dwlrq e| vlpxodwhg
dqqhdolqj/ Vflhqfh 553+4<;6,/ 9:409991

^78` P1 Odeeì/ J1 Odsruwh1 Pd{lpl}lqj xvhu Frqyhqlhqfh dqg Srvwdo Vhuylfh
H!flhqf| lq Srvw Er{ Orfdwlrq/ Ehojldq Mrxuqdo ri Rshudwlrqv Uhvhdufk/
Vwdwlvwlfv dqg Frpsxwhu Vflhqfh 59 +4<;9,/ 54�681

^79` P1 Odeeì/ J1 Odsruwh/ L1 Urguðjxh} Pduwðq1 Sdwk/ Wuhh dqg F|foh Orfd0
wlrq1 Lq Iohhw Pdqdjhphqw dqg Orjlvwlfv/ W1J1 Fudlqlf dqg J1 Odsruwh
+hgv,/ Noxzhu/ Ervwrq/ 4<<;1

^7:` P1 Odeeì/ J1 Odsruwh/ L1 Urguðjxh} Pduwðq/ M1M1 Vdod}du1 Wkh Phgldq
F|foh Sureohp1 F1U1W1 zrunlqj sdshu/ 4<<<1
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^7;` V1 Olq/ E1Z1 Nhuqljkdq1 Dq h�hfwlyh khxulvwlf dojrulwkp iru wkh wudyholqj
vdohvpdq sureohp1 Rshudwlrqv Uhvhdufk 54 +4<:6,/ 7<;08491

^7<` I1 Pd!rol1 Ilqglqj wkh ehvw vxewuhh ri d wuhh/ whfkqlfdo uhsruw <41374
+4<<4, / Srolwhfqlfr gl Plodqr1

^83` M1D1 Phvd/ W1E1 Er�h|1 D uhylhz ri h{whqvlyh idflolw| orfdwlrq lq qhw0
zrunv/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 3 +4<<9,/ 40451

^84` H1 Plqlhnd1 Wkh Rswlpdo Orfdwlrq ri d Sdwk ru Wuhh lq d Wuhh Qhwzrun/
Qhwzrunv 48 +4<;8,/ 63<�6541

^85` H1 Plqlhnd/ Q1K1 Sdwho1 Rq �qglqj wkh fruh ri d wuhh zlwk d vshfl�hg
ohqjwk/ Mrxuqdo ri Dojrulwkpv 7 +4<;6,/ 67806851

^86` Q1 Podghqrylf1 D yduldeoh qhljkerukrrg dojrulwkp 0 d qhzphwdkhxulvwlf
iru frpelqdwruldo rswlpl}dwlrq1 Suhvhqwhg dw Rswlpl}dwlrq Gd|v/ Prq0
wuhdo +4<<8,1

^87` Q1 Podghqrylf/ S1 Kdqvhq1 Yduldeoh Qhljkerukrrg Vhdufk/ Frpsxwhuv
Rshu1 Uhv1 57 +4<<:,/ 43<:�44331

^88` Q1 Podghqrylf/ M1D1 Pruhqr0Sìuh}/ M1P1 Pruhqr0Yhjd1 D Fkdlq0
Lqwhufkdqjh Khxulvwlf Phwkrg/ \xjrvody M1 Rshu1 Uhv1 9 +4<<9, 74�871

^89` J1O1 Qhpkdxvhu/ S1 Ydqfh1 Oliwhg Fryhu Idfhwv ri wkh 304 Nqdsvdfn
Sro|wrsh zlwk JXE Frqvwudlqwv Rshudwlrqv Uhvhdufk Ohwwhuv 49 +4<<7,/
588�5961

^8:` J1O1 Qhpkdxvhu/ O1D1 Zrovh|1 Lqwhjhu dqg frpelqdwruldo rswlpl}dwlrq1
Zloh|0Lqwhuvflhqfh vhulhv lq glvfuhwh pdwkhpdwlfv dqg rswlpl}dwlrq1 Zl0
oh|/ 4<;;1

^8;` P1Z1 Sdgehuj/ P1U1 Udr1 Rgg plqlpxp fxw0vhwv dqg e0pdwfklqjv/
Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk : +4<;5,/ 9:0;31

^8<` P1Z1 Sdgehuj/ J1 Ulqdogl1 Rswlpl}dwlrq ri d 8650flw| V|pphwulf Wdyho0
lqj Vdohvpdq Sureohp/ Rshudwlrqv Uhvhdufk Ohwwhuv 9 +4<;:,/ 40:1

^93` F1 Sdsdglplwulrx/ N1 Vwhljolw}1 Frpelqdwruldo Rswlpl}dwlrq= dojrulwkpv
dqg frpsoh{lw|1 Suhqwlfh0Kdoo/ Qhz Mhuvh|/ 4<;51
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^94` J1 Uhlqhow1 WVSOLE 0 D Wudyholqj Vdohvpdq Sureohp Oleudu|/ RUVD
Mrxuqdo rq Frpsxwlqj 6 +4<<4,/ 6:9�6;71

^95` P1E1 Ulfkh|1 Rswlpdo Orfdwlrq ri d Sdwk ru Wuhh rq d Qhwzrun zlwk
F|fohv/ Qhwzrunv 53 +4<<3,/ 6<4�73:1

^96` V1 Vdkql1 Jhqhudo whfkqltxhv iru frpelqdwruldo dssur{lpdwlrqv/ Rshud0
wlrqv Uhvhdufk 58 +4<::,/ <530<691

^97` D1 Vfkulmyhu1 Wkhru| ri Olqhdu dqg Lqwhjhu Surjudpplqj1 Mrkq Zloh| )
Vrqv/ Fklqfkhvwhu/ 4<;91

^98` U1H1 Vwhxhu1 Pxowlsoh fulwhuld rswlpl}dwlrq= wkhru|/ frpsxwdwlrq/ dqg
dssolfdwlrq/ Zloh| vhulhv lq suredelolw| dqg pdwkhpdwlfdo vwdwlvwlfv0
dssolhg/ Zloh|/ 4<;91

^99` D1 Wdplu1 Rq wkh frpsoh{lw| ri vrph fodvvhv ri orfdwlrq sureohpv/ Wudqv0
sruwdwlrq Vflhqfh 59 +4<<5,/ 68506871

^9:` D1 Wdplu1 Ixoo| sro|qrpldo dssur{lpdwlrq vfkhphv iru orfdwlqj d wuhh0
vkdshg idflolw|= d jhqhudol}dwlrq ri wkh nqdsvdfn sureohp1 Zrunlqj sd0
shu/ Who0Dyly Xqlyhuvlw|1

^9;` F1 Wruhjdv/ F1 Uhyhooh1 Rswlpdo orfdwlrq xqghu wlph ru glvwdqfh frq0
vwudlqwv/ Sdshuv ri wkh Uhjlrqdo Vflhqfh Dvvrfldwlrq 5; +4<:5,/ 46604761

^9<` F1 Wruhjdv/ F1 Uhyhooh1 Elqdu| orjlf vroxwlrqv wr d fodvv ri orfdwlrq sure0
ohpv/ Jhrjudsklfdo Dqdo|vlv 8 +4<:6,/ 47804881

^:3` O1D1 Zrovh|1 Ydolg Lqhtxdolwlhv iru 304 Nqdsvdfnv dqg PLSV zlwk Jhq0
hudol}hg Xsshu Erxqg Frqvwudlqwv/ Glvfuhwh Dssolhg Pdwkhpdwlfv 5<
+4<<3,/ 58405941

^:4` O1D1 Zrovh|1 Lqwhjhu surjudpplqj1 Zloh|0Lqwhuvflhqfh vhulhv lq glvfuhwh
pdwkhpdwlfv dqg rswlpl}dwlrq1 Zloh|/ 4<<;1

^:5` M1 [x/ V1\1 Fklx/ I1 Joryhu1 Rswlpl}lqj d ulqj0edvhg sulydwh olqh
whohfrppxqlfdwlrq qhwzrun xvlqj Wdex Vhdufk1 Pdqdjhphqw Vflhqfh 6
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