
Universidad de La Laguna
Facultad de Ciencias, Sección de F́ısica
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Tutor:

Dr. Claudio Dalla Vecchia

Co-tutor:

M.Sc. Isaac Alonso Asensio

Marzo, 2020





Contents

Abstract i

Resumen ii

1 Introduction 1
1.1 Cosmological hydrodynamical simulations . . . . . . . . . . . . . . . . . . . 1
1.2 Unresolved physical processes . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 The issue of numerical convergence . . . . . . . . . . . . . . . . . . . . . . . 2

2 Objectives 4

3 Star formation 5
3.1 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3.2 The Kennicutt-Schmidt star formation law . . . . . . . . . . . . . . . . . . 6
3.3 Prescriptions to model star formation . . . . . . . . . . . . . . . . . . . . . 7

3.3.1 Springel & Hernquist . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.3.2 Schaye & Dalla Vecchia . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.4 Caveats related to star formation laws . . . . . . . . . . . . . . . . . . . . . 10
3.4.1 Systematic uncertainties . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.4.2 Numerical convergence in prescriptions . . . . . . . . . . . . . . . . . 11

4 Methodology 13
4.1 The case for a global Kennicutt-Schmidt law . . . . . . . . . . . . . . . . . 13
4.2 The simulations run . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
4.3 Arriving at a prescription for star formation . . . . . . . . . . . . . . . . . . 15

4.3.1 Constraining the avenues to be considered . . . . . . . . . . . . . . . 15
4.3.2 Developing the alternatives . . . . . . . . . . . . . . . . . . . . . . . 16

5 Results 20
5.1 Preliminary remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

5.1.1 The in situ fraction of stellar mass . . . . . . . . . . . . . . . . . . . 21
5.2 Calibrating and assessing the proposed prescription . . . . . . . . . . . . . . 21

6 Conclusions 24

Bibliography 26



Abstract

The present Master’s thesis is concerned with the development and assessment of a pre-
scription to model star formation in the low numerical resolution regime of cosmological
hydrodynamical simulations.

A study is made of previously introduced prescriptions in order to understand their
physical motivations and to identify the features that cause them to produce different out-
comes when changes to numerical resolution are made. It is found that these prescriptions
are based on a combination of theoretical and observational findings related to the multi-
phase nature of the interstellar medium, and the conditions under which a cloud becomes
gravitationally unstable upon a phase transition from atomic to molecular composition.
Additionally, empirical correlations in the form of star formation laws obligate these pre-
scriptions to rely on local hydrodynamical properties of the cosmic gas in order to form
stars in the simulations. This reliance unavoidably renders them resolution-dependent. In
general, whenever a prescription to model unresolved physical processes in a cosmological
hydrodynamical simulation makes use of local hydrodynamical properties, it is expected
that its outcomes will be different for different numerical resolutions.

On the basis of this difficulty, a new prescription has to be sought whenever a cosmo-
logical hydrodynamical simulation is intended to be run with an unprecedented numerical
resolution, regardless of whether it is to the high or low end. For instance, simulations
that aim to sample a larger volume of the Universe, in comparison with what its typically
done, must adjust their numerical resolution to the low end in order to keep computa-
tional demands manageable. Hence, they require a prescription for star formation that is
well-behaved in this regime.

Different procedures to arrive at such a prescription were taken into account, which
led to different alternatives being devised. Considering that this is a subject that has been
scarcely studied previously in the literature, attention is focused on the alternative that
can provide the simplest recipe. Accordingly, a procedure is used that enables a connection
to be established between simulations of different numerical resolutions, through which a
number of insights can be gained about unresolved properties in low resolution simulations;
in a statistical sense, evidently. This properties can then be used to form stars in said
simulations.

Having selected the simplest alternative, it was implemented in the public version of the
Arepo code for cosmological hydrodynamical simulations, and a series of simulations were
run in order to assess the degree to which this alternative is able to overcome the difficulties
of previously developed prescriptions. The results found certainly look promising; however,
more in-depth studies are required to complement the assessment in regimes where the
current work is inadequate.
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Resumen

El presente Trabajo de Fin de Máster se concierne con el desarrollo y evaluación de una
prescripción para modelar la formación de estrellas en simulaciones cosmológicas de baja
resolución numérica.

Se realiza un estudio de prescripciones introducidas con anterioridad con el objetivo de
entender sus fundamentos f́ısicos e identificar las caracteŕısticas que hacen que sus resul-
tados sean diferentes dependiendo de la resolución numérica empleada. Se encuentra que
dichas prescripciones se basan en hallazgos tanto teóricos como observacionales relaciona-
dos con las múltiples fases que coexisten en el medio interestelar, y con las condiciones bajo
las cuales una nube se vuelve inestable gravitacionalmente cuando ocurre una transición de
fase por la cual gas atómico se convierte en gas molecular. Adicionalmente, correlaciones
emṕıricas bajo la forma de leyes de formación estelar obligan a estas prescripciones a de-
pender de propiedades hidrodinámicas locales del gas cósmico para poder formar estrellas
en la simulación. Esta dependencia se traduce inevitablemente en una dependencia con
la resolución numérica. En general, siempre que una prescripción que modela un proceso
f́ısico no resuelto en una simuación cosmológica dependa de propiedades hidrodinámicas
locales, es de esperar que los resultados de dicha prescripción dependan también de la
resolución numérica empleada.

Debido a esta dificultad, cada vez que se pretenda correr una simulación cosmológica
que tenga una resolución numérica nunca antes empleada, ya sea alta o baja, se deberá
buscar una nueva prescripción para poder formar estrellas en ella. Por ejemplo, simula-
ciones que deseen modelar una mayor región del Universo, en comparación con las que
t́ıpicamente se consideran, deben recurrir a menores resoluciones numéricas de tal forma
que la carga computacional se mantenga manejable. Como consecuencia, dichas simula-
ciones requieren de una prescripción de formación de estrellas que sea bien comportada
en este régimen.

Se consideraron diferentes procedimientos para obtener dicha prescripción, lo cual con-
llevo a que se identificasen diferentes alternativas. Dado que se está lidiando con un tema
que ha sido escasamente estudiado con anterioridad en la literatura, la atención se centra en
la alternativa de mayor simplicidad. Consecuentemente, se emplea un procedimiento que
permite establecer una conexión entre simulaciones de diferentes resoluciones numéricas, a
través de la cual se pueden inferir propiedades de cantidades f́ısicas por debajo del umbral
de resolución en las simulaciones de baja resolución; en un sentido estad́ıstico, evidente-
mente. Dichas propiedades pueden, entonces, emplearse para poder formar estrellas en
dichas simulaciones.

Una vez seleccionada la alternativa de mayor simplicidad, ésta fue implementada en la
versión pública del código para simulaciones cosmológicas Arepo, y se corrieron una serie
de simulaciones para poder evaluar el grado con el cual dicha alternativa puede superar
las dificultades de prescripciones desarrolladas con anterioridad. Los resultados obtenidos
son ciertamente prometedores; sin embargo, se requieren de estudios más profundizados
que complementen la evaluación en reǵımenes no considerados en el presente trabajo.

ii



Chapter 1

Introduction

This chapter is intended to provide a description of the context in which the present work
is developed and its justification. Accordingly, the purpose and methods of cosmological
hydrodynamical simulations are briefly considered, followed by a discussion of the limi-
tations and complications inherent to them as a consequence of their unavoidably finite
numerical resolution.

1.1 Cosmological hydrodynamical simulations

Cosmological simulations are intended to assess in a self-consistent manner the large-scale
structure and galaxy formation in the Universe by means of computer simulations. To
accomplish this, numerical schemes have to be introduced that model all the components
of the Universe and their associated physical processes that are cosmologically relevant.

Historically, due to limitations in computational power, the first simulations that were
conducted modeled solely the gravitational interaction in a universe composed exclusively
of collisionless dark matter (DM), the so-called N-body simulations1, completely neglecting
the baryonic component and therefore being unable to be compared directly with obser-
vations. Nonetheless, since structure formation in large scales is dominated by DM in
the current standard model of cosmology (e.g. Planck Collaboration et al., 2018), these
simulations provided valuable insights of the DM distribution in such scales, revealing its
web-like structure consisting of voids, walls, filaments and halos, together with insights
of the internal structure of these halos as well (Vogelsberger et al., 2020). Furthermore,
they allowed for the development of alternative approaches to study galaxy formation
and evolution which relied on the post-processing of their output, namely semi-analytical
modeling and abundance matching (Somerville and Davé, 2015; Naab and Ostriker, 2017,
and references therein).

Over time, with the dramatic increase in computational power, including the hydrody-
namics of the cosmic gas in the simulations became possible, hence giving birth to a brand
new field of research in computational cosmology: cosmological hydrodynamical simula-
tions. In these simulations, the cosmic gas is modeled as an inviscid ideal gas using the
Euler equations of fluid dynamics and the thermodynamics of ideal gases, being immersed
in a homogeneously expanding background which is in turn modeled as a spatially flat
Friedmann-Lemâıtre-Robertson-Walker space-time. Euler equations can be formulated in
Eulerian, Lagrangian or arbitrary Lagrangian-Eulerian forms, each of them leading to dif-
ferent discretization schemes. These schemes can be further distinguished on the basis
of whether or not they employ a mesh to solve the equations, leading to the so-called
mesh-based and mesh-free schemes (there are a number of comprehensive reviews in this

1A comprehensive review regarding this type of simulations can be found in Bertschinger (1998).
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1.2. Unresolved physical processes Chapter 1. Introduction

subject, e.g. Somerville and Davé, 2015; Naab and Ostriker, 2017; Vogelsberger et al.,
2020).

1.2 Unresolved physical processes

The inclusion of cosmic gas hydrodynamics represents a major, non-trivial achievement
in the refinement of cosmological simulations. Nevertheless, there still remains a number
of relevant baryonic physical processes that are left unaccounted for, particularly in the
kiloparsec scales and below, such as radiative interactions, magnetic fields and nuclear
reactions. More importantly, limitations in the attainable numerical resolution currently
hinder the correct modeling of the cosmic gas in such scales, thus hindering the modeling
of processes impacting galaxy formation and evolution. As a consequence, in order to
obtain realistic galaxies using cosmological hydrodynamical simulations, simplified pre-
scriptions have to be introduced that compensate this lack of numerical resolution by
modeling the effect of unresolved processes at scales that are marginally resolved in the
simulation. Examples of such processes are radiative cooling of the gas, star formation,
the formation and growth of supermassive black holes (SMBH), energy feedback into the
interstellar medium (ISM) from stars and active galactic nuclei (AGN), and more recently
some attention has been devoted to magnetic fields, cosmic rays, radiation fields and dust
physics (Vogelsberger et al., 2020).

The introduction of these prescriptions brings about a major inconvenience for cosmo-
logical hydrodynamical simulations since, more often than not, it is not possible to arrive
at them from first principles given our poor understanding of the related physics and/or
the lack of well-established observational constraints. For such cases, then, prescriptions
are arrived at following simplified, sometimes phenomenological models which encapsulate
the unknown physics in a set of adjustable parameters. The values of these parameters are
then set, or calibrated, by comparing simulation results to a selection of observed properties
of the galaxy population, such as the galaxy stellar mass function (GSMF) and the stellar
mass-central black hole mass relation (e.g. Schaye et al., 2015; Pillepich et al., 2018).

1.3 The issue of numerical convergence

Furthermore, whether or not these prescriptions should be setup in such a way as to
not require a recalibration when changes to the numerical resolution are made, remains
a subject of debate. Such a property is termed numerical convergence in the literature
(Vogelsberger et al., 2020). Some authors maintain that numerical convergence should
always be demanded, arguing that it simplifies the calibration process and allows for
a distinction to be made between numerical and physical limitations to the modeling
(e.g. Vogelsberger et al., 2013; Pillepich et al., 2018). Nonetheless, numerical convergence
constitutes a strict constraint on modeling alternatives, so much so that, in order to achieve
it, some rather unphysical strategies are commonly followed. An example of this is the
prescription for energy feedback from stars in the previously cited studies. In it, stellar
wind is ejected from a star-forming region with a speed that depends on the local DM
velocity dispersion, the hydrodynamical interactions of this wind with surrounding gas are
disregarded, and it is later absorbed by the nearest gas element once it has traveled far
enough from the star-forming region where it originally formed.

Given such state of affairs, other authors choose to relax this constraint and allow
for prescriptions that must be calibrated to a particular numerical resolution, otherwise
requiring a recalibration (e.g. Crain et al., 2015; Schaye et al., 2015). They argue that,
apart from the increased freedom in modeling, such prescriptions lead to a more realistic
treatment of marginally resolved phenomena since they can be parameterized with local

2



1.3. The issue of numerical convergence Chapter 1. Introduction

hydrodynamical properties of the gas, which are evidently resolution-dependent, allowing
them to fully develop their impact on scales that are resolved in the simulation.

In the case of prescriptions for star formation, which are the main subject of the
present work, they are inherently resolution-dependent given the constraints imposed on
them by observations, as it will be discussed in chapter 3. Furthermore, since these
constraints are built on an averaging procedure specific to a particular spatial scale, and
given the complex nature of star formation, it is not straightforward to know beforehand
the changes they would experience if larger spatial scales are used, and there are indications
that such changes are considerable, as it is discussed in section 3.4. Therefore, difficulties
modeling star formation in low resolution simulations are twofold: previous prescriptions
are inadequate since they have been calibrated to a different numerical resolution, and
observational constraints at relevant spatial scales are limited in their applicability. The
present work represents an attempt to address these difficulties by studying them, and
subsequently proposing and testing a solution.

3



Chapter 2

Objectives

The following objectives were deemed imperative for the successful conclusion of the
present work.

1. To get acquainted with cosmological hydrodynamical simulations through an under-
standing of their purpose, methods and limitations.

2. To understand the subject of numerical convergence in the context of the prescrip-
tions used to model unresolved physics in these simulations, the primary features
affecting it, and the different philosophies that have been adopted hitherto.

3. To understand the theoretical and observational motivations of the current pre-
scriptions employed to model star formation in these simulations and the numerical
difficulties bestowed upon them by the necessity to resort to local hydrodynamical
properties of the cosmic gas.

4. To formulate a prescription that circumvents the aforementioned difficulty following
theoretical, observational and numerical arguments with an emphasis in simplicity
of the final proposal.

5. To assess the suitability of the proposal by performing simulations and analyzing
the results obtained using widely known properties of the galaxy population in the
Universe.
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Chapter 3

Star formation

In this chapter, a general overview of star formation is provided, with emphasis being
made on star formation laws given their relevance in the prescriptions used to model this
phenomenon in cosmological hydrodynamical simulations. A description of some of the
most commonly employed prescriptions is likewise included.

3.1 Fundamentals

Even though star formation plays a central role in shaping the Universe as we know it, to
date it has remained a poorly understood phenomenon given the wide-range of physical
processes affecting it (Krumholz, 2014). The ISM, being composed of ionized, neutral
and molecular gas within which chemical reactions take place, unavoidably coupled with
radiation and magnetic fields, cosmic rays, gravity, shear and Coriolis forces, and previ-
ously formed stars (Mo et al., 2010; Krumholz, 2014), represents a formidable modeling
challenge. Star formation inherits this complexity given the fact that it takes place within
such a chaotic environment.

Star formation is observed to occur in the dense molecular component of the ISM.
Such complexes are frequently termed molecular clouds in the literature. As the term
suggests, these clouds are distributed in a rather clumpy fashion in the ISM, much like
clouds of water vapor in Earth’s sky. They are mainly composed of molecular hydrogen
and, in the Milky Way, they are observed to exhibit a hierarchical structure in which the
largest scale corresponds to the so-called Giant Molecular Clouds (GMC, Mo et al., 2010).
GMCs have typical masses around 105−106 M� and extend over a few tens of parsecs, the
corresponding densities being nH2 ' 100− 500 cm−3. Additionally, they exhibit a nearly
isothermal structure, with temperatures around 10 K (Mo et al., 2010).

Molecular clouds are being permanently bombarded with ionizing and photo-dissociating
radiation and cosmic rays, which are mostly absorbed within their outermost layers in a
process called self-shielding. As consequence, they exhibit a layered structure which, from
outside to inside, is composed of ionized, atomic and molecular hydrogen (Krumholz,
2014).

Large-scale cosmological simulations typically have softening lengths of several hundred
parsecs (e.g. Vogelsberger et al., 2014; Schaye et al., 2015; Marinacci et al., 2018), and
hence their current achievable resolution is still an order of magnitude away from capturing
the length scales in which molecular clouds are observed to form. Moreover, they currently
lack most of the rich physics that is present in the ISM. Consequently, in order to form stars
in these simulations, a prescription is required that establishes the conditions under which
collisionless star particles will be spawned from gas elements. Given the complex nature
of the ISM, setting up such a prescription is a far-from-trivial modeling task. Fortunately,
though, the existence of empirical star formation laws simplifies matters considerably.

5
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3.2 The Kennicutt-Schmidt star formation law

One of the earliest attempts to gain insight of the physical processes affecting star for-
mation consisted in trying to find empirical correlations between the star formation rate
(SFR) and thermodynamical properties of the gas in the ISM, both averaged over some
suitable length scale. Such correlations are termed star formation laws in the literature.

Since observations are restricted to quantities integrated along the line of sight, star
formation laws are generally expressed as surface densities; i.e., as quantities per unit pc2

or kpc2. However, if a constant scale height is assumed for the ISM, then surface density
laws are equivalent to volume density laws. Such an assumption was made by Schmidt
(1959), who expressed the volume density of the SFR as a function of the volume density
of the ISM gas using a power law,

ρ̇? ∝ ρns
g , (3.1)

and suggested ns ∼ 2 by analyzing the distribution of neutral hydrogen and young stars in
a direction perpendicular to the Galactic plane. Relationships of this type are commonly
referred to as Schmidt laws in the literature.

Depending on the length scale that is used to average the quantities and on what
constitutes the “gas” in the ISM, several types of Schmidt laws can be defined. For
instance, the gas density can be restricted to the contribution from atomic hydrogen,
molecular hydrogen or the sum of both (neglecting helium and metals). Furthermore,
the averaging can be made over an entire galaxy, leading to the so-called global Schmidt
laws, or it can be made within a single galaxy averaging over concentric rings (azimuthal
averages) or even on a pixel-by-pixel basis, leading in turn to the so-called local Schmidt
laws (Mo et al., 2010).

Building on the work of Schmidt, Kennicutt (1998b) fitted a global Schmidt law using
a sample of normal disk and starburst galaxies, obtaining

Σ̇? = (2.5± 0.7)× 10−4
( Σg

M� pc−2

)1.4±0.15
M� kpc−2 yr−1, (3.2)

where Σg corresponds to the total (atomic and molecular) gas surface density. Given that
Kennicutt used surface densities as opposed to Schmidt’s volume densities, Equation 3.2
is typically referred to as a Kennicutt-Schmidt (KS) star formation law. The discussion of
global KS laws is deferred to section 4.1 where its usefulness for low resolution simulations
is considered. The remainder of the present section will be devoted exclusively to local
KS laws, whose sub-galactic spatial scales are suitable for the typical resolutions found in
modern large scale cosmological simulations.

With the advent of improved telescopes and instruments, obtaining local laws became
possible. Here the discussion is limited to local laws obtained through averaging on a pixel-
by-pixel basis, since azimuthal averages typically bin together regions within a galaxy with
substantially different local gas and SFR densities, making them inadequate for studying
local dependencies between these variables (Schaye and Dalla Vecchia, 2008; Kennicutt
and Evans, 2012).

Before discussing local laws, it is useful to introduce a number of definitions that
are commonly employed in the literature. Such definitions will be useful as well when
discussing star formation prescriptions in the next section. Hence, first is the so-called gas
consumption timescale, which quantifies the time it will take to convert the gas within a
given region into stars,

τSF ≡
Mg

Ṁ?

(
= Σg

Σ̇?

= ρg
ρ̇?

)
. (3.3)

Next, the star formation efficiency (SFE) is defined as the ratio of the local free-fall time

6



3.3. Prescriptions to model star formation Chapter 3. Star formation

to the gas consumption timescale,
εSF ≡

τff
τSF

, (3.4)

the free-fall time τff representing the time required for a uniform, pressure-free sphere to
collapse to a point, which can be written as (Mo et al., 2010; Krumholz, 2014)

τff =
√

3π
32Gρ, (3.5)

where G is the gravitational constant.
Proceeding with local laws, they hold a number of insightful features. First, when

considering the SFR as a function of total gas density, a large scatter is found in the index
of the power law, ranging from 1 to 3 (Mo et al., 2010). The reason for this is that a
sharp decrease in the SFR is observed around surface densities of 10 M� pc−2, which is
typically phrased as there being a density threshold for star formation. Second, the SFR
is poorly correlated with the density of atomic hydrogen, but in turn is tightly correlated
with the density of molecular hydrogen. Third, the surface density of atomic hydrogen is
observed to saturate around 10 M� pc−2, which coincides with the value for the density
threshold for star formation. For graphical representations of these features, the reader is
referred to Figure 9.4 in Mo et al. (2010), Figure 12 in Kennicutt and Evans (2012), and
Figure 2 in Krumholz (2014).

It is now well-established that at surface densities around 10 M� pc−2 a phase transi-
tion takes place in the ISM, whereby hydrogen atoms combine to form molecules (Schaye
and Dalla Vecchia, 2008; Mo et al., 2010; Kennicutt and Evans, 2012; Krumholz, 2014),
although this value may depend on metallicity (Krumholz, 2014). Furthermore, there are
several possible explanations for the tight correlation between SFR and the density of
molecular hydrogen (Schaye, 2004; Mo et al., 2010; Krumholz, 2014), but consensus has
yet to be reached.

Another relevant point regarding local laws is that the gas consumption timescale
appears to be constant for gas densities outside the region where the phase transition takes
place; or equivalently, the index of the KS law is found to be around unity in such regions.
The values of this timescale, though, for the regions above and below the threshold, differ
by a factor of 50, being around 2 and 100 Gyr respectively (Krumholz, 2014). For the
former region, the same study reports that data are consistent with a universal SFE of
εSF ' 0.01, meaning that in molecular clouds the gas consumption timescale is greater than
their free-fall time by a factor of 100. The physical processes behind such an inefficient
star formation remain a subject of debate in the community.

As it can be seen, despite the fact that local star formation laws entail an averaging
procedure over length scales of the order of kiloparsecs, they provide valuable insights into
the properties of star formation, motivating the formulation of a wide range of theories
to explain them. Furthermore, considering that a self-consistent picture of star formation
has yet to emerge, they constitute the sole kiloparsec-scale constraint on star forma-
tion prescriptions introduced to cosmological simulations, which are themselves calibrated
specifically to reproduce these laws, as will be discussed in the next section.

3.3 Prescriptions to model star formation

Modeling star formation in cosmological hydrodynamical simulations was pioneered by
Katz (1992). In it, a prescription was introduced in which a Schmidt law was employed
to quantify the rate of stellar mass production in gas elements that satisfied a specific
set of criteria to be considered star-forming. Then, a probability of spawning a star
particle from a gas element was calculated based on the ratio of the amount of stellar

7



3.3. Prescriptions to model star formation Chapter 3. Star formation

mass produced during a time step to the mass of the gas element. Amazingly enough,
this algorithm for star formation is largely preserved in modern prescriptions, with some
modifications introduced owing to improvements in the understanding of both the physics
of star formation and the numerical performance of the algorithm, as will be discussed in
this section.

Keeping in mind the objectives of the present work, attention will be focused on pre-
scriptions that have been used in large scale cosmological hydrodynamical simulations.
Hence, referring to the compilation of such simulations made by Vogelsberger et al. (2020),
three prescriptions emerge: Springel and Hernquist (2003), Schaye and Dalla Vecchia
(2008) and Krumholz et al. (2009).

Nevertheless, the prescription of Krumholz et al. (2009) will be excluded from this
discussion for the following reason. In it, the SFR is expressed as a function of the
density of molecular hydrogen within a gas element, the latter being approximated using a
parameterization of the fraction of molecular gas within a cloud in the ISM with metallicity
and average density. Regarding this course of action, Naab and Ostriker (2017) argue
that it increases the complexity and uncertainty of the prescription considering that the
molecular fraction of a cloud depends on a wide-range of physical processes which are
unresolved in cosmological simulations. Further, they add that it remains unclear whether
the formation of molecular hydrogen is the main driver of star formation, a view that is
shared by, e.g., Elmegreen (2018).

3.3.1 Springel & Hernquist

The prescription of Springel and Hernquist (2003) models each gas element as being com-
posed of hot and cold phases, much like the molecular complexes observed in the ISM. It
assumes that an averaging procedure is available such that, on the one hand, these phases
can be described solely by their average density and internal energy, and on the other
hand, it enables physical processes to be introduced that can be formulated in terms of
these average quantities, and through which said phases can exchange mass and internal
energy.

In such a framework, the densities and internal energies of the phases within each
gas element can be tracked by writing a set of simple differential equations for their time
evolution, taking into account the physical processes introduced (equations (5-6) and (8-
9) in Springel and Hernquist, 2003). The cold phase temperature is assumed to have a
constant value of Tc ' 103 K, which leads to a constant internal energy uc for this phase,
thereby reducing by one the number of differential equations to be solved. Furthermore,
the hydrodynamic interactions are followed only for the hot phase gas, while the cold
phase interacts only through gravity.

Stars are allowed to form from the cold phase at a rate that is inferred from Equations
3.3 and 3.4,

ρ̇? = (1− β) ρc

τSF
= (1− β) εSF

ρc

τff
, (3.6)

where the factor 1−β comes from the assumption that a mass fraction β of the stars formed
instantly explode as core-collapse supernovae, the value of this mass fraction depending
on the choice of the initial mass function (IMF). Taking into account Equation 3.5 for the
free-fall time, this last expression is equivalent to a KS law with index 1.51, which is at
odds with index values of ∼1.4 and ∼1.0 found for empirical local KS laws2, as discussed
in the previous section. Given this difference, a new fit has to be performed to the data
from Kennicutt (1998b) and forcing the index of the power law to a value of 1.5. Then,

1Provided a constant scale height is assumed throughout the disk of a galaxy.
2An index of ∼1.4 is obtained from azimuthal averages of the data, while an index of ∼1.0 from pixel-

by-pixel averages (Kennicutt and Evans, 2012; Krumholz, 2014).
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3.3. Prescriptions to model star formation Chapter 3. Star formation

the output from simulations are made to replicate this tailored KS law by calibrating the
value of εSF.

The physical processes introduced in the model that entail mass and internal energy
exchange between phases are the following. Cold phase gas, as mentioned earlier, is allowed
to lose mass to stars at a rate of ρc/τSF, of which a fraction 1 − β goes into stars and
the remaining fraction β that explodes as supernovae is deposited into the hot phase gas,
thereby increasing its internal energy. Moreover, cold phase gas is allowed to “evaporate”
to the hot phase as a consequence of supernova explosions that are present when star
formation is taking place.

The processes within the hot phase gas, however, are made to depend on the regime
in which the gas element containing it is found. Two regimes are distinguished, depending
on whether the density of the gas element is above or below a specified threshold, ρth.
In the latter case, the hot phase solely looses internal energy through an optically thin
radiative cooling prescription. In the former case, the hot phase is assumed to be thermally
unstable, and consequently “condenses” to the cold phase, thereby increasing the density
of the latter and favoring star formation.

In this way, the overall effect of this prescription is to regulate the temperature and
pressure of gas elements in which star formation is taking place. This can be seen as
follows. Consider a gas element for which ρc = 0; i.e., it is composed solely of a hot phase.
If its density is such that ρ ≤ ρth, then the only effect this prescription will have in it is the
radiative cooling. Now suppose that this gas element manages to cool sufficiently so that
ρ > ρth, then this gas element enters the thermally unstable regime and the hot phase is
allowed to condense, thereby bringing into existence a cold phase within the gas element.
The latter will trigger the formation of a star particle of a given mass, a fraction of which
will immediately explode as a supernova, with the subsequent increase in the internal
energy of the hot phase gas. This will manifest itself as an increase in temperature and
pressure in the gas element, the latter being given by P = (γ − 1) (ρhuh + ρcuc), where
the quantity ρhuh + ρcuc is the internal energy per unit volume of the gas element.

In the literature, the effect just described is phrased as the prescription introducing
an effective equation of state (eEOS) for gas elements in which star formation is taking
place. Such an eEOS is required in the numerical scheme in order to prevent gas elements
from undergoing catastrophic cooling once they reach a sufficiently high density, which
was one of the most important difficulties cosmological hydrodynamical simulations had
to overcome at their early stages (Somerville and Davé, 2015; Naab and Ostriker, 2017).

3.3.2 Schaye & Dalla Vecchia

The prescription of Schaye and Dalla Vecchia (2008) follows a substantially different and
simpler approach to model star formation when compared to the previous one.

Firstly, an analytical connection is established between surface and volume densities
which does not require the assumption of a constant scale height throughout the disk
of a galaxy. It is based, in turn, on the assumption that the disk is self-gravitating, as
originally suggested in Schaye (2001), which enables to approximate the local scale height
with the local Jeans length. The latter is given by

λJ ≡
cs

(Gρ)1/2 ,

where cs is the effective speed of sound (including turbulent pressure) and ρ represents
the combined local density of gas and stars. Writing the latter as ρ = ρg/fg, where fg is
the local gas fraction, and c2

s = γPtot/ρg, this last equation can be written as

λJ = 1
ρg

(
γ fgPtot
G

)1/2
.

9
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Hence, the gas surface density can be approximated as

Σg = λJρg =
(
γ

G

)1/2
(fg Ptot)1/2 . (3.7)

Using this relation and a KS law, the SFR can be written as a function of total pressure
in the gas. Noticing that

Σg

Σ̇?

= mg
ṁ?

,

the following is obtained

ṁ? = mg A

(
γ

G
fg Ptot

)(n−1)/2
, (3.8)

where A and n are the normalization and index of the KS law, respectively. Equations 3.7
and 3.8 open the possibility of expressing the SFR and its density threshold as a function of
total gas pressure, using as input an empirical KS law and without requiring the calibration
of a single free parameter. Furthermore, they predict that in the cases where the SFR
is written as a function of volume densities; i.e., when a Schmidt law is assumed, its
index is different from the index of the empirical KS law, this difference depending on the
index of the assumed eEOS (eq. (15) or (16) in Schaye and Dalla Vecchia, 2008). This is
particularly problematic for the prescription of Springel and Hernquist (2003) described in
the previous section, considering that the index of its eEOS is not constant, but actually
a function of gas density3. Moreover, this problem is not present when the SFR is written
as a function of total gas pressure.

This last statement leads to the main advantage of this prescription. It means that
the empirical KS law will be reproduced by the simulation regardless of the choice of
eEOS, hence giving the freedom of selecting the latter to accomplish different purposes.
For example, Schaye and Dalla Vecchia recommend a polytropic eEOS with index 4/3
since this leads to a Jeans mass of the gas elements that is independent of their density.
The same holds for the ratio of the Jeans length to the spatial resolution of the numerical
scheme for the hydrodynamics. They argue that such properties guarantee that both
Jeans mass and length of gas elements are resolved in the simulation regardless of the
their density, preventing the development of known numerical inaccuracies when these
conditions are not met.

3.4 Caveats related to star formation laws

As discussed in previous sections, prescriptions to model star formation make use of star
formation laws to constrain their behavior at marginally resolved scales. Building on this
discussion, the present section aims to assess the observational uncertainties and numerical
inconveniences brought about by the use of such laws.

3.4.1 Systematic uncertainties

Obtaining star formation laws requires measurements of SFRs and masses of the different
components of the ISM, which unavoidably carry uncertainties with them.

The SFR is inferred by measuring the radiation emitted by young stars. This relies on
the reasonable notion that the population of such stars is indicative of the star formation
that took place in the recent past, in a specific region. A number of wavelength bands

3For the case of said prescription, this means that star-forming regions of different densities are fitting
different KS laws.
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or spectral lines can be used for this purpose, each of them being related to the emission
of young stars through various physical mechanisms. For instance, near-ultraviolet (UV)
continuum emission is dominated by young stars according to synthetic stellar population
models, the Hα line is expected to be excited in atomic gas surrounding young stars, and
far-infrared (FIR) continuum is expected when dust particles are heated by preferentially
absorbing UV light emitted from young stars (Kennicutt, 1998a; Kennicutt and Evans,
2012). These are termed diagnostic methods in the literature, and their connection with
the population of young stars is established through synthetic stellar population models,
which require the assumption of age distribution, chemical composition and IMF of the
underlying stellar population (Kennicutt and Evans, 2012), and enable calibrations to be
developed that relate measured luminosities of diagnostic methods to integrated SFRs
(Kennicutt, 1998a; Kennicutt and Evans, 2012).

Hence, uncertainties in the determination of SFRs have contributions from measur-
ing luminosities of diagnostic methods and the uncertainties inherent to synthetic stellar
population models. For the former, dust attenuation impairs UV and Hα measurements,
while the lack thereof in turn impairs FIR and radio measurements, in all cases possibly
leading to underestimation or overestimation of the SFR, depending on the properties
of the surrounding medium (Kennicutt and Evans, 2012). As for the latter, synthetic
stellar population models are known to be sensitive to metallicity and the choice of IMF
(Kennicutt and Evans, 2012).

For the case of the ISM, typically masses are obtained for atomic and molecular hy-
drogen, and the so-called dense gas. Different spectral lines (or gas tracers) are used for
each of these components. Cold atomic hydrogen (T . 70 K) is traced by its 21 cm hy-
perfine transition, molecular hydrogen (the most abundant molecule in the ISM) by the
J = 1→ 0 transition of the CO molecule, while dense gas (n > 104 cm−3) by transitions
akin to the latter but from the CS and HCN molecules (Kennicutt and Evans, 2012).
Masses are obtained by means of expressions that relate them to line intensities and other
parameters (Kennicutt and Evans, 2012).

Hence, uncertainties in mass determination are similar to the case of the SFR with
respect to the measurement of line intensities. Notwithstanding this, their largest source
of uncertainty stem from the relationships between masses and line intensities employed,
within which the case of the CO molecule is the most widely known (Kennicutt and
Evans, 2012). In it, line intensity is converted to column density of molecular hydrogen
through a factor denoted as X(CO). This factor has poorly understood dependencies
with metallicity, gas density and temperature (Kennicutt and Evans, 2012; Bolatto et al.,
2013), and such is the state of affairs regarding it that, for the case of extragalactic
measurements, even fixing metallicity to solar values leads to uncertainties of a factor of
two (Bolatto et al., 2013), which translate to same order uncertainties in the inferred mass
of molecular hydrogen.

Given the variety of measurements that can be used to obtain SFRs and gas masses, in
addition to the aforementioned uncertainties related to them, the large scatter observed in
star formation laws should not be surprising (e.g. Kennicutt and Evans, 2012; Orr et al.,
2018; Williams et al., 2018; Murphy et al., 2019, and references therein), particularly in
sub-kiloparsec scales, so much so that it has motivated a number of studies that suggest
the breakdown of the KS law at such scales (e.g. Calzetti et al., 2012; Feldmann et al.,
2012; Kruijssen and Longmore, 2014; Khoperskov and Vasiliev, 2017).

3.4.2 Numerical convergence in prescriptions

From the numerical perspective, the reliance of star formation prescriptions on star for-
mation laws is troublesome for their numerical convergence properties, the impact being
twofold.

11
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First, it requires the SFR to be expressed as a function of local hydrodynamical prop-
erties of the gas elements, such as density or pressure, which are evidently influenced by
changes in numerical resolution. Furthermore, KS laws which relate the SFR to total gas
density or pressure must be used, since simulations do not track the molecular compo-
nent within gas elements, and for good reasons (as it was discussed in section 3.3). This
means that the commonly observed phase transition around Σg = 10 M� pc−2 has to be
accounted for, which is typically achieved through a volume density threshold for star
formation, as it is done in the prescriptions discussed in section 3.3, thereby introducing
another dependence on a local hydrodynamical property.

Second, star formation laws are themselves highly dependent on the spatial scale used
to average the observed quantities (e.g. Williams et al., 2018); hence, for modeling pur-
poses, a particular version of such laws is adequate only within a certain range of numerical
resolution of the target simulation, which should be chosen such that the softening lengths
in the latter are comparable to the aforementioned spatial scales.

12



Chapter 4

Methodology

The previous chapters aimed at covering the astrophysical baggage required to develop
a prescription to model star formation in low resolution cosmological hydrodynamical
simulations. Having achieved that, the avenues selected to pursuit this goal and their
subsequent development ought to be described. Hence, this chapter first brings attention
to global KS laws as a valuable resource in the present circumstances. Following this, a
slight digression is made to introduce the simulations that were run which constituted the
means used to achieve this goal. Next, the strategy adopted and the methods devised in
accordance with said strategy are first broadly outlined, and then a detailed account of
their development is provided. This entire process, due to extension restrictions, yields a
single candidate method, which then proceeds to the assessment phase that is described
in the following chapter.

For clarity, previous prescriptions developed for higher resolution simulations (i.e.,
those that were described in section 3.3) will be henceforth referred to as standard pre-
scriptions.

4.1 The case for a global Kennicutt-Schmidt law

The coarser, galactic scales of global KS laws which, contrary to local laws, more closely
resemble the softening lengths of low resolution cosmological hydrodynamical simulations
(Table 4.1), justifies their consideration in the quest for a prescription to model star
formation in these simulations.

Global KS laws are obtained by quantifying the total gas mass and total SFR of
galaxies using one of the methods described in the previous section, dividing them by the
area of the star-forming disk of the corresponding galaxy, and fitting the results to a power
law (Kennicutt and Evans, 2012). The observed index of the power law is 1.4−1.5 when a
single value for X(CO) is assumed for all the galaxies considered (Kennicutt and Evans,
2012), although this is hardly an appropriate assumption given the known dependencies
of this factor, as discussed in section 3.4. Hence, there is considerable uncertainty in the
value of this index (Kennicutt and Evans, 2012).

The introduction of a global KS law into a star formation prescription would require
essentially the same procedure as the case of local laws. For instance, they would have to
be cast in a form that is manageable for simulations; i.e., using volume densities or total
pressures. However, a drawback emerges at this point which originates from the known
difficulty of defining the boundaries of a galaxy, which is likely the reason behind the
choice of using the area of the star-forming disk to compute surface densities in global KS
laws. This means that these laws relate SFR and gas mass only within the star-forming
portion of galaxies. Consequently, a diligent implementation of them into a star formation
prescription requires a companion function that enables the determination of the fraction
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of a gas element that is forming stars. Such a function essentially has the task of predicting
the internal structure of a gas element using as input the averaged properties of the same
and surrounding gas elements, since more detailed information within simulations is not
available. Hence, to make this prediction possible, the required additional information
would have to come from sources outside the corresponding simulation.

Nonetheless, no further drawbacks should be expected in this implementation since, as
mentioned earlier, the procedure should be essentially the same as for local laws. Therefore,
global KS laws deserve full consideration as a potential means to achieve the objectives of
the present work.

4.2 The simulations run

Anticipating subsequent discussions, in this section a slight digression is made to describe
the simulations run for the purposes of the present work. They will be distinguished as
fiducial, control and calibration simulations.

The fiducial simulation was considered the reference, or benchmark, simulation to
which the others were compared to and/or had to reproduce. The justification for this is
that its numerical resolution was chosen so as to be comparable to the resolution of pre-
viously run large scale cosmological hydrodynamical simulations (e.g. Schaye et al., 2015;
Marinacci et al., 2018) and it used a standard prescription for star formation; consequently,
this simulation was run in a regime where both the code and the standard prescription are
known to be well-behaved. Moveover, the control simulation had the same setup as the
fiducial simulation, the sole distinction being its lower numerical resolution. Its purpose
was to enable the assessment, on the one hand, of the impact of this lower resolution on
the results of the fiducial simulation and, on the other hand, of the improvement achieved
with the prescription developed in this work. Finally, the calibration simulations had the
same numerical resolution as the control simulation, and in them the standard prescription
for star formation was replaced by the prescription developed in this work. Their purpose
was to enable the calibration of the free parameters in the foregoing prescription. Ta-
ble 4.1 summarizes the characteristics of all the simulations run. It should be mentioned
that a computational box of 20 Mpc on each side was chosen so as to require modest
computational resources for running the simulations.

A depiction of the effects of changes in numerical resolution is shown in Figure 4.1,
where the images comprise a projection of size 9× 16 Mpc in (a) the fiducial simulation,
(b) an intermediate resolution simulation included for illustrative purposes and (c) the
control simulation. The images were created using the Splotch1 software package. The
role played by numerical resolution in revealing structure in ever smaller spatial scales, and
the smoothing effect that its reduction entails for the physical properties in simulations,
are clearly seen in Figure 4.1.

All simulations were run in the LaPalma Supercomputer, located at the Instituto de
Astrof́ısica de Canarias. The public version of the Arepo code (Springel, 2010; Weinberger
et al., 2019) was used, which implements the star formation prescription from Springel and
Hernquist (2003) and a radiative cooling prescription. It does not include any additional
prescriptions; nonetheless, this turns out to be convenient for the purposes of the present
work for the reasons that are indicated in section 5.1.

1http://www.mpa-garching.mpg.de/˜kdolag/Splotch

14

http://www.mpa-garching.mpg.de/~kdolag/Splotch


4.3. Arriving at a prescription for star formation Chapter 4. Methodology

Table 4.1: (a) Parameters common to all simulations and (b) their distinctive character-
istics. In the former, L is the side of the computational box in comoving Mpc (cMpc);
Ωm, Ωb and ΩΛ are the average densities of matter, baryons, dark energy in units of the
critical density at redshift zero; and h is the Hubble parameter. In the latter, the columns
show the simulations’ names, number of resolution elements, initial mass of gas elements,
mass of DM particles, softening lengths in comoving kpc (ckpc) and the star formation
prescription.

(a)

Parameter Value
L, cMpc 20
Ωm 0.25
Ωb 0.04
ΩΛ 0.75
h 0.7

(b)

Simulation N mg, M� mdm, M� ε, ckpc SF prescr.
Fiducial 2883 1.82× 106 1.14× 107 2.8 Standard
Control 723 1.17× 108 7.29× 108 11.2 Standard
Calibration 723 1.17× 108 7.29× 108 11.2 This work

4.3 Arriving at a prescription for star formation

4.3.1 Constraining the avenues to be considered

There are presumably a number of different approaches, theoretical and/or empirical,
that could be followed to arrive at a prescription for star formation at low numerical
resolution, perhaps encompassing a wide range in degrees of sophistication. The present

(a) (b) (c)

Figure 4.1: A visualization of some of the simulations run in the present work. The images
comprise a projected view of 9× 16 cMpc at redshift zero of the computational box in (a)
the fiducial simulation, (b) an intermediate resolution simulation included for illustrative
purposes and (c) the control simulation. From left to right, numerical resolution decreases
by factors of eight. Intensity denotes gas density and colors denote gas temperature, both
in logarithmic scale. Created using the Splotch software package (the reference can be
found in the text).
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work, however, focused in a straightforward approach that consisted in attempting to
“generalize”, so to speak, standard prescriptions. What is meant by this is that the
main framework of these prescriptions were retained, and attention was focused in making
adjustments in the way the SFR is determined. The rationale behind this choice is to
minimize the potential unintended consequences of substantially modifying well-tested and
well-behaved prescriptions, which could negatively impact the numerical stability and/or
accuracy of the code.

Accordingly, two methods were devised to accomplish this, which will henceforth be
referred to as Method I and Method II. An outline of each of them follows, and a
detailed account of their development is deferred to subsection 4.3.2.

Method I On the basis of the discussion in section 4.1, this method consists in attempt-
ing to substitute the local KS law used in standard prescriptions with a global KS law.
The drawback related to such an approach, as identified in the foregoing section, can be
addressed by (1) establishing a set of criteria through which gas elements can be distin-
guished between ordinary or star-forming and (2) using high resolution simulations to
analyze the distribution of star-forming gas at spatial scales that are relevant for low reso-
lution simulations. This analysis is expected to yield a relationship between the fraction of
a gas element that is forming stars and its averaged properties, like density or pressure. If
this is achieved, then using this fraction a global KS law yields the SFR of the gas element,
and the unmodified portion of the standard prescription would lead to the spawning of
star particles using this SFR.

Method II Alternatively, rather than attempting to determine the fraction of gas ele-
ments that is forming stars and using it to calculate SFRs, a simpler approach consists
of leapfrogging this step and attempt to find a direct relationship between the SFR and
averaged properties of gas elements. This eliminates the requirement of distinguishing
between ordinary and star-forming gas elements, thus leading, if attainable, to a cleaner
prescription. Having obtained such a relationship, the procedure to spawn star particles
would be analogous to the one described for Method I.

4.3.2 Developing the alternatives

This subsection describes in detail the series of steps followed in the attempt of realizing
the methods outlined in the previous subsection. Arguably complicating the discussion,
the choice was made to respect the chronological order in which the original developments
were made, thus emphasizing the trial-and-error nature of this process.

Method I

Recapitulating, this method attempts to substitute a local KS law with a global KS law as
the means of relating SFRs and densities of gas elements in star formation prescriptions.
A complication arises due to the fact that a global KS law relates these quantities solely for
the fraction of gas elements that is forming stars. Consequently, in order for a global KS
law to serve its intended purpose in a prescription, this fraction needs to be determined.

To accomplish this, the fiducial simulation was used (section 4.2). The rationale be-
hind this approach is the notion that a connection can be made between simulations of
different resolutions, whereby a higher resolution simulation can be used to determine,
on average, the internal distribution of properties in gas elements of a lower resolution
simulation. In practice, this is achieved through a statistical analysis of the distribution
of gas elements and their properties in the higher resolution simulation, coupled with a
smoothing procedure that establishes a connection with less resolved structures in lower
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resolution simulations. Following this approach, two possible alternatives were contem-
plated to determine the fraction of a gas element that is forming stars, which are described
in the following paragraphs.

If the gas density probability density function (PDF), P(ρg; x̄), can be parameterized
with quantities x̄ averaged over a suitable spatial scale, and if star-forming gas is taken
as the gas which has a density above a specified threshold ρg,th, then the fraction of
star-forming gas would be simply given by P(ρg > ρg,th | x̄). Furthermore, the number
of averaged properties used to parameterize this PDF must be kept to a minimum given
that a simple prescription is desired. Hence, on the basis of physical considerations, it
was deemed appropriate to use gas density and redshift for this parameterization, so that
P(ρg; ρ̄g, z).

This PDF was obtained empirically using the output from the fiducial simulation and
resorting to the following procedure. The computational box was divided in a Cartesian
grid in such a way that the average baryonic mass contained in each of the cells of the grid
matched the mass of gas elements in the target low resolution simulation2. Then, for each
of the cells, their average gas density was calculated, together with their gas density PDF.
Finally, the cells were binned according to their average gas density, and a representative
average gas density and PDF were determined for each bin. Carrying out this procedure
for every snapshot3 of the fiducial simulation yields a collection of sample points of the
desired PDF. Figure 4.2 shows the results that are obtained.

The next step would consist of introducing a sampling scheme for this PDF in order
to obtain P(ρg > ρg,th | ρ̄g, z). However, at this stage it was recognized that a more
straightforward alternative would be to directly parameterize the mass fraction of a gas
element that is forming stars, since this avoids the need to sample the PDF. Hence,
attention was diverted into this new alternative.

The procedure to obtain the foregoing mass fraction is similar to the previously followed
for the gas density PDF. The computational box of the fiducial simulation is still divided
with a Cartesian grid and the average density is calculated for each cell. In this case,
however, the mass of gas elements that are forming stars4 is distributed to surrounding

2Which, in the present work, corresponds to the calibration simulations (section 4.2).
3That is, the bulk of the output of a simulation for a given redshift.
4Which are still taken as the gas elements whose density is above a specified threshold.
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Figure 4.2: The PDF P(ρg; ρ̄g, z) obtained empirically using the fiducial simulation, where ρg
and ρ̄g are written as 1 + δg and 1 + δ̄g, respectively. δg is the overdensity of gas elements with
respect to the average baryonic density at redshift zero. Slices of P(ρg; ρ̄g, z) are shown for (a)
1 + δ̄g = 13.3 and (b) z = 0, with additional slices shown in the legends. Shaded regions indicate
the interquartile range.
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Figure 4.3: The mass fraction of a gas element that is star-forming as a function of its density,
at three redshifts. Shaded regions indicate the interquartile range. δ̄g is the overdensity of gas
elements with respect to the average baryonic density at redshift zero.

cells using the cloud-in-cell (CIC) method. Then, this accumulated mass of star-forming
gas is normalized by the total gas mass (i.e., ordinary and star-forming) that each cell
contains, and likewise the cells are binned according to their average gas density, with
a representative average gas density and mass fraction being determined for each bin.
Figure 4.3 shows the results obtained with this alternative for a number of redshifts.

Given the distribution of the obtained points, as seen in Figure 4.3, an analytical fit
could be attempted. The combination of such a fit with a global KS law, hence, effectively
supersedes a local KS law in its role of relating SFRs and gas densities in a simulation.

Even though both of the alternatives contemplated to implement this Method I could
certainly lead to a successful prescription, attention was diverted again to an even simpler
approach, which is the one referred to as Method II in subsection 4.3.1 and is discussed
next.

Method II

In this method, the attempt was made to directly parameterize the SFR with the density
of gas elements and redshift, following an approach similar to the one used in Method I.
Since the SFR for every star-forming gas element, in units of solar masses per year, is
available from the output of the fiducial simulation, it is distributed to the surrounding
cells of the grid using the CIC method. Then, again, by binning the cells according to
their average gas density, determining a representative average gas density and SFR for
each bin, and repeating the same procedure for every snapshot of the fiducial simulation,
a collection of points in the SFR-gas density-redshift space are obtained. Figure 4.4 shows
the curves outlined by these points for a number of redshifts.

Given the curves observed in Figure 4.4, the simplest expression that reasonably cap-
tures the dependencies was considered to be a power law of the form

ṁ? = a (1 + z)b
(
1 + δ̄g

)c
,
[
M� yr−1

]
(4.1)

where ṁ? is the SFR, z is the redshift and δ̄g is the overdensity of the gas5. The variables
denoted by a, b and c constitute free parameters whose values must be set by analyzing the

5That is,
1 + δ̄g = ρ̄g

Ωb ρc,0
,
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Figure 4.4: The SFR in a gas element as a function of its density, at three redshifts. Shaded
regions indicate the interquartile range. δ̄g is the overdensity of gas elements with respect to the
average baryonic density at redshift zero.

output from simulations in which Equation 4.1 is implemented. This makes the rigorous
fitting of these values to the results obtained here unnecessary. In spite of this, a rough
estimate is still justified as it serves as a starting point for the calibration process that
follows. Hence, by trial-and-error it was found that the values (a, b, c) =

(
10−7, 1.0, 2.5

)
reasonably fit the data. Figure 4.5 shows a couple of such fits, where it can be seen
that given the scatter in the results obtained, the values of a, b and c are not well con-
strained, and hence significant departures from the foregoing values can be expected in
the calibration process.

Equation 4.1, then, assumes the role of a local KS law in relating SFR with gas density
in a prescription for star formation. Given its simplicity, it constitutes the selected proposal
to achieve the goal of the present work, and hence it proceeds to the next phase where its
suitability is assessed.

where ρc,0 = 3H2
0/8πG is the critical density of the Universe at redshift zero.
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Figure 4.5: Two examples from the approximate fit performed to the results obtained in Method
II. Dashed lines correspond to Equation 4.1 using the values (a, b, c) =

(
10−7, 1.0, 2.5

)
. Shaded

regions indicate the interquartile range. δ̄g is the overdensity of gas elements with respect to the
average baryonic density at redshift zero.
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Chapter 5

Results

Having reached the stage where a simple prescription has been obtained, what follows is
an assessment of the degree to which said prescription can solve the performance issues of
standard prescriptions in the low numerical resolution regime. Consequently, the present
chapter first discusses the philosophy adopted to execute this assessment considering some
limitations that are present, then the calibration process is described and the performance
of the best-fitting prescription that was found is analyzed.

5.1 Preliminary remarks

The suitability of prescriptions introduced to cosmological simulations is assessed by com-
paring simulation results to a number of observables of the galaxy population, the best
fit being sought by exploring their parameter space. Ideally, the same procedure should
be adopted to perform the assessment of the prescription developed in the present work,
however there is an obstacle.

The relatively recent success of large scale cosmological hydrodynamical simulations
in reasonably reproducing observations (e.g. Schaye et al., 2015; Marinacci et al., 2018)
is predominantly a consequence of the synergy between the prescriptions introduced to
them, whereby energy feedback from stars and AGNs play a central role (e.g. Scannapieco
et al., 2012). Nonetheless, for the case of low numerical resolution simulations, these
prescriptions are not available, thus making any attempt to reproduce observations in the
present work futile. Hence, an alternative assessment philosophy had to be introduced.

Considering that the prescription developed aims to address the performance issues of
standard prescriptions at low numerical resolution, a straightforward approach to assess
the degree to which this is achieved consists in comparing results from simulations having
different numerical resolutions, whereby high resolution simulations employ a standard
prescription, and those of low resolution, in turn, the prescription developed in the present
work. Hence the need for the simulations described in section 4.2.

The comparison is narrowed to a set of widely known relationships of the galaxy
population. They were selected in order to enable a reasonable degree of completeness
in the assessment by accounting for the distribution of galaxy stellar mass at redshift
zero, the time evolution of star formation and the assembly history of galaxies; in other
words, the when, where and how much of star formation, in an average sense, were taken
into account in the assessment. These relationships are the galaxy stellar mass function
(GSMF) at redshift zero, the history of the comoving star formation rate density (SFRD),
the history of the comoving stellar mass density (SMD) and the in situ fraction of stellar
mass (Oser et al., 2010).

In order to obtain the aforementioned relationships, a number of Python scripts were
developed through which the outputs of the simulations were processed. The algorithms
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needed to accomplish this were mostly straightforward, meaning that there was no room for
subjective choices that could impact the results. The exception to this is the determination
of the in situ fraction of stellar mass in galaxies. Another slight digression is made here,
in order to adequately clarify this issue.

5.1.1 The in situ fraction of stellar mass

The in situ fraction of stellar mass (Oser et al., 2010) refers to the mass fraction of stars in
a given galaxy that were born within the virial radius of the galaxies belonging to the main
branch of said galaxy. The main branch of a given galaxy represents the evolutionary track
that contributed the largest mass to its assembly. Alternatively, it is the evolutionary track
that is obtained by recursively following the main progenitors of said galaxy, the latter
referring to the galaxy in a previous time from which the largest fraction of mass in the
current galaxy comes from. A much welcomed illustration of these concepts can be found
in, e.g., Figure 3 of Somerville and Davé (2015).

The linked list that establishes a connection between all the galaxies in a simulation
at every snapshot is known as the merger tree said simulation. In order to obtain the in
situ mass fraction of galaxies, this merger tree must be determined in order to track the
birthplace of their stars. However, the algorithms employed to obtain these merger trees
can be quite elaborate (e.g. Jiang et al., 2014); hence, in the present work a simplified
algorithm was employed in which the main progenitor of a galaxy was considered to be
the one that held the largest fraction of its stars in a previous snapshot, and the main
branches were obtained by successively connecting the main progenitors of a subhalo.

In order to assess the degree of agreement between the results obtained with this
algorithm and more elaborate ones, the public data release1 of the IllustrisTNG sim-
ulations (Nelson et al., 2019) was used. A comparison was made between the in situ
fractions of subhalos at redshift zero obtained using this simplified algorithm and the
merger trees available in the foregoing data release. This was performed for the TNG100-
3 and TNG300-3 simulations, and Figure 5.1 show the results obtained for the case of
the TNG300-3 simulation. In this Figure, both in situ fractions are plotted against each
other, and hence the degree of agreement manifests itself as the amount of poits that fall
near the line of slope unity. A reasonable agreement can be observed, although some bias
is present towards higher in situ fractions in massive galaxies.

Having discussed the necessary remarks, the following section describes the calibration
of the free parameters in the prescription developed in the present work.

5.2 Calibrating and assessing the proposed prescription

The calibration was performed by systematically exploring the parameter space of the
prescription developed, and selecting the combination of values of (a, b, c) in Equation 4.1
for which the results from the calibration simulations more closely resembled those from
the fiducial simulation (section 4.2).

The extent to which the exploration of the parameter space was realized is summarized
in Table 5.1. In it, a colored cell indicates a simulation run using the corresponding values
of b and c, the red color indicating the starting values of these parameters; i.e., the values
obtained with the approximate fit performed to Equation 4.1, as described in section 4.3.2.
A total of 28 calibration simulations were run.

Figure 5.2 shows the comparison between the best-fitting calibration simulation with
both the fiducial and control simulations. This best-fitting calibration simulation was

1https://www.tng-project.org/data/
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Figure 5.1: In situ stellar mass fractions obtained the simplified algorithm described in the text
(vertical axis) and the merger tree available in the public data release of the IllustrisTNG simula-
tions (horizontal axis), plotted against each other for the case of the TNG300-3 simulation.

found for the values (a, b, c) =
(
10−7, 1.3, 1.2

)
. It can be seen that the prescription devel-

oped in this work succeeds in enabling a calibration simulation to resemble the results of
the fiducial simulation with regards to the relationships selected to perform this compar-
ison. The improvement achieved with respect to the control simulation is notable, most
importantly for the case of the in situ fraction of stellar mass.

Additional insight can be gained at this point regarding the effects of numerical reso-
lution by looking at both of the plots located at the bottom panel of Figure 5.2. In them,
around z = 6 a sudden increase in both the SFRD and the SMD are observed in the
curve corresponding to the fiducial simulation, a feature that is not captured, however, by
neither the control or calibration simulations. This feature is likely caused by the collapse
of the most massive structure that can be contained in the simulation box, leading to the
formation of high density regions, and consequently to a spike in the formation of stars.
Given the lower resolution of the control and calibration simulations, the densities gener-
ated by this collapse are not high enough, and the corresponding spike in star formation
is completely missed in them.

Table 5.1: A summary of the simulations run exploring the parameter space of the developed
prescription, as indicaded by the green cells. The red cell represents the starting values of the
parameters. A total of 28 calibration simulations were run.

b
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Figure 5.2: Comparison between the fiducial, control and best-fitting calibration simulations.
From left to right, top to bottom: GSMF at z = 0, in situ mass fraction, comoving SFRD
and comoving SMD. The best-fitting calibration simulation corresponds to the values (a, b, c) =(
10−7, 1.3, 1.2

)
in Equation 4.1.
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Chapter 6

Conclusions

The present work aimed at addressing the performance issues of typical prescriptions to
model star formation in large scale cosmological hydrodynamical simulations at the low
numerical resolution regime. To accomplish this, a careful study of the relevant fields in
Astrophysics was made which enabled the acknowledgment that the problem originates
in the constraints imposed by star formation laws on the behavior of such prescriptions
at marginally resolved spatial scales in the simulations. Since these empirical laws relate
star formation rates with local gas properties, such as density or pressure, they inevitably
render the prescriptions that resort to them as resolution-dependent. Furthermore, star
formation laws themselves suffer substantial modifications when the spatial scales used to
average observed quantities are modified. Hence, prescriptions to model star formation
in cosmological simulations are considerably and inescapably narrowed in applicability
with regards to numerical resolution. Nonetheless, such narrowness has been thus far
disregarded in the community, perhaps owing to the fact that star formation laws suffer
from significant systematic uncertainties as well, thus making the fine adjustment of its
parameters unmerited.

Having acquainted the state of affairs surrounding the problem, a strategy was intro-
duced in order to constraint the number of possible avenues that could be followed to
arrive at a solution. The choice was made to focus on the star formation rate calculation
of previous prescriptions, leaving the rest of their features unmodified. The rationale for
this is that such prescriptions have been extensively tested and their performance is well
understood, hence introducing substantial modifications to them is discouraged to prevent
the occurrence of ambiguous outcomes.

In accordance with the foregoing strategy, several alternatives were devised and re-
alized. On the basis of their simplicity, a single one of them was selected, which then
proceeded to be assessed by exploring the space spanned by its free parameters through
low resolution simulations run using a modified version of the Arepo code. The output
from such simulations were cast into the form of a number of well-known relationships of
the galaxy population, and subsequently compared with analogous results obtained with
a higher resolution simulation, which employed a previously developed star formation
prescription.

Its was determined that a combination of values for the free parameters of the selected
prescription can be found though which the results obtained with the low resolution sim-
ulation resemble those obtained with the higher resolution simulation, achieving a con-
siderable improvement over the results that would have been obtained if the former had
employed a previously developed star formation prescription.

Nonetheless, this outcome must be celebrated modestly given the limitations of the
assessment procedure employed. Firstly, the size of the computational box of the simu-
lations is not adequate to assess the performance of the selected prescription in the high

24



Chapter 6. Conclusions

mass/density regime. For instance, the power law relationship assumed between star
formation rate, gas density and redshift may breakdown if sufficient statistics become
available at this regime. This lack of statistics likewise impacts the lower mass/density
regimes, although to a lesser extent. Secondly, a more in-depth assessment is required
to ascertain whether the prescription selected is merely a numerical convenience, or some
physical insights can be extracted from it. Thirdly, if this prescription were to hold its
performance with further testing, attention should then be diverted into its numerical
impact in the different hydrodynamical schemes available, in order to assess the potential
spurious effects it introduces. Finally, there are a couple of alternatives that were not given
full consideration in the present work, which may as well lead to successful prescriptions
for star formation at low numerical resolution. All of this, however, is left to be addressed
in future work.
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release. arXiv e-prints, art. arXiv:1909.04667, 2019.

Williams, Thomas G.; Gear, Walter K., and Smith, Matthew W. L. The star formation
law at GMC scales in M33, the Triangulum galaxy. Monthly Notices of the RAS, 479
(1):297–314, 2018. doi:10.1093/mnras/sty1476.

29

http://dx.doi.org/10.1093/mnras/stu2058
http://dx.doi.org/10.1086/146614
http://dx.doi.org/10.1146/annurev-astro-082812-140951
http://dx.doi.org/10.1111/j.1365-2966.2009.15715.x
http://dx.doi.org/10.1046/j.1365-8711.2003.06206.x
http://dx.doi.org/10.1093/mnras/stt1789
http://dx.doi.org/10.1093/mnras/stu1536
http://dx.doi.org/10.1038/s42254-019-0127-2
http://dx.doi.org/10.1093/mnras/sty1476

	Abstract
	Resumen
	Introduction
	Cosmological hydrodynamical simulations
	Unresolved physical processes
	The issue of numerical convergence

	Objectives
	Star formation
	Fundamentals
	The Kennicutt-Schmidt star formation law
	Prescriptions to model star formation
	Springel & Hernquist
	Schaye & Dalla Vecchia

	Caveats related to star formation laws
	Systematic uncertainties
	Numerical convergence in prescriptions


	Methodology
	The case for a global Kennicutt-Schmidt law
	The simulations run
	Arriving at a prescription for star formation
	Constraining the avenues to be considered
	Developing the alternatives


	Results
	Preliminary remarks
	The in situ fraction of stellar mass

	Calibrating and assessing the proposed prescription

	Conclusions
	Bibliography

