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Abstract
The scientific goal of this thesis is to tackle different approaches for effec-
tive state estimation and modelling of relevant problems in the context
of mobile robots. The starting point of this dissertation is the concept of
probabilistic robotics, an emerging paradigm that combines state–of–the–
art methods with the classic probabilistic theory, developing stochastic
frameworks for understanding the uncertain nature of the interaction be-
tween a robot and its environment. This allows introducing relevant con-
cepts which are the foundation of the localisation system implemented
on the main experimental platform used on this dissertation. An accu-
rate estimation of the position of a robot with respect to a fixed frame is
fundamental for building navigation systems that can work in dynamic
unstructured environments. This development also allows introducing
additional contributions related with global localisation, dynamic obsta-
cle avoidance, path planning and position tracking problems.

Kinematics on generalised manipulators are characterised for dealing
with complex nonlinear systems. Nonlinear formulations are needed to
properly model these systems, which are not always suitable for real–
time realisation, lacking analytic formulations in most cases. In this con-
text, this thesis tackles the serial–parallel dual kinematic problem with a
novel approach, demonstrating state–of–the–art accuracy and real–time
performance. With a spatial decomposition method, the forward kine-
matics problem on parallel robots and the inverse kinematics problem
on serial manipulators is solved modelling the nonlinear behaviour of
the pose space using Support Vector Machines. The results are validated
on different topologies with the analytic solution for such manipulators,
which demonstrates the applicability of the proposed method.

Modelling and control of complex dynamical systems is another re-
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xii Abstract

levant field with applications on mobile robots. Nonlinear techniques
are usually applied to tackle problems like feature or object tracking.
However, some nonlinear integer techniques applied for tasks like po-
sition tracking in mobile robots with complex dynamics have limited
success when modelling such systems. Fractional calculus has demon-
strated to be suitable to model complex processes like viscoelasticity or
super diffusion. These tools, that take advantage of the generalization
of the derivative and integral operators to a fractional order, have been
applied to model and control different topics related with robotics in
recent years with remarkable success.

With the proposal of a fractional–order PIλ controller, a suitable con-
troller design method is presented to solve the position tracking pro-
blem. This is applied to control the distance of a self–driving car with
respect to an objective, which can also be applied to other tracking ap-
plications like following a navigation path. Furthermore, this thesis in-
troduces a novel fractional–order hyperchaotic system, stabilised with a
full–pseudo–state–feedback controller and a located feedback method.
This theoretical contribution of a chaotic system is introduced hoping
to be useful in this context. Chaos theory has recently started to be ap-
plied to study manipulators, biped robots and autonomous navigation,
achieving new and promising results, highlighting the uncertain and
chaotic nature which also has been found on robots.

All together, this thesis is devoted to different problems related with
dynamic state estimation for mobile robots, proposing specific contribu-
tions related with modelling and control of complex nonlinear systems.
These findings are presented in the context of a self–driving electric car,
Verdino, jointly developed in collaboration with the Robotics Group of
Universidad de La Laguna (GRULL).
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Part I

Dynamic state estimation for
mobile robots
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3

“The last thing one discovers in composing a work
is what to put first.”

— Blaise Pascal, Pensées

1
State estimation, Uncertainty and
Robots

SC I E N T I S T S and practitioners aim to understand all physical pro-
cesses around us, either to mimic and improve them or to take
advantage of such knowledge in many different ways and fields.

This idea extends to robotics, as an universal effort to keep improving
all techniques and methods that allow robots and unmanned systems
to seamlessly interact with our world. However, as happens with any
physical systems, robots can only be understood by taking into account
uncertainties and nonlinear dynamics. Why are we interested in appli-
cations for mobile robots? The main reason is to emphasize the dynamic
nature of the systems and processes involved. Robotics is a multidis-
ciplinary field, where problems of different nature have to be tackled
taking into account such nonlinear dynamics and uncertainties.

In the context of state estimation, modelling processes with complex
dynamics is an open research topic in almost all scientific fields. In
robotics, such uncertainties, complex systems and nonlinear dynamics
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4 1 State estimation, Uncertainty and Robots

appear in almost all aspects related with the interaction with the en-
vironment and when estimating internal states of the system. Due to
strict performance and real–time requirements, the physical realization
of methods applied to solve state estimation and modelling problems
on robotics needs to yield solutions with good enough accuracy and per-
formance. Depending on the complexity of the target task, the type of
environment —structured such as industrial plants, or unstructured like
a pedestrian street — and the approach applied, models and actions are
described as nonlinear systems, in an attempt to capture such complex
dynamics.

The challenges on approaching these problems from the perspective
of a system or device with complex dynamics are two–fold, since both
the internal and external states of the system have to be considered. Ho-
wever, robotics is not the only domain on which these observations and
results can be applied, since the techniques described can be generalised
for a wide range of filtering, control and modelling applications. At the
same time, this understanding intends to help achieving better design
methods and algorithms that increase the accuracy on real–time systems,
useful not only to mobile robots or even robotics.

Stochastic frameworks and uncertainty–driven models that emerged
during the last few decades have been applied to mobile robots with
great success. Also called Statistical Machine Learning (ML) research,
the application of these methods reached a milestone with Stanley. This
self–driven car was the first mobile robot that won the Defense Ad-
vanced Research Projects Agency (DARPA) Grand Challenge (Thrun
et al., 2006). This competition consisted on a high–speed desert driv-
ing without manual intervention. The team behind Stanley managed
to complete this task for the first time using state–of–the–art Artificial
Intelligence (AI) technologies, specifically ML and probabilistic reason-
ing.
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5

Another set of tools that has started to be applied during the last
decades to systems modelling and control theory on several fields, in-
cluding robotics, comes from the theory of fractional calculus. It has
become a branch of mathematical analysis which deals with integro–
differential operators, allowing integrals and derivatives of any positive
real order. Even though the first monograph describing these tools was
published by Oldham and Spanier (1974), the topic is considered to have
started from a discussion between G. W. Leibniz and the Marquis de
L’Hospital in 1695 (Debnath and Bhatta, 2014). This class of techniques
has gained remarkable popularity due to its demonstrated applications
in a wide range of fields of science and engineering. It has been used
on problems where variations on the dynamics, as a consequence of
changes in the payload carried by a robot, invalidate the models and con-
trollers designed, decreasing the closed–loop positioning performance
(Monje et al., 2010).

Manipulators play an important role as the most relevant mechanisms
for effectively interact with the environment. The ability to grab, move,
touch or sense objects and processes using a manipulator is of great
importance for several types of robots, such as exploration rovers, un-
manned rescue vehicles, humanoid and anthropomorphic robots or spa-
cial and submarine vehicles, to name a few. On general purpose manipu-
lators, solving kinematics problems in real–time is challenging when the
mechanism can be only described as a nonlinear system. This imposes
several limitations on the methods that can be used to yield accurate
solutions for these problems, since approximate methods and assump-
tions are typically applied, render the solutions non accurate enough or
incomplete.

Considering the above, this dissertation presents different contribu-
tions that cover the application of nonlinear models obtained both from
data and using nonlinear frameworks and tools.
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6 1 State estimation, Uncertainty and Robots

1.1 Problem statement

Dynamic state estimation problems in mobile robots are tackled by the
application of nonlinear models and frameworks. These models are tai-
lored for a wide variety of contexts, such as kinematics, dynamic control,
localization, path planning and obstacle avoidance, to name a few. While
these methodologies try to capture the complex dynamics that affects
both internal and external states, several difficulties arise depending
on the chosen approach. Complex dynamics present challenging be-
haviours which are not straightforward to model, requiring different
nonlinear models than classic ordinal approaches.

For instance, some nonlinear formulations are very difficult to be used
to obtain closed–form solutions for generalised morphologies. Further-
more, other methods are very difficult to implement or are unable to
meet real–time performance, requiring complex representations for ge-
neral purpose applications. Numerical methods are sometimes used to
yield approximate solutions. However, they tend to have convergence
problems, they are not general enough and they might not yield all so-
lutions for a given problem, e.g., on kinematics problems. Aside from
that, simplifications and assumptions add modelling noise, affecting ac-
curacy and suitability of such models and methods.

The interaction between a mobile robot and its environment is con-
sidered as a coupled dynamical systems. In general, robots are subject
to uncertainties affecting their internal states and the interaction with
external processes and events. To deal with these effects, stochastic ap-
proaches are employed, to take into account the uncertainties affecting
sensors and actuators. Dealing with sensors of different nature is chal-
lenging, requiring to describe suitable models that take advantage of the
information extracted from the environment and the state of the robot.
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1.2 Research goals 7

1.2 Research goals

Based on these observations, this dissertation addresses the following
theses:

• Machine learning tools can be applied to model the kinematics of
a manipulator, yielding accurate estimations on a given parameter
space and meeting real–time requirements.

• When used for modelling complex nonlinear systems such as ki-
nematics on manipulators, machine learning methods can be used
to yield all solutions in contrast to numerical methods.

• A fractional–order controller of order λ > 1 is suitable for solv-
ing the position tracking problem, even with a reduced stability
region.

• Fractional–order incommensurate hyperchaotic systems can be sta-
bilized with a simple located feedback and a full–pseudo–state–
feedback controller.

1.3 Originality and contributions

The following four contributions can be identified as the main originali-
ties of this thesis:

• Application of a machine learning method with a spatial decom-
position approach to model the behaviour of parallel and serial
manipulators on each region of the pose space.

• Proposal of a fractional–order PIλ controller to solve the position
tracking problem on a self–driving electric car, with the definition
of a suitable design method for a fractional–order 1 < λ < 2.
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8 1 State estimation, Uncertainty and Robots

• Introduction of a new incommensurate hyperchaotic fractional–
order system, controlled with a located feedback and full–pseudo–
state–feedback controller that can stabilize any unstable fixed point.

• Contributions to the development of the control, localization and
navigation systems of the self–driving autonomous vehicle Verdino.

1.4 Methodology

An analysis of the different fields and related publications has been per-
formed to support the claims described on this thesis. It has also served
to select proper references and comparable approaches, for achieving
a better understanding of the novelty and suitability of those claims.
Reliable numerical simulations have been performed for all proposed
methods and contributions. Results have been validated using similar
methods and compared with known results, when they were available.

Some of the contributions presented in this thesis are related with
an experimental platform developed as a joint collaboration with the
Robotics Group of Universidad de La Laguna (GRULL), a self–driving elec-
tric vehicle —Verdino. It is built on top of a low–cost EZ–GO TXT–2 golf
cart, an Ackerman platform, as shown in figure 1.1. This prototype has
been designed for passenger transportation and surveillance in outdoor
unstructured environments. The vehicle has been modified with several
sensors and actuators, allowing it to perform autonomous navigation
tasks through urban areas. The localization and navigation system is
robust enough to allow dynamic obstacle avoidance and to estimate
its position in GPS–denied environments. The modifications include a
speed controller commanded by an on–board computer. A low–level
controller for both steering wheel and Direct Current (DC) motor allows
sending motion commands following kinematics based on an Acker-
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1.4 Methodology 9

Figure 1.1 Verdino, experimental platform based on a self–driving car.

man platform. It is also equipped with sensors and extra actuators in
order to assist the top–level software in many tasks, including trajectory
tracking.

Verdino is equipped with two frontal and one rear Sick LMS111 Light
Detection and Ranging (LiDAR), as horizontal depth sensors for locali-
zation; a Microsoft Kinect sensor in the front, yielding 3–D point clouds
of the near front; a differential Global Positioning System (GPS) Javad
Triumph–1; a Xsens MTi Inertial Measurement Unit (IMU) which aids
during the estimation of the vehicle’s orientation; a mechanical odom-
etry system of the rear wheels; and two frontal high resolution cam-
eras for obstacle avoidance. Some of the contributions of this thesis are
demonstrated with this vehicle.
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10 1 State estimation, Uncertainty and Robots

1.5 Thesis outline

This thesis is presented as a compendium of publications. The disserta-
tion is comprised of 5 chapters, presenting the background of the pro-
blems addressed and their relationship with the research topic.

Chapter 1 is the introduction of this dissertation, presenting the mo-
tivation and the goals of the research. It introduces the topic of
state estimation form the different perspectives tackled on the the-
sis. Considering these, the problem is highlighted and the research
goals are described. Then, a summary of the contributions is pre-
sented, followed by a brief description of the methodology and the
experimental platform developed, the self–driving car Verdino.

Chapter 2 presents the stochastic background of the thesis. The paradigm
of probabilistic robotics is described, with emphasis in the stochastic
nature of a mobile robot and its environment, as a coupled dynamic
system. It also describes the global localization problem and the
sequential Monte Carlo algorithm, as the foundation of the localiza-
tion system developed on Verdino. The chapter is concluded with
the introduction of the heterogeneous sensor fusion approach deve-
loped.

Chapter 3 briefly introduces the machine learning field and the tools
relevant to the thesis, describing support vector methods and how
they can be used for state estimation. Then, the serial–parallel du-
ality of the kinematics problems is presented, describing a spacial
decomposition method that solves both the forward kinematics pro-
blem in parallel robots and the inverse kinematics problem in serial



33 / 227

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 972164																Código de verificación: nnR9QMzU

Firmado por: ANTONIO LUIS MORELL GONZÁLEZ Fecha: 30/06/2017 03:23:55
UNIVERSIDAD DE LA LAGUNA

JONAY TOMAS TOLEDO CARRILLO 30/06/2017 04:27:32
UNIVERSIDAD DE LA LAGUNA

LEOPOLDO ACOSTA SANCHEZ 30/06/2017 08:37:42
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 06/07/2017 13:51:03
UNIVERSIDAD DE LA LAGUNA

1.5 Thesis outline 11

robots using support vector machines. Three contributions are pre-
sented, describing the application of the proposed methodology to
parallel and serial manipulators. The presented approach yield ap-
proximate but accurate solutions with simple and fast operations,
suitable to real–time applications. For each contribution, several ex-
periments are performed which validate the approach.

Chapter 4 starts with the description of the foundations of the fractional
calculus and its application, followed by a summary of relevant
fractional operators. The position tracking problem is described, fo-
cusing on the definition of the problem when the input is a ramp
function. In this case, a integer order PI controller is demonstrated
to be not suitable for solving this problem. In contrast, the proposed
fractional–order PIλ controller with λ > 1 demonstrates to yield
a zero steady–state error. A suitable design method is described,
which is applied to control the speed of the DC motor of Verdino.
Stability and robustness conditions are also verified theoretically
and experimentally. The attention is turned towards the applica-
tion of fractional calculus to model a novel fractional–order hyper-
chaotic system. Chaos theory is introduced, with emphasis on its
relation to robots in general and mobile robots in particular. The
application of both analysis and synthesis of chaotic behaviours is
discussed. Then, contribution is presented, where a simple located
feedback and a full–pseudo–state–feedback controller is applied to
the incommensurate system introduced.

Chapter 5 concludes with a summary of the observations, findings and
contributions of this thesis, discussing about further research fields
and application which could be opened to extend the presented
results.
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13

“You’d be amazed how much research you can get
done when you have no life whatsoever.”

— Ernest Cline, Ready Player One

2
Stochastic Processes and Nonlinear
Dynamics

F R O M the perspective of a robot, real–world environments can
be highly unpredictable, including stochastic processes in the
general case. People doing unexpected movements, objects not

perfectly placed, constructive and mechanical imperfections, simplifica-
tions and assumptions, noisy sensors and actuators, are some examples
of uncertainties and uncontrolled events that may affect any model or
estimation method applied on a real robot. In general, unstructured envi-
ronments —in contrast with well–structured ones, such as an industrial
plant — are highly dynamic, like an urban area or a private house.

Furthermore, a robot also influences its environment when it execu-
tes control actions —through its actuators —, often introducing more
uncertainty. A mobile robot performing any task in an unstructured en-
vironment will certainly fail at some extent if it is not designed to cope
with the uncertainty that stochastic processes introduce. Self–awareness
of internal and external states —which are affected by uncertainties at
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14 2 Stochastic Processes and Nonlinear Dynamics

different levels — is needed to properly plan and perform any task.
The performance of any sensor is tightly related with the physical

principle it is based on and unwanted deviations due to its physical
realization. Both affect their accuracy and sensitivity to noise, adding
even more uncertainty into the loop. Actuators, at the same time, suffer
from mechanical disturbances and other unwanted effects due to slip-
pery and uneven ground or control noise. Moreover, internal models are
always approximations of physical processes. Model and algorithmic
noise suppose other relevant sources of uncertainties on any robotics
system.

The estimation of internal and external states has real–time require-
ments when implemented on a mobile robot. This is needed to solve
some of the core features on any mobile robot: know its location with
respect to an external reference frame and effectively plan and perform
navigation tasks to meet certain goals. Active approaches for localiza-
tion and navigation are designed to work on the move, in contrast to
algorithms that require off–line processing. On active localization, algo-
rithms that estimate the position iteratively improve these estimates in
real–time while the robot moves and interacts with the environment.
Similarly, algorithms designed for active navigation update and im-
prove the yielded path as the robot moves across the navigable area,
considering both internal and external states —the robot and observ-
able external features.

Moreover, kinematics and dynamics on mobile robots tend to be highly
nonlinear, often requiring complex theoretical models to capture their
real behaviour. These models have in rare cases analytic solutions, so
approximations, assumptions and simplifications are applied, affecting
the resulting estimation. The challenge is to develop methods and tech-
niques to solve these problems achieving real–time performance and
accuracy close enough to the real process or system.
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2.1 Probabilistic robotics 15

In this context, we present in the following a general background for
this dissertation: the stochastic framework developed for a self–driving
car. Some of the contributions of this compendium have been developed
for this mobile robot, along with other contributions also described in
this dissertation.

2.1 Probabilistic robotics

Probabilistic robotics is an emerging field based on tools from the Ba-
yesian probability theory. This paradigm has experienced a growing
interest during the past 20 years. It builds stochastic frameworks where
the interaction between a robot and its environment is modelled as a
coupled dynamical system. In other words, the environment is a dy-
namical system that possesses internal state, from which a mobile robot
maintains a belief, built from the information captured by its sensors.
Many current state–of–the–art systems for robot localization, navigation
and mapping are built on top of these techniques, demonstrating out-
standing performance (Thrun et al., 2005).

In order to cope with these effects, classical tools designed for the filter-
ing and prediction problem have been applied to robotics, which started
with the well–known and celebrated Kalman Filter (KF). Presented in
the seminal paper by R. E. Kalman (1960) as a new solution to the Wiener
problem1 (Wiener, 1949), the KF has been followed by many extensions
and generalizations, improving the original approach for linear systems,
such us the Extended Kalman Filter (EKF) (Anderson and Moore, 1979;
Einicke and White, 1999), the Unscented Kalman Filter (UKF) (Julier and

1The classic filtering problem, as stated by Norbert Wiener, is three–fold: (i) Predic-
tion of random signals; (ii) Separation of random signals from random noise; (iii)
Detection of signals of known form (pulses, sinusoids) in the presence of random
noise.
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16 2 Stochastic Processes and Nonlinear Dynamics

Uhlmann, 1997) and more recently, the Cubature Kalman Filter (CKF)
(Arasaratnam and Haykin, 2009). The EKF is derived via a linearisa-
tion procedure for applications on nonlinear processes with multivari-
ate Gaussian noise. It has been applied to active localization and naviga-
tion systems for mobile robots on environments with Global Positioning
System (GPS) denials (Lynen et al., 2013), tackling the problem of sensor
fusion or sensor–feed integration within state estimation.

However, if the system model is inaccurate or not well known, KF
derivations start to have problems and will eventually fail because of
excessive drift, for instance. These methods tend to work well only if
the position uncertainty is small. Localization systems based on the KF
are better suited for position tracking problems, where the linearised
model follow a Gaussian probability distribution. In spite of this, they
have been found to be very robust to violations of linearity assumptions,
mainly due to robust data association, and specifically when the number
of landmarks or features grows.

The Bayes filter is a probabilistic framework based on the Bayes rule,
where the posterior p(x | z) is computed using the inverse conditional
probability p(z | x) along with the prior probability p(x), where x and z
are values drawn from random variables X and Z, respectively. The
solution is represented by a belief —the posterior — on a given point in
time t, defined as a Probability Density Function (PDF) over the space
of all locations. Thus, the posterior probability distribution is given by

p(x | z) = η p(z | x) p(x) (2.1)

where η = p(z)−1, a constant for any value x in the posterior p(x | z).
Probabilistic models for control actions and sensors need to be defined
in order to define the stochastic evolution of the system.



39 / 227

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 972164																Código de verificación: nnR9QMzU

Firmado por: ANTONIO LUIS MORELL GONZÁLEZ Fecha: 30/06/2017 03:23:55
UNIVERSIDAD DE LA LAGUNA

JONAY TOMAS TOLEDO CARRILLO 30/06/2017 04:27:32
UNIVERSIDAD DE LA LAGUNA

LEOPOLDO ACOSTA SANCHEZ 30/06/2017 08:37:42
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 06/07/2017 13:51:03
UNIVERSIDAD DE LA LAGUNA

2.1 Probabilistic robotics 17

Generative model

Future states for a mobile robot can be generated stochastically from
the prior state and current knowledge, obtained from sensors and the
actions performed. Let xt be the state vector that contains the state vari-
ables of the pose for a mobile robot at time t. For instance, a mobile robot
on a planar space is represented by the three–dimensional state vector
xt = (xt, yt, θt), where xt, yt and θt are the position coordinates and the
orientation of the pose with respect to a reference frame, respectively.

Control actions are the commands which the robot performs, defin-
ing its interaction with the environment. These are usually modelled as
a sequence of control data, with a vector ut representing all actions at
time t. On a mobile robot, these measurements can be received from a
mechanical or visual odometric system. Similarly, data from the environ-
ment —gathered from the sensors — are available as another vector zt,
for all data corresponding to a specific time t. We assume that data from
all sensors are available at the same time.

The Bayes filter is a recursive technique where the state xt is calcu-
lated from the previously computed state, xt−1. These algorithms are
built on top of the Markov assumption: the stochastic evolution of future
states from xt only depends on the conditions and variables at time t. A
temporal process that meets this condition is know as a Markov chain.

Thus, the solution to the filtering problem is the posterior or belief of
the pose at time t, defined as

bel(xt) = p(xt | zt, ut) (2.2)

It is convenient to define the belief just before adding the latest update
from the sensors — considering zt−1 instead — to make sure that control
actions ut are executed first.
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18 2 Stochastic Processes and Nonlinear Dynamics

Then, this additional posterior will be given by

bel(xt) = p(xt | zt−1, ut) (2.3)

which is said to represent the prediction step at time t before incorporat-
ing the measurement. Obtaining bel(xt) from bel(xt) is called correction
or measurement update, as the second step following probabilistic filtering
theory.

These are the core steps performed by methods based on the Bayesian
filtering theory, such as particle filters.

2.2 Particle filters and the global localization

problem

Particle Filter (PF) methods solve state estimation problems based on
the Bayes filter. The term was coined by (Del Moral, 1996) in reference
to mean field interacting particle methods used in fluid mechanics. Liu
and Chen (1998) proposed a general framework for on–line Monte Carlo
methods for dynamic systems, setting the foundations and unifying the
application to hidden Markov chains.

The first application to a computer vision problem was presented by
Isard and Blake (1998), where the object tracking problem on real–time
is solved using an algorithm named CONDENSATION, from a derived
technique called CONditional DENsity propagATION. This technique was
adapted and applied for the first time to solve the localization problem
on a mobile robot by Dellaert et al. (1999), as one of the first applications
of probabilistic robotics.
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2.2 Particle filters and the global localization problem 19

The global localization problem

In contrast with the position tracking problem, the solution to the global
localization problem is an estimate of the position of a mobile robot con-
sidering a specific search space, like a prior map. The solution depends
on the knowledge available initially and at run–time. In general, the es-
timate can be obtained without any prior knowledge about its position,
only based on the map —built off–line or on–line — and the information
from its sensors.

The initial knowledge is typically a map —M —, from which the
localization system extracts a set of features and compares them with a
set of observations zt = {z1

t , z2
t , . . . }, obtained from its sensors, where zi

t

is the ith sensor. One of the most popular approaches for representing
a localization map is by the definition of an occupancy grid, where a set
of one or more possible values —representing levels of occupancy —
is assigned to discrete locations. A map M can be composed by an
arbitrary number of dimensions, depending on the application.

In general, on a localization framework based on Particle filters, this
knowledge is used to compute the posterior probability distribution of
the belief, given by

bel(x1:t) = p(x1:t | x1:t−1, z1:t, u1:t−1,M) (2.4)

where x1:t = x1, . . . , xt is the complete trajectory of the mobile robot,
with respect to an external reference frame.

The basic Bayesian approximation is shown on algorithm 2.1, with
the steps for the probabilistic solution of the Markov localization pro-
blem. PF algorithms are tractable approximations of the Bayes filter. Ef-
ficient implementations have affordable computational complexity and
accuracy of the approximations to complex nonlinear problems, like the
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20 2 Stochastic Processes and Nonlinear Dynamics

Algorithm 2.1 Markov localization

Function markov_localization( bel(xt−1), ut, zt,M ) is
for all xt do

bel(xt) =
r

p(xt | ut, xt−1,M) bel(xt−1) dxt−1
bel(xt) = η p(zt | xt,M) bel(xt)

return bel(xt)

global localization. The sequential implementation of this problem is
called Monte Carlo Localization (MCL), a method that solves the Bayes
importance sampling.

2.2.1 Monte Carlo Localization (MCL)

The MCL algorithm is based on an approximation of the PDF that re-
presents the posterior, by means of a set of particles. These particles
are the stochastic evolution of the state of the mobile robot at a time
t, based on its previous state and knowledge. The sequential version of
the Bayes filter, the Sequential Importance Sampling (SIS), introduces a
probability distribution known as the importance function (Doucet, 1998),
π(x1:t | z1:t, u1:t−1). This importance function depends on the observa-
tions z1:t, yielding a unit–less weight or score for each particle.

Unfortunately, as particles evolve, the SIS algorithm suffers from a
degeneracy problem in the steady–state: all but one of the normalized
importance weights are very close to zero. In other words, particles which
are not representative or close enough to the real state of the mobile
robot have a weight close to zero. In order to cope with this degeneracy
problem, resampling methods are introduced. Resampling techniques
eliminate trajectories with weak normalized importance weights and
multiply those closer to the real state.
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2.2 Particle filters and the global localization problem 21

The sequential algorithm

The most popular resampling scheme used to solve this problem is the
Sampling Importance Resampling (SIR) algorithm (Rubin, 1988; Smith
and Gelfand, 1992). It is based on the following steps:

1. Prediction step (sampling): On each sampling step, a new set of k
particles {xt}k is drawn from a proposal distribution π, described
by a probabilistic motion model p(xt | x(i)t−1, ut−1), based on the pre-
vious generation of n particles {xt−1}n

2. Importance weighting: Then, importance weights are defined as fol-
lows (Doucet, 1998):

w(i)
t =

p(x(i)1:t | z1:t, u1:t−1)

π(x(i)1:t | z1:t, u1:t−1)
(2.5)

3. Resampling: Each particle survives with a probability proportional
to the likelihood of the observations relative to the map. This step
allows maintaining a discrete set of particles which approximate a
continuous distribution.

Applied to MCL, the next generation of samples —on the sampling
step — is typically drawn from a multivariate Gaussian approximation
N , as follows

p(xt | x(i)t−1, ut−1) ' N (µ
(i)
t , Σ

(i)
t ) (2.6)

where µ
(i)
t is the mean vector and Σ

(i)
t is the covariance matrix, both

with respect to the particle i. These parameters are defined as part of the
motion model of a mobile robot. It is assumed that all continuous ran-
dom variables are measurable and all continuous distributions possess
densities.
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22 2 Stochastic Processes and Nonlinear Dynamics

Grisetti et al. (2005, 2007) observed that almost in all cases the motion
model p(xt | x(i)t−1, ut−1) has a limited number of maxima, mostly a single
one, within an interval

L(i) =

{
x
∣∣∣∣ p(zt |M, x) > ε

}
(2.7)

This allows computing less sample positions since the surrounding area
of this interval is small.

For each particle i, the parameters µ
(i)
t and Σ

(i)
t of the Gaussian ap-

proximation N are computed from K sampled points in the interval
given by equation 2.7. Those parameters are:

µ
(i)
t =

1
η(i)

K

∑
j=1

p(zt |M, xj)p(xj | x(i)t−1, ut−1)xj (2.8)

Σ
(i)
t =

1
η(i)

K

∑
j=1

p(zt |M, xj)p(xj | x(i)t−1, ut−1)

· (xj − µ
(i)
t )(xj − µ

(i)
t )ᵀ (2.9)

where η is a normalization factor given by

η(i) =
K

∑
j=1

p(zt |M, xj)p(xj | x(i)t−1, ut−1) (2.10)

This leads to a closed form approximation of the optimal proposal dis-
tribution.

The importance weights can be computed according to the observa-
tion model p(zt |M, xt), replacing π by the motion model that propa-
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2.2 Particle filters and the global localization problem 23

gates each particle i, given by p(xt | x(i)t−1, ut−1), as follows

w(i)
t = w(i)

t−1 · p(zt |M, x(i)t−1, ut−1)

' w(i)
t−1 ·

K

∑
j=1

p(zt |M, xj)p(xj | x(i)t−1, ut−1)

= w(i)
t−1 · η(i) (2.11)

where η is the same as in equation 2.10.

Finally, a resampling procedure is applied to the set of particles, in
order to discard those with a lower likelihood (Hahnel et al., 2003). The
performance of the algorithm is greatly affected by both the number of
particles and the frequency at which the resampling step happens. The
effective sample size Neff, introduced by Liu (1996), estimates the quality
of a sample set St as a representation of the posterior probability, at a
certain time step. It can be obtained as (Doucet et al., 2001)

Neff =
1

|St|
∑

i=1

(
w̃(i)

t

)2
(2.12)

where |St| is the cardinality of the current sample set, and w̃(i)
t is the

normalized weight of the ith particle at time t.

These steps are the foundation of a wide class of algorithms based
on PFs, following the core idea of recursive state estimation from sen-
sor data. A summary of the sequential Monte Carlo (MC) method for
localization is shown on algorithm 2.2. The result is a new particle set af-
ter applying the prediction and measurement update steps, resampling
the set if the quality of the posterior obtained drops according to equa-
tion 2.12. Then, the new position estimate can be determined according
to the particle with the maximum weight in St.
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24 2 Stochastic Processes and Nonlinear Dynamics

Algorithm 2.2 MC sequential algorithm for localization with sensor fusion

Data: Latest computed set of particles St−1, current control actions ut,
measurements zt from sensors and the mapM.

Result: Updated set of particles St, weighted according to the current
state of the mobile robot, resampled if needed.

1 Tres = resampling threshold // controls resampling rate
2 if ‖ut‖ ' 0 then // the robot has not moved
3 St ← St−1
4 else
5 St ← ∅

6 for all
〈

x(i)t−1, w(i)
t−1

〉
∈ St−1 do

7 x̄t ← p(xt | x(i)t−1, ut−1) // particle sampling

8 w(i)
t ←

|zt|
∏

j
p(z(j)

t | x̄t,M) // importance weighting

9 St ← St ∪
{〈

x(i)t , w(i)
t

〉}
// update weighted particles

10 if Neff (St) < |St| · Tres then // quality of particle set

11 w̄← 1
|St|

|St|
∑
i=1

w(i)
t // normalise weights

12 ẇ← random ∈ [0, w̄] // naive discrete event sampler
13 Stemp ← ∅
14 for i ∈ {1, · · · , |St|} do // start resampling

15 while ∑i
j=1 w(j)

t > ẇ do

16 Stemp ← Stemp ∪
{〈

w(i)
t

〉}
// add sample

17 ẇ← ẇ + w̄ // update weight

18 St ← Stemp
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2.2 Particle filters and the global localization problem 25

Extension for simultaneous mapping

The Simultaneous Localization And Mapping (SLAM) problem is a di-
rectly related application of Bayes filters, where the map is recursively
built with a sequence of pose estimates. In this context, the simultane-
ous problem has been solved applying both Gaussian (Martinez-Cantin
and Castellanos, 2005; Paz et al., 2007; Shojaie and Shahri, 2008) and
MC (Grisetti et al., 2005, 2007; Hahnel et al., 2003) approaches. To solve
this problem, the joint posterior obtained is p(x1:t,M| z1:t, u1:t−1) about
both the mapM and trajectory x1:t = x1, . . . , xt.

A Rao–Blackwellized Particle Filter (RBPF) (Doucet et al., 2000; Mur-
phy, 1999; Mustière et al., 2006) is built in order to solve this new poste-
rior, applying the following factorization

p(x1:t,M| z1:t, u1:t−1) =

p(x1:t | z1:t, u1:t−1) · p(M| x1:t, z1:t) (2.13)

obtained from both estimates.

The term p(x1:t | z1:t, u1:t−1) can be estimated applying a Bayesian
PF, where each particle maintains its own map, since the trajectory is
stored as a sequence of robot poses. The second term can be computed
efficiently since the position over maps can be obtained analytically
(Moravec, 1988), i.e., poses x1:t and observations z1:t are known.

The factorization is based on the Rao–Blackwell theorem (Blackwell,
1947), a technique that can be applied to a PF in order to obtain an
optimal estimator, obtaining a sampling distribution closer to the target
distribution (Liu and Chen, 1998).

In order to solve the simultaneous problem when creating a map,
the implementation of these algorithms handle partial maps for each
particle, that need to be integrated as new and reliable data is retrieved.
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26 2 Stochastic Processes and Nonlinear Dynamics

2.2.2 Heterogeneous sensor fusion

If the noise that affects the sensors can be assumed to be statistically
independent, conditional independence from Bayes theory can be applied.
Thus, on a probabilistic approach, this means that, for each particle, mea-
surements from each sensor zt = {z(i)t } can be added during the weight-
ing step to equation 2.8 as follows

p(zt | xt,M) = ∏
i

p(z(i)t | xt,M) (2.14)

This assumption allows fusing information from the environment gathe-
red from sensors of different nature, such as depth sensors —e.g. Light
Detection and Ranging (LiDAR) —, absolute orientation —e.g. Inertial
Measurement Unit (IMU) — or absolute position —e.g. GPS sensor —,
along with the information from an odometric system, which is taken
into account during the propagation step.

However, when fusing data from sensors subject to unpredictable
errors, such as a GPS sensor, other considerations have to be taken into
account. This kind of sensors yields absolute measurements that, while
very accurate in the general case, are prone to noticeable errors due
to different reasons, such as atmospheric instability, occlusions or tem-
porary disruptions on the satellite constellation, to name a few. GPS
sensors are often modelled with a Gaussian PDF following equation 2.6.
During these events, the covariance matrix Σt —calculated or received
from the sensor — if properly obtained, may help filtering them during
the weighting step. These effects have to be taken into account when
adding information from GPS sensors to MCL algorithms, to reduce the
negative impact on the accuracy of the resulting implementation. Thus,
robust integration of these measurements is challenging.

Assuming conditional independence on position and orientation, the
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2.2 Particle filters and the global localization problem 27

likelihood of a GPS measurement zGPS
t , subject to a pose x(i)t , can be ob-

tained as the product of

p(zGPS
t | x(i)t ) = p(〈µt, Σt〉x,y | x

(i)
t ) · p(〈µt, Σt〉θ | x

(i)
t ) (2.15)

where the PDF for the position —assuming a 2–D case — is

p(〈µt, Σt〉x,y | x
(i)
t ) =

1

2π |Σ|1/2 exp



−

1
2



[

x− µx

y− µy

]ᵀ
Σ−1

[
x− µx

y− µy

]





(2.16)

and the PDF corresponding to the orientation angle θ, which follows a
wrapped normal distribution, is

p(〈µt, Σt〉θ | x
(i)
t ) =

1

2π |Σ|1/2

∞

∑
k=−∞

exp

{
− 1

2σ2
θ

(θ − µθ + 2πk)2

}
(2.17)

Some GPS devices can provide the orientation as a course–over–ground
measurement. When this is not the case, it can be approximated based
on the latest position measurements, along with its covariance. If the
measurement is not reliable —wide covariances, for instance —, IMU
sensors can be used as an alternative source to obtain an estimate of the
orientation. These sensors can provide an absolute measurement, typi-
cally fusing —with KF based approaches in general — the earth mag-
netic field vector and measurements from gyroscopic and accelerometer
sensors. While these sensors yield good estimates in general, they are
specially sensible to magnetic fields that distort the measurement. Thus,
when adding absolute position measurements, special care is needed in
order to reduce the impact of unreliable measurements.
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28 2 Stochastic Processes and Nonlinear Dynamics

Figure 2.1 Localization with particle filters. Green arrows: set of particles from
the localization hypotheses estimated by the PF; magenta arrows: GPS readings;
green, blue and purple dots: features from LiDAR scans; yellow dashed line:
ground truth of the trajectory; black: obstacles represented in the map.

2.3 Results and discussion

The techniques described in this chapter are the foundation of the lo-
calization and navigation systems implemented for the self–driving
car Verdino. The contributions described here have only been possible
with the invaluable collaboration from all current and past members of
the Robotics Group of Universidad de La Laguna (GRULL), specially Dr.
Daniel Perea, Dr. Jonay Toledo, Dr. Néstor Morales, Dr. Rafael Arnay, Dr.
Javier Hernández–Aceituno, Dr. Alberto Hamilton and Prof. Leopoldo
Acosta, with the additional support of the Biped Humanoid Group of
Waseda University, specially Yukitoshi Minami Shiguematsu, Dr. Kenji
Hashimoto and Prof. Atsuo Takanishi. The related contributions are
included as the Part II of this dissertation.
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2.3 Results and discussion 29

(a) Static costmap (b) Dynamic obstacles

Figure 2.2 Costmap based path planning, obstacle detection and avoidance.
The map is represented as an occupancy grid, with discrete values represent-
ing the likelihood of having an obstacle for each cell. Black: cell with a high
occupancy likelihood; white: cell with a low occupancy likelihood; yellow: the
highest cost for a grid cell; cyan to navy blue: cost for a grid cell, from highest
to lowest; blue and green lines: tentative paths generated by the local planner;
thick red lines: the winning path of the local planner, after a weighting process.

Perea et al. (2013) compared the weighting mechanism described in
the previous section with an alternative approach where new particles
are generated, drawn from the PDF defined for each GPS and IMU mea-
surement during the prediction step. We demonstrated that the weight-
ing mechanism is better suited in some scenarios where adding particles
around a wrong absolute measurement can lead to localization errors
if measurements from other sensors are poor or misleading. Figure 2.1
shows an experiment with the implemented localization system, where
a multipath event occurred. In this experiment, the particle filter is able
to reject the noisy measurements from the GPS, keeping a narrow locali-
zation hypothesis thanks to additional measurements from the LiDARs,
IMU and wheeled mechanical odometry.

Figure 2.2 shows two examples of navigation using the local and
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30 2 Stochastic Processes and Nonlinear Dynamics

(a) Stixels extracted (b) Avoidance of detected stixels

Figure 2.3 Dynamic obstacle detection and avoidance with stixels. The system
implemented in Verdino adds the costs due to detection of obstacles as stixels
to the layered costmap.

global path planners implemented in Verdino. Morales et al. (2016a)
and Arnay et al. (2016) described the navigation system, based on the
generation of costmaps for path planning and obstacle avoidance. We
developed a navigation system which takes advantage of the paradigm
of layered costmaps, where each subsystem for obstacle detection yield
the proper cost for each discrete partition of the environment. Then, a
primitive–based global planner constructs a path starting from the posi-
tion of the vehicle —obtained by applying the approach described by
Perea et al. (2013) — to a desired goal. The path is generated using short
primitives, representing feasible manoeuvres according to the kinematic
model of the mobile robot (Espelosín et al., 2013).

The integration of an additional system for obstacle extraction as pre-
sented by Morales et al. (2016b) allows for a better prediction and avoid-
ance of dynamic obstacles. These obstacles are detected with the vision
system and added to the layered costmap as a simplified representation
of the obstacles as vertical instances called stixels. They require modest
computational effort compared to other techniques, reducing the res-
olution of the yielded obstacles. This vision–based obstacle detection
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2.3 Results and discussion 31

(a) Backwards 1 (b) Backwards 2 (c) New path

Figure 2.4 Recovery manoeuvres. Backward manoeuvres can be chained. Yel-
low line: traversed path; red line: winning path

system is also implemented in Verdino, allowing for a richer representa-
tion of the surrounding costmap, as can be seen on figure 2.3. Additional
obstacles which could be located on the navigable frontal area of the ve-
hicle are detected using a detection system based on Microsoft Kinect
(Hernández-Aceituno et al., 2016), a time of flight sensor. These obstacles
are also included in the layered costmap.

The navigation system also includes recovery behaviours, performed
when motion is impossible due to kinematic restrictions, if no feasible
path plan exists. These manoeuvres, as shown in figure 2.4, allow the
vehicle to recover from challenging positions, performing forward or
backward movements. The navigation pipeline is completely described
in appendix C.

Humanoid robots are specially complex dynamical systems, with chal-
lenging actuation and sensory systems. In the context of the research
plan of this thesis, we collaborated developing a sensorimotor system
based on that of humans, towards a study of its effects on walking sta-
bilization (Minami Shiguematsu et al., 2015). This collaboration was
performed during a research internship in the Biped Humanoid Group2

2Takanishi Laboratory, Graduate School of Advanced Science and Engineering,
Waseda University, Tokyo, Japan.
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32 2 Stochastic Processes and Nonlinear Dynamics

of Waseda University. We applied a stochastic sensor fusion approach
based on the EKF (Lynen et al., 2013), for real–time state estimation of
loosely coupled sensors. These include mechanical odometry, a visual
odometry system and a IMU sensor. This sensory system will be used
for developing a robust online walking pattern generator, taking into
account the dynamics of the robot and the information yield by the pro-
posed sensor fusion system. A description of the sensor system can be
seen in appendix B.
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“The purpose of a storyteller is not to tell you
how to think, but to give you questions to think
upon.”

— Brandon Sanderson, The Way of Kings

3
Machine Learning and Nonlinear
Systems

H U M A N O I D and walking robots are examples in which serial
and parallel mechanisms are employed as manipulators and
legs. These kinematic chains play a relevant role when these

kind of mobile robots perform complex tasks, such as walking or inter-
acting with human beings and the environment. Figure 3.1 show two
examples of both serial and parallel kinematics chains used for building
anthropomorphic arms and legs for two biped robots, WABIAN (Narang
et al., 2013) and the Waseda Leg WL–16RV biped walker (Hashimoto
et al., 2008).

Kinematics of generalised morphologies for serial and parallel manip-
ulators are challenging, requiring in the most general case the applica-
tions of methods that yield approximate solutions, not always suitable
for real–time applications. In this context, this chapter presents three con-
tributions for two well–known problems related to manipulators and
kinematic chains: the Direct or Forward Kinematics (FK) problem in par-
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34 3 Machine Learning and Nonlinear Systems

allel manipulators and the Inverse Kinematics (IK) problem for the class
of serial kinematic chains. These two classic kinematics problems are
also known as the serial–parallel duality or Jacobian symmetry (Waldron
and Hunt, 1991), still attracting the interest of many researchers.

These contributions take advantage of Machine Learning (ML) me-
thods for state estimation problems, creating models from data for solv-
ing complex nonlinear kinematics problems. ML has been one of the
key contributors to the Artificial Intelligence (AI) surge in the past few
decades, becoming one of its relevant sub–areas. It is being applied on
a vast variety of problems and fields, ranging from speech recognition
to search engines or image understanding. Several relevant applications
are related with search and planning, knowledge representation and rea-
soning, multi–agent systems, machine perception, robotics and human
robot interaction, to name a few. It is considered that the field of AI was
officially born at a workshop organized by John McCarthy et al. (1956)
at Dartmouth College in Hanover, New Hampshire. The workshop con-
sisted on a proposal for a summer research project, intended to describe
how every aspect of learning or any other feature of intelligence can be
so precisely described that a machine can be made to simulate it.

In recent years, the field of AI has experience a renewed interest not
only in the academic field, being social networks and internet search
engines some of the most prominent applications. It started appealing
again in part due to an increasing number of web–based applications
and the popularization of deep learning techniques. With the perceptron
(Rosenblatt, 1957) as one of the first tools developed, deep learning tech-
niques employ a form of adaptive artificial neural network, trained us-
ing the backpropagation (or backward propagation of errors) method. A
recent report from Stanford University (Stone et al., 2016) summarizes
and sets a long–term investigation and expert review on this topic, high-
lighting what potential advancements lie ahead related to the field, as
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(a) WABIAN humanoid robot (b) Waseda biped vehicle

Figure 3.1 Walking robots using kinematic chains, developed at the Takanishi
Laboratory, Waseda University, Tokyo, Japan. Left: WABIAN–2R, (WAseda
BIpedal humANoid–2 Refined), an anthropomorphic bipedal humanoid
(Narang et al., 2013); right: WL–16RV (Waseda Leg–16 Refined V), a biped
walking vehicle (Hashimoto et al., 2008).

well as their influence on society.

Developed originally as classification tools, some ML methods have
been extended to solve nonlinear problems, yielding in some cases more
accurate solutions. Well known examples are Nonlinear Logistic Re-
gression and Support Vector Machine (SVM) Regression. SVMs, intro-
duced in the next section, are one of the most popular ML methods, used
some times in combination with other algorithms, such as Decision Trees
(Wang et al., 2008), Naive Bayes (Feng et al., 2016) or Logistic Regression
(Liu et al., 2017), to name a few.

A brief introduction of the main methods applied in these contribu-
tions is presented in the following.
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36 3 Machine Learning and Nonlinear Systems

3.1 Support Vector methods for state estimation

In the context of statistical learning, Support Vector (SV) methods have
been considered useful tools since the 60’s, before their formal intro-
duction on a paper published by Vapnik and his co–workers, Boser
et al. (1992). Nowadays, these methods has been widely used in ML
and AI in different shapes, originally as a tool based on Supervised
Learning (SL). The general term SVM is used to refer to this class of me-
thods. The formalization introduced by Vapnik (1995) initially described
these methods as classification tools. Later, Vapnik et al. (1996) extended
these methods to solve regression problems. The frameworks intro-
duced here are called Support Vector Classification (SVC) and Support
Vector Regression (SVR), respectively. Whereas the former was develo-
ped as a pattern recognition tool by Boser et al. (1997), the latter was pro-
posed for estimating regressions, constructing multidimensional splines,
solving linear operator equations and developing models for nonlinear
processes.

As a statistical learning tool, SVMs have a great ability to generalize,
thanks to the Structural Risk Minimization (SRM) principle instead of
the traditional Empirical Risk Minimization (ERM), very common in
other systems, e.g., neural networks. When solving pattern recognition
problems, a SVM is able to find a decision rule with enough general-
ization by selecting a small subset of the training data, the SV. It can
be shown that optimal separation of the SV is equivalent to the optimal
separation of the entire data (Vapnik et al., 1996), by means of an optimal
separating hyperplane in the feature space. This enables SVM to sum-
marize the information contained in a data set, making them optimal
estimators for several classes of problems.

When used as a SL tool for classifying, a training algorithm is defined
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3.1 Support Vector methods for state estimation 37

as first step. The training data require a set of p pairs (xi, yi), with a
sample vector xi ∈ <n and a class label yi ∈ {−1, 1}. Such algorithm
finds the parameters of a decision function D(x) using these training
samples. The direct space decision function is defined as:

D(xi) = 〈w, xi〉+ b . (3.1)

Therefore, the purpose is to find the parameter w and the bias b that de-
fine the optimal separating hyperplane. In order to classify an unknown
pattern this function is evaluated. The sample will belong to the first
class if D(x) > 0 and to the second otherwise.

The formulation can be extended to the dual space (or form) represen-
tation:

D(x) =
p

∑
i=1

αiK(xi, x) + b (3.2)

where coefficients αi are the parameters found by the algorithm and
xi are the training samples. This mathematical sleight, named the kernel
trick, allows SV methods to be used to model nonlinear processes, where
the problem to be solved is not linearly regressable. Using a kernel func-
tion K(xi, x) enables operations to be performed in the input space rather
than in the feature space, which typically has a higher dimensionality.
Furthermore, the only operation that needs to be performed is the dot
product, which reduces the computational complexity.

As a regression tool, a SVM employs an alternate loss function, which
includes a distance measurement. Vapnik (1995) proposed the ε–insensitive
loss function, a more sophisticated penalty tool, which defines a region
between yi, the predicted value, and ti, the actual value. Only when
|ti − yi| ≥ ε the function add one of two slack variable penalties, de-
pending on whether they lie above (ξ+) or below (ξ−) the region called
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38 3 Machine Learning and Nonlinear Systems

the ε–insensitive tube. Similarly to equation 3.1, the data to be modelled
is a vector xi ∈ <n and a value y ∈ <, with a linear function:

f (x) = 〈w, x〉+ b (3.3)

For this class of problems, the optimal regression function is given by
the minimum of the functional:

Φ(w, ξ) =
1
2
‖w‖2 + C ∑

i
(ξ−i + ξ+i ) (3.4)

with a given value C.

Similarly to the classification problem, a regression model can be de-
fined as a function that can be recast into a higher dimensionality space
by means of the same kernel trick. These models can easily fit complex
nonlinear functions, such as the nonlinear mapping of complex kinema-
tics problems in manipulators. In order to achieve this, the workspace is
partitioned into smaller regions. Then, a nonlinear model is obtained by
training a SVR using randomly generated data, representing the pose
and the related joint configuration. This approach allows to model the
behaviour of the manipulator for that particular region. In a latter phase,
each regression model is retrieved to predict the value of the forward
kinematics on parallel manipulators —or the inverse for a serial one.

3.2 Parallel robots and the forward kinematics

problem

This class of robots can be classified as closed–loop mechanisms, in con-
trast with serial robots, which are usually open–loop kinematic chains.
The basic morphology consists of two frames connected by means of
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3.2 Parallel robots and the forward kinematics problem 39

active links, such as cylindrical —C for short, including a non–actuated
rotational degree of freedom along the axis — or prismatic actuators,
and joins that can be spherical —S for short — or rotational —R for
short, a non–actuated rotational degree of freedom —, in general.

The kinematic structure generally has several advantages, such as
high stiffness, rigidity, accuracy, and damping. However, kinematic dex-
terity is usually limited. In spite of that, their good dynamic perfor-
mance and high load carrying capacity make them very attractive in
many applications and fields. Notable examples of parallel manipula-
tors are the Delta robot (Clavel, 1988; Pierrot et al., 1990), the Tricept (Sicil-
iano, 1999) and the Gough–Stewart Platform (Gough, 1956–1957; Stew-
art, 1965–1966). The latter has become the most popular morphology,
also with different types of configurations, depending on the actuators
used and other mechanical constraints. For instance, the general 6–SPS
—Spherical–Prismatic–Spherical — is preferred for modelling purposes.
The 6–RRCRR —with rotational and cylindrical joints, respectively —
is a realistic and challenging configuration due to joint–offsets, used on
applications like the one described by Dalvand and Shirinzadeh (2011).

A general 6–SPS configuration is shown in figure 3.2. Both platforms
or frames A and B are modelled using 4× 6 matrices, containing 3–D
Cartesian homogeneous coordinates, corresponding to the points where
each joint is connected, and related to coordinates frames xyz and XYZ,
respectively. A position of the end–effector can be described as vector on
a pose space, the 6–D space that represents the position of the frame, as a
combination in 3–D Cartesian coordinates of position (x, y, z) and 3–D
angular coordinates (α, β, γ) for the orientation. A pose is then defined
by the vector p = (xyzαβγ)ᵀ. Similarly, we can define a position in
the link space as a vector on a 6–D space, containing the length of each
linear actuator. A link vector represents a position in the link space as a
6–coordinate vector l = (l1l2 · · · l6)ᵀ.
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40 3 Machine Learning and Nonlinear Systems

Figure 3.2 The 6–SPS configuration for a Stewart Platform.

Thus, IK can be described by the geometric relationship between both
the fixed frame (B) and the end–effector (A). As shown on equation 3.5,
the closed–form mathematical solution for the IK problem is the Eu-
clidean distance or L2–norm between the position where each joint is
attached:

li =
√
‖Rai + D− bi‖ i = 1, 2, · · · , 6

= fi(p) (3.5)

where ai and bi are the i–th row of the matrix that represents the end
effector and fixed frame respectively, and D and R are the position vector
and rotation matrix of the end–effector.

Similarly, the FK problem can be stated as: find the vector p that sat-
isfies a given link vector l. Solving this problem is very important for
avoiding singular configurations, calibrating the zero configuration of
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3.2 Parallel robots and the forward kinematics problem 41

the mechanism, and evaluating IK solutions.

Closed–form solutions

Similarly to the serial case, analytical solutions are preferred, but for
the case of parallel manipulators the problem is harder: for the gene-
ral case it is an under–defined problem with a high–degree nonlinear
formulation, in which the solution in most cases is not unique.

Liu et al. (1993) described an analytical solution for the general for-
ward kinematics problem for a 6–SPS manipulator. Some of the most
relevant analytical methods found in the literature are based on the
Sylvester’s Dialytic elimination method (Lee and Shim, 2001), the Gröb-
ner’s bases method (Huang and He, 2009) or combinations thereof (Dhin-
gra et al., 1999). The main principle of such methods is to formulate a
symbolic equation or equation set with a single unknown by means of
certain elimination or induction techniques.

However, these kind of methods cannot be easily applied to more
complex configurations, which also can show constructive constraints.
For instance, the 6–RRCRR manipulator analysed by Dalvand and Shir-
inzadeh (2011, 2012) has offsets in the RR–joints, which makes the for-
ward kinematics solution more complicated, involving a set of highly
nonlinear and coupled equation, denoting the kinematics constraints
of the parallel kinematics chains: it is described by three sets of equa-
tions —a total of 18 equations — with 30 unknown joint variables, as
well as 6 unknown pose variables of the end effector, for a total of 36 un-
known variables, making the derivation of an analytical solution nearly
impossible. For these more complex cases, approximate solutions have
to be applied. Numerical methods are prominent, as well as neural net-
works or polynomial fitting. Some of these approaches, also based on
ML techniques, are able to yield approximate solutions suited for real–
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42 3 Machine Learning and Nonlinear Systems

time applications.
In this context, preliminary results of a spatial decomposition method

for solving the forward kinematics problem on parallel robots are pre-
sented in the following section (Morell et al., 2012). This method involves
a novel application of SVMs for regression to model the behaviour of
the robot on a given partition of the workspace. A more detailed descrip-
tion and discussion of the methodology and alternative methods is also
presented. Then, the method is applied to solve the forward kinematics
problem on generalised parallel robots (Morell et al., 2013b).

3.3 An artificial intelligence approach to

forward kinematics of Stewart platforms

This section includes the full text for the following article, one of the
contributions of this thesis presented as a compendium of publications.

• Title: An artificial intelligence approach to forward kinematics of
Stewart platforms
• Authors: Antonio Morell, Leopoldo Acosta and Jonay Toledo
• Publication: Proceedings of the 20th IEEE Mediterranean Confer-

ence on Control & Automation (MED)
• Year: 2012
• ISBN: 978–1–4673–2531–8
• doi: 10.1109/MED.2012.6265676
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An Artificial Intelligence Approach to

Forward Kinematics of Stewart Platforms

Antonio Morell, Leopoldo Acosta and Jonay Toledo

Abstract— The Stewart Platform, one of the most successful
and popular parallel robots, has attracted the attention of many
researchers in recent decades. The solution of the forward
kinematics problem in real–time is one of the key aspects
that continues to garner interest. In this paper we propose a
new approach for solving this particular case using Support
Vector Machines, a popular Machine Learning method for
classification and regression. The algorithm involves a data
generation and preprocessing off–line phase, and a fast on–line
evaluation. The experiments show that this method is very
accurate and suitable for use in real–time.

Index Terms— Parallel Robots, Stewart Platform, Forward
Kinematics, real–time, Support Vector Machines, Support Vec-
tor Regression.

I. INTRODUCTION

EXTENSIVELY used as manipulators in a wide variety

of fields, e.g. medicine, optics, astronomy and many

industries like aerospace, automotive and aviation, parallel

robots have attracted the attention of many researchers in

recent decades. They can be classified as closed–loop me-

chanisms, in contrast with serial robots, which are usually

open–loop kinematics chains. Instead, they consist of two

frames connected by means of active links, such as prismatic

actuators, sometimes called legs. The advantages of this

type of structure include a greater dexterity, rigidity and

positioning capability, good dynamic performance and high

load carrying capacity, which makes them very attractive in

many applications and fields.

This paper considers a new approach for solving the

forward kinematics of Parallel Robots, one of the relevant

topics related to parallel manipulators in general, and to the

Stewart Platform in particular [1]. Whereas the inverse kine-

matics problem has a closed–form mathematical solution, the

forward case lacks one. It is an under–defined problem with

a high–degree nonlinear formulation in which the solution

in most cases is not unique. Although the kinematics is one

of the most studied aspects of parallel robots, the forward
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problem continues to gain interest, especially in terms of

those methods that can solve it in real–time, as it is essential

for a platform characterization and its closed control loop

to know the position and orientation (pose) by means of the

length of the linear actuators attached to the joints.

A review of the literature shows different methods and

strategies. One of the main groups are those that describe an

analytical solution [2]. Some authors propose a simplification

of the model [3], which is solved with numerical methods

like Newton–Raphson, or use an interval analysis [4] to

work the solution out. However, these kinds of methods

lack generalization, since they are proposed for a particular

type of platform. Other methods develop a solution to the

forward kinematics problem by directly applying a numerical

method [5] like Newton–Raphson. In general these kinds of

techniques achieve accurate solutions with enough iterations

of the algorithms, but may have convergence problems

and high computational requirements. Furthermore, there

are other solutions that add rotary type sensors or extra

links [6] – [7] to obtain additional information, in order to

aid and simplify the algorithms. However, these approaches

may be difficult to generalize and in some cases will not

be applicable due to structural or mechanical constrains.

A second group of techniques are those which obtain ap-

proximate solutions using a wide variety of methods, from

neural networks [8] to polynomial fitting [9]. These types of

strategies are more suited to real–time applications and yield

good enough approximations for a wide variety of fields.

In this context, we present a different approach for ob-

taining approximate but accurate solutions in real–time for

the forward kinematics of Generalized Stewart Platforms

using Support Vector Machines (SVMs). Whereas many of

the main concepts and features of the SVMs have been

present in Artificial Intelligence and Machine Learning since

the 60’s, they were first formally introduced in the 1992

paper published by Vapnik and his co–workers [10]. SVMs

were developed initially as a classification tool, and a few

years later were extended to solve regression problems [11].

More specific terms for both cases are Support Vector

Classification (SVC) and Support Vector Regression (SVR).

Whereas the former was developed as a pattern recognition

tool [12], the latter was proposed for estimating regressions,

constructing multidimensional splines and solving linear

operator equations [13]. When solving pattern recognition

problems, a SVM is able to find a decision rule with good

generalization by selecting a small subset of the training

data, called the Support Vectors (SVs). It can be shown that

optimal separation of the SVs is equivalent to the optimal

2012 20th Mediterranean Conference on Control & Automation (MED)
Barcelona, Spain, July 3-6, 2012
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separation of the entire data [11]. Hence, SVMs can be used

to summarize the information contained in a data set.

We have chosen the paper presented by M. Tarokh [9] as a

reference to compare our results against the exact analytical

solution for a Generalized Stewart Platform presented by Liu

et al [2]. This paper is organized as follows. Support Vector

Methods and Support Vector Regression are described in

Section II. Then, after a detailed description of the proposed

procedure presented in Section III, the results are discussed

in Section IV. Finally, the main conclusions are summarized

in Section V.

II. SUPPORT VECTOR METHODS

A. Support Vector Classification

The training algorithm requires a set of p pairs (xi, yi),
with a sample vector xi ∈ ℜn and a class label yi ∈ {−1, 1}.

The algorithm finds the parameters of a decision function

D(x) using these training samples. An unknown pattern will

belong to the first class if D(x) > 0 and to the second

otherwise. The direct space decision function is:

D(xi) = 〈w,xi〉+ b . (1)

The goal of the algorithm is to find the parameter w and the

bias b that represents the optimal separating hyperplane.

The decision function has a dual space representation,

which reduces the number of computations required to train

the classifier [10]:

D(x) =

p
∑

i=1

αiK(xi,x) + b , (2)

where the coefficients αi are the parameters found by the

algorithm and xi are the training samples. K(xi,x) is the

kernel function, which allows operations to be performed in

the input space rather than in a high dimensional feature

space. The kernel performs the non–linear mapping into the

feature space, and can be chosen from among the most

commonly employed functions, such as polynomials, radial

basis functions and certain sigmoid functions.

The samples are sparse over the input space and we can

assume that they are linearly separable. Classes separated

with a generalized optimal hyperplane are subject to:

yi[〈w,xi〉+ b] ≥ 1− ξi , i = 1 . . . , p , (3)

where w is normal to the hyperplane and ξi is a measure

of the misclassification error. The perpendicular distance

from the hyperplane to the origin is b
‖w‖ , and the optimal

hyperplane is the one that minimizes,

Φ(w, ξ) =
1

2
‖w‖

2
+ C

∑

i

ξi , (4)

which can be solved with Quadratic Programming (QP)

optimization. This optimization problem can be transformed

by means of the Lagrangian, and the solution is given by the

saddle point:

Φ(w, b, α, ξ, β) =
1

2
‖w‖

2
+ C

∑

i

ξi −

p
∑

j=1

βjξj−

−

p
∑

i=1

αi(yi[〈w,xi〉+ b]− 1 + ξi) , (5)

where α, β are the Lagrange multipliers. Thanks to the

duality of the classical Lagrangian, (5) is minimized with

respect to w, b,x and maximized with respect to α, β. The

dual problem is given by:

max
α

W (α, β) = max
α,β

(min
w,b,ξ

Φ(w, b, α, ξ, β)) . (6)

Differentiating (5) and setting the derivatives to zero leads

to the dual problem formulation,

max
α

W (α) = max
α

−
1

2

p
∑

i=1

p
∑

j=1

αiαjyiyj〈xi,xj〉−

p
∑

k=1

αk ,

(7)

subject to the constraints,

0 ≤ αi ≤ C i = 1, . . . , p (8a)
p

∑

j=1

αjyj = 0 . (8b)

The given value C is a regularization parameter, which must

be chosen to reflect the noise in the data [14].

Maximizing the margin between classes and training sam-

ples is an alternative to other optimizing cost function me-

thods, e.g., mean squared error. This provides some impor-

tant features to SVMs, like automatic capacity tuning of the

classification function, the representation of the data relevant

for the classification by a small subset (data compression),

and uniqueness of the solution.

B. Support Vector Regression

As a regression tool, a SVR employs an alternative loss

function, which includes a distance measure. Vapnik pro-

posed the ε–insensitive loss function [13], a more sophis-

ticated penalty tool, which defines a region between yi,

the predicted value, and ti, the actual value. Only when

|ti− yi| ≥ ε does the function add one of two slack variable

penalties, depending on whether they lie above (ξ+) or below

(ξ−) the region called the ε–insensitive tube. The data to be

modeled is a vector xi ∈ ℜn and a value y ∈ ℜ, with a

linear function:

f(x) = 〈w,x〉 + b . (9)

The optimal regression function is given by the minimum of

the functional,

Φ(w, ξ) =
1

2
‖w‖

2
+ C

∑

i

(ξ−i + ξ+i ) , (10)

with a given value C.
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The primal form can be obtained by introducing the

Lagrange multipliers α+

i ≥ 0, α−
i ≥ 0, µ+

i ≥ 0, µ−
i ≥

0 ∀i:

LP = C

L
∑

i=1

(ξ+i + ξ−i ) +
1

2
‖w‖

2
−

L
∑

i=1

(µ+

i ξ
+

i + µ−
i ξ

−
i )−

−

L
∑

i=1

α+

i (ε+ ξ+i + yi − ti)−

L
∑

i=1

α−
i (ε+ ξ−i − yi + ti)

(11)

Differentiating (11), setting the derivatives to zero and

substituting leads to the optimization problem:

max
α+,α−

[

L
∑

i=1

(α+

i − α−
i )ti − ε

L
∑

i=1

(α+

i − α−
i )−

−
1

2

∑

i,j

(α+

i − α−
i )(α

+

j − α−
j )xi · xj

]

, (12)

subject to,

0 ≤ α+

i ≤ C (13a)

0 ≤ α−
i ≤ C (13b)

L
∑

i=1

(α+

i − α−
i ) = 0 ∀i . (13c)

Predicted values can be found with:

y′ =

L
∑

i=1

(α+

i − α−
i )xi · x

′ + b . (14)

Those samples with 0 < αi < C and ξ+i = 0 (or ξ−i = 0)

will be elements of the set S of Support Vectors xs.

Finally, the bias can be obtained as the average over all

elements in S:

b =
1

Ns

∑

s∈S

[

ts − ε−

L
∑

m∈S

(α+
m − α−

m)xm · xs

]

. (15)

C. SVM Implementation

There are several libraries that implement SVMs, and one

of the most widely used is LIBSVM [15]. We have chosen

it for its ease of use, outstanding performance and because

it can interface with MATLAB, which allows working with

a rapid prototyping and testing framework. It is a library

under active development, and provides a set of tools that

quickly yield acceptable results. It implements a set of

SVM formulations, multi–class classification and probability

estimates.

III. ALGORITHM

The algorithm consists of an off–line and on–line. In the

former, the algorithm generates a SVM regression model

from each division (or cell) of the link space, that is

partitioned by a fixed amount in each dimension. In the latter

phase, the model corresponding to the region whose pose is

going to be predicted is recovered from a look-up table, and

then the forward kinematics can be approximated with simple

and fast operations, suitable to real–time applications.

A. Model Representation and Data Generation

As shown in Fig. 1, the generalized configuration is com-

posed of two frames and a set of linear actuators, typically

six. A platform is modeled with two 4 × 6 matrices, A and

B, which represent the end effector and fixed frame, res-

pectively, by the Cartesian homogeneous coordinates where

each joint is connected. Thus, it is computationally easy

to solve the inverse kinematics by simple mathematical

operations (16) where needed.

End effector

Linear actuators

Fixed base

Fig. 1. A class of Parallel Robot.

Consider a fixed base B, with a coordinate frame XY Z

attached to it, and another coordinate frame xyz fixed to

the end effector A as well. Let us define the link space as

the 6–D space consisting of the position (as length) of each

linear actuator. A link vector represents a position in the link

space, as a 6–coordinate vector l = (l1l2 · · · l6)
⊤. Similarly,

the pose space is the 6–D space that represents the position of

the mobile plane (or end effector), as a combination in 3–D

Cartesian coordinates of position (x, y, z) and orientation

(α, β, γ). A pose is defined by the vector p = (xyzαβγ)⊤.

Given D and R as the position vector and rotation matrix

of the end effector, the inverse kinematics can be solved

as the Euclidean distance between the positions where each

joint is attached:

li =
√

‖Rai +D − bi‖ i = 1, 2, · · · , 6

= fi(p) , (16)

where ai and bi are the i–th row of the matrix that represents

the end effector and fixed frame respectively.

In order to simplify the complexity of the approximation

method, the link space needs to be partitioned. The method

in the reference paper [9] involves fitting a set of polynomial

equations to obtain a parametric model to approximate the

forward kinematics solutions in each partition. In this paper

we propose a different approach by using SVR machine

models to represent the behavior of the platform in a given

region or partition of the pose and link space. As we stated

before, one of the advantages of SVMs is their ability to

easily fit complex non–linear functions, but there is a tradeoff

with the size of the dataset and the parameters used in

terms of training time and accuracy: large training sets will

not significantly improve the accuracy of the solutions and

will add a time penalty. At the same time, more aggressive

parameters will improve the solutions, but will worsen the

training time as well. Therefore, the size of the divisions
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made to the link space balances the tradeoff, because it

affects the complexity of the machines to be tuned.

Once the size of the partitions is established, each region

needs to be populated with a meaningful number of poses so

that the SVR models can be successfully trained. A generated

pose is associated with its link space cell, thanks to the

inverse kinematics definition (16). The number of divisions

along an axis can be described by the equation:

Ni =
li,max − li,min

lc
, i = 1, 2, · · · , 6 , (17)

where lc defines the length of each cell. Each generated pose

must be tested to discard those that are invalid. A pose is

valid if its corresponding link lengths are within the feasible

range, and if they do not violate any platform–specific me-

chanical constraints, e.g., joint limitations or link collisions.

Randomly generated poses are a better choice for yielding

a valid dataset than regularly spaced intervals, which will not

produce uniform link space coverage due to the nonlinear

mapping of the forward kinematics. We have chosen a

pseudorandom number generator that belongs to the TGFSR

(Twisted Generalized Feedback Shift Register) family, intro-

duced in 2006 by L’Ecuyer and Panneton [16], called WELL

(Well Equidistributed Long-period Linear), a class of robust

generators with very good equidistribution, periods, speed

and other interesting properties.

A cell of the link space is mapped into a region of the

pose space, that can be identified by a unique index, which

resembles a change of numerical base. For a given link

configuration Lk = (lk1, lk2, lk3, lk4, lk5, lk6)
T , the index

can be obtained by:

cellk =
6

∑

i=1

(⌊

lki − li,min

lc

⌋

(Ni)
i−1

)

+ 1 , (18)

where li,min is the minimal length or position of the i–th

link and Ni is the number of cells in each dimension, given

by (17). Then, the valid generated poses can be associated

by their region index and stored based on this index so they

can be processed in the next step.

B. Classification

It should be noted that some regions will represent more

than one forward kinematics solution, so before starting the

SVR training, they need to be identified and classified. As

shown in Fig. 2 (divided into two 3D representations for ease

of visualization), the stored data are organized by clusters

that need to be identified. In this case they appear overlapped

because of the 2D representation, but in other regions they

will look like a homogeneous cloud.

The number of clusters to identify, Kmax partially de-

pends on the structure of the parallel robot: more general

configurations of the platform will have more solutions in

a given region, i.e. 6–6 (base–end effector link connections)

compared to more constrained versions like 6–3 or 3–3. For

the considered platform we have set Kmax = 8 as in [9].

The method chosen to estimate the number of clusters

for each region starts by fitting a Gaussian Mixture model
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Fig. 2. 3D representation of region 1: top – position subspace; bottom –
orientation subspace.

using an Expectation Maximization (EM) algorithm [17]

with maximum likelihood estimates, and then applying a

measure of the relative goodness of fit of a statistical model

called Akaike Information Criterion (AIC). Developed by

Akaike [18], it is widely used in model selection because it

is an estimate of the expected Kullback–Leibler information

of a fitted model. A simple way to apply this criterion is

by an iterative process, where the Gaussian Mixture model

is fitted with k components, and where k iterates from 1

to the previously set Kmax value. In each iteration the

AIC, a dimensionless quantity, is calculated by the following

expression:

AIC = 2P − 2 ln(L) , (19)

where P is the number of parameters in the statistical model

and L is the maximized value of the likelihood function for

the estimated model, obtained with the EM algorithm.

By means of a simple heuristic, it is possible to select a

value for Kmax using the AIC. A procedure like the Elbow

method does not guarantee the most appropriate guess of the

number of clusters: when the data cloud is homogeneous and

the points are spread across the region, the presence of an

elbow point between two iterations might not be a proper
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estimation of Kmax. One possible approach to improve the

estimation consists of setting a threshold to find a cutoff

iteration from which increasing the number of clusters does

not improve the fit significantly. If that iteration is greater

than the elbow point we have found that setting Kmax as

the midpoint gives a good guess regarding the number of

clusters.

The main advantage of this procedure for estimating Kmax

is that we can calculate the posterior probability of each

component from the fitted Gaussian Mixture model. Hence,

in order to classify each pose we only need to determine the

cluster in which its posterior probability is a maximum.

C. Model Training and Lookup Table

After the clustering process, the data is ready to be used as

training samples. An SVR is a MISO system, which supports

a very large number of inputs as data features. The output

or target value is predicted with a decision function, applied

to a data instance. Since a trained machine will output one

predicted value, then for every cluster we need to train one

SVR model for each dimension [xyzαβγ ] using the same

data instances. Therefore, a given cluster will need a total

of six trained SVR machines to represent an estimated pose.

The training parameters will be described in Section IV.

Link data must be scaled to avoid numerical difficulties

and the negative effect of greater numeric ranges against

those which happen to be smaller. Both training and testing

data must be scaled with the same method and range, e.g.,

[−1, 1 ] or [ 0, 1 ]. In the experiments described in the next

section we have used the former to adjust the input data.

Since the method produces a large number of models, we

need to populate an indexed data structure or lookup table

in the off–line phase to store them. The morphology of this

lookup table should allow for fast indexation. Given that we

can apply (18) to obtain the address of the k–th element of

the input vector, the structure can be a sequence of elements

that contains the trained model parameters. As the input links

in the on–line phase must be scaled according to the training

data to obtain a valid prediction, the scaling information used

for training is also stored. This ends the off–line phase, which

only needs to be executed once for a single parallel robot.

D. On–line pose parameter estimation

Given a link vector l, the address of the lookup table

where the model parameters are stored can be obtained by

applying (18). Then, after scaling the link coordinates, each

pose space parameter is predicted using l with the LIBSVM

function svmpredict. The time to retrieve the six model

parameters and generate the estimation is negligible.

The mean error obtained after the experiments is small

enough to satisfy a wide variety of applications, but if

needed, the accuracy of the approximation can be improved

by a correction step. Let p̂ be the pose parameters estimated

for the l input vector after the on–line phase. We then

apply the inverse kinematics expression (16) to obtain the

link lengths l̂ associated with the pose estimation p̂. The

difference between the target and the estimated link lengths

can be calculated as ∆l = (l − l̂), and can be added to l to

obtain a new target link configuration λ = l + ∆l. Finally,

solving the forward kinematics of the corrected link lengths

λ will give an improved approximation of the initial link

vector l.

IV. RESULTS AND DISCUSSION

The experiments were made on a workstation with an Intel

Xeon CPU E5440@2.83GHz, 16GB of RAM, with Linux

kernel version 2.6.24–24–generic and MATLAB R2011B,

both 64–bit versions. The most time–consuming steps of

this method are the classification and the fitting with SVR

machines. The data generation took 80 seconds, and the total

training time was 11 255 seconds (about 3 hours). Since

regions are independent, some steps like classification and

SVR training processes can benefit from parallelization, but

for the purpose of this paper we have implemented a non-

parallel version of the method. Whereas the implementation

was mainly written in MATLAB, the random pose generator

was coded in C++ and compiled as a MATLAB EXecutable

(MEX) binary file to reduce the total computation time. The

LIBSVM library also provides a MATLAB implementation

of its functions with MATLAB MEX–files. The resulting

lookup table after the end of the off–line phase occupied

about 57MB of memory.

The method was tested with the experimental model pro-

posed in [2], where the authors solved the forward kinematics

of a parallel manipulator analytically. The link space was

decomposed into cells of length lc = 3.5 m, which gives,

applying (17), Ni = 2 divisions along each dimension.

Therefore, the number of cells and regions is 26 = 64. The

pose generation was carried out as described in Section III-A,

with random data generated within the ranges

x = [−2 2 ] (m) α = [−60 60 ] (◦)
y = [−2.5 2 ] (m) β = [−80 60 ] (◦)
z = [ 2 13 ] (m) γ = [−70 70 ] (◦)

, (20)

according to the extreme link configurations reported in [2].

When exploring the best training settings for SVRs, we

found that the Radial Basis Function (RBF) kernel gave us

the best accuracy/training time ratio, especially as compared

to the sigmoid kernel. Given the cost of adjusting each

one individually, all the SVRs were trained with the same

parameters. In the model training function, svmtrain, we

choose the ε–SVM method, with the parameter γ = 0.1 (the

width of the Gaussian basis function) and the cost equal

to 1000 (C parameter in loss function). Also, we set the

tolerance of the termination criterion equal to 5× 10−3 and

the epsilon parameter of the loss function equal to 10−3.

There are six configurations of the linear actuators that

represent extreme positions of the end effector, relevant

when designing a parallel manipulator, since they provide

an insight into its workspace: the lowest and highest position

of the mobile plane, where all of the actuators are at their

minimum/maximum lengths; the most tilted position (with

two asymmetric cases) where one pair of the linear actuators

is at its maximum/minimum length, while the other two pairs
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TABLE I

COMPARISON OF BOTH METHODS AND THE ANALYTICAL SOLUTION

x (m) y (m) z (m) α (◦) β (◦) γ (◦)

Lowest position

A 0.0000 0.0000 2.6460 0.0000 0.0000 0.0000

P 0.0000 0.0000 2.6460 0.0000 0.0000 0.0000

S 0.0000 0.0000 2.6458 0.0006 0.0001 0.0000

Highest position

A 0.0000 0.0000 12.9600 0.0000 0.0000 0.0000

P 0.0000 0.0000 12.9610 0.0000 0.0000 0.0000

S 0.0005 −0.0008 12.9610 0.0005 0.0009 −0.0016

Most Tilted position #1

A −1.2360 −2.1420 5.5030 58.9900 −73.8400 −46.0600

P −1.2390 −2.1390 5.5060 58.9900 −74.0000 −46.0700

S −1.2369 −2.1421 5.5036 58.9890 −73.8400 −46.0520

Most Tilted position #2

A −0.6930 −1.2000 10.4950 −47.7200 39.4200 −18.0100

S −0.6939 −1.2017 10.4940 −47.7280 39.4280 −18.0160

Most Twisted position #1

A 0.0000 0.0000 7.1920 0.0000 0.0000 68.3620

P 0.0000 0.0000 7.1940 0.0000 0.0000 68.3400

S 0.0001 0.0000 7.1924 0.0012 0.0000 68.3590

Most Twisted position #2

A 0.0000 0.0000 7.1920 0.0000 0.0000 −68.3620

S 0.0000 0.0001 7.1923 −0.0001 −0.0010 −68.3600

A : Analytical solution [2]
P : Polynomial method [9]

S : SVR machine method proposed

are at their minimum/maximum lengths; and the most twisted

position, where the three odd actuators are at their minimum

length with the even ones extended to their maximum (with

a symmetric opposite case).

Table I shows a comparison of the proposed approach and

the polynomial method described in [9] against the exact

analytical solution presented in [2]. There were no data avail-

able to compare with the polynomial method for the most

twisted and most tilted position symmetric and asymmetric

cases. It can be seen that, while our method has in some

cases a slight decimal error, it actually yields a very good

approximation of the exact solution. All results are presented

with the correction described in Section III-D. Finally, the

experiments yielded an average on–line evaluation time of

4.87 milliseconds, enough for real–time operation.

V. CONCLUSION

In this paper we have proposed the use of Support Vector

Regression Machines for solving a relevant topic within the

parallel robotics field. Unlike other methods, the proposed

algorithm is not dependent on the geometry of the platform.

Also, the results have shown that it can be applied to

problems that require high accuracy. Improvements can be

made, however. Smaller cell sizes would provide a rich

variety of linear actuators configurations, but the time needed

to populate the regions with valid poses would increase as

well. The on–line phase is fast and suitable for real–time

applications, and like the accuracy, the computation and

evaluation time can be improved with an implementation in

a compiled language like C++. Furthermore, it does not have

high memory requirements as it only needs to accommodate

the lookup table. Finally, the accuracy of the solutions can

be easily improved adjusting the parameters of the SVRs, at

the cost of more off–line training time.
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a b s t r a c t

The Stewart platform, a representative of the class of parallel manipulators, has been successfully used in
a wide variety of fields and industries, from medicine to automotive. Parallel robots have key benefits
over serial structures regarding stability and positioning capability. At the same time, they present
challenges and open problems which need to be addressed in order to take full advantage of their utility.
In this paper, we propose a new approach for solving one of these key aspects: the solution to the
forward kinematics in real-time, an under-defined problem with a high-degree nonlinear formulation,
using a popular machine learning method for classification and regression, the Support Vector Machines.
Instead of solving a numerical problem, the proposed method involves applying Support Vector
Regression to model the behavior of a platform in a given region or partition of the pose space.
It consists of two phases, an off-line preprocessing step and a fast on-line evaluation phase.
The experiments made have yielded a good approximation to the analytical solution, and have shown
its suitability for real-time application.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

A few years after the term robot was coined, the first industrial
parallel robot, a spray painting machine, was patented by Pollard
(1940). Extensively used as manipulators in a wide variety of fields,
e.g. medicine, optics, astronomy and many industries like aerospace,
automotive and aviation, parallel robots have attracted the attention
of many researchers in recent decades. They can be classified as
closed-loop mechanisms, in contrast to serial robots, which are
usually open-loop kinematics chains. Instead, they consist of two
frames connected by means of active links, such as prismatic
actuators, sometimes called legs. The advantages of this type of
structure include a greater rigidity and positioning capability, good
dynamic performance and high load carrying capacity, which make
them very attractive in many applications and fields. Notable
examples of parallel manipulators are the Delta robot (Clavel,
1988), the Tricept (Siciliano, 1999) and the Gough–Stewart platform.
Presented by Gough (1956–1957) as a tyre testing machine, it is one
of the most popular parallel manipulators. It gained popularity
as a flight simulator (Stewart, 1965–1966) and is commonly known
as the Stewart platform. The first design as a manipulator system
was presented by McCallion and Pham (1979) as an assembly

workstation. A detailed and very informative review by Dasgupta
and Mruthyunjaya (2000) provides an extensive account of some
relevant aspects of the Stewart platform.

In this paper we present a novel method for solving the
Forward Kinematics Problem (FKP), still a relevant topic for some
types of parallel manipulators, e.g., those with joint offsets. For
such robots, unlike the inverse kinematics problem, the FKP lacks a
closed-form mathematical solution. It is an under-defined problem
with a high-degree of nonlinearity in which the solution in most
cases is not unique. Although kinematics is one of the most
studied topics of parallel robots, the FKP continues to gain interest,
especially in terms of those methods which can solve it in real-
time. This is essential for a platform characterization and its
closed-loop control to know the position and orientation (pose)
by means of the length of the linear actuators attached to the
joints.

A review of the literature shows that the FKP in parallel robots
has been solved in recent years using numerical as well as
approximate methods and strategies. Liu et al. (1993) describe
an analytical solution for the generalized configuration, i.e., 6-SPS
(Spherical–Prismatic–Spherical), whereas some authors propose
a simplification of the model (Nanua et al., 1990), which is solved
with numerical methods like Newton–Raphson, or use of an
interval analysis (Merlet, 2004) to work out the solution. However,
these methods lack generalization, since they are proposed for
particular types of platform. Other methods develop a solution
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to the FKP by directly applying a numerical method (Dieudonne
et al., 1972) like Newton–Raphson. For instance, Dalvand and
Shirinzadeh (2011, 2012) proposed an algorithm which yields
solutions by means of an iterative method for a platform with
joint offsets, a 6-RRCRR (Rotational–Rotational–Cylindrical–
Rotational–Rotational) parallel manipulator, which does not have
a closed-form solution for the FKP. In general, these techniques can
achieve accurate solutions with enough iterations of the
algorithms, but may have convergence problems and high com-
putational requirements. Furthermore, there are other solutions
that add rotary type sensors or extra links (Merlet, 1993; Chen and
Fu, 2006) to obtain additional information, in order to aid and
simplify the algorithms. However, these approaches may be
difficult to generalize and in some cases will not be applicable
due to structural or mechanical constraints. In addition, approx-
imate solution strategies have been successfully applied, mainly by
means of Artificial Intelligence methods like neural networks, in
order to study kinematics of serial robots (Gao et al., 2010; Karlik
and Aydin, 2000; Köker, 2005; Chiddarwar and Babu, 2010) and
parallel robots (Parikh and Lam, 2009; Tarokh, 2007). These
strategies are more suited to real-time applications and obtain
good enough approximations for a wide variety of fields.

This paper presents a spatial decomposition method for obtain-
ing accurate solutions in real-time for the FKP of Stewart platforms
using a popular machine learning method, the Support Vector
Machines (SVMs), as the regression model. Firstly, the method is
applied to a 6-SPS parallel manipulator for which an analytical
solution exists. In order to verify its correctness and efficiency, the
yielded results are compared with the polynomial curve fitting
method proposed by Tarokh (2007), and against the exact analy-
tical solution for a generalized Stewart platform presented by
Liu et al. (1993). Secondly, a similar experiment is conducted with
a real parallel manipulator, the M-850 hexapod by Physik
Instrumente.

This paper is organized as follows. Kinematics in parallel robots
are discussed in Section 2. The spatial decomposition method
is introduced in Section 3, followed by the description of the
classification procedure in Section 4. Then, the forward kinematics
modeling with SVR machines and the on-line evaluation procedure
are detailed in Section 5. Finally, results of different experiments
are discussed in Section 6, and the main conclusions are summar-
ized in Section 7.

2. On kinematics of parallel robots

2.1. The 6-SPS general Gough–Stewart platform

The theory of serial–parallel duality, which highlights the
qualitative distinctions between serial and parallel manipulators,
states that in both position and velocity there is a symmetric
relationship in the forward and inverse cases (Collins and Long,
1995). In contrast to the simple forward kinematics and compli-
cated inverse kinematics of serial manipulators (requiring the
solution of a system of nonlinear equations), parallel manipulators
exhibit more or less straightforward inverse kinematics and a
challenging solution for the forward kinematics problem.

The generalized Gough–Stewart platform is the most cele-
brated manipulator in the entire class of parallel robots. It has
found a central status in the literature due to the fact that it
exhibits the serial–parallel duality in the most prominent manner.

As shown in Fig. 1, the generalized configuration is composed
of two platforms and a set of linear actuators, typically six, often
called legs. Consider a fixed base B, with a coordinate frame XYZ
attached to it, and another coordinate frame xyz fixed to the top
platform A. Let us define the link space as the 6-D space consisting

of the value of the length of each leg. A link vector represents a
position in the link space as a 6-D vector l¼ ½l1; l2;…; l6�⊤. Similarly,
the pose space is the 6-D space that represents the position and
orientation of the top platform (or end effector), as a combination
in 3-D Cartesian coordinates of position ½x; y; z� and 3-D orientation
angles ½α; β; γ�. A pose is defined by the vector p¼ ½x; y; z; α; β; γ�⊤.

Let d denote the displacement vector of the frame ½x; y; z�
relative to the frame XYZ, let Bi be the position of the i-th link
(leg) attached to the base relative to XYZ, and similarly let Ai be the
position of the i-th link attached to the top platform with respect
to ½x; y; z�. Finally let R be the 3�3 rotation matrix that defines the
rotating angles of the frame ½x; y; z� with respect to the frame XYZ.
Since there is no joint offsets, the length of each link connecting
the base to the top can be written as

li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∥RAi þ d−Bi∥

p
i¼ 1;2;…;6

¼ f iðpÞ; ð1Þ

where fi(p) is a known function and p is the top platform pose.
It is noted that Ai and Bi are known for a given hexapod.
Furthermore, specification of the pose, i.e., position and orienta-
tion of the top platform, determines the rotation matrix R and
displacement vector d.

For parallel robots, the forward kinematics problem can be
stated as follows: Given a link vector l, and the position of link
attachments to the top and base platforms, Ai and Bi (with
i¼ 1;2;3;4;5;6), respectively, find the set of all possible poses p
that satisfy (1).

2.2. A platform with joint offsets: the 6-RRCRR case

This kind of hexapod is convenient in some situations, for
example when there are manufacturing constraints, since univer-
sal joints are more complex to produce. Fig. 2 shows a diagram for
a given leg. It is composed of two revolute joints, separated by an
offset given by PJ, a prismatic joint, a passive cylindrical joint, and
similarly, another two revolute joints with the same offset. For the
i-th leg, the joint variables are qki, with k¼ 1;2;3;4;5;6. This
configuration leads to more complicated kinematics equations,
since dependency between joint variables exists. An inverse
kinematics solution for this parallel manipulator is the distance
between joints q1i and q6i, i.e., the Euclidean norm of vector q3i,

Fig. 1. The general Gough–Stewart platform, a class of parallel robots.
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as follows:

q3i ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
BiX2Bi

q3i

q
þ BiY2Bi

q3i
þ BiZ2Bi

q3i
ð∀i¼ 1;…;6Þ; ð2Þ

where
BiX2Bi

q3i
¼ X þ PAðCðθAÞðCðβÞCðγÞ þ SðαÞSðβÞSðγÞÞ−SðθAÞðCðβÞSðγÞ
−CðγÞSðαÞSðβÞÞÞ−PBCðθBÞ þ PJSðq6iÞðCðρAÞðCðθAÞðCðβÞSðγÞ
−CðγÞSðαÞSðβÞÞ þ SðθAÞðCðβÞCðγÞ þ SðαÞSðβÞSðγÞÞÞ
þSðρAÞðCðθAÞðCðβÞCðγÞ þ SðαÞSðβÞSðγÞÞ−SðθAÞðCðβÞSðγÞ
−CðγÞSðαÞSðβÞÞÞÞ−PJSðq1iÞðCðρBÞSðθBÞ þ CðθBÞSðρBÞÞ
−PJCðq1iÞSðϕBÞðCðρBÞCðθBÞ−SðρBÞSðθBÞÞ þ PJCðαÞSðβÞCðq6iÞ

BiY2Bi
q3i

¼ Y−PBSðθBÞ þ PAðCðαÞCðγÞSðθAÞ þ CðαÞCðθAÞSðγÞÞ
þPJSðq1iÞðCðρBÞCðθBÞ−SðρBÞSðθBÞÞ
−PJSðαÞCðq6iÞ−PJSðq6iÞðCðρAÞðCðαÞCðγÞCðθAÞ−CðαÞSðγÞSðθAÞÞ
−SðρAÞðCðαÞCðγÞSðθAÞ
þCðαÞCðθAÞSðγÞÞÞ−PJCðq1iÞSðϕBÞðCðρBÞSðθBÞ þ CðθBÞSðρBÞÞ

BiZ2Bi
q3i

¼ Z−HB−PAðCðθAÞðCðγÞSðβÞ−CðβÞSðαÞSðγÞÞ−SðθAÞðSðβÞSðγÞ
þCðβÞCðγÞSðαÞÞÞ−PJSðq6iÞðCðρAÞðCðθAÞðSðβÞSðγÞ
þCðβÞCðγÞSðαÞÞ þ SðθAÞðCðγÞSðβÞ−CðβÞSðαÞSðγÞÞÞ
þSðρAÞðCðθAÞðCðγÞSðβÞ−CðβÞSðαÞSðγÞÞ−SðθAÞðSðβÞSðγÞ
þCðβÞCðγÞSðαÞÞÞÞ−PJCðϕBÞCðq1iÞ þ PJCðαÞCðβÞCðq6iÞ:

ð3Þ
As can be seen, there is a dependency with joint angles q1i and

q6i, which leads to a set of nonlinear equations. For further details,
please see Dalvand and Shirinzadeh (2011, 2012), where the
kinematics of this hexapod was studied as a part of a skull-base
surgery system. In Section 6 we compare the results yielded by our
method with the results reported in that work.

3. Spatial decomposition and data generation

As described by Tarokh (2007), the spatial decomposition
method consists of an off-line preprocessing phase and a fast
on-line evaluation phase. In the off-line phase, the method
decomposes the link space into small rectangloid cells. Using (1),
it assigns random values within the range of interest to the pose p
and computes the link values li. Data points that fall into a cell in
the link space have corresponding points in a region of the pose
space. The relationship between data points in a cell and its
corresponding region must be modeled so that when a given set
of link values is specified, the sets of all pose values can be
computed during the on-line phase. The parameters of this
relationship are stored in the form of a look-up table. The
parameters are then retrieved during the on-line phase.

The method described by Tarokh (2007) for modeling the
relationship involves fitting a set of polynomial equations to
obtain a parametric model which approximates the forward
kinematics solution. In this paper we propose a different approach

using a Support Vector Regression (SVR) machine to relate the
platform pose in each region to the link vector in the correspond-
ing cell of the link space. One of the advantages of SVMs is their
ability to easily fit complex nonlinear functions. However, there is
a tradeoff between the size of the dataset and the parameters used
in terms of training time and accuracy: large training sets will not
significantly improve the accuracy of the solutions and will add a
time penalty. At the same time, fine tuning the parameters will
improve the solutions, but will worsen the training time as well.
An example of this behavior is given in Section 6. Therefore, the
size of the cells in the link space provides a tradeoff, because it
affects the complexity and the number of the machines to be
tuned. However, SVR machines allow for fewer link and pose space
divisions, since they can model more complex data. Specifically, in
the given numerical example described in Section 6, the link and
pose space were divided by only 64 regions without accuracy loss,
compared with the 15 625 needed by the polynomial method
(Tarokh, 2007).

The number of divisions along an axis of the link space can be
described by

Ni ¼
li;max−li;min

lc
; i¼ 1;2;…;6; ð4Þ

where lc is the side length of a cell, which determines its size.
Now each region in the pose space and its corresponding link

cell must be populated with a meaningful number of pose and link
data points, so that the SVR models can be successfully trained.
Randomly generated pose is a better choice than regularly spaced
intervals for yielding a valid dataset. The latter will not produce
uniform link space coverage due to the nonlinear mapping of the
forward kinematics. We have chosen a pseudorandom number
generator that belongs to the TGFSR (Twisted Generalized Feedback
Shift Register) family, introduced by Panneton et al. (2006), called
WELL (Well Equidistributed Long-period Linear), a class of robust
generators with very good equidistribution, periods, speed and
other interesting properties. Each generated pose must be tested
to discard those that are invalid. A pose is valid if its corresponding
link lengths are within the feasible range, and if they do not violate
any platform-specific mechanical constraints, e.g., joint limits or
link collision.

A cell of the link space is mapped into a region of the pose
space, that can be identified by a unique index, as follows. For a
given link configuration Lk ¼ ðlk1; lk2; lk3; lk4; lk5; lk6ÞT , the index is
obtained by

Ck ¼ ∑
6

i ¼ 1
⌊ lki−li;min

lc ⌋ðNiÞi−1
 !

þ 1; ð5Þ

where li;min is the minimal length or position of the i-th link and Ni

is the number of cells in each dimension, given by (4). Thus, the
valid generated poses can be associated with a unique link space
cell and stored based on their region index in order to be
processed in the next step.

Fig. 2. Leg diagram of the 6-RRCRR model.
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4. Classification

The generated data form clusters in the pose space, represent-
ing different solutions over a specific region. These clusters must
be classified before starting the SVR training, in order to represent
a more accurate model. In the example shown in Fig. 3 they appear
partially overlapped because of the 2D representation, but in other
cases they will look like a more homogeneous cloud.

Depending on the classification method, the number of clusters
to identify, Kc, is a required input parameter. It partially depends
on the structure of the parallel robot. Irregular shaped platforms
with more leg attachment points will have more solutions (poses).

The method chosen to estimate the number of clusters for each
region starts by fitting a Gaussian Mixture model using an
Expectation Maximization (EM) algorithm (Dempster et al., 1977)
with maximum likelihood estimates. A measure for the relative
fitness of a statistical model called Akaike Information Criterion
(AIC) is then applied. Developed by Akaike (1974), it is widely used
in model selection because it is an estimate of the expected
Kullback–Leibler information of a fitted model. A simple strategy
to apply this criterion is by an iterative process, where the
Gaussian Mixture model is fitted with k components, and where
k iterates in ½1;…; k;…;Kmax�, i.e., the maximum expected value for
Kc, which should be set according to the platform structure.
In each iteration the AIC, a dimensionless quantity, is calculated
by the following expression:

AIC ¼ 2P−2 lnðLÞ; ð6Þ

where P is the number of parameters in the statistical model and
L is the maximized value of the likelihood function for the
estimated model, obtained with the EM algorithm.

Given the values after each iteration, Kc can be heuristically
selected. We have found that a procedure like the Elbow method
does not guarantee the most appropriate guess of the number of
clusters. For example, as illustrated in Fig. 4 (where we have
plotted the orientation subspace for simplicity), the presence of an
elbow point between the second and third iteration suggests a
Kc ¼ 2. The values are shown as a percentage, normalized by their
maximum value, which happens at the first iteration. Whereas the
cloud is homogeneous, the points are spread across the region,
so it seems appropriate to divide them into more than the two
clusters that the Elbow method suggests. One possible approach to
automate the selection consists of setting a threshold to find a
cutoff iteration from which increasing the number of clusters does
not significantly improve the fit. If that iteration is greater than the
elbow point, we have found that selecting the midpoint gives a
good guess for Kc.

The main advantage of this procedure is that we can calculate
the posterior probability of each region point for each cluster from
the fitted Gaussian Mixture model. Hence, in order to classify each
pose we only need to find the cluster in which its posterior
probability is maximum. Furthermore, thanks to the SVR modeling
capabilities, there are fewer regions to be classified, 64 instead of
15 625 in the example described in Section 6.

5. FK modeling and evaluation

After the clustering step, the data are ready to be used as
training samples. However, the data must be preprocessed before

Fig. 3. 3D representation of region 1: first—position subspace; second—orientation
subspace.

Fig. 4. First—AIC value for each iteration; second—orientation subspace. The cutoff
is at the midpoint.
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starting the training process. First, removing outliers could
significantly reduce the training time of the related SVR machine.
To detect and remove them we have used the Multivariate Outlier
Detection algorithm presented by Peña and Prieto (2001). Second,
link data must be scaled (normalized) to avoid numerical difficul-
ties and the adverse effect of greater numeric ranges against those
which happen to be smaller. Both training and testing data must
be scaled with the same method and range, e.g., [−1,1] or [0,1].
In the experiments described in the next section we have used the
former to normalize the input data, which is now suitable for
being used as SVR training samples.

Support Vector Machines were formally introduced as a pattern
recognition tool by Vapnik and his co-workers (Boser et al., 1992),
and a few years later they were extended to solve regression
problems, constructing multidimensional splines and solving lin-
ear operator (Vapnik, 1995; Vapnik et al., 1996). As a statistical
learning tool, SVMs were developed with a greater ability to
generalize. When solving pattern recognition problems, a SVM is
able to find in a feature space a decision rule with good general-
ization, i.e., the optimal separating hyperplane, by selecting a small
subset of the training data, called the Support Vectors (SVs). It can
be shown that optimal separation of the SVs is equivalent to the
optimal separation of the entire data (Vapnik et al., 1996).
Maximizing the margin between classes and training samples
is an alternative to other optimizing cost function methods, e.g.,
mean square error. This provides some important features to
SVMs, like automatic capacity tuning of the classification function,
the representation of the data relevant for the classification by a
small subset (data compression), and uniqueness of the solution.
Hence, SVMs can be used to summarize the information contained
in a dataset. The experiments carried out in this work prove that
using SVR machines to model the behavior of the platform in
a given region yields results good enough for a wide variety of
applications.

A SVR is a multi-input single-output system, which supports
a very large number of inputs as data features, while the output
or target value is predicted with a decision function. Since
one trained machine will output one predicted value, each
pose prediction will need a trained SVR model for each dimension
½x; y; z; α; β; γ� using the same data instances. Therefore, a given
cluster will need a total of six trained SVR machines in order to
obtain a full pose estimation. Fig. 5 shows a description of the
implementation. The training parameters will be described in
Section 6.

The training algorithm for a given SVR machine requires an
input vector ðpi; lkÞ, where lk∈R6 is the k-th link configuration
vector, with k¼1,…,m, and pi∈R is the corresponding value of the
i-th pose vector parameter. The algorithm finds the parameters of
a decision function FðlÞ using these training samples

FðlÞ ¼ 〈w; lk〉þ u: ð7Þ
The goal of the algorithm is to find the parameter w and the bias u
that represent the optimal separating hyperplane, which model
the pose parameter pi in the given region.

The decision function has a dual space representation, which
reduces the number of computations required to train the

classifier (Boser et al., 1992)

FðlÞ ¼ ∑
m

k ¼ 1
αkKðlk; lÞ þ u; ð8Þ

where the coefficients αk are the parameters found by the algo-
rithm, lk are the training samples, with m the number of samples.
Kðlk; lÞ is the kernel function, which allows operations to be
performed in the input space rather than in a high dimensional
feature space. Extending the formulation to the dual form allows
the application of different kernel functions, such as polynomials,
radial basis functions and certain sigmoid functions.

As a regression tool, a SVR employs an alternative loss function,
which includes a distance measure. Vapnik (1995) proposed the
ε-insensitive loss function, a more sophisticated penalty tool, which
defines a region between p̂i , the predicted value, and pi, the actual
value. Only when jpi−p̂ij≥ε does the function add one of two slack
variable penalties, depending on whether they lie above or below a
certain region called the ε-insensitive tube. The ε parameter has an
effect on the smoothness of the response and it affects the number
of Support Vectors, i.e., the generalization capability.

To store the data of the trained models, the method needs to
populate an indexed data structure or lookup table in the off-line
phase, which should allow fast indexation. Given that we can
apply (5) to obtain the address of the k-th element of the input
vector, the structure can be a sequence of elements that contains
the trained model parameters. The input link data in the on-line
phase must be scaled according to the training data to obtain a
valid prediction, so the scaling information used for training is also
stored. This completes the off-line phase, which only needs to be
executed once for a given parallel robot.

Given a link vector l, the address of the lookup table where the
model parameters are stored can be obtained by applying (5).
Then, after scaling the link coordinates, each pose space parameter
is predicted using l. The time to retrieve the six model parameters
and generate the estimation is negligible, as will be described in
the next section.

The mean error obtained after the experiments is small enough
to satisfy a wide variety of applications, but if needed, the accuracy
of the approximation can be improved by a correction step. Let p̂
be the pose parameters estimated for the l input vector after the
on-line phase. Applying the inverse kinematics expression (1)
yields an estimation of the link lengths l̂ associated with the pose
estimation p̂. The difference between the target and the estimated
link lengths can be calculated as Δl¼ ðl−l̂Þ, and can be added to l to
obtain a new target link configuration λ¼ lþ Δl. Finally, solving
the forward kinematics of the corrected link lengths λ will give an
improved approximation of the initial link vector l.

6. Results and discussion

6.1. Experimental setup

The experiments were made on a workstation with an Intel
Xeon CPU E5440@2.83 GHz, 16 GB of RAM, with Linux kernel
version 2.6.24-24-generic and MATLAB R2011B, both 64-bit ver-
sions. The most time-consuming steps are the classification and
the SVR machines training. For the 6-SPS (Spherical–Prismatic–
Spherical) model, the total training time was approximately 3 h.
The off-line time for the 6-RRCRR model was about 9 h. Whereas
the implementation of the method was mainly written in MATLAB,
the random pose generator was coded in C++ and compiled as a
MATLAB EXecutable (MEX) binary file to reduce the total
computation time.

There are several libraries that implement SVMs, and one of the
most widely used is LIBSVM (Chang and Lin, 2011). We haveFig. 5. SVR models corresponding to each pose space parameter for a given cluster.
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chosen it for its ease of use, outstanding performance and because
it can interface with MATLAB, which allows working with a rapid
prototyping and testing framework. It is a library under active
development, and provides a set of tools that can quickly yield
acceptable results. It implements a set of SVM formulations, multi-
class classification and probability estimates. Also, four basic
kernel functions are available: linear, polynomial, sigmoid and
Radial Basis Function (RBF) kernel, defined as

Kðli; ljÞ ¼ e−γ∥li−lj∥
2
; γ40; ð9Þ

where the γ parameter behaves as a scaling factor. The LIBSVM
library also provides a MATLAB interface with its functions, based
on MATLAB MEX-files.

When exploring the best training settings for the SVR
machines, we found that the Radial Basis Function kernel (9)
yielded the best accuracy/training time ratio, especially as com-
pared to the sigmoid kernel. Given the cost of adjusting each one
individually, all the SVRs were trained with the same parameters.
In the model training function, svmtrain, we have chosen the
ε-SVM method, with the parameter γ ¼ 0:1 (the width of the
Gaussian basis function) and the cost equal to 1000 (C parameter
in loss function). The given value C is a regularization parameter,
which must be chosen to reflect the noise in the data (Gunn, 1998).
It controls the trade-off between training error and model com-
plexity. Also, we set the tolerance of the termination criterion
equal to 5� 10−3 and the epsilon parameter of the loss function
equal to 10−3. The forward kinematics is solved with the function
svmpredict.

The resulting lookup table after the completion of the off-line
phase occupied about 57 MB of memory for the 6-SPS robot, and
about 35 MB for the 6-RRCRR model.

6.2. Generalized 6-SPS model

The method was first tested with the experimental model
proposed by Liu et al. (1993), where the forward kinematics of a
parallel manipulator is solved analytically. This allows us to verify
the correctness and efficiency of the method against known
solutions for a given platform. The top frame is an equilateral
triangle, as can be seen in Fig. 6.

The model is described with respect to a pair of matrices, A and
B, as shown in Fig. 7, where the coordinates of each vertex are

described. Thus, both matrices are as follows:

A¼

ffiffi
3

p
6 a 1

2 a 0ffiffi
3

p
6 a 1

2 a 0

−
ffiffi
3

p
3 a 0 0

−
ffiffi
3

p
3 a 0 0ffiffi
3

p
6 a − 1

2 a 0ffiffi
3

p
6 a − 1

2 a 0

2
6666666666664

3
7777777777775

⊤

; ð10Þ

B¼

ffiffi
3

p
6 ð2bþ cÞ 1

2 c 0

−
ffiffi
3

p
6 ðb−cÞ 1

2 ðbþ cÞ 0

−
ffiffi
3

p
3 ðbþ 2cÞ 1

2 b 0

−
ffiffi
3

p
3 ðbþ 2cÞ − 1

2 b 0

−
ffiffi
3

p
6 ðb−cÞ 1

2 ðbþ cÞ 0ffiffi
3

p
6 ð2bþ cÞ − 1

2 c 0

2
6666666666664

3
7777777777775

⊤

: ð11Þ

Matrix A (10) indicates the positions of the links at the connection
to the top platform relative to frame xyz with respect to the global
frame XYZ. Similarly, matrix B (11) represents the links positions at
the connection to the base relative to frame XYZ. The experimental
model is described with the parameters

a¼ 10:0 m b¼ 15:0 m c¼ 1:0 m
Lmin ¼ 8:0 m Lmax ¼ 15:0 m;

ð12Þ

Fig. 6. 6-SPS model (Liu et al., 1993). Fig. 7. 6-SPS model parameters: first—bottom frame; second—top frame.
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where Lmin and Lmax are the minimum and maximum length of the
linear actuators, respectively. It should be noted that Z coordinate
on matrix A is zero because it describes the top frame w.r.t. the
base coordinate system XYZ. For a given top platform posture, such
plane is rotated and translated according to it.

The pose generation was carried out as described in Section 3,
with random data generated within the ranges

x¼ ½−2 2� ðmÞ α¼ ½−60 60� ð1Þ
y¼ ½−2:5 2� ðmÞ β¼ ½−80 60� ð1Þ
z¼ ½2 13� ðmÞ γ ¼ ½−70 70� ð1Þ;

ð13Þ

according to the extreme link configurations reported by Liu et al.
(1993). The link space was decomposed into cells of length
lc¼3.5 m in which applying (4) gives Ni¼2 divisions along each
dimension. Therefore, the number of cells and regions is 26 ¼ 64.
The number of poses generated was 320 000, about 4000 for each
region.

There are six configurations of the linear actuators that correspond
to representative positions of the top platform relevant when design-
ing a parallel manipulator, since they provide an insight into its
workspace. The lowest and highest positions of the end effector,
with all the actuators at their minimum and maximum lengths,
l¼ ½8;8;8;8;8;8�⊤ and l¼ ½15;15;15;15;15;15�⊤, respectively. The
most tilted position, where one adjacent pair of linear actuators is at its
maximum (or minimum) length, while the other two pairs are at their
minimum (or maximum) lengths, with two asymmetric cases,
l¼ ½15;15;8;8;8;8�⊤ and l¼ ½9:9015;9:9015;15;15;15;15�⊤. Finally,
the most twisted position, where the three odd numbered actuators
are at their minimum length with the even ones extended to
their maximum, l¼ ½8;15;8;15;8;15�⊤, with a symmetric case
l¼ ½15;8; 15;8;15;8�⊤. In the experiments conducted, these extreme
configurations are evaluated using the proposed approach and are
compared with the other methods.

6.3. 6-RRCRR experimental model

This type of parallel robot is a Gough–Stewart platform with
orthogonal non-intersecting RR pairs or offset U-joints configura-
tions. Fig. 8 shows both frames and leg attachments. First joint on
both frames is rotated by ϕA and ϕB with respect to X-axis, as
shown in that figure. Legs are distributed radially every 120○. Such
radius is PA and PB. The gap between two legs of the same pair is
given by the angles θA and θB. They are also rotated by ρA and ρB to
make them parallel. Legs are connected to the same attachment
index, i.e., Ai is connected with Bi, with i¼ 1;2;3;4;5;6. Finally,
points Bi are within a plane located HB millimeters with respect to
Z-axis of the world frame. Similarly, end effector is HA millimeters
above the plane formed by points Ai.

The parameters of the experimental model used correspond
to the M-850 hexapod by Physik Instrumente, which are summar-
ized in

HB ¼ 35:99275 mm HA ¼ 25:0 mm
PB ¼ 151:076 mm PA ¼ 92:371 mm

θB ¼ 0:2389 rad θA ¼ 0:3922 rad

ρB ¼ 0:11945 rad ρA ¼ 0:1961 rad

ϕB ¼ 0:32167 rad ϕA ¼ 0 rad

PJ ¼ 13:0 mm ð14Þ

For this model, random pose data was generated within the
following ranges:

x¼ ½−50 50� ðmmÞ α¼ ½−15 15� ð1Þ
y¼ ½−50 50� ðmmÞ β¼ ½−15 15� ð1Þ
z¼ ½303:4 353:4� ðmmÞ γ ¼ ½−30 30� ð1Þ

; ð15Þ

as described by the datasheet and technical data, available at
manufacturer's webpage (Physik Instrumente, PI). Similar to the
6-SPS model, the link space was decomposed into cells of size
120 mm, which gives Ni¼2 divisions along each dimension. The
number of cells and regions was also 26 ¼ 64. Two accuracy tests
were made, where each region were populated with about 2000
and 18 000 random poses. The total off-line time for the latter was
almost 2 days, which had to be done only once.

6.4. Experimental results

Table 1 shows a comparison of the proposed approach and
the polynomial method described by Tarokh (2007) applied to the
6-SPS parallel platform. In this experiment we solved the forward
kinematics of extreme positions, and compared the yielded results
against the exact analytical solution presented by Liu et al. (1993).
This procedure allows us to check the correctness of the proposed
method with the known forward kinematics solution given by the
analytical method. The estimated link lengths obtained with the
polynomial method for these configurations are not available, so
we cannot compare the absolute full-range errors for both estima-
tions. However, it can be seen that, while our method has in some
cases a slight error, it actually yields a very good approximation of
the exact solution. The best approximation seems to be the Most
Tilted position #1, and the worst, the Highest position. The others
yield more accurate estimations than those reported with the
polynomial method. Results are presented with the correction step
described in Section 5. The absolute full-range error for each
extreme configuration is shown in Table 3, with and without
correction. Each of them is lower than the average error reported
by Tarokh (2007).

Fig. 8. 6-RRCRR model parameters: first—bottom frame; second—top frame.
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The next experiment is an accuracy test, where 1000 randomly
generated link lengths are solved with the proposed method.
Then, the inverse kinematics of those estimated poses is solved
applying (1). The average absolute error of the estimated link
lengths is obtained with jl−l̂j. Also, this test is useful to measure

the on-line evaluation time. Since it is very difficult to take a
measure of the total evaluation time for a single configuration of
the linear actuators, a more appropriate approach is to obtain the
average from a sequence of tests. For the 6-SPS parallel platform,
the average link length error and its standard deviation s are lower
after the correction step, as seen in Table 4. The total time taken to
complete the accuracy test was 4.87 s, which means an average
evaluation time of 4.87 ms for each test.

Similarly, we solved the forward kinematics for the poses
shown in Table 2, two end effector positions proposed by
Dalvand and Shirinzadeh (2012). It can be seen that the proposed
method found the solution with a slight error. However, it should
be noted that our method is able to find more than one solution
when it exists and if the SVR machines are trained with enough
data points. Furthermore, the pose prediction using SVR machines
is a fast and reliable process, i.e., it does not need an initial guess,
and does not suffer from convergence problems. However, this
method is able to yield very accurate solutions, which can be
further improved with more data points and fine tuning the
training parameters, which imply more off-line training time, as
shown in Table 5. Unfortunately, there is no similar experiment for
the accuracy test to compare with the method proposed by
Dalvand and Shirinzadeh (2012) for the 6-RRCRR model. However,
results showed a very low error, further improved by the correc-
tion step. It can be seen that highly populated regions, i.e., more
training data for each SVR machine, yield more accurate results
after this test, with a tradeoff of more training time.

Finally, a performance comparison has been conducted on the
6-SPS model. Table 6 shows that accuracy can be improved by
increasing the parameter C, although the training time increases as
well. However, there is a risk of overfitting when its value is too
high. Furthermore, γ affects the accuracy more clearly, since it
leads to a change in the model.

Table 1
Comparison of both methods and the analytical solution: 6-SPS model.

Method x ðmÞ y ðmÞ z ðmÞ α ð1Þ β ð1Þ γ ð1Þ

Lowest position
A 0.0000 0.0000 2.6460 0.0000 0.0000 0.0000
P 0.0000 0.0000 2.6460 0.0000 0.0000 0.0000
S 0.0000 0.0000 2.6458 0.0006 0.0001 0.0000

Highest position
A 0.0000 0.0000 12.9600 0.0000 0.0000 0.0000
P 0.0000 0.0000 12.9610 0.0000 0.0000 0.0000
S 0.0005 −0.0008 12.9610 0.0005 0.0009 −0.0016

Most Tilted position #1
A −1.2360 −2.1420 5.5030 58.9900 −73.8400 −46.0600
P −1.2390 −2.1390 5.5060 58.9900 −74.0000 −46.0700
S −1.2369 −2.1421 5.5036 58.9890 −73.8400 −46.0520

Most Tilted position #2
A −0.6930 −1.2000 10.4950 −47.7200 39.4200 −18.0100
S −0.6939 −1.2017 10.4940 −47.7280 39.4280 −18.0160

Most Twisted position #1
A 0.0000 0.0000 7.1920 0.0000 0.0000 68.3620
P 0.0000 0.0000 7.1940 0.0000 0.0000 68.3400
S 0.0001 0.0000 7.1924 0.0012 0.0000 68.3590

Most Twisted position #2
A 0.0000 0.0000 7.1920 0.0000 0.0000 −68.3620
S 0.0000 0.0001 7.1923 −0.0001 −0.0010 −68.3600

A: Exact method (Liu et al., 1993).
P: Polynomial method (Tarokh, 2007).
S: SVR machine method proposed.

Table 2
Comparison of both methods: 6-RRCRR model.

Method x ðmmÞ y ðmmÞ z ðmmÞ α ð1Þ β ð1Þ γ ð1Þ

Test position #1
T 55.0000 −32.0000 316.4000 −0.2094 0.4363 −0.3316
N 55.0001 −32.0000 343.4000 −0.2094 0.4363 −0.3316
S 54.9903 −31.9882 316.4018 −0.2095 0.4358 −0.3312

Test position #2
T −36.0000 44.0000 310.4000 0.0873 −0.2967 0.3665
N −36.0000 44.0000 310.4000 0.0873 −0.2967 0.3665
S −36.0020 43.9994 310.3986 0.0872 −0.2966 0.3666

T: Test position.
N: Numerical method (Dalvand and Shirinzadeh, 2012).
S: SVR machine method proposed.

Table 3
Full-range errors for extreme configurations: 6-SPS model.

Correction Lowest Highest
w/o 0.0142% 0.0137%
w/ 0.0007% 0.0048%

Correction Most Tilted #1 Most Tilted #2
w/o 0.0105% 0.0195%
w/ 0.0098% 0.0067%

Correction Most Twisted #1 Most Twisted #2
w/o 0.0211% 0.0202%
w/ 0.0007% 0.0009%

Table 4
Accuracy test with 1000 link configurations: 6-SPS model.

Method Error s

P 0.00478 m 0.0089 m w/o correction
0.6829% 0.1271%

S 0.1929 m 0.5152 m
2.7556% 7.3597%

P 0.00124 m 0.0038 m w/correction
0.0177% 0.0543%

S 0.0008 m 0.0022 m
0.0117% 0.0319%

P: Polynomial method (Tarokh, 2007).
S: SVR machine method proposed.

Table 5
Accuracy test with 1000 link configurations: 6-RRCRR model.

Experiment Error s

Test #1 1.7115 mm 1.8619 mm w/o correction
0.7131% 0.7758%

Test #2 0.0841 mm 0.0357 mm
0.0350% 0.0149%

Test #1 0.0083 mm 0.0125 mm w/correction
0.0035% 0.0052%

Test #2 0.0011 mm 0.0010 mm
0.0005% 0.0004%

SVR machine method proposed.
Test #1: About 2000 poses per region.
Test #2: About 18 000 poses per region.
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7. Conclusion

In this paper we have proposed an alternative approach for
solving the forward kinematics problem of parallel robots, a very
popular class of manipulators that has gained interest in a wide
variety of engineering applications. Unlike other methods, the
proposed algorithm is not dependent on the geometry of the
platform. It consists of a preprocessing phase and a fast evaluation
step: random generated poses are validated and classified, in order
to be used as training samples of a popular machine learning
method, the Support Vector Machines. It can also be applied to
problems that require high accuracy, without high memory
requirements.

The main contributions of the proposed method are as follows.
Firstly, since divisions of the link space (number of cells) are
relatively few, the random pose generation is fast. Secondly, the
classification takes advantage of fitted Gaussian Mixture Models,
which allows simultaneous estimation of the number of clusters
and classification. Finally, using Support Vector Regression
machines yields a very good approximation of the analytical
solution, which is further improved by a correction step. This also
leads to an evaluation phase reasonably fast enough to be applied
to real-time applications.

Some other considerations are also worthy of note. For exam-
ple, a smaller cell size would provide higher accuracy, but the time
needed to populate the regions with valid poses would increase
as well. Finally, the accuracy of the solutions can also be easily
improved by adjusting the parameters of the SVRs, at the cost of
more off-line training time.
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3.5 Serial robots and the inverse kinematics

problem

A serial manipulator can be described as a series of links connected by
different types of joints. The most basic types of joints add a revolutive
or prismatic degree of freedom, which can be mechanically combined
to allow for more complex movements on a single point. The number of
joints and links determines the degrees of freedom of a given manipula-
tor, which at the same time, has a direct relationship in determining the
capabilities of the serial robot. Generally speaking, the links are assumed
to be rigid but flexible joints can also be possible with more complex con-
trol strategies (Benosman and Le Vey, 2004). One of the ends can freely
move in space, with the other end attached to a reference frame, which
can be a specific point on a given robot —fixed or mobile. The former
is called the end effector and the latter the ground or base. In order to
perform any task, the location of the end effector relative to the base
should be known beforehand. This is called the position analysis problem,
referring to both the FK and IK problems.

Manipulators of this class are usually modelled using the Denavit–
Hartenberg matrices (Denavit and Hartenberg, 1955). Whereas the direct
or forward problem is straightforward, the inverse problem can be more
involved, specially for manipulators with complex geometry. Generally
speaking, closed–form solutions can be found for manipulators with
simple geometry, such as those with consecutive joint axes and parallel
to one another. However, it is considered that the case of the 6–R manip-
ulator of general geometry is the most difficult problem in kinematics,
called the Mount Everest of the position analysis for this class of mech-
anisms (Duffy, 1980). For the case of a general 7–R manipulator, Roth
et al. (1973) predicted up to 32 solutions, which was confirmed some
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years later by Duffy and Crane (1980). Furthermore, it is worth noting
than for a redundant serial manipulator there may be several infinitudes
of inverse kinematics solutions for a given end effector location, which
in some cases prevents some methods to yield proper or complete so-
lutions. Redundancy has advantages when designing more versatile
manipulators: it improves the flexibility and versatility of the robot and
it allows implementing collisions–free motion in the robotic workspace
by using redundant Degrees of Freedom (DOF). Spatial mechanism are
one of the most prominent examples of this, where anthropomorphic
robotic manipulators are one of the central mechanism where the inverse
kinematics problem has been profusely studied.

Closed–form solutions

Analytical or closed–form solutions are always the preferred approach
when solving the IK problem, where all possible solutions and manipu-
lator postures can be accounted for. Some popular methods that can be
found in the literature for this purpose are (Tsai, 1999):

• 4× 4 matrix method (Denavit and Hartenberg, 1955),
• Vector algebra method (Chace, 1963),
• Quaternian algebra method (Yang and Freudenstein, 1964),
• Iterative method (Uicker et al., 1964),
• 3× 3 dual matrix method (Yang, 1969),
• Screw algebra method (Yang and Freudenstein, 1971),
• Geometric method (Duffy and Rooney, 1975).

For instance, a simple planar 3–R manipulator, where the three revolu-
tive joint axes are parallel and they are pointing out of the same reference
plane, the FK problem can be described with the following system of
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3.5 Serial robots and the inverse kinematics problem 61

equations:

x = l1 cos (θ1) + l2 cos (θ1 + θ2) + l3 cos (θ1 + θ2 + θ3)

y = l1 sin (θ1) + l2 sin (θ1 + θ2) + l3 sin (θ1 + θ2 + θ3) (3.6)

φ = θ1 + θ2 + θ3

where li is the length of the link i and θj the angle of the joint j, known
values.

For this manipulator, the IK problem can be solved analytically by a
simple substitution approach. To solve for θi, i = 1, 2, 3, given x, y and
φ, one can define:

X = x− l3 cos (θ)

Y = y− l3 sin (θ) (3.7)

where X and Y are known. Squaring and adding, one can get:

X2 + Y2 = l2
1 + l2

2 + 2l1l2 cos (θ2) (3.8)

Then:

θ2 = ± cos−1

(
X2 + Y2 − l2

1 − l2
2

2l1l2

)
(3.9)

After solving for θ2 , θ1 can be found solving the four–quadrant inverse
tangent:

θ1 = arctan2 (Y, X)− arctan2 (l2 sin (θ2) , l1 + l2 cos (θ2)) (3.10)
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Finally, θ3 can be obtained from:

θ3 = φ− θ1 − θ2 (3.11)

For manipulators with a more complex geometry, a solution like this
is not straightforward or even possible. To address these cases, approxi-
mate methods are usually employed, specially those based on numerical
approximations.

As described in the following contribution, the method presented in
previous sections is tailored to be applied for serial kinematic chains
(Morell et al., 2013a).

3.6 Inverse kinematics solutions for serial

robots using support vector regression

This section includes the full text for the following article, one of the
contributions of this thesis presented as a compendium of publications.

• Title: Inverse kinematics solutions for serial robots using support
vector regression
• Authors: Antonio Morell, Mahmoud Tarokh and Leopoldo Acosta
• Publication: Proceedings of the 2013 IEEE International Confer-

ence on Robotics and Automation (ICRA)
• Year: 2013
• ISSN: 1050–4729
• doi: 10.1109/ICRA.2013.6631171
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Abstract—Serial kinematic chains are widely used in robotics
and computer animation among other fields. Many manipulators
do not have closed–form solutions to the inverse kinematics
problem, which is of great importance for many applications.
In this paper we introduce a fast and accurate procedure which
yields all joint angle solutions for a given manipulator or limb
posture (position and orientation) and certain swivel angle. By
means of a spatial decomposition method, the procedure involves
finding accurate models which represent the behavior of the
robot or limb in a given workspace region. We propose Support
Vector Machines, a very popular machine learning method, as
the method that models such behaviors. The performance of the
method is tested on the Robotic Research Arm K–1207. The
results confirm that the method finds accurate solutions and can
be used on real world applications with real–time requirements.

I. INTRODUCTION

We define a configuration of a manipulator as a set of joints
angle, and a posture as the position and orientation of its end
effector (hand or foot in a human–like figure). The Inverse
Kinematics Problem (IKP) is stated as the process of finding
the set of all configurations that result in a given posture
in the workspace. Many articulated manipulators with joint
offsets do not have closed–form solutions, and the computation
of their inverse kinematics is complex and time consuming
and therefore unsuitable for real–time applications. Whereas
some classes of serial manipulators actually have an algebraic
inverse kinematics solution, the analytical expressions have to
be defined for each specific morphology [1].

During last decades, several methods for solving the IKP
have been proposed, such as Jacobian based methods (pseu-
doinverse, transpose and damped least squares) [2], genetic
algorithms [3], continuation [4] and interval [5] methods.
However, some of them do not guarantee all the possible
solutions for a given manipulator pose. In addition, they might
have convergence problems and high computational require-
ments, which usually makes them unsuitable for real–time ap-
plications. The spatial decomposition method has proven to be
suitable for solving kinematics [6] and planning problems [7]
which usually have non trivial and complex solutions, if any.
It provides simple steps to obtain a model of the behavior
of a given robot or limb through its workspace, in order

to determine accurate solutions for the inverse kinematics
problem for serial manipulators, and similarly, the forward
kinematics problem for parallel robots [8]. The most important
feature of this method is its ability to yield accurate solutions
with a small evaluation time, which enables it to be used in
real–time applications.

In this context, this paper presents a spatial decomposition
method for obtaining accurate solutions in real–time for the
IKP for serial manipulators and kinematic chains, using a
popular machine learning method, the Support Vector Ma-
chines (SVMs), as the regression model. Using SVMs as the
modeling tool allows to obtain accurate approximations of the
solutions as well as small evaluation times, while the overall
complexity of the method decreases. The yielded results are
compared with the polynomial method proposed by [6] using
the same case study.

This paper is organized as follows. Section II discusses the
inverse kinematics problem for serial robots and kinematic
chains. Section III describes the first steps of the method,
where the workspace of a robot is decomposed into small
cells, which are populated with a large amount of configuration
and posture data point. Then, these datapoints are classified
as described in Section IV, in order to obtain meaningful
training data sets for the modeling step with SVMs, that is
introduced in Section V. Finally, the evaluation step, which is
done on–line, is illustrated in Section VI. Some experiments
have been performed and are shown in Section VII, where
we compare our results with those obtained by the very fast
approximation method proposed in [6].

II. IKP ON SERIAL ROBOTS AND KINEMATIC CHAINS

Serial kinematic chains are present in a wide variety of fields
and applications in robotics and computer animation. They are
often implemented as 7 Degrees of Freedom (DOF) kinematic
chains, modeled similarly to the human arm (or leg), with a
3–DOF spherical joint as a shoulder (hip), another 3–DOF
for the wrist (ankle), and a single DOF revolute joint for the
elbow (knee) [9]. An example of a typical 7–DOF serial robot
is the Robotic Research Arm K–1207 manipulator [10]. The
model which represents the configurations and postures for
this robot can be described by the Denavit–Hartenberg (D–H)

2013 IEEE International Conference on Robotics and Automation (ICRA)
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TABLE I
D–H PARAMETERS & JOINT LIMITS OF THE 7–DOF ARM

θi ᾱ ā d̄ θmin θmax

θ1 0◦ 0 0 −39◦ +164◦

θ2 −90◦ ā1 0 −83◦ +210◦

θ3 +90◦ ā2 d̄3 −40◦ +61◦

θ4 −90◦ ā3 0 −78◦ +94◦

θ5 +90◦ ā4 d̄5 −61◦ +187◦

θ6 −90◦ ā5 0 −149◦ 0◦

θ7 +90◦ ā6 0 −59◦ +78◦

link frame assignment criterion. Table I shows the particular
parameters for this manipulator (a bar distinguishes them over
other notations used in this work). The length of the upper
and lower arm is given by d̄3 and d̄5, while ā1 through ā6
represents the shoulder (ā1, ā2, ā3, ā4), elbow (ā5) and wrist
(ā6) offsets. The position of the end effector can be obtained
from the transformation matrices [11] that solves the forward
kinematics of this manipulator. The Cartesian coordinates are
as follows:

x = d̄3 cos θ1 sin θ2+

d̄5 [ sin θ4 (cos θ1 cos θ2 cos θ3 − sin θ1 sin θ3) +

cos θ1 sin θ2 cos θ4 ]

y = d̄3 sin θ1 sin θ2+

d̄5 [ sin θ4 (sin θ1 cos θ2 cos θ3 + cos θ1 sin θ3) +

sin θ1 sin θ2 cos θ4 ]

z = d̄3 cos θ2+

d̄5 (cos θ2 cos θ4 − sin θ2 cos θ3 sin θ4) , (1)

where the unknowns are the angles of the shoulder joints
θ1, θ2, θ3 and the elbow angle θ4. Since a hand position is
defined by three Cartesian coordinates (x, y, z), there is an
extra DOF which can be used to define a specific hand posture.
This extra parameter can be defined to solve the redundancy,
and it is commonly described as the swivel angle [9], [12], or
aiming angle of the hand, denoted by ψ. It defines the angle
of rotation of the plane containing shoulder, elbow and wrist
origins about the shoulder–wrist line. For the zero–offset case,
the swivel angle ψ [12] is given by

ψ = arctan
sin θ2 sin θ3 sin θ4

d̄5 sin θ4 (cos θ2 sin θ4 + sin θ2 cos θ3 (1 + cos θ4)) /Q
(2)

with Q =
√
d̄32 + d̄52 + 2d̄3d̄5 cos θ4. It is noted that with zero

offset there is a closed form solution for (x, y, z, ψ). However,
the method to be described is applicable to manipulators with
non–zero offset.

While the hand position, defined by (x, y, z, ψ), is a function
of the first four joint angles, i.e., θarm = (θ1, θ2, θ3, θ4)>, the
hand orientation (α, β, γ) is related to the wrist joint angles
θwrst = (θ5, θ6, θ7)>: there is a closed–form solution for the

θwrst vector for a desired hand position and orientation, i.e.,
the wrist joint angles can be obtained analytically from the
hand rotation angles [11]. Let Ref (α, β, γ) be the rotation
matrix corresponding to the rotation angles of the end effector.
Similarly, let Rarm(θarm) be the rotation matrix resulting
from the first four joint angles. Then, the rotation matrix of
the wrist joint angles can be expressed as

Rwrst(θwrst) = Rarm
>(θarm)Ref (α, β, γ) . (3)

Using the ZYZ Euler angles convention, the wrist angles can
be obtained with

θ5 = arctan
r23
r13

θ6 = arctan

√
r312 + r322

r33
(4)

θ7 = arctan
r32
−r31

,

where rij are elements of the known wrist rotation matrix
Rwrst(θwrst) defined in (3). Therefore, the IKP can be solved
if a solution of the arm joint vector θarm is found.

In this work, we have solved the IKP by using a well known
machine learning method, the Support Vector Regression, by
means of a spatial decomposition method, in order to model
the behaviour of arbitrary serial kinematic chains. This yields
extremely fast solutions, accurate enough for a wide variety
of applications.

III. SPATIAL DECOMPOSITION

As described by [6], [8], the spatial decomposition method
consists of an off–line preprocessing phase and a fast on–line
evaluation phase. In the off–line phase, the method decom-
poses the workspace (or pose space) of the robot into small
cells. Using the known forward kinematics expression (1), it
assigns random values within the ranges of the robot joints
θarm and computes the end effector pose (x, y, z, ψ) (position
and aiming angle). Data points that fall in a given cell in
the pose space have corresponding points in a region of the
joint space. The relationship between data points in a cell and
its corresponding region must be modeled so that when an
end effector posture is specified, the sets of all feasible joint
angle values can be computed during the on–line phase. The
parameters of this relationship are stored in the form of a
look–up table, which are then retrieved during the on–line
phase.

The method described in [6] for modeling the above
mentioned relationship involves fitting a set of polynomial
equations to obtain a parametric model which approximates
the inverse kinematics solution. In this paper we propose a
different approach using a Support Vector Regression (SVR)
machine to relate the arm joint angles in each region to the
end effector posture vector in the corresponding cell of the
pose space. One of the advantages of SVMs is their ability
to easily fit complex nonlinear functions. However, there is
a tradeoff between the size of the dataset and the parameters
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used in terms of training time and accuracy: large training sets
will not significantly improve the accuracy of the solutions and
will add a training time penalty.

At the same time, fine tunning the parameters will improve
the solutions, but will worsen the training time as well. How-
ever, the preprocessing step is done only once, so training time
is not as important as accuracy and how many SVR machines
are stored. Therefore, the cell size in the pose space provides
a tradeoff, because it affects the complexity and the number
of the machines to be tuned. It is worth noting that using SVR
machines allows fewer pose and joint space divisions, since
they can model more complex data. Specifically, in the given
numerical example described in Section VII, the joint and pose
spaces were divided only into 407 regions without a significant
accuracy loss, compared with the 23 469 regions needed by the
polynomial method for the same level of accuracy.

The workspace or pose space (x, y, z, ψ) is decomposed
into several cells in order to obtain accurate models for each
one. For prismatic robots, the workspace is best described in
Cartesian coordinates, but for revolute joint robots like the one
considered in this work, a spherical coordinate system is better
suited due to the topological nature of its kinematics. The
four–dimensional spherical coordinates of the robot posture
(ρ, δ, ϕ, ψ) are related to the Cartesian coordinates by

ρ =
√
x2 + y2 + z2 ,

δ = arctan
y

x
, (5)

ϕ = arccos
z

ρ
,

where ρ is the radius or distance from the origin, δ ∈ [ 0, 2π ]
defines the azimuth angle in the x – y plane measured from
the x axis, and ϕ ∈ [ 0, π ] is the polar angle measured from
the z axis. The swivel angle ψ ∈ [ 0, 2π ] is the same for both
coordinates systems.

The workspace decomposition involves choosing the cell
size for each dimension, denoted by Nρ, Nδ, Nϕ and Nψ .
Higher values on each dimension results in larger cells, i.e.,
the workspace is divided into less cells. The number of cells
directly affects the number of SVR machines to be trained,
as well as the accuracy of the solutions found, as previously
stated. In addition, the off–line training time and size of
the look–up table are also directly related. As shown in
Section VII, smaller cell sizes allows for more accurate models
of the inverse kinematics.

After the spatial decomposition is performed, each region
needs to be populated with a meaningful number of data
points, in order to be used as training samples for each
SVR machine. Due to joint limits, not all cells within the
workspace will contain arm posture data, because data points
are generated within to the joint ranges, and hence some
regions will not contain any points. Note that regularly spaced
joint values will not guarantee a uniform workspace coverage
due to the nonlinear mapping of the inverse kinematics.
Hence, joint vectors θarm has to be generated randomly within

joint limits. The forward kinematics (1) of each joint vector
allows determining the associated posture vector in spherical
coordinates, which is used to compute the cell index of the
given joint vector. The cells indexes are encoded so that each
cell can be addressed by a unique integer value. For a given
end effector posture p, the index can be obtained as

index(p) =

⌊
ρ

Nρ

⌋
Wρ+

⌊
δ

Nδ

⌋
Wδ+

⌊
ϕ

Nϕ

⌋
Wϕ+

⌊
ψ

Nψ

⌋
Wψ,

(6)

where Wρ,Wδ,Wϕ,Wψ denotes the position weight of each
dimension, as follows:

Wρ = 1 M1 =

⌈
maxρ
Nρ

⌉

Wδ = M1 M2 =

⌈
maxδ
Nδ

⌉

Wϕ = M1M2 M3 =

⌈
maxϕ
Nϕ

⌉
Wψ = M1M2M3 (7)

with maxρ,maxδ,maxϕ being the maximum values for the
spherical coordinates dimensions ρ, δ, ϕ, respectively.

IV. DATA CLASSIFICATION

The generated data form clusters in the joint space, which
belong to different solutions clusters contained in a specific
workspace region. These clusters must be classified before
starting the SVR training in order to represent a more accurate
model for each solution in a given region.

Regarding the number of solutions, with no joint limits and
offsets, it can be shown from (1) and (2) that a given posture
(x, y, z, ψ) can be reached with a maximum of four possible
joint configurations: (θ1, θ2, θ3, θ4), (θ1 + π,−θ2, θ3,−θ4),
(θ1, θ2, θ3 +π,−θ4) and (θ1 +π,−θ2, θ3 +π, θ4). Joint limits
add restrictions to the serial robot movement, so that the
number of solutions in some regions is reduced.

The classification procedure for each region starts by fitting
a Gaussian Mixture model using an Expectation Maximization
(EM) algorithm [13] with maximum likelihood estimates. With
an iterative process, a Gaussian Mixture model is fitted with k
components, and where k iterates in [ 1, 4 ], i.e., the maximum
expected number of clusters or solutions. Then, the distance
between each cluster found is checked in order to select
the value for k that maximazes it. When the best model is
found, each datapoint is classified according to its posterior
probability: a joint posture belongs to the cluster in which its
posterior probability is maximum.

In Fig. 1a, two clusters are easily seen, while in Fig. 1b four
solutions have been found within a more complex region. Only
the first three joint angles are shown for ease of visualization.
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Fig. 1. Classification examples with multiple solution clusters

V. INVERSE KINEMATICS MODELING

Support Vector Machines were formally introduced as a
pattern recognition tool by Vapnik and his co–workers [14],
and a few years later they were extended to solve regression
problems, constructing multidimensional splines and solving
linear operator equations [15], [16]. As a statistical learning
tool, SVMs were developed with a greater ability to generalize.
When solving pattern recognition problems, a SVM is able to
find in a feature space a decision rule with good generalization,
i.e., the optimal separating hyperplane, by selecting a small
subset of the training data, called the Support Vectors (SVs). It
can be shown that optimal separation of the SVs is equivalent
to the optimal separation of the entire data [16]. Maximizing
the margin between classes and training samples is an alter-
native to other optimizing cost function methods, e.g., mean
square error. This provides some important features to SVMs,
like automatic capacity tuning of the classification function,
the representation of the data relevant for the classification
by a small subset (data compression), and uniqueness of
the solution. Hence, SVMs can be used to summarize the
information contained in a data set. The experiments carried
out in this work prove that using SVR machines to model the
behavior of the manipulator in a given region yields results
good enough for a wide variety of applications.

An SVR is a multi–input single–output system, which
supports a very large number of inputs as data features, while
the output or target value is estimated with a decision function.
Since a trained machine will output one estimated value, each
joint angle estimation will need a trained SVR model for each
arm configuration θarm = (θ1, θ2, θ3, θ4)> using the same
data instances. Therefore, a given cluster will need a total
of four trained SVR machines in order to obtain a full θarm
estimation.

In other words, the training algorithm for a given SVR
machine requires an input vector (θi, p), where p ∈ <4 is
a pose configuration vector and θi ∈ < is the corresponding

value of the i–th joint angle vector parameter. The algorithm
finds the parameters of a decision function F (p) using these
training samples,

F (pi) = 〈w, pi〉+ b . (8)

The goal of the algorithm is to find the parameter w and the
bias b that represents the optimal separating hyperplane, which
models the joint parameter θi in the given region. The decision
function has a dual space representation, which reduces the
number of computations required to train the classifier [14]:

F (p) =
l∑
i=1

αiK(pi, p) + b , (9)

where the coefficients αi are the parameters found by the
algorithm and pi are the training samples. K(pi, p) is the
kernel function, which allows operations to be performed in
the input space rather than in a high dimensional feature
space. Extending the formulation to the dual form allows the
application of different kernel functions, such as polynomials,
radial basis functions and certain sigmoid functions.

As a regression tool, a SVR employs an alternative loss
function, which includes a distance measure. Vapnik proposed
the ε–insensitive loss function [15], a more sophisticated
penalty tool, which defines a region between θ̂i, the estimated
value, and θi, the actual value. Only when |θi − θ̂i| ≥ ε
does the function add one of two slack variable penalties,
depending on whether they lie above or below a certain region
called the ε–insensitive tube. The ε parameter has an effect on
the smoothness of the response and it affects the number of
support vectors, i.e., the generalization capability.

One of the most widely used SVMs implementations is
LIBSVM [17]. It is a library under active development, and
provides a set of tools that can quickly yield acceptable
results. It implements a set of SVM formulations, multi–class
classification and probability estimates. Also, four basic kernel
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functions are available, namely linear, polynomial, Radial
Basis Function (RBF) and sigmoid kernels.

Cluster data must be preprocessed before starting the train-
ing process. Link and pose data must be scaled (normalized)
to improve the traning time of the Support Vector Machines,
as suggested in the libSVM documentation [17]. It also avoids
numerical difficulties and the adverse effect of greater numeric
ranges against those which happen to be smaller. Both training
and testing data must be scaled with the same method and
range, e.g., [−1, 1 ] or [ 0, 1 ]. In the experiments described in
the next Section data is normalized using the former, which
is now suitable for being used as SVR training samples.

A simple method to store the trained models is to populate
an indexed data structure or look–up table which should allow
fast indexation. Given that we can apply (6) to obtain the
address of a desired table entry, the structure can be a se-
quence of elements that contains the trained model parameters
corresponding to all solutions. The input position data in the
on–line phase must be scaled according to the training data
to obtain a valid estimation, so the scaling information used
for training is also stored. This completes the off–line phase,
which only needs to be executed once for a particular robot.

VI. ON–LINE INVERSE KINEMATICS EVALUATION

The models are sequentially stored in a look–up table,
sorted by its index or address. Each entry also stores its
corresponding cell address, which uniquely identifies it. To
obtain the inverse kinematics solution(s) of a given full posture
vector (x, y, z, ψ, α, β, γ), the first step is to apply (5) to
transform it to spherical coordinates, (ρ, δ, ϕ, ψ). Then, its
corresponding address can be obtained using (6). Since the
stored table entries are sorted according to their index, a
method like binary search can be applied. With a worst case of
dlog2Ne at most, where N is the number of regions, looking
for the model parameters to all solutions for a given region
is extremely fast. Subsequently, the SVR model parameters
are used to estimate the joint values of the arm vector θarm =
(θ1, θ2, θ3, θ4)>. When all solutions found for the given region
are estimated, the last joint angles corresponding to the wrist
vector, θwrst = (θ5, θ6, θ7)>, are obtained analytically by
applying equation (3) to get the associated rotation matrix
Rwrst(θwrst), and finally (4) for the joint angles.

It should be noted that the maximum number of solutions
in each region for a given full position/orientation vector is
eight, i.e., a combination of four due to position and two
due to orientation, since a hand orientation (α, β.γ) can be
achieved with two sets of wrist joint angles, (θ5, θ6, θ7) and
θ5 + π,−θ6, θ7 + π), respectively. The most suitable solution
depends on the application and the current status of the
manipulator or animation character.

As will be described in the next Section, although the
accuracy of the approximations obtained by this procedure is
enough for most applications, it can be easily improved by
a correction step, which involves another inverse kinematics
estimation using the SVR models and simple operations, as
described in the following steps:

TABLE II
ACCURACY TEST WITH 1000 POSE VECTORS

(Nρ, Nδ, Nϕ, Nψ) N |E | |Ecor | LuT size

(105mm, 60◦, 30◦, 60◦) 407 0.4822mm 0.1543mm 105 MB

(60mm, 75◦, 45◦, 120◦) 238 0.6414mm 0.1553mm 74 MB

(105mm, 90◦, 60◦, 90◦) 96 0.8168mm 0.2571mm 44 MB

1) Apply (1) to the estimated θ̂arm vector to yield its
associated pose vector p̂.

2) Calculate the difference between the given pose vector
p and p̂: ∆p = p− p̂.

3) Obtain a corrected pose vector with pc = p+ ∆p.
4) Predict a new set of θarm joint angles from the corrected

pc, which is a more accurate arm configuration for the
initial pose vector.

With these simple steps, joint vector estimation can be
greatly improved without adding much overhead to the overall
on–line time. The following section will show a numerical
example demostrating the procedure.

VII. RESULTS AND DISCUSSION

We have applied the proposed method to the model of
the Robotic Research manipulator, a human–like arm with
7–DOF [10]. The manipulator model has zero shoulder, elbow
and wrist offsets, i.e., (āi = 0 , i = 1, · · · , 6), with upper
and lower arm lengths d̄3 = 334mm and d̄5 = 288mm
respectively, and the joint limits are given in Table I.

The experiments were conducted using a workstation with
an Intel Core i5–3550 CPU @ 3.30 GHz, 16 GB of RAM,
with Linux kernel version 3.2.0–30–generic and MATLAB
R2012A, both 64–bit versions. The most time–consuming
steps were the classification and the SVR machines training,
which took several hours but only had to be done once.
Whereas the implementation of the method was mainly written
in MATLAB, the random pose generator was coded in C++
language. The LIBSVM library also provides a MATLAB
implementation of its functions with MATLAB MEX–files.

Results of the accuracy tests are summarized in Table II.
The model accuracy was obtained as the mean position error
between the given arm posture vector and the estimated
one yielded after applying a series of 1000 random inverse
kinematics evaluations. The average evaluation time after these
tests was 6.4ms, which is reasonable considering that the cor-
rection step requires a second inverse kinematics estimation. If
the application does not require such degree of accuracy, the
evaluation time can be reduced to 3.1ms. Furthermore, the
tests were conducted using MATLAB, so there is considerable
room for reducing the on–line time using another language
such as C++.

With 407 regions, the resulting look–up table after the
completion of the off–line phase occupied about 105 MB of
memory. Small cell sizes have an impact on the number of
SVR machines to be trained, i.e., the look–up table size will
be increased accordingly. We tested the performance with cell
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TABLE III
PERFORMANCE WITH DIFFERENT TRAINING PARAMETERS

N C γ |E | |Ecor |

96 1000 0.1 1.2145mm 0.2592mm

96 3000 0.1 1.1703mm 0.2161mm

96 2000 0.01 1.3386mm 0.3941mm

96 2000 0.5 1.2080mm 0.2053mm

sizes (30mm, 15◦, 9◦, 10◦). Such partition yielded a huge
look–up table since the number of regions, N , was 73 284
after the random pose generation process. The average position
error was similar to the one reported in [6], and it was
not a real accuracy improvement, considering the size of the
resulting look–up table. The average error without and with
correction, |E | and |Ecor |, are small enough to satisfy a wide
variety of applications, and can be further improved by fine–
tuning the parameters of the SVR training if needed. As the
dimension of the workspace increases, the number of cells also
increase in an exponential manner and more memory will be
needed. Finally, it should be noted that there is no orientation
error, due to the fact that the wrist joint angles are computed
using the closed–form orientation expressions (3) and (4).

SVR machines were trained with the same kernel para-
meters, using an RBF kernel with parameters C = 2000
and γ = 0.1. The latter controls how spread the gaussians
will be; big values yield better results as it increases the
fit of irregular decision boundaries, while low values avoid
overfitting the models as it implies very smooth boundaries.
However, it is a problem dependant parameter, so in this
work we have tried to find the value which yielded a better
accuracy after a grid search. For the third partition scheme, we
tested different combinations of C and γ parameters, which
are summarized in Table III. The results show that large values
for both parameters decrease accuracy (as can be seen when
no correction is applied), as the SVR machines have overfitted
the training data, while lower values also have an impact on
accuracy, as regression function boundaries are smoother.

VIII. CONCLUSION

In this paper we have developed a new approach for
computing fast and accurate inverse kinematics solutions. This
approach, based on a spatial decomposition method, consists
of taking advantage of the higher modeling capabilities of
Support Vector Machines for regression. Experiments show
that the behavior of a serial robot or limb can be accurately
modeled with fewer regions compared to the previous method,
since using SVR machines provides more complex models
which accurately describe larger partitions of the manipulator’s
workspace. Since there are fewer entries in the look–up table,
the binary search is faster. Furthermore, this method is not only
well suited to manipulators with 7–DOF, but it can be applied
to other types of kinematic chains in a straightforward manner.
The complexity of the kinematics chain, e.g., existence of joint
offset, does not affect the procedure since the SVM uses only

the known forward kinematics equations.
Applications with high accuracy requirements can also

benefit from using this method with a simple correction step.
The estimation of the joint angles can be easily improved
without adding much overhead on the computation, since it
requires only one more joint vector estimation and few simple
algebraic operations. The evaluation time in both cases is fast
enough for real–time applications, using optimized code and
a suitable language.
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3.7 Results and discussion

The proposed methodology improves some previous results in terms
of accuracy of the solution. It also demonstrated to be more general in
terms of the morphology of the manipulator. Additionally, it does not
have high memory requirements to store the model parameters, tightly
related with the implementation used to model SVR machines. Related
with the implementation, even with the real–time performance obtained,
there are room for optimizations on some steps. Combining this with a
more suitable coverage of the pose space, training data generated should
yield a better representation of the input space, potentially improving
accuracy.

On the classification step, a classic Expectation Maximization (EM)
algorithm was employed. While it demonstrated to be suitable for sepa-
rating different solutions that may appear inside some regions, special
attention has to be paid in order to increase the success rate of this ap-
proach. A heuristic was developed to select the number of solutions in
these cases. Overestimating this value does not suppose a real issue,
since this just supposes a fragmentation of models for the same solution.
However, underestimating this number can yield a lower number of so-
lutions than the proper one for a given configuration, which supposes a
loss of information.

For the case of a serial manipulator, it is worth noting that a higher
number of regions were needed to achieve similar accuracy levels than
the reference method. This would indicate that the yielded nonlinear
models are not properly capturing the complexity compared with the
results obtained in the case of the parallel manipulators investigated.
Aside from a higher training time and a bigger look–up table —twice
as big as the one for the parallel case —, the impact on the methodology



92 / 227

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 972164																Código de verificación: nnR9QMzU

Firmado por: ANTONIO LUIS MORELL GONZÁLEZ Fecha: 30/06/2017 03:23:55
UNIVERSIDAD DE LA LAGUNA

JONAY TOMAS TOLEDO CARRILLO 30/06/2017 04:27:32
UNIVERSIDAD DE LA LAGUNA

LEOPOLDO ACOSTA SANCHEZ 30/06/2017 08:37:42
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 06/07/2017 13:51:03
UNIVERSIDAD DE LA LAGUNA

70 3 Machine Learning and Nonlinear Systems

is not critical. However, this also would indicate the possibility to find
a different combination of training parameters, another kernel function
or even another estimation method rather than a general SVR machine.

All together, I consider that this methodology can be applied to a
wide variety of morphologies with just some fine tuning, yielding good
enough performance and accuracy, which can be improved with alter-
native data generation approaches and a more suitable approach for
training parameter selection.
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“Deserves it! I daresay he does. Many that live
deserve death. And some that die deserve life.
Can you give it to them? Then do not be too eager
to deal out death in judgement. For even the very
wise cannot see all ends.”

— J.R.R. Tolkien, The Fellowship of the Ring 4
Fractional Differential Equations
and Dynamical Systems

E X P O N E N T I A L laws are the classical approach to study dynam-
ical systems using Ordinary Differential Equations (ODEs) on a
wide variety of fields. However, several natural processes and

physical systems have been found to exhibit faster or slower dynamics
than those provided by models based on pure exponential laws. In 1903,
the Mittag–Leffler function Eα, a direct generalization of exponential func-
tions, was introduced (Mittag-Leffler, 1903). The Eα(z) function is de-
fined by

Eα(z) :=
∞

∑
k=0

zk

Γ(αk + 1)
(z ∈ C; <(α) > 0) (4.1)

At the same time, it satisfies the main properties of exponential functions.
For instance, when α = 1, E1(z) = ez. In spite of not being the only
function that exhibit these properties, it has become one of the most
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72 4 Fractional Differential Equations and Dynamical Systems

used by practitioners and scientists when modelling systems with a
physical meaning.

This function has been one of the most important tools that enabled
the application of Fractional Differential Equations (FDEs) on complex
systems. FDEs are the foundation of Fractional Calculus (FC), a set of
tools built around the generalization of derivatives and integrals to any
arbitrary real or complex order (Oustaloup, 1995; Podlubny, 1999a). FC
describes several useful tools for solving differential and integral equa-
tions, and various other problems involving special functions of mathe-
matical physics. These tools have been used to model complex systems
on a wide variety of applications, including super–diffusion processes,
fluid flow, electrical networks, probability and statistics, control theory
of dynamical systems, viscoelasticity, signal processing and many others.
(Baleanu et al., 2010; Caponetto et al., 2010; Kilbas et al., 2006; Liu et al.,
2003; Méhauté et al., 2005; Podlubny, 1999a; Samko et al., 1993; Tenreiro-
Machado and Luo, 2008; Tenreiro-Machado, 2002; Tenreiro-Machado
and Barbosa, 2008; Tenreiro-Machado et al., 2011).

Some of the first applications were developed by Abel and Boole dur-
ing the 19th century. Then, it started to become a popular topic during
the first decades of the past century. FC has been applied to almost all
areas of classical analysis, which is not surprising considering that it ex-
tends two of the most basics operators of mathematics —differentiation
and integration.

Fractional–order models take advantage of being more suitable for
describing nonlinear dynamics on complex systems (Hilfer, 2000; Kil-
bas et al., 2006; Oldham and Spanier, 1974). While classical operators
are still suitable and powerful for modelling some important dynamical
processes, complex systems with non–local dynamics and long–memory
in time hugely benefit from the application of operators based on FDEs.
In contrast, classical derivation and integration are local operators, not
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4.1 Fractional operators 73

depending on their past values. Specifically, some processes that exhibit
anomalous diffusion —particles following nonlinear functions with re-
spect of time — and macroscopic complex behaviours cannot be pro-
perly characterized by classical integer–order models. Furthermore, some
complex systems have only been able to be physically explained after
the application of FDEs.

One of the clear examples is the Brownian motion, which models the
path of a particle subject to complex dynamics and serves as a model
of the physical behaviour of normal and anomalous diffusion processes.
Some systems based on natural processes can be modelled as a random
walk on a two–dimensional plane, where each particle randomly jumps
at an also random pace (Feller, 1968). When the jumps does not follow
a Gaussian propagator, more complex processes can be described by
using the so–called Continuous Time Random Walk (CTRW) (Metzler
and Klafter, 2000).

Applications to other nonlinear dynamical systems like chaotic sys-
tems and robotics have also demonstrated some of the benefits that the
fractional calculus introduces. Some of them will be introduced in the
following sections.

4.1 Fractional operators

In this section we introduce the fractional operators and definitions re-
levant to this dissertation. An extended and more complete description
of the fractional operators, FDE and fractional–order control has been
developed by Samko et al. (1993), Podlubny (1999a) and Kilbas et al.
(2006) and references therein.

The Riemann–Liouville fractional integral Iλ
a+ f of order λ, with λ ∈

R+, of a suitable real function f (t), probably one of the most used defi-
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74 4 Fractional Differential Equations and Dynamical Systems

nitions, can be expressed as

(Iλ
a+ f )(t) ,

1
Γ(λ)

w t

a

f (τ)
(t− τ)1−λ

dτ (4.2)

where a ∈ R, t > a and Γ(·) is the Euler Gamma function. Conversely,
the Riemann–Liouville fractional derivative Dµ

a+ of order µ, with n− 1 <

µ ≤ n, of a function f (t), is defined as

Dµ
a+ f (t) , Dn(I1−µ

a+ f )(t) (4.3)

Another useful definition of the fractional derivative was given by Ca-
puto, as follows

cDµ
a+ f (t) , (I1−µ

a+ (Dn f ))(t) (4.4)

where D ≡ d
dt . Furthermore, the Grünwald–Letnikov’s definition of the

fractional derivative is also relevant, and is given by

Dµ
a+ f (t) = lim

h→0

1
hn

(t−a)/h

∑
j

(−1)j
(

µ

j

)
f (t− jh) (4.5)

where
(

µ

j

)
=

Γ(µ + 1)
Γ(j + 1)Γ(µ− j + 1)

(4.6)

For simplicity, we will consider Dµ
0+ ≡ Dµ and Iλ

0+ ≡ Iλ.

For a suitable real function f (t), the Laplace transform of the fractional–
order integral, as described by Podlubny (1999a) and Kilbas et al. (2006),
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assuming zero initial conditions, is

L{Iλ f (t)} =
w ∞

0
e−st

(
1

Γ(λ)

w t

a

f (τ)
(1− τ)1−λ

dτ

)
dt = (4.7)

=
1
sλ

F(s)

Similarly, the Laplace transform of Dµ, also assuming zero initial condi-
tions, is given by

L{Dµ f (t)} = sµF(s) (4.8)

where the integer n lies within n− 1 < µ ≤ n.

With these fractional operators, we can introduce the definition of a
system of FDEs with initial conditions as





cDµ
a+x(t) = f

(
t, x(t)

)
, m− 1 < µ < m ∈ Z+, t > 0

cDk
a+x(t)

∣∣∣
t=0

= xk
0 , k = 0, 1, 2, . . . , (m− 1)

(4.9)

where the fractional derivative is the Caputo’s definition, x ∈ Rn, the
function f : Rn ×R→ Rn and µ = (µ1µ2 . . . µn)T .

Furthermore, using the Riemann–Liouville fractional derivative, a
fractional–order Linear Time–Invariant (LTI) causal system is defined as

n

∑
k=0

akDαk y(t) =
m

∑
k=0

bkDβk u(t) , n ≥ m (4.10)

where orders αk, βk ∈ R. If the orders of derivation αk and βk can be
expressed as multiples of a given value λ ∈ R+, the system is said to be
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of commensurate order, and αk = βk = kλ. Thus, equation 4.10 becomes

n

∑
k=0

akDkλy(t) =
m

∑
k=0

bkDkλu(t) , n ≥ m (4.11)

with k ∈N. Applying the Laplace transform, the transfer–function of a
fractional–order continuous–time system can be expressed as

G(s) =
Y(s)
U(s)

=

m
∑

k=0
bk(sλ)k

n
∑

k=0
ak(sλ)k

(4.12)

assuming zero initial conditions.

4.2 Fractional–order control and the tracking

problem

Dynamically tracking and following a given target is one of the basic
tasks a mobile robot can typically perform. Depending on the environ-
ment and the dynamics of the robot, the solution to this problem in-
volves modelling and controlling complex dynamics. Assuming a pro-
perly parametrized target, this task involves the control of the traction
system for a self–driving car. For the case of electric motors, the system
is controlled by an input voltage and the output is the rotational speed
of the rotor. This is ultimately translated into the position of the mobile
robot with respect to the target. The self–driving car Verdino is an exam-
ple of a mobile robot that can benefit from an accurate control method
in order to keep a fixed distance when tracking a target. In this case,
the dynamic target or objective can be a pedestrian or another vehicle,
which also can freely move. In the following, this context will be used to
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4.2 Fractional–order control and the tracking problem 77

describe a control method applied to this problem, for which a related
contribution will be presented.

In Control Engineering (Ogata, 2010), the tracking problem can be des-
cribed in terms of the velocity or position of the output. Whereas the phys-
ical form of the output can vary depending on the nature of the system
which will be controlled, we will consider that the velocity and position
of the output are directly related with the corresponding velocity and po-
sition of a mobile robot. The problem is stated in classic Control Theory
as finding the instantaneous control action u(t) that makes a closed–loop
error function e(t) become zero for a given input function r(t). Some au-
thors, Petráš (2009), Monje et al. (2010) and Tenreiro-Machado (2010) for
instance, have proposed different approaches to solve tracking problems
when the input is a step function. However, a ramp is a more suitable
input function to model a control system that keeps a fixed distance be-
tween the robot and the target: the slope can be dynamically adjusted
to fit different path planning or navigation strategies. In the following,
we will model the input using a unit–ramp.

The general expression for these transfer–functions is given by

G(s) =
Y(s)
U(s)

= K

m
∏

k=0
(s + bk)

n
∏

k=0
(s + ak)

(4.13)

where Y(s) and U(s) are the output and input of the system, respectively.
For a given controller c(t), a closed feedback control loop can be descri-
bed as shown on figure 4.1, where each system is represented by its
related transfer–function, after applying the Laplace transform in order
to obtain the representation in the frequency domain. We assume zero
initial conditions for all of these functions. C(s) is the transfer–function
of the controller and G(s) is the dynamic model of the system, e.g., the
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−+ C(s) G(s)
U(s)

D(s)

R(s) E(s) Y(s)

Figure 4.1 Feedback control loop.

Direct Current (DC) electric motor for our self–driving car, Verdino. Con-
sidering ideal conditions (no added disturbances, D(S) = 0), if the error
function E(s) = 0 then the output Y(s), which represents the distance or
position with respect to the target, will follow the input R(s). The Laplace
transform of a unit–ramp, r(t) = t, is R(s) = 1/s2, which we will use to
model the input in this problem. Thereby, the dynamic model of an elec-
tric motor can be described as the second–order LTI transfer–function

G(s) =
1

(τ1s + 1)(τ2s + 1)
(4.14)

describing the dynamics between the output and the input, with τ1, τ2 6=
0. These parameters are usually obtained applying a parameter identi-
fication process to the real system. This class of transfer–functions are
said to be of Type–0 (no roots at the origin).

Proportional–Integral–Derivative (PID) controllers of integer–order
are commonly used to design suitable transfer–functions C(s) that sta-
bilize feedback control loops like equation 4.14. The fractional or non–
integer generalization of the PID controller is expressed as PIλDµ, typi-
cally with 0 < λ, µ < 1 ∈ R (Podlubny, 1999b). The expression in the
time domain for the control action u(t) with respect to the error function
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e(t) is

u(t) = Kpe(t) + KiD−λe(t) + KdDue(t) (4.15)

with a transfer–function of the type

C(s) = Kp +
Ki

sλ
+ Kdsµ, λ, µ > 0 (4.16)

For systems that can exhibit delay, derivative actions are not recom-
mended when designing the realization of a controller. Thus, to control a
system like a DC motor, PI controllers are preferred. Whereas these con-
trollers are designed to yield a low steady–state error, when the input is
a ramp function, it is well known that a PI controller

C(s) = Kp + Ki/s (4.17)

with an integer–order integral action —(λ = 1 — is unable to yield a
tracking error equal to zero.

Let E(s) be the error function on a feedback control loop, consisting
of an integer–order Proportional–Integral (PI) controller (equation 4.17),
connected with a LTI system G(s) as in figure 4.1. The transfer–function
will be given by

E(s) =
1

1 + kpG(s) + Ki
G(s)

s

R(s) (4.18)

When the input is a ramp function, the transfer–function R(s) is

R(s) =
r
s2 (4.19)

where r ∈ R is the slope. Therefore, the steady–state error Ess, applying
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Figure 4.2 Finite steady–state error for a Type–1 system with a ramp input.

the Final–Value Theorem, can be obtained with

Ess = lim
s→0

s E(s) = (4.20)

= lim
s→0

s
1

1 + kpG(s) + Ki
G(s)

s

r
s2 (4.21)

= lim
s→0

r
s
(
1 + KpG(s)

)
+ KiG(s)

(4.22)

The steady–state gain for a Type–0 transfer–function G(s) as in equa-
tion 4.13 can be obtained as

lim
s→0

G(s) = lim
s→0

K

m
∏

k=0
(s + bk)

n
∏

k=0
(s + ak)

= K

m
∏

k=0
bk

n
∏

k=0
ak

= Kg (4.23)

where Kg is a constant value. Solving the limit in equation 4.22 applying
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by equation 4.23 leads to the steady–state error

Ess =
r

KiKg
= Kss (4.24)

where the constant value |Kss|> 0.
Figure 4.2 shows the transient and steady–state values for a Type–I

system with an integral–order PI controller and an unit–ramp function
as the input. It can be seen that after the transient, the error in position
becomes constant. A design method that yields a fractional–order con-
troller suited for this problem is presented in the following contribution
(Morell et al., 2013c).

4.3 Design of a fractional–order controller for

the setpoint ramp tracking problem

This section includes the full text for the following article, one of the
contributions of this thesis presented as a compendium of publications.

• Title: Design of a fractional–order controller for the setpoint ramp
tracking problem
• Authors: Antonio Morell, Juan J. Trujillo, Margarita Rivero and

Leopoldo Acosta
• Publication: Proceedings of the 2013 American Control Conference

(ACC)
• Year: 2013
• ISSN: 0743–1619
• doi: 10.1109/ACC.2013.6580492
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Design of a Fractional – Order Controller for the
Setpoint Ramp Tracking Problem

A. Morell†, J.J. Trujillo*, M. Rivero§ and L. Acosta† (IEEE Member)

Abstract— It is well known that a classical PI controller
cannot accurately follow a ramp setpoint. A real world situation
which shows this behavior could be a system composed of
a direct current motor whose input setpoint is an accelera-
tion/deceleration ramp. In this paper, we propose the design of
a fractional PIλ controller, with a fractional–order parameter
λ > 1, as a well suited approach to solve this problem. The
design methodology is frequency–based, which allows finding
the corresponding fractional controller parameters in order to
guarantee stability, robustness and zero steady–state error.

I. INTRODUCTION

Fractional calculus is the generalization of derivatives and
integrals to an arbitrary order λ, which can be a real or
even complex number. In recent decades, the growing interest
in the applications of fractional models in many different
fields of applied sciences and engineering is well known.
Specifically, it has been applied to model the dynamics of
processes with complex behaviors. For instance, [1]–[5] and
their references are a representative selection of relevant
publications. In particular, the fractional generalization of the
PID control scheme PIλDµ (with Iλ the fractional integral
of order λ and Dµ the fractional derivative of order µ) has
shown a better performance in both time and frequency do-
mains than its classical counterpart on some applications. For
instance, the reader can find different sources of information
of important documents, tools and events in the field of
fractional calculus [4]. For further references we also suggest
[6]–[17].

Nowadays, even with all the efforts and achievements in
this field, there still are theoretical problems and applications
which need to be addressed. In this work the tracking
problem of a ramp setpoint is faced. It is well known that an
integer–order PI controller, the steady–state error of a given
system is a constant value. This paper proposes a control loop
design using fractional operators, in which the theoretical
steady–state error is zero.

Although some authors have addressed speed tracking
problems with step setpoints [14], [18], [19], our interest
is related with ramp setpoints associated with speed control

The authors gratefully acknowledge the contribution of the Spanish
Ministry of Economy and Competitiveness under Projects SAGENIA
DPI2010 –18349 and MTM2010 –16499.

† Department of Ingenierı́a de Sistemas y Automática y Arquitectura y
Tecnologı́a de Computadores (ISAATC), Universidad de La Laguna, 38271
La Laguna, Tenerife, Spain (e–mail: amorell@isaatc.ull.es ,
lacosta@ull.es)

* Department of Análisis Matemático, Universidad de La Laguna, 38271
La Laguna, Tenerife, Spain. (e–mail: jtrujill@ullmat.es)

§ Department of Matemática Fundamental, Universidad de La Laguna,
38271 La Laguna, Tenerife, Spain. (e–mail: mrivero@ullmat.es)

actions. In order to validate this proposition, we have applied
a fractional PIλ controller to improve the speed control for
the DC motor installed on the VERDINO [20] prototype, an
electric golf cart modified by our group at University of La
Laguna. In adittion, our method simplifies the drawbacks of
complex models, by the description of suitable tuning rules.
Given some design specifications, such rules can be used to
obtain the parameters of a fractional PIλ controller, so that
the system yielded by this method verifies these stability and
robustness conditions.

This paper is organized as follows: Section II presents
definitions and properties for some fractional operators and
PIλDµ controllers. Section III describes the real platform
on which the experiments has been conducted, and justifies
the PIλ controller’s choice. In Section IV, the proposed
tuning rules needed to obtain the controller parameters are
presented. Then, the method is applied to the real prototype
in Section V, where stability and robustness are analyzed
by means of frequency representation, and relevant results
which show the better behavior of the proposed method are
reported. Finally, the main conclussions are summarized in
Section VI.

II. FRACTIONAL CONTROL SYSTEMS

A. Fractional Operators

In this Section we describe some definitions and properties
of the fractional operators which are applied in this paper.
For further details please see [5], [8], [21].

Let f(t) be a suitable real function. The definition of the
fractional integral of f(t) is

(Iλa+f)(t) ,
1

Γ(λ)

w t

a

f(τ)

(t− τ)1−λ
dτ, (1)

where a ∈ R, t > a, λ is the real positive integration order
(with n− 1 < λ ≤ n, n ∈ N), and Γ(λ) is the Euler Gamma
function.

The Laplace transform of a function is very important in
many applications in engineering. For a suitable function
f(t), the Laplace transform of the integral is given by [5],
[8]

L{Iλf(t)} =
w∞

0
e−st

(
1

Γ(λ)

w t

a

f(τ)

(1− τ)1−λ
dτ

)
dt =

(2)

=
1

sλ
F (s),

with Iλ0+ ≡ Iλ and zero initial conditions. See for exam-
ple [5], [8].
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The Riemann–Liouville definition for the fractional deriva-
tive of order µ, with n− 1 < µ ≤ n, for a function f(t) is
defined as

Dµ
a+f(t) , Dn(I1−µa+ f)(t), (3)

while the Caputo fractional derivative is given by
cDµ

a+f(t) , (I1−µa+ (Dnf))(t), (4)

where D ≡ d
dt . The Grünwald–Letnikov’s definition is

Dµ
a+f(t) = lim

h→0

1

hn

(t−a)/h∑
j

(−1)j
(
µ

j

)
f(t− jh), (5)

where (
µ

j

)
=

Γ(µ+ 1)

Γ(j + 1)Γ(µ− j + 1)
. (6)

It can be shown that the above definitions are equivalent
for a wide class of functions [8]. As seen with the integral
operator, we will use the nomenclature Dµ

0+ ≡ D
µ.

Fractional differentiation has a memory property, that is,
the value of the fractional derivative function at time t
depends on its past values, while the classical integer–order
differentiation is a local operator.

Finally, the Laplace transform of Dµ is given by

L{Dµf(t)} = sµF (s), (7)

when n− 1 < µ ≤ n, and

f(0) = f ′(0) = . . . = f (n−1(0) = 0. (8)

B. PIλDµ controllers

A non–integer linear time–invariant system can be repre-
sented as follows:

n∑
k=0

akD
αky(t) =

m∑
k=0

bkD
βku(t) , n ≥ m , (9)

where αk, βk ∈ R. They can be classified according to their
orders of derivation, αk and βk: if they cannot be expressed
as multiples of a certain λ value, we can say that the system
is non–commmensurate. Likewise, if they can be represented
as a term kλ, with k = 0, 1, 2, · · ·, the system is said to be
of commensurate order. In the latter case, the value λ can
generally be a rational or irrational number, but in this paper
we will consider it to be the former. Thus, (9) becomes:

n∑
k=0

akD
kλy(t) =

m∑
k=0

bkD
kλu(t) , n ≥ m . (10)

Applying the Laplace transform (assuming zero initial
conditions) to (10) we can obtain the continuous–time trans-
fer function

G(s) =
Y (s)

U(s)
=

m∑
k=0

bk(sλ)k

n∑
k=0

ak(sλ)k
, (11)

It should be noted that a complex variable function like

F (s) =
n∑
k=0

aks
λk (12)

Fig. 1. VERDINO prototype, a fully electric two seat golf cart.

is multi–valued. Its domain can be seen as a Riemann
surface [22], [23], with a finite number of sheets when
∀k, λk ∈ Q+. The q sheets of the Riemann surface, with
λ = 1/q, are determined by

s = |s|ejφ, (2k + 1)π < φ < (2k + 3)π, (13)

where k = −1, 0, · · · , q−2. Following the approach showed
in [14], only the roots of the principal sheet are meaningful,
since (starting from the second sheet), they are always related
to monotonically decreasing functions. Therefore, they can
be safely ignored.

In 1999 Podlubny [9] proposed a generalization of the
classical PID controller known as PIλDµ, typically with
0 < λ, µ < 1, but in general λ, µ > 0. The integer cases
correspond to the classical PID family of controllers, i.e.,
P , PD, PI and PID cases. In short, selecting a fractional
order for each action allows controlling the tradeoffs between
positive and negative effects of the classical derivative and
integral actions, obtaining more flexible control solutions to
new and already existing problems. The generalized expres-
sion in the time domain of the PIλDµ controller is

u(t) = Kpe(t) +KiD
−λe(t) +KdD

ue(t). (14)

The transfer function of such controller is given by the
Laplace transform with zero initial conditions:

Gc(s) = Kp +
Ki

sλ
+Kds

µ, λ, µ > 0. (15)

C. Stability considerations

Graphical or geometrical techniques of complex analysis
based on the Cauchy’s argument principle allow evaluating
the closed–loop stability. The well–known Nyquist path can
be used to determine the stability of a fractional–order
system. Specifically, in closed–loop analysis, a system will
be unstable if the path encloses the critical point (−1, 0),
and stable otherwise. A similar procedure, described in [14],
applies the mapping δ = sλ, to evaluate the stability
properties by means of a contour defined inside a certain
δ–plane.
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Fig. 2. Step response for real system and LTI model.

III. SPEED TRACKING PROBLEM

A. Experimental model

Fig. 1 shows the test platform where the experiments
have been conducted, VERDINO [20], a low–cost golf
cart (a modified EZ–GO TXT–2). This fully electric two
seat vehicle is a well suited experimental framework for
developing and testing autonomous and self–driven systems.
It is designed for passenger transportation and surveillance in
non–structured environments. The vehicle has been modified
by adding several sensors and actuators, which enable it to
navigate by itself through urban areas, and assist the top–
level software in many tasks, including trajectory tracking.
In the following a controller which is able to accurately track
a velocity ramp is presented.

Fig. 2 shows the step response of VERDINO’s DC motor
and the resulting model after a parameter identification
process. Such model is described by the following transfer
function:

G(s) =
1.846

s2 + 3.053s+ 1.846

=
1

(τ1s+ 1)(τ2s+ 1)
, (16)

where τ1 = 1.204 and τ2 = 0.45 are the time constants.
This LTI model has been obtained after a parameter identi-

fication process, as an Autoregressive Model with Exogenous
inputs (ARX). The system has been modeled using the DC
motor voltage as the input, and taking the output from an
optical encoder, which measures the rotational speed of the
motor.

It is well known that a classical PID does not guarantee
a zero tracking error against ramp setpoints for this kind
of systems. In the next Section we propose a fractional
PIλ controller, with λ > 1, in order to solve this problem.
When λ takes values greater than 1 it is also known that the
stability region decreases with respect to the classical case.
In this situation, the stability region for such case will be

Stability

region 0

Fig. 3. Modified stability region on the fractional controller PIλ (λ > 1).

the complex plane region where the phase is lower than π
2λ

(Fig. 3). For a more detailed explanation, please refer to [15].

B. Proposed PIλ approach

Introducing a fractional–order integral action, the error
becomes:

E(s) =
1

1 + G(s)
sλ

r

s2
=

sλ−2r

sλ +G(s)
. (17)

Then, the steady–state error is:

lim
s→0

sE(s) = lim
s→0

s
sλ−2r

sλ +G(s)
=

= lim
s→0

r

sλ +G(s)
lim
s→0

sλ−1 = K lim
s→0

sλ−1 , (18)

where K is a constant value. Thus, if λ > 1 the steady–state
error will be zero.
PIλDµ controllers are often applied with fractional orders

0 < λ, µ < 1. Integral actions with λ near to the value 2
will have, in general, stability and robustness problems, so
the designed controller have to be tested in order to guarantee
stability and a good enough phase margin.

The following Section will describe the proposed design
method which yield the parameters of such fractional con-
troller.

IV. FRACTIONAL–ORDER PIλ CONTROLLER DESIGN

This Section describes the design procedure that yields the
controller parameters. For simplicity, s = w ej

π
2 λ henceforth.

To guarantee stability and robustness as well, we will use the
hypotheses described in [14], [24]. Therefore, the parameters
Kp,Ki, λ must verify the following:

1) Phase margin hypothesis:

arg [C(s)G(s)]
∣∣∣
w=wcg

= −π + ϕm, (19)

where ϕm, the phase margin, is a design parameter,
and C(s), G(s) are the controller and plant transfer
functions, respectively. Thus, Ki can be evaluated as
follows:

Ki = −
wλcgB

sin(π2λ
2) + cos(π2λ

2)B
, (20)
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U =

[
τ21wcg + τ1 cos(π2λ)

] [
1 + τ22w

2
cg + 2τ2wcg cos(π2λ)

]
+
[
τ22wcg + τ2 cos(π2λ)

] [
1 + τ21w

2
cg + 2τ1wcg cos(π2λ)

][
1 + τ21w

2
cg + 2τ1wcg cos(π2λ)

] 3
2
[
1 + τ22w

2
cg + 2τ2wcg cos(π2λ)

] 3
2

(26)

Kp =
1[

1 + ( Ki
wλcg

)2 + 2 Ki
wλcg

cos(π2λ
2)
] 1

2
2∏
i=1

[(
1 + τ2i w

2
cg + 2τiwcg cos(π2λ)

)− 1
2

] (27)

where

B = tan

[(
2∑
i=1

tan−1
τiwcg sin(π2λ)

1 + τiwcg cos(π2λ)

)
− π + ϕm

]
(21)

and τi are the time constants of the transfer function
for the given second order system.

2) Robustness against gain variations:

d (arg [C(s)G(s)])

dw

∣∣∣
w=wcg

= 0, (22)

which guarantees robustness locally. This condition
leads to the following cubic system:

F (λ) = A3K
3
i +A2K

2
i +A1Ki +A0 = 0, (23)

with coefficients

A3 =λwλ−1cg sin(
π

2
λ2) cos2(

π

2
λ2)

A2 =2λw2λ−1
cg sin(

π

2
λ2) cos(

π

2
λ2)− U (24)

A1 =λw3λ−1
cg sin(

π

2
λ2)− 2Uwλcg cos(

π

2
λ2)

A0 =− Uw2λ
cg ,

where U is given by (26).
3) Finally, a hypothesis for the gain crossover frequency:

|C(s)G(s)|
∣∣∣
w=wcg

= 1, (25)

which leads to (27), the equation that describes the
proportional parameter Kp.

As will be described in the following Section, solving
this system of equations yields the parameters Kp,Ki, λ that
describe the PIλ controller.

Remark (Robustness on fractional–order systems). The most
common approach consists on controllers with 0 < λ < 1.
This leads to a wider stability region, compared with the
classical case, λ = 1. Fractional orders λ > 1, like the
proposed on this paper, clearly reduce the size of the stability
region. Specifically, the region is limited by the semi–straight
lines s = w e±j(π/2)λ, with w ∈ R+ and Real part of s
negative, as it was shown in Fig. 3. However, it allows an
important feature such as being able to follow a setpoint
ramp, as has been explained above.

V. EXPERIMENTS

A. Test setup

Some experiments have been conducted in order to va-
lidate the proposed PIλ controller. VERDINO is meant to
follow a pedestrian located in front of it. The robot should try
to keep a desired distance between itself and the pedestrian,
which moves along a straight line. The pedestrian cannot
modify her direction, but can vary her speed. This implies
that the car also has to adjust its own speed during the
experiment, in order to successfully follow the behavior of
the pedestrian.

The simulations have been carried out using the Ninteger
MATLAB [25] toolbox developed by Duarte Valério [26].
The closed–loop implementation have been made using
Simulink with the Real Time Workshop toolbox. The test
setup does not include other obstacles, as this experiment
focuses only on the tracking problem. The distance to the
pedestrian and her speed are measured using a Laser Imaging
Detection and Ranging (LIDAR) device, a Sick LMS111,
with a maximum range of 20 meters. The LIDAR has
an update frequency of 50Hz, fast enough for tracking
pedestrian movements. The distance to the pedestrian is used
as the setpoint in the Simulink model, which includes the
fractional controller. Then, the control action is sent to the
control hardware of VERDINO by a serial protocol.

B. Design method

In order to apply the proposed design method, which
consists on obtaining the controller parameters Kp,Ki, λ,
the transfer function has to be expressed as shown on (16).
The first step is to select suitable values for the phase
margin ϕm and the crossover gain frequency wcg . In this
experiment, we have set ϕm = 70◦ and wcg = 0.37 rad/seg.
Applying the hypothesis (22) leads to the cubic system (23),
with coefficients (24). In order to obtain the roots along the
real axis of such system we propose applying the following
graphical method:

• Plot y = F (λ) and find the λ value that intersecs with
the abscissa axis nearest to 1, where F (λ) is the left
hand side of (23).

• Since y = F (λ) is a cubic curve, it can be shown that
there will exist at least one intersection with the abscissa
axis. In this example, λ ≈ 1.235, as shown in Fig. 4.

• Once λ is found, apply (20) and (21) to obtain Ki. In
this example, Ki = 0.32. When more than one real root
exists, the chosen λ value should be the nearest to 1,
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Fig. 5. Frequency response with controller parameters Kp = 1.17,Ki =
0.32,λ = 1.235.

since stability cannot be easily guaranteed if λ is closer
to 2.

• Finally, the proportional gain can be easily obtained
applying equation (27). Kp = 1.17 in this example.

C. Frequency and time analysis

The frequency response is shown in Fig. 5. As can be
seen, both gain crossover frequency and phase margin spe-
cifications, wcg = 0.37 rad/sec and ϕ = 70◦, are satisfied.

Fig. 6 shows experimental data obtained from the des-
cribed test setup. The pedestrian started to walk and tried
to mantain a speed of 3.6m/s during 10 seconds. Then,
it slowed down to approximately 2m/s for the last part
of the experiment. She walked along a straight line during
15 meters. This experiment shows that the proposed PIλ

controller is able to significantly reduce the transient error,
while the integer–order PI is not able to follow the setpoint
closely, as expected.
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Fig. 6. Position tracking with speed changes.
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Fig. 7. Measured distance between VERDINO and the pedestrian. The
setpoint was 3 meters.

Next, Fig. 7 shows the measured distance between
VERDINO and the pedestrian during the experiment, which
was set to 3 meters. It can be seen that with the proposed
PIλ controller, VERDINO follows the pedestrian closer than
the integer–order PI , i.e., the distance is closer to 3 meters
with the latter.

Finally, during the experiment we also measured the dif-
ference between the command effort with both approaches.
Fig. 8 shows the relative difference ∆ as follows:

∆ = 100
uf − ui
ui

, (28)

where uf and ui are the command effort for the fractional
and integer order controllers, respectivelly. At most, the
fractional–order controller needed about 10% more com-
mand than the integer version, which is reasonable, conside-
ring that the proposed controller is able to follow the speed
variations of the pedestrian better.
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Fig. 8. Relative difference ∆ on command effort for both approaches.

VI. CONCLUSIONS

In this paper we have proposed a fractional PIλ controller,
with a parameter λ > 1, in contrast with the most common
approach, with fractional orders within the interval (0, 1).
The experiments conducted have shown that this controller
is suitable for the speed ramp tracking problem, with an ap-
plication in an electric car. In this paper we have considered
the modification of the stability region when derivation and
integration orders are not integer. Specifically, with λ > 1
we have found that the stability region is reduced.

The design method has been also described. Such method
allows obtaining the controller parameters Kp,Ki, λ from
the established stability and robustness specifications. The
experiments has been conducted on a real system, with a
test setup that allowed demostrating the better performance
of the proposed PIλ controller, compared with its integer
order counterpart. Those experiments have also shown that
the command effort is not greatly penalized, roughly by
only a 10%, i.e., command values are similar to those
obtained with a non fractional controller. However, results
have shown a remarkable reduction of the tracking error with
the proposed controller. Finally, it should be noted that the
gain in reference tracking justifies, in some applications, the
loss in robustness.
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Hermès Science, Paris, 1995.

[8] I. Podlubny, Fractional Differential Equations. Mathematics in
Science and Engineering, 1999, vol. 198.

[9] ——, “Fractional-order systems and PIλDµ–controllers,” Automatic
Control, IEEE Transactions on, vol. 44, pp. 208–214, Jan 1999.

[10] J. A. Tenreiro-Machado, “Special Issue : Fractional Order Systems,”
Nonlinear Dynamics, vol. 29, no. 1–4, pp. 1–385, Kluwer, 2002.

[11] J. Tenreiro-Machado and A. Luo, “Special Issue : Discontinuous
and Fractional Dynamical Systems,” Computational and Nonlinear
Dynamics, ASME Journal of, vol. 3, no. 2, p. 125, April 2008.

[12] J. A. Tenreiro-Machado and R. Barbosa, “Special Issue : Fractional
Differentiation and its Applications,” Vibration and Control, Journal
of, vol. 14, pp. 1253–1672, Sage Pub, September 2008.

[13] D. Baleanu, J. Tenreiro-Machado, and Z. B. Guvenc, New Trends
in Nanotechnology and Fractional Calculus Applications. Springer,
London, 2010.

[14] C. A. Monje, Y.-Q. Chen, B. M. Vinagre, D.-Y. Xue, and V. Feliu,
Fractional-Order Systems and Controls: Fundamentals and Applica-
tions., 1st ed., ser. Advances in Industrial Control. Springer–Verlag,
London, 2010.

[15] R. Caponetto, G. Dongola, L. Fortuna, and I. Petráš, Fractional
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88 4 Fractional Differential Equations and Dynamical Systems

4.4 Fractional–order models and dynamical

systems

In a practical sense, noisy sensors and non accurate observations can
render very–long–range estimations nearly impossible to forecasts for
nonlinear dynamical systems. Thanks to the attention drawn from these
observations, chaos (along with fractals) has been identified as intrinsic
features and behaviours universally present in nature. Chaos is said to
be universal since several dissimilar dynamical systems have demon-
strated to show the same nonlinear dynamics, from simple electronics
circuits to involved models for weather forecasting. These concepts have
been studied and developed by many scientists and practitioners of sev-
eral fields, including robotics.

Nonlinear dynamics have fascinated the scientific community over
the past century and recent years due to their close relation with nat-
ural phenomena and many physical systems. Lorenz (1963) properly
described an effect that several scientists have acknowledge at some ex-
tent but that lacked the insight that he demonstrated. He found the first
chaotic attractor in a three–dimensional autonomous system (shown in
figure 4.3), describing the first mathematical and physical model which
was considered the foundation of Chaos theory.

Chaos is considered by many scientists as one of the great revolutions
of the past century, along with relativity and quantum mechanics. It
can be defined as the study of unpredictable behaviour in nonlinear
dynamical systems. Also called the dynamical systems theory or theory
of nonlinear oscillations, it shows the sensitive dependence on initial
conditions. This has become a major statement as it summarizes the
unpredictable nature that many systems exhibit in the long run.

While chaotic behaviour and its consequences have been studied over
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4.4 Fractional–order models and dynamical systems 89

(a) Phase–space with σ = 10, β = 8/3, ρ = 28

ẋ = σ (y− x)
ẏ = ρx− y + xz
ż = −βz + xy

(b) Lorenz system

Figure 4.3 Lorenz three–dimensional autonomous system (Lorenz, 1963), re-
sembling a butterfly, where x, y, z ∈ R are pseudo–state variables and σ, ρ, β
are positive parameters.

the past century, several applications and extensions remain to be pro-
perly established, along with relevant consequences and benefits yet
to be discovered in our understanding of a wide variety of physical
deterministic systems. However, unpredictable behaviour does not nec-
essarily mean randomness: a deterministic system can exhibit chaotic
behaviour which may appear random, mainly because a given solution
may not show any periodic pattern. The main consequence is that, even
being predictable for short time horizons, dynamical systems that ex-
hibit chaos are unpredictable in the long run due to the known sensitive
dependence on initial conditions: small variations and other unknowns
may yield very different results on a deterministic process. The Butterfly
effect has become the widespread name for this paradigmatic discovery.

Ravishankar and Ghosal (1999) probed the existence of chaotic be-
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90 4 Fractional Differential Equations and Dynamical Systems

haviour on feedback–controlled two– and three–Degrees of Freedom
(DOF) robots. They shown that for a certain range of parameters, the
nonlinear dynamical system of differential equations demonstrate chaos.
For the last three decades, many scientists have studied and described
a wide range of applications of deterministic chaos in robotics. These
applications probe the effects of applying the dynamics of natural be-
haviours that lead to chaos on bio–inspired mobile robots. The appli-
cations are two–fold: study observations of chaotic behaviour in robots
(Goswami et al., 1998; Gritli et al., 2015; Nehmzow and Walker, 2005)
and synthesize chaotic dynamics to study new approaches for solving
different tasks (Kaygisiz et al., 2011; Luo et al., 2013; Nakamura and
Sekiguchi, 2001). One of the relevant insights from these applications is
that chaos is intrinsic to robot dynamics.

Control methods and algorithms based on chaos theory have started
to be applied to mobile robots in the past few years. Path planning and
other optimization algorithms have been found to benefit from the appli-
cation of chaos. Nakamura and Sekiguchi (2001) developed the first mo-
bile robot which navigates following a chaotic pattern, designing a con-
troller that produces chaotic motion. Thanks to the sensitive dependence
on initial conditions, the behaviour of the robot became unpredictable.
This enabled the mobile robot to perform different tasks like surveillance
and searching without any trajectory planning or workspace mapping.
The coverage of the entire workspace is better and more efficient even
when compared with other methods like those based on random walk.
Not requiring a map is a huge advantage for chaotic mobile robots de-
signed for specific tasks, since chaotic motion planning techniques en-
sure a rapid search of the workspace (Kaygisiz et al., 2011).

When considering a mobile robot as a chaotic system, the uncertainty
models differ significantly from the stochastic ones. A relevant appli-
cation for state estimation on dynamical systems like mobile robots is
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4.4 Fractional–order models and dynamical systems 91

(a) Phase–space, with a = 35, b = 3, c = 28

ẋ = a (y− x)
ẏ = (c− a) x + cy− xz
ż = −bz + xy

(b) Chen system

Figure 4.4 Chen three–dimensional autonomous system (Chen and Ueta,
1999), where x, y, z ∈ R are pseudo–state variables and a, b, c are positive
parameters.

the Polynomial Chaos Theory (Wiener, 1938). This framework is a non–
sampling based technique that provides a probabilistic description for
the effects of uncertainty with a low computational cost, compared with
the well–known Monte Carlo (MC) simulations (Hover and Triantafyl-
lou, 2006). It allows the separation of the stochastic elements of a dy-
namical system from its deterministic ones. Derived from the insight
presented by Lorenz, it can be seen that due to noise and other distur-
bances generated by sensors and actuators, the localization of a mobile
robot can only be predicted for short time horizons. Furthermore, the
interaction with the environment is an additional source of constrains
and perturbations, which also plays a relevant role on the dynamical
behaviour of a mobile robot.
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92 4 Fractional Differential Equations and Dynamical Systems

(a) Phase–space, with a = 36, b = 3, c = 13

ẋ = a (y− x)
ẏ = −xz + cy
ż = −bz + xy

(b) Lü system

Figure 4.5 Lü three–dimensional autonomous system (Lü and Chen, 2002),
where x, y, z ∈ R are pseudo–state variables and a, b, c are positive parameters.

Fractional–order hyperchaotic models

After Lorenz’s discovery, more chaotic polynomial systems have been
discovered and described. Chen and Ueta (1999) described the first
Lorenz–like attractor, named the Chen system (figure 4.4), and a few
years later, Lü and Chen (2002) coined the Lü system (figure 4.5), a new
three–dimensional autonomous systems. While not being topologically
equivalent, they are very similar to the first chaotic system described by
Lorenz. In spite of their simplicity and similarity, Lü and Chen systems
still motivate the development of new methods and tools to analyse
chaotic systems. For instance, there still not exist an algebraically sim-
ple description for chaotic flow, remaining nowadays as an open topic
(Leonov and Kuznetsov, 2015).

Many other nonlinear dynamical systems that exhibit chaotic behaviour
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4.4 Fractional–order models and dynamical systems 93

(a) Phase–space, with a = 8, b = 43.75,
c = 2, d = 10, g = 5, h = 0.2, h = 0.05

ẋ = ax− yz
ẏ = xz− by
ż = cxy− dz + gxw

ẇ = kw− hy

(b) Dadras and Momeni
(2010) system

Figure 4.6 Four–dimensional autonomous system (Dadras and Momeni, 2010),
where x, y, z, w ∈ R are pseudo–state variables and a, b, c, d, g, h, k are positive
parameters. This system exhibits hyperchaos.

under certain conditions have been described. One of the characteris-
tics that define chaotic behaviours are the strange attractors. These rele-
vant points have basins of attraction, where infinitesimally close points
diverge exponentially over time around them. This divergence is mea-
sured by the Lyapunov Exponent (LE), which is positive for two points
moving apart over time at an exponential rate. Regular chaotic systems
have one positive LE. A positive LE is also an indicator that the system
has a highly sensitive dependence on initial conditions. This number is
the principal criteria of chaos, and it is related to the complexity of the
dynamic behaviour of a given system.

Consider the system described by Dadras and Momeni (2010), which
is shown on figure 4.6. Inspecting the phase space, the presence of more
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94 4 Fractional Differential Equations and Dynamical Systems

complex dynamics is clear: the dynamics expand in more than one direc-
tion. Rossler (1979) introduced this new class of systems when reporting
a system with more than one positive LE for the first time, exhibiting
what was called hyperchaos. These new kind of attractors have more com-
plicated dynamics than a chaotic system. The main consequence is that
these class of systems are even more sensitive to perturbations. Hyper-
chaos is a relevant and interesting characteristic not only for theoretical
research but also for its practical implications, being chaos control one of
the more prominent in engineering. Due to their more complex nature,
suitable modelling tools and control methods need to be considered.
For these reasons, hyperchaotic systems are attracting the attention of
an increasing number of scientists and engineers.

Several control techniques have been applied for controlling chaotic
systems, like nonlinear control, adaptive control, sliding mode control
and robust control, to name a few. However, these techniques introduce
even more complexity on the analysis and synthesis of hyperchaotic sys-
tems. Thus, simple control methods are preferred when studying and im-
plementing these systems. For instance, simple located control feedback
methods can be applied to control full–pseudo–state–feedback represen-
tations of fractional–order dynamical systems. This is demonstrated in
the following contribution, where a novel hyperchaotic fractional–order
system is introduced (Morell et al., 2014).

4.5 Control of a novel fractional hyperchaotic

system using a located control method

This section includes the full text for the following article, one of the
contributions of this thesis presented as a compendium of publications.

• Title: Control of a novel fractional hyperchaotic system using a
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Fractional order dynamics and chaotics systems have been recently combined,
yielding interesting behaviours. In this paper, a novel integer order hyperchaotic
system is considered. Then, a fractional order hyperchaotic representation of
said system is proposed using a natural fractionalization. Two different linear
control methodologies to deal with the complexity which introduce such systems
are proposed. Those methods are able to modify the hyperchaotic behaviour of
the system and force it to move towards a fixed point; i.e. steady state. These
approaches give a general framework for taming such complex systems using
simple linear controllers. The main tools for analysing the controlled system are
Matignon stability criterion and RouthHurwitz test. Using a reliable numerical
simulation, the designed system is simulated to verify the theoretical analysis.

Keywords: fractional calculus; non-linear fractional differential systems;
hyperchaos; linear control methods; suppression of chaos; stabilization of bad
behaviour in hyperchaotic system

AMS Subject Classifications: 34H10; 34H15; 26A33; 34A08

1. Introduction

Fractional calculus as an extension of ordinary or integer order calculus was introduced 300
years ago.[1,2] It has been found that the dynamical behaviour of many physical systems can
be properly described by using fractional order system of differential equations. Moreover,
such tool has been extensively applied in many fields which have seen an overwhelming
growth in the last three decades. Some examples can be found in a wide variety of fields such
as physics,[3,4] engineering,[5,6] mathematical biology,[7] non-linear control problems in
Banach spaces,[8] finance,[9] optimal control,[10] impulsive evolution equations,[11] and
life science.[12] In general, it can be stated that for almost all systems that contain internal
damping, for instance, the traditional energy-based approach cannot be used to obtain a
suitable description of the behaviour of non-conservative systems. However, it is well
known that finding the physical meaning or geometrical interpretation of the fractional
order operators is one of the main problems which remain open.

∗Corresponding author. Email: jtrujill@ullmat.es

© 2014 Taylor & Francis
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2 A. Morell et al.

Moreover, chaos and its applications have been studied and developed by many scientists
from various applied fields.[13,14] Many mathematical definitions of chaos exist but,
roughly speaking, it may be described as a type of dynamic behaviour with the following
characteristics: super-sensitivity to perturbation in initial conditions, noise-like behaviour,
deterministic motion, trajectories of chaotic systems pass through any point an infinite num-
ber of times. As an important point it should be noted that chaotic systems represent a class
of indeterminacy models differing from the stochastic models. On one hand, knowledge
of the deterministic model’s current system state allows predictions of future trajectories
with an arbitrarily long period, whereas with the stochastic model precise forecasts cannot
be made. On the other hand, and generally speaking, the forecast error for chaotic models
grows exponentially, even for an arbitrarily short time. Consequently, a forecast can be
made only on a limited number of cases, defined by the admissible forecast error.

A regular chaotic system has one positive Lyapunov exponent.[15] However, systems
with more than one positive Lyapunov exponent are called hyperchaotic, which have more
complicated dynamics than a chaotic system.[16] Hyperchaotic systems are very interesting
and could have applications, for example, in communications or in mechanics problems.
Such property can be seen from numerical simulations, Lyapunov exponents or spectral
analysis.[16]

In chaos literature, three major kinds of problems can be found: suppression of chaos,
chaotization and synchronization of chaotic systems. Stabilization problems of the unstable
periodic orbiter, with the corresponding suppression of chaos,[17] arise in suppression of
noise and vibrations of various constructions, elimination of harmonics in the communica-
tion systems, electronic devices, mechanics and so on.[13] Harmful vibrations can be either
regular (quasiperiodic) or chaotic. Hyperchaotic vibration can also be found as a new and
important behaviour that appears in practical engineering applications, which happens to
be problems more complex than quasiperiodic and chaotic phenomena. The second class
includes control problems of excitation or generation of chaotic oscillations,[18] also called
chaotization or anticontrol of chaos problems. They arise when chaotic motion is the desired
behaviour of the system. Pseudorandom-number generators and sources of chaotic signals
in communication and radar systems are classical examples. Recent research suggests that
chaotization of processes could produce an appreciable effect in chemical and biological
technologies, as well as in handling of the loose materials. This problem is characterized
by the fact that the trajectory of the system phase vector is not predetermined, i.e. it is
either unknown or of no consequence for attaining the objective. Finally, another important
class of control objectives corresponds to the problems of synchronization. Synchronization
finds important applications, for instance, in vibration technology,[19] communications,[13]
biology and ecology,[20] and so on.

According to the Rössler definition,[21] hyperchaotic systems exhibit more than one
positive Lyapunov exponent (i.e. their dynamics can expand in more than one direction).
Therefore, such systems are more sensitive to perturbations, external disturbances and
parameter variations than basic chaotic ones, leading to some particular control diffi-
culties. In contrast, hyperchaotic systems provide a great richness in UPOs. Thus, such
systems are highly attractive for some applied fields such as non-linear circuits,[22] secure
communication[23] and laser applications.[24] Obviously, many methods coming from the
control theory framework are able to deal with hyperchaotic systems.[25–30] However,
such methods often have rigorous analytical results that yield complex control laws, and in
some cases the controller structure is more complex than the original hyperchaotic system.
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Optimization 3

Various rigorous control techniques have been applied for controlling chaos: non-linear
control,[31,32] adaptive control,[33,34] sliding mode control [35] and robust control,[36]
for example. However, such techniques have complex requirements and structures, which
sometimes are more difficult to be accurately implemented on real systems. Moreover,
their complexity introduces more non-linearities than those present in the original systems.
Therefore, simpler control methods which can be easily implemented are more attractive
and suitable for engineers. The main contribution of this paper is to develop a simple enough
located feedback and a full-pseudo-state-feedback controller that can stabilize any unstable
fixed point. Additionally, a new hyperchaotic incommensurate fractional order system is
introduced, based on an integer order system with various dynamical regimes. As is known
from the literature, controlling incommensurate fractional order systems is more difficult
than the commensurate ones.

The rest of the paper is organized as follows. For the sake of self-containment of the
paper, Section 2 briefly introduces the basic tools used in fractional calculus. In Section 3, a
novel fractional hyperchaotic system is studied, and then two control techniques to stabilize
their unstable behaviour are applied. Finally, Section 4 is devoted to the concluding remarks.

2. Preliminaries

2.1. Fractional calculus background

In this subsection some mathematical background is presented. For further details, please
refer to [1,37].

Definition 2.1 The fractional integral operator of order q > 0, in the sense of Riemann–
Liouville (R–L), for a Lebesgue integrable function is defined as follows

I q
a+x(t) := 1

�(q)

∫ t

a
(t − s)q−1x(s)ds, (1)

where �(q) = ∫ ∞
0 e−z zq−1dz is the Gamma function.

Definition 2.2 The R–L fractional derivative of order q (m − 1 < q < m, m ∈ Z+), is
defined as follows

RL Dq
a+x(t) := Dm I (m−q)

a+ x(t) = 1

�(m − q)

dm

dtm

∫ t

a
(t − s)m−q−1x(s)ds, (2)

Remark 1 For the R–L defitinion, fractional derivative and integral operators have the
following properties (see [1,38])

(1) L
{

I q
0+x(t)

} = s−q x(s)

(2) lim
q→m

I q
0+x(t) = I m

0+x(t), q > 0, m ∈ Z+

(3) RL Dq
0+c = ctq−1

�(1 − q)
, c ∈ R

As can be observed, the R–L differentiation of a constant is not zero. Moreover, its
Laplace transform needs fractional derivatives of the function at initial time. These could
give a good justification to introduce the so-called Caputo fractional derivative as follows:
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4 A. Morell et al.

Definition 2.3 The Caputo fractional derivative of order q (m − 1 < q < m, m ∈ Z+) is
defined as follows:

C Dq
a+x(t) := I (m−q)

a+ Dm x(t) = 1

�(m − q)

∫ t

a
(t − s)m−q−1x (m)(s)ds, (3)

Remark 2 For the fractional Caputo derivative operator of order q we have the following
properties:

(1) C Dq
0+c = 0 q ∈ R+

(2) C Dq
0+ I q

0+x(t) = RL Dq
0+ I q

0+x(t) = x(t), 0 < q < 1

(3) RL Dq
0+ I q

0+x(t) = x(t), q ∈ R+

A fractional dynamical system with initial conditions could be given by⎧⎨
⎩

C Dq
0+x(t) = f (x(t), t), m − 1 < q < m ∈ Z+, t > 0

[
C Dk

0+x(t)
]

t=0
= xk

0 , k = 0, 1, 2, ..., (m − 1)

(4)

where x ∈ Rn, f : Rn × R → Rn , and q = (q1q2...qn)T . If q1 = q2 = ... = qn are
rational numbers, then (4) is called a commensurate fractional order dynamical system, and
incommensurate otherwise. Moreover, the sum of the orders of all involved derivatives in
(4), i.e.

∑n
i=1 qi is called the effective dimension of Equation (4), and usually n is called

the inner dimension of the system.[39,40]

Theorem 2.4 Consider the following linear fractional differential system:

C Dq
0+x(t) = Ax(t), x(0) = x0, (5)

with x ∈ Rn, A ∈ Rn×n and q = (q1q2...qn)T , 0 < qi ≤ 1. Also qi = ni
di

, gcd(ni , di ) = 1.
Let M be the lowest common multiple of the denominators di ’s. The zero solutions of the
system (5) are globally asymtotically stable in the Lyapunov sense if all roots λ of the
equation

�(λ) = det (diag(λMqi ) − A) = 0 (6)

satisfy |arg(λi )| > π
2M .

Proof. See, for example,[41].

2.2. On numerical methods to solve fractional differential equations

As was reported in [42], frequency approaches for simulating fractional chaotic systems are
not reliable. Therefore, suitable alternatives for such simulation are time-domain techniques,
although the numerical methods usually applied to solve ordinary differential equations
(ODE) must be modified in order to be able to solve their counterpart fractional differential
equations (FDE). See reference [43].

A modification of the Adams–Bashforth–Moulton algorithm was proposed by
Diethelm et al. [44–46] to solve FDEs.
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Consider q ∈ (m − 1, m], the following Cauchy type problem:{ C Dq
0+x(t) = f (x(t), t), 0 ≤ t ≤ T

xk(0) = x (k)
0 , k = 0, 1, ..., m − 1

(7)

is equivalent to the following Volterra integral equation:

x(k) =
m−1∑
k=0

x (k)
0

tk

k! + i
1

�(q)

∫ t

0
(t − s)q−1 f (s, x(s))ds (8)

Consider the uniform grid {tn = nh : n = 0, 1, ..., N } for some integer natural number
N and h = T

N . Let xh(tn) be an approximation to x(tn). Also, assume that we have already
estimated the approximations of xh(t j ), j = 1, 2, ..., n, then xh(tn+1) can be estimated by
the expression:

xh(tn+1) =
m−1∑
k=0

x (k)
0

tk
n+1

k! + hq

�(q + 2)
f (tn+1, x p

h (tn+1))

+ hq

�(q + 2)

n∑
j=0

a j,n+1 f (t j , xn(t j )) (9)

where

a j,n+1 =
⎧⎨
⎩

nq+1 − (n − q)(n + 1)q , if j = 0
(n − j + 2)q+1 + (n − j)q+1 − 2(n − j + 1)q+1, if 1 ≤ j ≤ n
1, if j = n + 1

(10)

The values of the preliminary predictor x p
h (tn+1) are estimated by:

x p
h (tn+1) =

m−1∑
k=0

x (k)
0

tk
n+1

k! + 1

�(q)

n∑
j=0

b j,n+1 f (t j , xn(t j )) (11)

where

b j,n+1 = hq

q
((n − j + 1)q − (n − j)q) (12)

Finally, the error in this method is given by:

max j=0,1,...,N |x(t j ) − xn(t j )| = O(h p) (13)

where p = min(2, 1 + q).

3. System description and control

Consider the novel hyperchaotic system described by Dadras and Momeni in [47]

ẋ = ax − yz

ẏ = xz − by

ż = cxy − dz + gxw (14)

ẇ = kw − hy
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6 A. Morell et al.

Figure 1. Numerical simulations of trajectories of system (14) with hyperchaotic natures.

Here x, y, z, w ∈ R are the pseudo-state variables, and a, b, c, d, g, h, k are positive
constant parameters of the system. For instance, if a = 8, b = 43.75, c = 2, d = 10,

h = 0.2, k = 0.05, one can find the following five points for the system (14):

Q1 : (0, 0, 0, 0)

Q2 : (−4, 4594,+1.9069,−18.7083,+7.6277)

Q3 : (+4.4594,+1.9069,+18.7083,+7.6277) (15)

Q4 : (+4.4594,−1.9069,−18.7083,−7.6277)

Q5 : (−4.4594,−1.9069,+18.7083,−7.6277)

For each equilibrium point we can compute the Jacobian matrix and then find the
eigenvalues.

According to the results reported in [47], all of the above equilibrium points are unstable.
Numerical simulation of this system are depicted in Figures 1 and 2. We point out that the
system (14) can produce chaotic and quasiperiodic behaviours too.

Now consider the following fractional order dynamical system:

C Dq1
0+x = ax − yz

C Dq2
0+y = xz − by

C Dq3
0+z = cxy − dz + gxw (16)

C Dq4
0+w = kw − hy
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Figure 2. Phase portrait of system (14) with hyperchaotic natures.

Note that the equilibrium for this new fractional order hyperchaotic system are the same on
its integer order counterpart; i.e. (14). Firstly, the Jacobian matrix for (16) can be obtained
from the equilibrium points as follows

JQ =

⎛
⎜⎜⎝

a −z∗ −y∗ 0
z∗ −b x∗ 0

cy∗ + gw∗ cx∗ −d gx∗
0 −h 0 k

⎞
⎟⎟⎠ (17)

For instance, let us focus on Q2. A similar approach for other equilibrium can be used.
So evaluating the Jacobian matrix in Q2 we have

JQ =

⎛
⎜⎜⎝

8 18.7083 −1.9069 0
−18.7083 −43.75 −4.4594 0
41.9524 −8.9188 −10 −22.2971

0 −0.2 0 0.05

⎞
⎟⎟⎠ (18)

The corresponding eigenvalues of Q2 can be easily obtained as

�2 = (λ1 λ2 λ3 λ4)

= (−40.6033 0.0912 − 2.5940 + i13.4997 − 2.5940 − i13.4997) (19)

The equilibrium point Q2 is a saddle-focus point; such equilibrium point is unstable,
because one of the associated eigenvalues is a real positive number and consequently the
necessary condition derived in [48] yields no meaningful result in this case. Therefore, it may
exhibit chaos or hyperchaos for any order of fractional differentiation. Let us consider the
commensurate case; i.e. 0 < q1 = q2 = q3 = q4 < 1. If we take qi = 0.98, i = 1, 2, 3, 4,
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8 A. Morell et al.

Figure 3. Numerical simulations of trajectories of system (16) with order q = 0.98 and hyperchaotic
nature.

we can observe the hyperchaoticity behaviour in the above fractional order system in Figures
3 and 4. It should be noted that both hyperchaotic and chaotic behaviour can be observed, as
can be seen in Figure 5. As a remark, the Lyapunov exponent criterion [49] can be used for
identifying the chaotic or hyperchaotic behaviour of a fractional order non-linear dynamical
system. It can be easily seen that for the hyperchaotic behaviour the Lyapunov exponents
are (+,+, 0,−) and for the chaotic one they are (+, 0,−,−). It should also be noted that
the following simulations were performed using the discussed method in Section 2.2.

It is known that if the integer order dynamical system is stable, then its fractional order
counterpart is also stable, under some conditions. Thus, with the sufficient stability condition
given in (16), it can be shown that the integer order (14) is stable. Therefore, the following
theorem (3.1) can be stated:

Theorem 3.1 Consider the following controlled fractional order dynamical system:

C Dq1
0+x = ax − yz + u1

C Dq2
0+y = xz − by + u2

C Dq3
0+z = cxy − dz + gxw + u3 (20)

C Dq4
0+w = kw − hy + u4

If the control law is chosen as u1 = u2 = u3 = 0 and u4 = −μ(w − w∗), then a
sufficient condition for asymptotical stability of Q2 is μ > 0.15.
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Figure 4. Phase portrait of system (16) with order q = 0.98 and hyperchaotic nature.

Figure 5. Phase portrait of system (16) with order q = 0.85 and chaotic nature.
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10 A. Morell et al.

Figure 6. Numerical results for controlled system (20), with (q1, q2, q3, q4) = (0.9, 0.9, 0.9, 0.9),
applying the control law of Theorem 3.1.

Proof is straightforward applying Routh–Hurwitz criterion. See, for example,[31].
A numerical simulation with μ = 0.2, and qi = 0.9 is depicted in Figure 6. Using a sim-

ilar approach we can develop several theorems to stabilize the fractional order hyperchaotic
system (20). Note that the proposed Theorem 3.1 can be applied without any modification
for the case of incommensurate orders. The reason is obvious: the Jacobian matrix is not
changed and, when using the proposed control law, all eigenvalues of Q2 are located in the
left half plane. So for any incommensurate order set, the fractional order system (20) will
be stable via the proposed control law. Simulations using the control law are repeated for an
incommensurate order (q1, q2, q3, q4) = (0.98, 0.94, 0.92, 0.90), see Figure 7. Similarly,
all other equilibria can be controlled.

As another approach, now consider the controlled fractional order hyperchaotic system
described in (20) where qi = ni

di
and gcd(ni , di ) = 1, i = 1, 2, 3, 4. If the control laws are

chosen as:

u1 = −μ1(x − x∗), u2 = −μ2(y − y∗), (21)

u3 = −μ3(z − z∗), u4 = −μ4(w − w∗)

Then its Jacobian matrix evaluated in an equilibrium point is as follows:

JQ =

⎛
⎜⎜⎝

a − μ1 −z∗ −y∗ 0
z∗ −b − μ2 x∗ 0

cy∗ + gw∗ cx∗ −d − μ3 gx∗
0 −h 0 k − μ4

⎞
⎟⎟⎠ (22)
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Figure 7. Numerical results for controlled system (20), with (q1, q2, q3, q4) = (0.98, 0.94,
0.92, 0.9), applying the control law of Theorem 3.1.

According to Theorem 2.4, the characteristic equation is then:

�(λ) = det

⎛
⎜⎜⎝

λm1 − a + μ1 z∗ y∗ 0
−z∗ λm2 + b − μ2 −x∗ 0

−cy∗ − gw∗ −cx∗ λm3 + d + μ3 −gx∗
0 h 0 λm4 − k + μ4

⎞
⎟⎟⎠ (23)

where mi = M ni
di

, 1 ≤ i ≤ 4 and M is the lcm of d ′
i s. Manipulating the above determinant

we can find some necessary and sufficient conditions for asymptotical stability of (20). For
simplicity, here we consider the origin Q1, as one of the saddle points. To stabilize Q1, first
we have the following characteristic equation:

�(λ) = det

⎛
⎜⎜⎝

λm − a + μ1 0 0 0
0 λm2 + b − μ2 0 0
0 0 λm3 + d + μ3 0
0 h 0 λm4 − k + μ4

⎞
⎟⎟⎠ (24)

Since the above matrix is bottom-triangle its determinant can be easily obtained by
multiplying its diagonal elements:

�(λ) = (λm1 − a + μ1)(λ
m2 + b + μ2)(λ

m3 + d + μ3)(λ
m4 − k + μ4) (25)

The characteristic equation has then the following four roots:

λ1 = (a − μ1)
1

m1 , λ2 = (−b − μ2)
1

m2 , (26)

λ3 = (−d − μ3)
1

m3 , λ4 = (k − μ4)
1

m4

Thus, we can state the following results:
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Figure 8. Numerical results for controlled system (20), with (q1, q2, q3, q4) = (0.99, 0.97,
0.95, 0.93), when the control law of Theorem 3.2 is applied.

Theorem 3.2 Consider the controlled hyperchaotic fractional order system (20). The
necessary and sufficient condition for asymptotical stability of Q1 based on control laws
(21), is that:

min|arg(λi )| >
π

2M
, 1 ≤ i ≤ 4 (27)

Corollary 3.3 If all mi , i = 1, 2, 3, 4 are odd number, then the sufficient condition for
asymptotical stability of Q1 based on control laws (21), is a < μ1, −b < μ2, −d < μ3,

and k < μ4.

The argument for this corollary is obvious. In particular, for these inequalities, all eigen-
values are negative real numbers and thus their arguments are the same; i.e. arg(λi ) = π

which is always greater than π
2M for every M ∈ N.

To see the effectiveness of the proposed control law, in the following we simulate
the system (20) with orders: (q1, q2, q3, q4) = (0.99, 0.97, 0.95, 0.93). For this system
M = 100 and m1 = 99, m2 = 97, m3 = 95, m4 = 93. Thus we can use the Corollary
3.3. Then, a sufficient condition for the given controller (21), could be given as follows:

μ1 > 8, μ2 > −43.75, μ3 > −10, μ4 > 0.05 (28)

All simulations were done using the algorithm presented in Section 2 and the corre-
sponding results for μ1 = 10, μ2 = −42, μ3 = −9, μ4 = 1 and the initial conditions
(x0, y0, z0, w0) = (1, 2, 0.3,−0.1) are depicted in Figure 8.

4. Conclusions

In this work we have studied and discussed a new fractional order hyperchaotic system.
Based on a reliable numerical simulation method, the fractional system was simulated and
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several phenomena such as chaos and hyperchaos were studied. Moreover, using a simple
located feedback control technique, a control law that is able to stabilize all equilibrium
points of a fractional system has been proposed. The proposed control method can be applied
to incommensurate order system without any modification. Also, based on the Matignon
stability criterion, we developed a necessary and sufficient condition to stabilize the origin
as one of saddle points for the fractional hyperchaotic system with incommensurate orders.
All analytical results are validated by several illustrating numerical simulations.
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4.6 Results and discussion

This chapter explores two applications of fractional calculus for nonli-
near model and control of complex dynamical systems. The first contri-
bution demonstrates that a PIλ controller, with a fractional–order λ > 1,
yields a theoretical zero steady–state error for the position tracking pro-
blem. Then, it introduces a design method that yields the parameters
of the controller that meet certain design rules. Results show that the
controlled feedback loop is capable of following the input function, with
changes in its slope. Even with a reduced stability region, this design
method is relevant for solving the position tracking problem, which in
some applications would justify the loss in robustness. Finally, more en-
ergetic commands are obtained when applying the fractional–order con-
troller. This can be justified by the fact that the controller compensates
the error with respect to the target tracked, compared with an integer–
order controller.

When applied to model complex dynamics, fractional–order models
have demonstrated yielding interesting results. In the second contribu-
tion, a novel hyperchaotic system is introduced, derived from an hy-
perchaotic integer one. Hyperchaotic systems also exhibit very interest-
ing behaviours, being more difficult to control, as they are more sensi-
tive to perturbations. While such systems have been successfully anal-
ysed and controllers have been developed, we are interested in those
design methods that yield control rules simple and easy enough to im-
plement, as they are relevant in some applications in engineering and
other fields. Exploiting the fact that a fractional–order counterpart of
an integer–order dynamical system is as stable as the original, a simple
controlled version of such system can be defined by applying the Routh–
Hurwitz criterion. Additionally, with the proposed control law, it can
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be verified that the located method places all eigenvalues in left plane,
guaranteeing stability, even for the more difficult incommensurate case.
Simulations show the effectiveness of the proposed control law, manag-
ing to effectively control both the commensurate and incommensurate
systems analysed.
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“It’s the questions we can’t answer that teach us
the most. They teach us how to think. If you give
a man an answer, all he gains is a little fact. But
give him a question and he’ll look for his own
answers.”

— Patrick Rothfuss, The Wise Man’s Fear 5
Conclusions

W I T H this dissertation I have presented different approaches
for explaining and solving a set of relevant topics for mobile

robots related with dynamic state estimation. I started with
the definition of probabilistic robotics as a common background and
motivation to study the interaction between a robot and its environment
and the nature of all processes involved. In this regard, we applied these
techniques to investigate and bring new results from different topics
related with localization and navigation in unstructured environments.
This also has served to put in context other relevant contributions, that
have motivated, for example, the application of techniques based on
fractional calculus to solve a basic yet important problem like position
tracking, or studying the control of a novel hyperchaotic system, a class
of complex dynamical models that recently have started to be applied
on mobile robotics.

The study of manipulators is relevant for mobile robots, since they
are key components on exploration rovers, biped walkers or humanoid
robots, to name a few. Considering this, I described a novel application
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of a well known machine learning technique, Support Vector Regression,
to an also well known set of kinematics problems. Firstly, I presented
this application within a method to solve the forward kinematics in
real–time on generalised parallel robots —Stewart platforms. Secondly,
I extended and tailored the method in order to solve the inverse kinema-
tics problem on serial robots, also in real–time. Then, the same method
was demonstrated to be general enough to apply it on a more involved
case, a parallel robot with joint offsets, demonstrating accuracy and also
real–time performance.

I showed that a spatial decomposition method using Support Vector
Machines to model the behaviour of a parallel or serial manipulator
can achieve real–time performance, as well as good enough accuracy
for a wide range of applications. The mean error of the implemented
method is good enough for a wide variety of applications. However, the
accuracy can be improved applying a simple correction step, based on
the classic steps of prediction and correction from measurements as in
filtering theory.

In general, this method outperformed in accuracy the polynomial
version previously developed, except for one of the positions analysed.
Compared to other methods for the case of a parallel robot with joint
offsets, it did not achieved better accuracy. On highly populated regions,
i.e., more training data for each Support Vector Regression (SVR) ma-
chine, the proposed method yield more accurate poses, with the trade–
off of a higher training time. The technique used to generate the training
set of poses has a great impact on the modelling capabilities. There is
room for improvements on this step, using another class of random
number generators, e.g., explore generators based on chaotic systems.

Furthermore, the method demonstrated to be able to yield all pos-
sible solutions for a given configuration or pose, in contrast to other
numerical approximations. When obtaining the number of possible so-
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lutions for a configuration, I decided to use a classifier based on the
k–means method and a goodness–of–fit heuristic. While this implemen-
tation yielded good results, there is room for improving this step. Poten-
tially, other fitting and non–Gaussian models can be explored.

The implementation presented can be greatly optimised, allowing to
add more complexity in the off–line phase and to obtain faster on–line
evaluations. As the learning process happens off–line, more complex
models can be used, and the only limitation is the size in memory of the
representation and the evaluation time of such models. At the same time,
fine tuning the training parameters is needed to achieve good levels of
accuracy, having special care for avoiding overfitting like in any model–
fitting methodology. Related to the training parameters and kernels, I
found that a kernel based on the Radial Basis Function (RBF) yielded the
best accuracy/training time ratio, especially as compared to a Sigmoid
kernel. Training all SVR machines with the same parameters demon-
strated to be good enough to achieve the desired accuracy. However,
tuning the training parameters depending on the region might improve
accuracy on some of the worst cases.

Developing a self–driving car like Verdino motivated other lines of
research, such as the application of fractional–order control to mobile
robots. Exploring chaotic systems has also served to expand the scope
and bring new techniques that have started to demonstrate applicabi-
lity in mobile robots. While the application to control a fractional–order
hyperchatic system is more a theoretic result, I consider that efforts in
this direction might bring new results and applications to chaos the-
ory on mobile robots. A new fractional–order hyperchaotic system was
simulated and several phenomena, such as chaos and hyperchaos were
studied.

The application of a controller with a fractional–order integral action,
PIλ, demonstrated to be suitable for solving the position tracking pro-
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blem. The proposed fractional–order, 1 < λ < 2, reduces the stability
region of the system. However, it allows applying the proposed method-
ology which yields zero steady–state error. While using a fractional–
order controller may improve the dynamical behaviour of the modelled
system, it has an impact on the command effort, with a slight increase.
More experiments will bring more evidences on this. The design method
presented allows obtaining the set of parameters for the fractional–order
controller that meet the given stability and robustness specification. Fi-
nally, it is important to consider that the implementation of the proposed
PIλ controller can be optimised, potentially with a lower level realiza-
tion like a microcontroller or physical circuit.

Additionally, I worked on the definition of a sensorimotor system for
a biped humanoid robot, also based on probabilistic techniques, to study
the resemblance with a human being and its effects on robust walking
patterns generation. We developed a self–driving electric car, Verdino, as
the experimental platform on some of the contributions presented in this
dissertation. This included the low level control and sensing, localization
and navigation layers, applying techniques from probabilistic robotics.
I consider that this fundamental background helps understanding what
we do not yet know —and understand — about the behaviour of a
coupled dynamic system like a mobile robot and its environment.

The realization of a versatile, mobile, general–purpose autonomous
robot is one of the most desired goals of scientists and engineers since
a very long time. In this dissertation I demonstrated some applications
and developments that can help to move forward into this objective,
combining some of the most important techniques with new tools, in-
cluding machine learning, fractional–order control and chaos, under the
common rule–set of probabilistic robotics.

Having that said, I consider that interesting research lines open being
supported by these observations, as described in the following section.



139 / 227

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 972164																Código de verificación: nnR9QMzU

Firmado por: ANTONIO LUIS MORELL GONZÁLEZ Fecha: 30/06/2017 03:23:55
UNIVERSIDAD DE LA LAGUNA

JONAY TOMAS TOLEDO CARRILLO 30/06/2017 04:27:32
UNIVERSIDAD DE LA LAGUNA

LEOPOLDO ACOSTA SANCHEZ 30/06/2017 08:37:42
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 06/07/2017 13:51:03
UNIVERSIDAD DE LA LAGUNA

5.1 Further research 117

5.1 Further research

• Support Vector Machines for regression can generalise the forward
and inverse kinematics solutions in most cases, but other tech-
niques can potentially yield more accurate results, since I applied
a general approach.

• On–line Support Vector (SV) or non supervised learning methods
can potentially yield interesting results and applications for real–
time state estimation, where the model is updated and improved
on runtime.

• The input space for the training algorithm of the Support Vector
Machine (SVM) for each region has been randomly generated us-
ing a pseudo–random number generator. Using a chaotic genera-
tor to partition and populate the learning sets might improve the
pose coverage for each region.

• Chaos dynamics have been demonstrated on certain types of robots.
On complex biped robots, it is expected to find chaotic behaviours
and bifurcation scenarios, also related with complex dynamics.
Furthermore, chaos has been successfully applied to planning and
navigation tasks, intended for exploration and evaluation of un-
structured environments. Further research on the application of
chaos dynamics and their control can be expected to yield more
relevant results when applied to mobile robots.
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gineering Applications of Artificial Intelligence, 26(7):1698–1706, Au-
gust 2013b. ISSN 0952–1976. doi: 10.1016/j.engappai.2013.03.011.

2014

• A. Morell, A. Razminia, and J. J. Trujillo. Control of a novel frac-
tional hyperchaotic system using a located control method. Op-
timization: A Journal of Mathematical Programming and Operations
Research, 63(8, SI):1219–1233, 2014. ISSN 0233–1934. doi: 10.1080/
02331934.2014.891034.

2016

• R. Arnay, N. Morales, A. Morell, J. Hernandez-Aceituno, D. Perea,
J. T. Toledo, A. Hamilton, J. J. Sanchez-Medina, and L. Acosta. Safe
and Reliable Path Planning for the Autonomous Vehicle Verdino.
IEEE Intelligent Transportation Systems Magazine, 8(2):22–32, 2016.
ISSN 1939–1390. doi: 10.1109/MITS.2015.2504393.
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• N. Morales, R. Arnay, J. Toledo, A. Morell, and L. Acosta. Safe and
reliable navigation in crowded unstructured pedestrian areas. En-
gineering Applications of Artificial Intelligence, 49:74–87, 2016a. ISSN
0952–1976. doi: 10.1016/j.engappai.2015.11.008.

• N. Morales, A. Morell, J. Toledo, and L. Acosta. Fast Object Motion
Estimation Based on Dynamic Stixels. Sensors, 16(8), 2016b. ISSN
1424–8220. doi: 10.3390/s16081182.

International Conference proceedings

2012

• A. Morell, L. Acosta, and J. Toledo. An artificial intelligence ap-
proach to forward kinematics of stewart platforms. In Control Au-
tomation (MED), 2012 20th Mediterranean Conference on, pages 433–
438, July 2012. doi: 10.1109/MED.2012.6265676.

2013

• A. Morell, M. Tarokh, and L. Acosta. Inverse kinematics solutions
for serial robots using support vector regression. In Robotics and Au-
tomation (ICRA), 2013 IEEE International Conference on, pages 4203–
4208, May 2013a. doi: 10.1109/ICRA.2013.6631171.

• A. Morell, J. J. Trujillo, M. Rivero, and L. Acosta. Design of a
fractional–order controller for the setpoint ramp tracking problem.
In American Control Conference (ACC), 2013, pages 4245–4250, June
2013c. doi: 10. 1109/ACC.2013.6580492.

• D. Perea, J. Hernández-Aceituno, A. Morell, J. Toledo, A. Hamil-
ton, and L. Acosta. MCL with sensor fusion based on a weighting
mechanism versus a particle generation approach. In Intelligent
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Transportation Systems (ITSC), 2013 16th International IEEE Confer-
ence on, pages 166–171, October 2013. ISBN 978-1-4799-2914-613.
doi: 10.1109/ITSC.2013.6728228.

International Workshop proceedings

2015

• Y. Minami Shiguematsu, A. Morell, K. Hashimoto, J. Toledo, L.
Acosta, and A. Takanishi. Towards a sensorimotor system based
on that of humans to study its effects on walking stabilization. In
Intelligent Robots and Systems (IROS), 2015 IEEE/RSJ International
Conference on, Hamburg, Germany, October 2015. URL https://
iros2015wsperceptionandplanning.wordpress.com/program/.

Other proceedings

2015

• A. Morell, L. Acosta. Actas del I Congreso de Jóvenes Investigadores
de Canarias. April 2015 (domestic conference / in Spanish).

• A. Morell. Estabilización dinámica de sistemas sensoriales en mo-
vimiento: Aplicación a un robot humanoide. Actas del I Congreso de
Estudiantes de Ingeniería Informática de la Universidad de La Laguna.
December 2015 (domestic conference / in Spanish).

Invited talks

2015

• Robotics Group of Universidad de La Laguna (GRULL). Technical
demonstration: Autonomous Driving in Unstructured Areas with
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Pedestrians. 18th IEEE International Conference on Intelligent Trans-
portation Systems. Las Palmas de Gran Canaria, Spain, September
2015.

Grants

2013

• Postgraduate scholarship grant for developing a Doctoral Thesis,
partially funded by ESF (European Social Funds). Awarded by
Resolution of the Agency of Research, Innovation and Information
Society (ACIISI) of the Government of Canary Islands, June 6th,
2013. Official Bulleting of Canary Islands, No. 119/2013.

• Total Amount: 30 126e
• Host Institution: Universidad de La Laguna
• Thesis title: Dynamic state estimation for mobile robots
• Supervisors: Leopoldo Acosta Sánchez, Jonay Tomás Toledo

Carrillo

2015

• Grant for short research internship stays. Awarded by Resolution
of the Agency of Research, Innovation and Information Society
(ACIISI) of the Government of Canary Islands, June 15th, 2015. Res-
olution No. 237 / 2015.

• Total Amount: 7 842e
• Host Faculty: Professor Atsuo Takanishi
• Host Organization: Graduate School of Advanced Science

and Engineering
• Status: Visiting Research Fellow
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• Research Theme: Improvements to Sensory Systems on the
Move: Application to a Biped Humanoid Robot.
• Affiliation Period: May 4, 2015 – September 3, 2015 (4 months)
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Further contributions
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MCL with sensor fusion based on a weighting mechanism
versus a particle generation approach

Daniel Perea, Javier Hernández–Aceituno, Antonio Morell,
Jonay Toledo, Alberto Hamilton and Leopoldo Acosta (Member, IEEE)

Abstract— The combined action of several sensing systems,
so that they are able to compensate the technical flaws of
each other, is common in robotics. Monte Carlo Localization
(MCL) is a popular technique used to estimate the pose of a
mobile robot, which allows the fusion of heterogeneous sensor
data. Several sensor fusion schemes have been proposed which
include sensors like GPS to improve the performance of this
algorithm. In this paper, an Adaptive MCL algorithm is used
to combine data from wheel odometry, an inertial measure-
ment unit, a global positioning system and laser scanning. A
particle weighting model which integrates GPS measurements
is proposed, and its performance is compared with a particle
generation approach. Experiments were conducted on a real
robotic car within an urban environment.

I. INTRODUCTION

Localization is one of the most relevant problems in
mobile robotics, specially in outdoor and urban areas. The
information obtained from sensor devices might not be as
accurate as expected, so it is of great importance to define
algorithms that are robust to such problems. Specifically
using a known map of static obstacles, dynamic obstacles
are also very likely to appear and might add uncertainty to
localization algorithms. Using a single source of sensing is
not practical, thus many different forms of sensor fusion have
been proposed. Multiple devices can mitigate the drawbacks
a single sensor might have, especially by combining propri-
oceptive and exteroceptive measurements, such as odometry
and global positioning systems (GPS).

A review of the literature shows that Laser Imaging Detec-
tion and Ranging (LIDAR) sensors are very popular because
of their data update frequency and precision. They have been
combined with wheel odometry, visual cameras [1], stereo-
vision, GPS [2], three–dimensional geographic information
systems (3D–GIS) [3], and combinations thereof [4]–[6]. A
common localization algorithm which integrates the informa-
tion provided by different sensors is the Monte Carlo Local-
ization (MCL) [7] method. It is based on particle filters (PF),
whose samples (or particles) are weighted according to their
likelihood computed from each available device [8]. Fusion
of wheel odometry and GPS using MCL has been studied
before [9], including omnidirectional vision [10], LIDAR
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sensors [11], [12], and inertial sensors [13]. Several adaptive
variations of MCL with a variable number on PF samples
have been proposed, such as Bayesian Bootstrap Filtering
[14], Self–Adaptive MCL (SAMCL) [15], or Merge–MCL
[16]. Adaptive Monte Carlo Localization (AMCL) [17], [18]
optimaly adapts the number of samples of the PF by means
of Kullback–Leibler divergences (KLD) [19].

This work showcases how GPS sensor fusion methods are
affected by multipath interferences, a phenomenon that leads
to misplaced reports of GPS sensors. We propose a fusion of
wheel odometry, an Inertial Measurement Unit (IMU), GPS
and LIDAR using the AMCL algorithm. A particle weighting
model which integrates GPS measurements is proposed,
and its performance is compared with a sample generation
approach. On the sample generation method, new particles
are added to the PF when new absolute measurementes are
obtained, whereas our proposal uses this information as a
weighting function over the existing particles. Experiments
were conducted on both approaches, and the results reflect
the robustness and better performance of our implementation.

This paper is organized as follows. Section II briefly
describes the AMCL algorithm which solves the localization
problem. Section III presents and discusses the proposed
GPS integration method. The particle generation approach is
described in Sections IV, and the robustness of our proposal
is discussed and compared with the former. The mobile
robot platform and the experiments conducted are described
in Section V. Finally, the most relevant conclusions are
summarized in Section VI.

II. LOCALIZATION WITH PARTICLE FILTERS

The state–space of the localization problem on 2–D maps
xt is given by the position of the robot, as a pair of Cartesian
coordinates (x, y), and its orientation angle (θ). The AMCL
algorithm finds an estimation of the posterior p(xt | zt) for
a mobile robot at time t, based on the observations (typically
LIDAR scans) zt−1.

A classical Monte Carlo method for solving the Bayesian
filtering problem is the Bayesian importance sampling. One
of the most popular particle filtering schemes is the Sam-
pling Importance Resampling (SIR) algorithm [20], [21].
Typically, an AMCL algorithm merges wheel odometry and
LIDAR information as they are available. A set of particles
or samples represents the posterior about the trajectory of
the robot, which are updated following the SIR algorithm,
as follows:
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1) Sampling: A new generation of particles {x(i)
t } is

obtained from the previous generation {x(i)
t−1} by sam-

pling from a proposal distribution π. A probabilistic
odometry motion model p(xt | xt−1, ut−1) is used as
such proposal distribution, where ut−1 is the odometry
measurement at time t− 1.

2) Importance weighting: The importance weight of a
pose is a dimensionless value related to how likely is
that the robot is located at xt. LIDARs measurements
are used to compute the importance weight of each
particle as follows:

w
(i)
t = p(zt | x(i)

t ) (1)

All weights satisfy:

N∑
i=1

w
(i)
t = 1 , (2)

on any time t, where N is the total number of samples
on the PF.

3) Resampling: Particles with a low importance weight
are more likely to be replaced by those with a higher
weight. This step allows maintaining a discrete set of
particles which approximate a continuous distribution,
since a high number of particles on the PF is not com-
putationally efficient. The optimal number of particles
is typically given by Kullback–Leibler divergences.

III. GPS INTEGRATION

Robot localization in outdoor environments usually takes
advantage of GPS devices. While providing useful informa-
tion, GPS measurements might be misleading or even com-
pletely erroneous in some circumstances. The most relevant
sources of error in urban scenarios are multipath phenomena.

Multipath is the propagation phenomenon that results in
radio signals, e.g., satellite signals, reaching the receiving
antenna by two or more paths. This happens mostly due to
reflection and refraction phenomena, i.e., from water bodies
and terrestrial objects such as mountains and buildings,
resulting in a sudden “jump” in the GPS position estimate.
Such source of error should not be ignored, given its negative
impact on GPS resulting readings.

We consider GPS measurements given by 2–D Cartesian
coordinates (x, y) and their respective covariances, as a
Universal Transverse Mercator (UTM) projection from the
World Geodetic System (WGS84) ellipsoid. In addition, an
approximation of the orientation (yaw) of the robot is given
by the Course–Over–Ground (COG) as the orientation (θ)
of the vector between consecutive GPS positions, assuming
only longitudinal movement of the robot. The covariance of
this orientation is also available. When a multipath event
is detected, which yields a high covariance on the current
reported position, the orientation angle and its covariance
are taken from an IMU device. In spite of the fact that
IMU orientation reports are not very accurate, (compared
with the COG value provided by a differential rover GPS),
they are still useful when these reports are not available or

are not valid. For example, in situations where the robot has
stopped or is moving very slowly, the difference between
two consecutive positions does not yield a valid orientation.
A multipath event also causes the GPS device to report
erroneous COG measurements.

The key idea of the GPS integration approach is to weight
the existing particles considering both the pose estimation
and the associated covariances reported by a GPS device.
This new observation source zGPS

t provides the following
position and orientation parameters at a time t:

zGPS
t =

〈[
µ
µθ

]
,

[
Σ 0
0 σθ

]〉
, (3)

where µ =

[
µx
µy

]
and Σ =

[
σ2
x σxy

σxy σ2
y

]
.

Assuming that position (x, y) and orientation (θ) are
uncorrelated and follow a Gaussian Probability Density
Function (PDF), the posterior given a GPS reading can be
obtained as

p(xt | zGPS
t ) = f(x, y) · fWN(θ) , (4)

where the PDF for the position is

f(x, y) =
1

2π |Σ|1/2
e
− 1

2

x− µx
y − µy

TΣ−1

x− µx
y − µy


,

(5)
and the PDF corresponding to the orientation angle, which
follows a wrapped normal distribution, is

fWN(θ) =
1

σθ
√
2π

∞∑
k=−∞

e−(θ−µθ+2πk)2/2σ2
θ . (6)

Instead of adding new particles to the PF, the existing
set of particles are weighted according to (4) and LIDAR
measurements zLIDAR

t , which are conditionally independent of
past measurements given knowledge of the state xt [17].
Therefore, the new posterior is:

p(xt | zt) = p(xt | zLIDAR
t ) · p(xt | zGPS

t ) . (7)

In the first iteration of the algorithm there is no initial
hypothesis available. Although our method does not generate
GPS–based particles, an initial particle set is needed. Thus, a
particle set is created and distributed following the first GPS
measurement. If a kidnapped robot event takes place, new
particles could be added similarly to overcome this problem.

IV. GPS PARTICLE GENERATION

When a GPS measurement is reported, it seems natural
to add a new particle cluster to the PF [13]. A new set of
samples is drawn from the Gaussian PDF centered at the
GPS position. The m particles with the lowest weight in the
filter are replaced with the new sample set. Unfortunately,
adding new particles to the PF introduces some flaws.
Assuming a correct initial robot localization, if the GPS
output greatly differs from the current hypothesis, it may
imply that a multipath interference has happened. Misplaced

978-1-4799-2914-613/$31.00 ©2013 IEEE 167
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GPS reports should be discarded by the PF in order to not
accept misleading hypotheses, incompatible with the current
robot location. These misleading hypotheses yield incorrect
output in the PF in situations where not enough significant
landmarks are available in LIDAR scans. This behaviour can
be seen in experiment 1 (Section V-A).

Following the proposed GPS weighting scheme, the afore-
mentioned problems will not arise, and there will not be
conflicting and ambiguous hypotheses which will eventually
lead to a wrong robot localization.

During a multipath event, where a GPS measurement
usually drifts from the actual robot position, the covariance
values might not be properly delivered. In our implementa-
tion, the GPS weighting scheme behaves as follows:
• For multipath events where narrow covariances are

incorrectly reported, particle weights will not be greatly
affected, as the resulting gaussian model will have its
mean far away from the position of the particles.

• When covariances are wide, the resulting GPS–centered
gaussian model will affect more noticeably to the
weighting of correctly localized particles, but we cannot
just reject these reports. A high covariance is not only
due to multipath interference phenomena, but also due
to low number of visible satellites or bad constellation
geometry. It is safer to treat them as any other GPS pose
report.

It is worth noting that these two cases are not handled sepa-
rately by the PF in our implementation. The GPS weighting
is performed with every report received from the device
with their respective covariance values. The PF handles them
naturally in either case, in conjunction with the odometry
model and the LIDAR weighting scheme.

Finally, if the mean of the reported GPS position is at the
current localization hypothesis, there would not be a mean-
ingful difference between the particle generation method and
our implementation, because the current particle distribution
would already include that GPS position.

V. EXPERIMENTS

The experiments has been conducted on a test platform
called VERDINO (Fig. 2), a fully electric two seat vehicle,
based on an EZ–GO TXT–2 golf cart. It is designed for
passenger transportation and surveillance in non–structured
environments. The vehicle has been modified by adding
several sensors and actuators, which allows performing nav-
igation tasks through urban areas.

Its sensorial system includes two differential GPS Javad
Triumph–1 devices. The first one is a Rover GPS unit
mounted on top of the vehicle, and the second one is a
fixed Base station. With its position accurately defined, the
Base is used for estimating the error introduced by each
satellite, in order to send the corresponding corrections to the
moving Rover unit. In addition, an IMU device aids during
the estimation of the orientation of the vehicle, together with
the Course–Over–Ground (COG) reporting capability of the
GPS device. Finally, the robot includes two horizontal Sick
LMS111 laser range finders, with a maximum range of 20

Fig. 1. Static localization map, with ground truth (blue) and experiment
regions (red) identified. The stating position is marked as a green dot. The
map covers an area of approximately 90m by 90m.

Fig. 2. VERDINO prototype.

meters, and a wheel odometry system. It should be noted that
our odometry sensor clearly suffers from a left drift during
all experiments, noticeable in experiment 3. However, our
method correctly handles these flawed reports.

The experiments were performed at the parking lot of the
Computer Science Faculty of our campus, where VERDINO
followed the path shown in Fig. 1, which we consider as our
ground truth. This path was recorded under continuous and
accurate GPS readings, with a reported position covariance
under 0.02m. It was inspected to guarantee that no multipath
events occurred. The route was traced on the ground, and the
vehicle was manually driven along it during the experiments.
We assume that the error caused by reproducing the path
this way is about 0.3m in the worst case scenario, way
below a typical GPS measurement “jump” caused by a
multipath event. The map used for Monte Carlo localization
is a previously captured model of the static obstacles in
the environment, which was georeferenced against the local
vector topographic map from the Spatial Data Infrastructure
of Canary Islands (IDECanarias).
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Two different experiments where multipath was present
were conducted in order to compare the reliability of the
localization. In order to verify the GPS contribution, a final
experiment compares our approach with an AMCL imple-
mentation without GPS integration. The allowed maximum
number of particles was 2000 for the GPS particle generation
implementation, and 500 for the GPS weighting approach.
The maximum localization error obtained with GPS particle
generation was 3.72 meters away from the ground truth,
whereas the error yielded by our approach was 0.22 meters.
All experiments are described in detail in the following
subsections.

A. Multipath with no static references

In the first experiment, the robot traverses a region of
the map where no static references are within the range of
the LIDAR system, and therefore the position estimation
must rely exclusively on wheel odometry and GPS. The
GPS sensor suffers from multipath interference and reports
a misplaced absolute position. Fig. 3 compares the perfor-
mance of both approaches under these circumstances. Fig. 3a
shows the localization output of the PF with GPS particle
generation, while Fig. 3b shows the localization output with
GPS weighting only, as we propose. The dispersion of the
particle set in the first case is higher, as the GPS particle
generation continuously introduces new particles based on
the sensor covariance, while the particle set is densely
concentrated in the second case.

The experiment starts with the PF yielding a correct
trajectory estimate on both cases. In Fig. 3a, when the
multipath interference appears on the GPS, a new particle
cluster is generated some meters away from the correct
trajectory. LIDAR scans have no features to match against
the map, while more incorrect GPS readings are received. As
the PF performance decreases, more particles are generated.
The PF evolves and switches its current hypothesis to the new
cluster, producing a displaced trajectory. When multipath
disappears, the PF switches again to the correct path. This
incorrect behaviour is present in other implementations of
GPS integration on MCL algorithms where new particles are
added [13]. As can be seen on Fig. 3b, the output is correct
in our implementation, in spite of suffering from multipath
interference. By not adding new particles, only existing ones
are considered and the GPS weighting is very low, given the
distance to the displaced readings.

B. Valid LIDAR measurements with multipath

During the second experiment (see Fig. 4), the robot tra-
verses an area where obstacles are visible, thus LIDAR scans
can be matched with the map. Here, multipath interference
also appears, but this time the output is different from Fig. 3.
In Fig. 4a the newly created cluster does not affect the
output of the PF, as the LIDAR scan matching has more
influence than the GPS covariance weighting. Nonetheless,
a great number of particles are always present on the wrong
track during multipath, and each one is propagated with
the odometry model and weighted according to each sensor

reading. This produces a waste of processing power, and it
is a source of potential errors in scan matching that may
mislead the PF hypothesis. In Fig. 4b the output follows
the trajectory closer, keeping a narrower particle set. The
increased confidence in the hypothesis reduces the number
of particles in the current set, freeing up CPU resources.

C. AMCL without GPS integration
A known, noticeable left drift in our odometry sensor

is present in all of the experiments. When comparing our
method with an implementation of AMCL without GPS
integration, this flaw is corrected in both cases thanks to
the observable LIDAR landmarks, as can be seen on the left
half of Fig. 5. However, when these LIDAR references are
not available, the output of the AMCL algorithm without
GPS weighting drifts away. Due to the lack of information,
the dispersion of the particle distribution grows over time.
Meanwhile, thanks to GPS integration, the PF hypothesis of
our proposal follows the ground truth closely.

VI. CONCLUSION

We have compared two different ways of combining
GPS/IMU and LIDAR measurements within an AMCL based
scheme which fuses data from multiple sensors. Experiments
show that adding new particles to a PF on MCL algorithms
are likely to create clusters which might trigger a correctly
localized hypothesis to change to a wrong location. Our
approach uses the provided global location information to
weight the existing particles, combined with the correspond-
ing likelihood obtained after the weighting process using
LIDARs information.

The maximum localization error yielded by the GPS
particle generation method is below the assumed ground truth
reproducibility margin. Our experiments show that, although
more intuitive, adding new particles ignores the evolution
over time of the calculated robot position. Therefore, its
reliability is worsen whenever the GPS measurements are not
accurate enough, e.g., when multipath interference occurs.
Our approach combines all sensor readings successfully,
avoiding large hypothesis changes.

Furthermore, by integrating GPS information with our
method, the robustness of the hypothesis estimation increases
against LIDAR measurements uncertainties and odometry
unmodeled behaviours, such as drift. At the same time, the
number of particles needed for a correct localization is lower,
as the dispersion of the particle set is reduced.
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(a) GPS particle generation (b) GPS weighting

Fig. 3. Experiment 1 – The dispersion is higher on (a), since the number of particles is also high (2000) and they are generated based on GPS measurements,
while the robot traverses an area without enough spatial references, i.e., LIDAR readings do not report obstacles nearby. When applying the weighting
approach (b), a maximum of 500 particles manage to keep the robot localized, even while the GPS suffers from a multipath event. Light blue arrows:
the robot trajectory estimated by the PF; magenta arrows: GPS readings; blue ellipse: covariance of GPS reported positions; red arrows: the particle set
distribution at any given time; yellow dotted line: ground truth.
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(a) GPS particle generation (b) GPS weighting

Fig. 4. Experiment 2 – Particles are once again widely spread on the particle generation approach (a) due to the higher number of particles at the GPS
position estimate. Unlike experiment 1, the hypothesis does not jump after the multipath event, thanks to LIDAR readings matching a corner successfully.
On (b), the particle set is narrower and also does not suffers from an undesired jump. Light blue arrows: the robot trajectory estimated by the PF; magenta
arrows: GPS readings; blue ellipse: covariance of GPS reported positions; red arrows: the particle set distribution at any given time; green dots: LIDAR
scans; yellow dotted line: ground truth.

Fig. 5. Experiment 3 – Comparison between an implementation of AMCL that does not integrate GPS measurements and our proposal. Light blue arrows:
robot trajectory computed by our approach; green arrows: robot trajectory calculated by AMCL without GPS readings; red arrows: particle set distribution
generated by our approach; purple arrows: particle set distribution generated without GPS; yellow dotted line: ground truth.
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Towards a Sensorimotor System Based on that of 
Humans to Study its Effects on Walking Stabilization

There are many researches about bipedal walking stabilization using humanoid
robots. For this, there are researches using inertial sensors mounted on the body
of the robot and force/torque sensors on the feet, or others using vision sensors.
However, humans use visual sensors (eyes), inertial sensors (vestibular system) and
force/torque sensors (proprioceptive system) and combine the information from
them to walk stably. Moreover, both visual and vestibular systems are located on
the head, and humans are said to change the weight they put on each sensory

Proprioceptive
System

Visual System

Vestibular SystemIMU

Cameras

Force/
Torque 
Sensors

Fig. 2 Proposed sensor system

Y. Minami Shiguematsu1, A. Morell2, K. Hashimoto3, J. Toledo2, L. Acosta2 and A. Takanishi 4

Background

Fig. 1 “Independent channel” model of sensory 
integration in postural control. [Peterka, 2002]

•Sensor fusion system (Fig. 3)
‒ Sensors: Visual and inertial sensors mounted on

the head of the robot
Force/torque sensors on the feet
Joint encoders

‒ Change weights of each sensorial input depen-
ding on some parameters

‒ Select inputs
‒ Estimate the robot’s Center of Mass states.

•Head/Neck stabilization system to compensate for
walking perturbations such as vibrations to obtain
better sensor data.

•Walking stabilization system using the information
from the developed sensory system.

To emulate the human sensory motor system to
study its effects on bipedal walking stability.
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Sensory system Approximate frequency range Examples of behavior or situation

Vision
< 0.1Hz

(Very slow movements)

•Standing in a room without any 
movement in the visual field.
•Standing near a bus that is moving 
slowly in the visual field.

Vestibular otoliths
< 0.5 Hz

(Static gravity to moderate 
head tilt or linear movement)

•Standing with eyes closed on a soft 
or unstable floor.
•Slow accelerations of a car.

Vestibular 
semicircular canals

0.5 - 1.0 Hz
(Rotational motion of head)

•Head and eye movement control 
during walking or rapid head turns.

Somatosensation
(Proprioception)

> 0.1 Hz
(Joint position, muscle length 
and tension, and cutaneous

sensation)

•Control of head position with 
respect to the torso.
•Foot placement during gait; 
dynamic balance.
•Stabilizing cues from touching a wall 
with the fingers.

input depending on the
situation (Fig. 1) as each of the
sensory systems has a different
operating frequency (Table 1),
e.g., relying more on vision
when walking slowly and
relying more on the vestibular
system when walking fast.

Table 1 Characteristics of the sensory systems used in postural control. [Redfern, 2001]

Development of a robust
online walking pattern ge-
nerator using this new sen-
sor fusion system, able to
cope with different kinds
of terrains, obstacles and
external perturbations.

Future Work

(+ joint encoders)

Sensor Fusion System

(Fig.2 )

Fig. 4 Sensor setup (top-left), camera image (bottom-left), Multi-Sensor Fusion 
Extended Kalman Filter (top-right) and visual odometry algorithm only (bottom-right)

Fig. 5 Simulations of the sensor fusion system for a simple walking experiment input
noise with σ = 0.001m. Ground-truth (red) and reconstructed trajectory (blue).

σ = 0.001m σ = 0.005m

X-axis [m] 6.61x10-4 2.14x10-3

Y-axis [m] 1.23x10-4 1.73x10-4

Z-axis [m] 1.58x10-3 1.06x10-3

Roll [rad] 1.16x10-4 1.53x10-4

Pitch [rad] 3.41x10-4 3.83x10-4

Yaw [rad] 1.23x10-4 1.73x10-4

Table 2 RMS error between ground 
truth and reconstructed trajectory

Noise

X

X

Y

Y

Z
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a b s t r a c t

In this paper, the navigation system of the autonomous vehicle prototype Verdino is introduced. Two
navigation levels are considered. In the first level, a trajectory is generated from the current position
toward a goal that considers two different approaches. In the first, the minimum cost path is obtained
using a classical approach (used for regular navigation). The second approach is a little more complex,
relying on a set of precomputed primitives representing the motion model of the vehicle, which are used
as part of an ARAn algorithm in order to find the best trajectory. This trajectory consists of both forward
and backward motion segments for complex maneuvers. In the second level, a local planner is in charge
of computing the commands sent to the vehicle in order to follow the trajectory. A set of tentative local
trajectories is computed in the Frenét space and scored using several factors, described in this paper.
Some results for the two navigation levels are shown at the end of this document. For the global planner,
several examples of the maneuvers obtained are shown and certain related factors are quantified and
compared. As for the local planner, a study on the influence of the defined weights on the vehicle's final
behavior is presented. Also, from these tests several configurations have been chosen and ranked
according to two different proposed behaviors. The navigation system shown has been tested both in
simulated and in real conditions, and the attached video shows the vehicle's real-world performance.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Generally speaking, the navigation system of autonomous
vehicles is composed of two main levels: the global planner and
the local planner. The purpose of the global planner is to obtain a
feasible route from the vehicle's current position to a certain goal.
In this level it is usual to generate the route by taking into account
static information about the navigable areas of the environment.
The second level calculates the commands required to control the
vehicle in order to follow the global plan while dynamically
adapting to changing environmental conditions. In this work two
different global planners are used. The first one uses Dijkstra's
algorithm to obtain the minimum cost path toward a desired goal.
This planner does not take into account the non-holonomic
restrictions of the vehicle but is very fast in computing the glo-
bal plan. The second global planner uses “motion primitives”,
which are kinematically feasible movements, in order to construct
the global plan. This planner produces more complex routes that

integrate backward and forward maneuvers, taking into account
the non-holonomic restrictions of the platform.

The second level of navigation is what is known as the local
planner. In this work we used a local planner that computes a
number of tentative trajectories which are evaluated in terms of
different criteria. A winning tentative trajectory is selected and
used to compute the commands needed to control the vehicle.

During the normal navigation of the vehicle, the non-primitive
based global planner is used. The local planner generates tentative
trajectories in order follow the global plan. However, there are
certain situations in which the local planner cannot produce feasible
paths. These situations arise in crowded environments or when the
vehicle is not properly aligned with respect to the global plan. In order
to solve these situations, a recovery maneuver is performed. These
maneuvers, different from those generated by the local plan, are
intended to re-align the vehicle to the global plan. If, after executing
the recovery maneuvers, the vehicle is still unable to produce feasible
local paths, the environment is considered to be complex and the
primitive-based global plan is used. As noted, this planner constructs
the global plan by connecting motion primitives and produces com-
plex maneuvers which are used to guide the vehicle through a
crowded area or to perform a parking maneuver.
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The method presented in this paper is the local planner of an
autonomous robotic prototype called Verdino1 (Acosta et al.,
2012), as shown in Fig. 1. This platform is an electric driverless
vehicle designed to transport passengers in a number of different
environments, including pedestrian streets or tourist resorts.

The vehicle is a standard golf cart (a TXT-2 from EZ-GO2) that has
been electronically and mechanically modified so it can be controlled
by an on-board computer. It is equipped by default with six 6 V
batteries, a speed controller, a 36Vcc electric motor, mechanical
brakes and steering, and has a maximum speed of 23 Km/h.

In order to determine its location, the vehicle is equipped with
an odometer system attached to each wheel that allows it to make
relative position estimates. This information is combined in real
time with that provided by an Inertial Measurement Unit (IMU)
(an Xsens Mti3), which consists of 3 accelerometers, 3 gyroscopes
and 3 magnetometers, in order to yield a three-dimensional
orientation of the vehicle; and a centimetric DGPS (a JAVAD GNSS
Triumph-14) with a horizontal precision below 1 cm and a vertical
precision of around 1.5 cm using Differential GPS (DGPS) at a 5 Hz
frequency. There are also several Light-Detection And Rangings
(LIDARs) units which are used for SLAM. All this information is
combined using the method in Perea et al. (2013) in order to
accurately localize the vehicle.

These LIDARs are also used to detect obstacles, a requirement of
the method described in this paper. One of the advantages of these
sensors is that they are very fast and precise. The vehicle is
equipped with 5 LIDARs units. Two of them are located at the same
plane in the front corners of the vehicle at a height of 50 cm. Each
of these covers an angle of 2701. Another one is located at the front
of the vehicle, at a height of 20 cm, tilted slightly upwards in order
to detect small obstacles or non-traversable areas. Another sensor
is at the top front of the vehicle and tilted downward to cover the
blind areas of the other sensors. Finally, the last LIDAR unit is
situated at the rear of the vehicle and is used for backward man-
euvers. The sensor models are the SICK LMS 100 and SICK LMS 111,5

which offer a maximum detection distance of 20 m, a precision of
10–35 mm, and a maximum angular resolution of 0:251 at a
maximum rate of 50 Hz.

Section 2 presents a review of the most relevant methods
discussed in literature. In Section 3, the method is introduced,
divided into the Costmap Generation (Section 3.1), Global Planner
(Section 3.2) and Local Planner (Section 3.3) subsystems. Section 4

shows some of the results and the conclusions are discussed in
Section 5.

2. Previous work

Autonomous vehicles have been the subject of study for a long
time. Proof of this is the extensive literature available in the field,
especially since the initial DARPA Challenge (Buehler et al., 2007,
2009). Since then, research efforts related to this problem have
increased significantly.

In many of these works, several approaches have been proposed to
allow vehicles to follow a certain path from their position toward to a
given target. Early works only considered a local planning level,
leading to situations inwhich the robot were trapped at local minima,
as they were unable to perform multi-stage maneuvers. To reduce
this tendency to reach local minima, new algorithms started to use a
combination of global and local information (Brock and Khatib, 1999;
Philippsen and Siegwart, 2003).

Since then, researchers have invested considerable effort in
improving global planners in order to ensure that the paths gen-
erated can be easily followed by the vehicle for which they were
intended (Song and Amato, 2001; Likhachev et al., 2005; Knepper
and Kelly, 2006). However, this is a very expensive task, especially
over large distances. Some of these methods are based on a dis-
crete optimization scheme (Thrun et al., 2006; Montemerlo et al.,
2008; Werling et al., 2010; Ferguson et al., 2008). Sampling based
approaches are suitable for planning problems in a high dimen-
sional space. The algorithm builds a collision-free path from the
initial configuration to the goal. The configuration that defines the
position and orientation of the vehicle is sampled. Of all the
approaches of this kind, Rapidly-exploring Random Trees (RRT)
and its variants are widely used in non-holonomic motion plan-
ning applications. RRTs are incrementally built in such a way that
the estimated distance from a specific point to the tree is quickly
reduced. However, real-time implementations require efficient
heuristics for the sampling configuration. Some examples of this
type of method are Van Nieuwstadt and Murray (1998), LaValle
(2001), Kuwata et al. (2009) and Likhachev and Ferguson (2009).

Based on this idea, two different global planning approaches
are considered in this paper, depending on the situation. The first
approach is used for regular navigation. At this level, vehicle
restrictions are not considered, leaving to the local planner the
task of dealing with the limitations given by motion constraints.
This approach, based on Dijkstra, is used for long planning.

The other, required for maneuvers like parking or obstacle
avoidance in complex circumstances, uses vehicle motion primi-
tives. This planner relies on an improvement to the method in
Likhachev and Ferguson (2009), which employs a multi-resolution
lattice search space to reduce the complexity of the global search
so as to generate bounded suboptimal solutions. Our method is
able to improve results by modifying the way in which weights are
considered based on the characteristics of Verdino platform.

At a different level, it is also possible to find many methods
intended to act as intermediary between the global planner and
the vehicle itself. These methods compute a finite set of trajec-
tories based on a parametric model, usually polynomial functions
of a certain order. The problem that arises is that – even though
the space of possible solutions is reduced – having efficient
planning can introduce suboptimality, causing overshoots or sta-
tionary offsets in curves. Some other methods, part of the discrete
optimization approaches, are based on transforming the config-
uration space through the Frenét space. In Werling et al. (2010),
long-term objectives, such as maintaining speed, following and
stopping, are realized. This is done through optimal control stra-
tegies within the Frenét frame of the street. In Thrun et al. (2006),

Fig. 1. Verdino prototype.

1 http://verdino.webs.ull.es
2 http://www.ezgo.com
3 http://www.xsens.com
4 http://www.javad.com
5 http://www.sick.com
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lateral offset is defined as the perpendicular to an established base
trajectory. This allows the vehicle to drive along the road parallel
to this trajectory. In order to select the optimal path, the cost
function takes into account passing over obstacles and the dis-
tance with respect to the center of the current road. In Chu et al.
(2012), a set of candidate paths is also generated whose endpoints
are at fixed positions at different offsets with respect to the base
frame. This base frame is not set in the center of the road, however,
since it could be dangerous when computing the costs in certain
scenarios. Instead, the authors use a security cost for each candi-
date path. Path security is computed by blurring the binary data of
the obstacles. They also take into account certain criteria, such as
the smoothness cost or the path consistency between iterations.

3. Method

The proposed system consists of several subsystems that
operate separately as stand-alone processes depending one into
another. These subsystems are Costmap Generation, Global Planner
and Local Planner. The first is in charge of computing the costmap
that will be used by the other two methods in order to compute
the trajectories, considering the safety of the different possibilities
(taking into account the obstacles in the environment as well as
the estimates of the expected changes in the near future); the
second is used to compute a trajectory that allows the vehicle to
travel between the current position and the goal in the unstruc-
tured map. The third provides the system with the mechanisms
needed to follow said trajectory by computing the commands
required by the low-level controller to move the prototype, as well
as a set of recovery behaviors that allow the vehicle to return to
normal navigation when unexpected situations arise.

3.1. Costmap generation

The costmap holds information about occupied/free areas in
the map by way of an occupancy grid. It uses sensor data and
information from the static map to store and update information
about obstacles in the world, which are marked on the map (or
cleared, if they are no longer there). Costmap computation is
supported on a layered costmap (Lu et al., 2014), which is used to
integrate the different information sources into a single-monolitic
costmap. At each layer, information about occupied/free areas in
the vehicle's surroundings is maintained in the form of an occu-
pancy grid using the different observation sources as input. Using
this information, both dynamic and static obstacles are marked on
the map. The layers used are described in Section 3.1.1. At each
layer, the costmap is represented as follows:

Each cell in the map can have 255 different cost values:

� A value of 255 means that there is no information about this
specific cell on the map.

� 254 means that a sensor has marked this specific cell as occu-
pied. This is considered as a lethal cell, meaning the vehicle
should never enter it.

� The rest of the cells are considered as free, but with different
cost levels depending on an inflation method relative to the size
of the vehicle and its distance to the obstacle.

The cost value of free cells decreases with the distance to the
nearest occupied cell, in keeping with the expression:

Cði; jÞ ¼ expð�1:0 � α � ðJcij� o!J�ρinscribedÞÞ � 253 ð1Þ

In this expression, α is a scaling factor that increases or decreases
the decay rate of the obstacle's cost. Jcij� o!J is the distance
between cell cijAC (where C is the set of cells in the costmap) and the
obstacle. Finally, ρinscribed is the inscribed radius, which is the inner
circle of the limits of the vehicle. This radius is depicted in Fig. 2.

Even though all of them are free cells, four different distance
thresholds are defined in order to assign different danger levels in
the map, as depicted in Fig. 2:

� τlethal: There is an obstacle in this cell posing a collision hazard.
It is represented by cost level 254.

� τinscribed: Cell distance to the nearest obstacle is below ρinscribed.
If the center of the vehicle is in this cell, it is also a collision
hazard, so areas below this distance threshold should be avoi-
ded. The cost level is always 253.

� τcircumscribed: If the vehicle's center is in this cell, it will very
likely collide with an obstacle, depending on its orientation. A
cell with a distance to an obstacle below this threshold should
be avoided, though the possibility remains of not colliding with
an obstacle despite being inside this cell.

� The remaining cells are assumed to be safe (except for those
with an unknown cost and whose occupancy status is unknown
and are thus regarded as lethal).

In the approach presented, only those paths passing through cells
with a cost below τcircumscribed are considered. This cost is obtained using
Eq. (1) and other cost factors that will be explained later. Paths passing
through the cells over this threshold will be truncated at the last
safe point.

To compute the costmap and the costs associated with each
cell, the ROS plugin costmap_2d6 was used, which implements
some of the functionalities described in this section.

Fig. 2. Costmap computation concepts. (a) Cost levels. (b) ρinscribed and ρcircumscribed.

6 http://wiki.ros.org/costmap_2d
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3.1.1. Layered costmap
Four different layers are being considered:

� A first layer represents the obstacles in a static map previously
captured using the method described in Grisetti et al. (2007).
This map, computed using LIDARs as the input, represents the
static obstacles in the whole area in which the vehicle will
move. This map is modified by hand in order to define those
areas the vehicle should not enter, even if it is safe to do so, like
for example bike lanes or parking lots. This layer is the only one
used by the non-primitive based global planner (see Section
3.2.2), since non-static obstacles are not being considered for
non-primitive based trajectory generation (non-static meaning
those obstacles that are not already included in the map). These
are supposed to be avoided at the local planning level.

� A second layer, also based on a static map, is included. For
optimization reasons, in this and following layers, the costmap
is not computed for the whole map at each iteration. Instead,
only the cells in a 40� 40 m area centered around the vehicle's
current position are updated. The goal is not to update the
whole map, since these layers are only used for local planning
or local maneuvering. Static obstacles are also included for local
planning, since it is undesirable for the vehicle to pass along
restricted areas while avoiding obstacles. This allows the vehicle
to know which areas are forbidden at the local planning level.

� A third layer is used to represent the dynamic obstacles detec-
ted by the various sensors (including the LIDARs, Velodyne and
stereo cameras). Using this input, the ground is detected and
removed, extracting just the vertical obstacles with which the
vehicle could collide. The parameters in this layer are chosen so
that obstacle inflation is higher than that computed for the
second layer. This gives more priority to the obstacles being
detected in real time over those on the static map.

� The last layer provides an estimate of the future motion of
dynamic obstacles. To do this, input point clouds are segmented
using a voxel grid in order to reduce dimensionality. The world
surrounding the vehicle is divided into a discrete number of
voxels of equal size. For each voxel, an occupancy probability is
assigned, based on the number of points from the input point
cloud in its neighborhood. Using this probability, valid voxels
(with a higher occupancy probability) are distinguished from
the noisy ones (with a smaller probability).

During this process, a set of particles is assigned dynamically to
each voxel. These particles have a dual function: denoting
hypotheses (as happens with classical particle filters), and being
used as the building blocks of the world model. At each frame, the
set of particles obtained in the previous frame (each of these with
a certain pose ðx; y; zÞ and speed ðvx; vy; vzÞ) is evolved using their

motion model and assigned to the corresponding new voxel, based
on the time elapsed between frames and the ego-motion. Then,
the particles are re-weighted and resampled. Particles that sur-
vived to the resampling process are used to construct the objects
that model the environment. This is done by joining all the voxels
that share a similar orientation and speed based on their related
particles. This method, beyond the scope of this paper, provides
the proposed planning scheme with an estimate of the future
motion of the obstacles.

Using this motion information, fake obstacles are generated
from the original ones based on their initial position and speed.
Obstacles are propagated along their estimated motion vector
based on a user-defined evolution time tevol. These fake obstacles
are included in the costmap and inflated accordingly. The inflation
parameters for this layer are chosen so the vehicle can move closer
to fake obstacles than to the currently detected obstacles (in the
previous layer).

All these layers are combined into a single costmap, as
described in Lu et al. (2014).

Fig. 3 shows a comparison of the vehicle's behavior using the
costmap with and without the obstacle motion estimate. The
vehicle is represented together with the set of tentative paths (in
blue) and the winning path (in red). In Section 3.3, the way in
which these paths are computed is explained.

Fig. 3 a shows a person being detected by the on board sensors.
This person is moving from the right to the left side of the road.
However, since no motion information is being used, the planner
is avoiding this obstacle from the left side. The problem is that it is
crossing the obstacle's trajectory, leading to a future collision
(requiring the car to stop). In Fig. 3b another example is shown. In
this case, the obstacle is moving from left to right and forward in
the direction of the vehicle (there is another obstacle at the side of
the prototype, but it is not affecting it). In this image, the red
arrows indicate the motion detected. Since this motion is included
in the costmap using the false obstacles, the vehicle attempts to
avoid the obstacle by driving down the side on which it is not
crossing its trajectory.

3.2. Global planner

There are two global planners in use in the Verdino prototype:
the primitive-based planner and the non-primitive global planner.
These planners are intended to obtain a feasible path going from
the vehicle's current position to a specified goal.

Although both methods are included in this section, their aim
in the system is completely different. The Non primitive-based
global planner (Section 3.2.2) is used for regular navigation, while
the Primitive-based global planner (Section 3.2.1) is used to recover
the vehicle from situations in which there is a persistent obstacle

Fig. 3. Comparison of the vehicle's behavior with (b) and without (a) the obstacle motion estimate. (For interpretation of the references to color in this figure caption, the
reader is referred to the web version of this paper.)
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in the way, or if the vehicle is performing some complex man-
euver, like parking.

3.2.1. Primitive-based global planner
The primitive-based global planner constructs a path from the

vehicle's position to a desired goal. The path is generated by
combining “motion primitives”, which are short, kinematically
feasible motions. These motion primitives are generated using a
kinematic model of the vehicle (Espelosín et al., 2013) in order to
comply with the vehicle's curvature restrictions.

These primitives are computed by considering a set of pre-
defined orientations. For each orientation, the model is evolved
until it reaches one of the predefined orientations, at different
speeds. This process is done both forward and backward. This
process yields a set of small trajectories that fulfill vehicle
restrictions, which will be used as the building blocks for the
planner.

Having calculated these trajectories, an ARAn algorithm
(Likhachev et al., 2003) is used to search for a feasible path. At
each node expansion, a new x y and θ position is explored until the
best path is found or the exploration time finishes (in which case
the best path found so far is used). During this search, the cost of
backward primitives is set higher than the cost of forward ones to
prevent the vehicle from using backward paths as much as pos-
sible without lowering performance. The original search algorithm
described in Likhachev and Ferguson (2009) has also been
improved by adding a new cost that penalizes the concatenation of
forward and backward primitives. This is done with the intention
of planning more natural paths, even if they are long, rather than
maneuvering excessively in a short space to achieve a correct
orientation and then going straight to the goal. For an illustration
of the differences in the solutions obtained before and after the
addition of these modifications, see Fig. 11.

Once a path is constructed, those points are identified where
the direction of motion changes between going forward to back-
ward and vice versa. Using these points, the global plan is sub-
divided into paths with a unique direction of motion. The local
planner is then fed with these sub-plans sequentially in order to
make the vehicle follow them properly, stopping at the final points
of each sub-path and changing direction until the goal is reached.

3.2.2. Non primitive-based global planner
The non-primitive based global planner computes the mini-

mum cost path from the vehicle's position to the goal using Dijk-
stra's algorithm. The assumption here is that the vehicle is holo-
nomic (i.e. it can perform turn-in-place movements).7 Obviously,
the Verdino prototype, being an Ackermann vehicle, is unable to
perform such movements; however, given the speed of the search
algorithm to obtain the global plan, this planner is being used as a
rough estimate of the route that the vehicle is going to follow. The
static obstacles in the costmap are then over-inflated in order to
make the planner construct smooth paths that can be followed by
an Ackermann vehicle. This effect is especially important in sharp
turns, see Fig. 6.

Since in this case the routes generated are not constructed
considering the non-holonomic restrictions of our platform, the
initial angle between the vehicle's orientation and the orientation
of the global plan will often be larger than the maximum angle
required by the local planner to generate feasible paths. This is
why the non primitive-based planner is used in combination with
a local planner state machine that takes into account this cir-
cumstance and reorients the vehicle properly before using the
Frenét-based local planner, see Section 3.3.5.

3.3. Local planner

Once the global path is defined, a method is needed for com-
puting the steering and speed commands so as to control the
vehicle along this path. This method should also be able to avoid
the obstacles present in the road, and do so safely and efficiently.
The approach used to solve this problem is based on the method
described in Chu et al. (2012), in combination with some ideas
proposed in Thrun et al. (2006), taking into account the char-
acteristics of the Verdino prototype.

The basic idea behind local path generation is to define a set of
feasible paths and choose the best option in terms of their cost. The
winning path defines the steering and speed commands that the
vehicle will use. Having options among local paths is useful for
overcoming the presence of unforeseen obstacles in the road.

The current Euclidean coordinate system is transformed into a
new system based on the Frenét space. To compute this space, the
global path is considered as the base frame of a curvilinear coor-
dinate system. The feasible local paths are defined in terms of this
base frame as follows:

� The nearest point (where the distance is computed perpendi-
cular to the global path) to the main trajectory will be the origin
of the curvilinear coordinate system.

� The horizontal axis will be represented by the distance over the
global path, along its direction.

� The vertical axis is represented by the vector that is perpendi-
cular to the origin and points left of the path direction.

In this schema, trajectories can be easily computed in the cur-
vilinear space (that is, maneuvering information is generated).
These are then transformed to the original Euclidean space, in
which the obstacles' information is added by assigning costs to
each path.

Based on this idea, the method can be divided into five stages,
as shown in Fig. 4.

1. Generation of the costmap: Using the information generated by
the sensors or by the methods described in previous chapters,
the system constructs a costmap in which costs are related to
the distance to obstacles.

2. Base frame construction: Based on the global path constructed in
the previous section (see Section 3.3.1), the base frame of the
curvilinear coordinate system is generated.

3. Candidate path generation: Candidate paths are generated onto
the curvilinear space. Then, they are transformed to the
Euclidean space.

4. Selection of the winning path: Costs for all the paths are assigned,
and the one with the lowest value is selected.

5. Computation of vehicle commands: Vehicle speed and steering
angles are computed based on the characteristics of the
winning path.

3.3.1. Base frame construction
In this stage, the base frame of the curvilinear coordinate sys-

tem is defined that enables the algorithm to compute the trajec-
tories in this space as if the global plan were a rectilinear trajec-
tory. At this point, the potential presence of obstacles or the
restrictions associated with the vehicle's motion model are not
considered. This stage is limited to the generation of trajectories.
The geometric relationship between the path in Euclidean and
curvilinear coordinates is shown in Fig. 5.

The origin of the base frame coordinate system is the point
closest to the vehicle's position in the global plan.

The base frame's arc length (s, in the right image) is obtained as
the distance from each point along the global plan (shown as a7 http://wiki.ros.org/navfn
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green line) to the origin. This distance is represented in the x-axis
of the curvilinear system. The y-axis, q, represents the perpendi-
cular lateral distance with respect to the path. Values on the left
side are positive and those on the right are negative.

To compute the transformation between the Euclidean and
curvilinear coordinate systems, the path curvature κ is needed.
This value is computed as follows (Chu et al., 2012; Werling et al.,
2010; Barfoot and Clark, 2004):

κ ¼ S
Q

� κb �
ð1�q � κbÞ � ð∂2q=∂s2Þþκb � ð∂q=∂sÞ2

Q2

 !
; ð2Þ

where

S¼ signð1�q � κbÞ

Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂q
∂s

� �2

þð1�q � κbÞ2
s8>><

>>: ð3Þ

A generated path will be rejected if q41=κb. In this case, the
path curvature and direction are opposite those of the base frame.
The path violates the non-holonomic condition of the vehicle's
movement, so the vehicle enters a recovery state, as described in
Section 3.3.5.

Only paths with a lateral offset q equal to or smaller than the
curvature radius of the base frame 1=κb are accepted. If q¼ 1=κb,
that means that the path passes through the center of curvature of
the base frame. Also, the maximum curvature a path can have and
remain feasible for the vehicle is limited by the maximum steering
angle. If this restriction is violated, the corresponding path is

rejected. The curvature is directly related to the movement of the
vehicle, which can be described using several models. A simplified
version (Barfoot and Clark, 2004), which ignores the related phy-
sical effects (like inertia or mass), is:

_x ¼ j v!j � cos ðθÞ
_y ¼ j v!j � sin ðθÞ
_θ ¼ j v!j � κ

8>><
>>: ð4Þ

Since these physical effects do not affect the geometric shape of
the path, they can be ignored in the path generation step. At this
point, other physical restrictions, like the maximum curvature that
the vehicle is able to follow or the maximum speed, are not con-
sidered. In Eq. (4), ½ _x _y _θ �T are the estimated position and orien-
tation of the vehicle and j v!j is the speed. This simplified model
assumes that the vehicle only has two degrees of freedom,
represented by the speed v! and κ. Since the only concern at this
point is the geometric generation of the path, the vehicle's speed
v! can be removed from the model. This is done by expressing the
movement of the vehicle in terms of the distance traveled. Thus,
the following relationship is established (Barfoot and Clark, 2004):

j v!j ¼ S � Q � ∂s
∂t

ð5Þ

If the speed of the vehicle is substituted into the model
described in Eq. (4), the differential equation of the movement can

Fig. 4. Pipeline of the method described on this section.

Euclidean space. Curvilinear space.

Fig. 5. Conversion of a trajectory between the Cartesian and Frenét spaces. (a) Euclidean space. (b) Curvilinear space. (For interpretation of the references to color in this
figure caption, the reader is referred to the web version of this paper.)
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be represented in terms of the base frame's arc length s:

∂x
∂s

¼Q � cos ðθÞ
∂y
∂s

¼ Q � sin ðθÞ
∂θ
∂s

¼ Q � κ

8>>>>>><
>>>>>>:

ð6Þ

3.3.2. Candidate paths
As we have seen, the path is generated in the curvilinear space

without considering the obstacles in the environment. These will
be taken into account later, once the tentative trajectories are
transformed to the Euclidean space.

Maneuvering path generation. The curvature of the generated
paths is defined by the lateral offset q with respect to the base
frame. The first- and second-order derivatives of q are needed to
compute κ (see Eqs. (2) and (3)), so a function dependent on the
lateral offset is needed to compute a smooth lateral change.

q can be defined by a sequence of a cubic polynomial and a set
of constants (Barfoot and Clark, 2004):

qðsÞ ¼
qi if srsi
a �Δs3þb �Δs2þc �Δsþqi if siososf
qf if sf rs

8><
>: ð7Þ

∂q
∂s
ðsÞ ¼ 3 � a �Δs2þ2 � b �Δsþc if sirsosf

0 otherwise

(
ð8Þ

∂2q
∂s2

ðsÞ ¼ 6 � a �Δsþ2 � b if sirsosf
0 otherwise

(
; ð9Þ

where Δs¼ s�si.
In Fig. 5b, the components involved in this process are

depicted.

� The initial length si is zero, due to the process carried out at the
beginning of each iteration (Section 3.3.1). The lateral offset qi is
also known, which is the lateral offset with respect to the global
path's origin.

� The angle θ defines the difference between the vehicle's head-
ing angle and the tangent angle of the base frame at the current
position. If θ4401, the vehicle enters a recovery state, described
in Section 3.3.5. Once the vehicle is correctly headed toward the
path, this recovery state ends.

� sf is a parameter that controls the longitudinal distance needed
to reach offset qf. This distance should be dependent on the

speed; however, since the prototype's top speed is limited, Δsf
can be regarded as the distance needed to go from qi to the
greatest qf at the top speed.

� The different qf are computed separately for each path based on
the parameters defined by the user. sf is also a free parameter.

The parameters si, qi, and sf are shared by all candidate paths.
Modifying the value of qf yields different tentative trajectories, so the
only difference between them is the lateral offset at the end of the
paths. This lateral offset gives flexibility in how obstacles are avoided.
To do this, the width of the road is divided into as many segments as
the number of desired paths. qf will be the perpendicular distance
between the base frame and the corresponding road width division.
Using this technique, the desired number of paths is created. The set
of paths should cover the entire width of the road and ensure that the
vehicle is able to avoid the obstacles, if possible.

In the tests conducted we considered a maximumwidth of 4 m
(a little wider than the roads in our testing area) and a horizon of
10 m in the direction of the global path. This horizon yields a
prediction time of 2 s at the vehicle's maximum speed. A total of
21 paths were evaluated, with a distance between them (Δqf ) of
20 cm.

Candidate path generation. Once the paths are computed in the
curvilinear coordinate system, they are transformed to the Eucli-
dean space where their associated costs are evaluated.

With the paths in Euclidean coordinates, the maximum distance
they can reach individually (if obstacles are considered) can be cal-
culated. To do so, the cells cij in the costmap associated with the
points of the trajectory are checked. If this cost exceeds the value
associated with the threshold τcircumscribed, the path is truncated at this
point, as shown in Fig. 6, where the generated paths are shown using
a colored costmap representation where blue means a low value,
while red is used for the higher costs. Yellow and cyan correspond to
cells in lethal and inscribed cells, respectively. The points iterated
before reaching this cost are kept, although it is very unlikely for this
path to be the winner, since the occlusion cost will be maximum and
the length of the path shortened (see Section 3.3.3). As shown, when
a path collides with an obstacle, it is not completely removed. The
reason is that there are certain situations in which the maximum
length cannot be reached with any path. However, it is still desirable
to approach the maximum reachable point slowly in the hope that
the obstacles that are blocking the way will disappear over the next
few iterations. This is a typical situation in crowded areas with many
pedestrians: the path is blocked, but when pedestrians see an
approaching vehicle they move out of the way. However, if the vehicle
reaches a point in which it cannot move for a long time, the recovery
behavior is triggered. The problemwith this strategy is that one of the
colliding paths could win even if there is a path that can go through a
clear area. In order to avoid this, a schema based on a weighted cost
function has been implemented which permits a smart selection of
the winning path, as explained in the next section.

3.3.3. Winning path
The winning path is selected by using a linear combination J½i�

of weighted cost functions involving the following parameters:
occlusion, length, distance to the global path, curvature and con-
sistency of the path. J½i� is evaluated as follows:

J½i� ¼ωoCo½i�þωlCl½i�þωdCd½i�þωκCκ ½i�þωcCc½i� ð10Þ

Here, i is the path index, and Co, Cl, Cd, Cκ and Cc are the
occlusion, length, distance to the global path, curvature and con-
sistency costs, respectively. Their relative factors ωk, kAfo; l; d; κ; cg
are the associated weights used to adjust the influence of each of
the costs to the final cost value. All these costs are normalized to

Fig. 6. Paths truncation example. (For interpretation of the references to color in
this figure caption, the reader is referred to the web version of this paper.)
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1.0, andX
iA fo;l;d;κ;cg

wi ¼ 1:0; ð11Þ

making it easy to determine the proportional influence of each
weight. Based on this, the value of J½i� will always be inside the
interval ½0 ...1�. This normalization is done internally regardless of
the weights introduced for the parameters. So if the sum of the
parameters is different from one, the parameters are scaled so
their sum becomes 1.0.

The following costs will be computed for each candidate path
independently from the Euclidean space.

Occlusion. The occlusion cost is related to the safety of the path.
This cost estimates the goodness of a path, with the best paths
being those passing far enough from the obstacles. This is done by
iterating along the path, simulating the car's footprint at each
position. The occlusion cost corresponding to trajectory point i will
be the maximum cost of each of the cells cijAC under the car's
footprint at that position. As a result, the occlusion cost will be

Co ¼maxfcig
255

; i¼ 1…L ð12Þ

In this expression, L is the length of the current path being
evaluated and maxfcig is the maximum value of all the costs
associated with a point on the path. As noted in Section 3.1, the
maximum value for each cost is 255, meaning Co is divided by this
value to normalize it to 1.

Length. This cost represents the length of the current path. By
iterating along the points in the path, the distance between them
is accumulated and the real distance traveled in Euclidean coor-
dinates is known. The longer a path is the better, as it is assumed
that it will traverse an obstacle-free zone. Thus, long paths should
produce low cost values. This is done through the expression:

Cl ¼ 1�

PL
i ¼ 1

Jpi�pi�1 J

qfmax
þsf

ð13Þ

Here, pi is a certain point inside the evaluated path and qfmax
is

the maximum value that qf can have for a certain path. The lengths
are normalized to a value that a path will never reach. This cost is
subtracted from 1.0 in order to make it comparable to the
remaining costs (as noted, lower values are preferred with respect
to the higher ones).

Distance to the global path. This cost represent the lateral offset
of the vehicle with respect to the global path. Tuning the weight
associated with this cost will change the behavior of the vehicle
when returning to the global path after avoiding an obstacle. It is
computed as follows:

Cd ¼

PL
i ¼ 1

Jpi�nearestðpi; gÞJ

L � qfmax

; ð14Þ

where nearestðp; gÞ is the nearest point in the global path g to point
p. This cost is normalized with respect to the maximum expected
offset, qfmax

.
Curvature. This cost is used to assign priority to smoother paths.

Let pðxi; yiÞ; i¼ 1⋯L, be a point along the path. Then,

Cκ ¼max
x0i � y″i �x″i � y0i
ðx0iþy0iÞ3=2

( )
; i¼ 1…L ð15Þ

Consistency. This cost avoids continuous changes in winning
paths between iterations. Once the vehicle starts a maneuver, it is
preferable to keep the same behavior during the following

iterations. This is done through the following expression:

Cc ¼
1

s2�s1

Z s2

s1
li dS ð16Þ

For a better understanding of this equation, consider Fig. 7,
where the lateral cost li(s) is the distance between the current path
and the previous winning path at the same longitudinal position s,
and s1 and s2 are the first and last positions, respectively, over S for
which there are common points in both trajectories.

Selection of the winning path. Once all costs are computed, the
expression described in Eq. (10) is applied. In those paths for
which it is impossible to advance due to the presence of a nearby
obstacle or because the car is incorrectly aligned with the global
path (meaning that no valid paths can be generated in this situa-
tion), the cost will be negative (invalid path).

Of all the remaining paths, the one with the smallest cost
(winning path W) is selected. If for any reason there are no valid
paths, a recovery maneuver (see Section 3.3.5) is initiated.

3.3.4. Computing the vehicle commands
The last step required for the vehicle to follow the trajectory

output by the global planner is to compute the steering angle and
speed commands that will be sent to the vehicle's built-in controller.

� For the steering angle command, the ith point in the winning tra-
jectory at which the distance exceeds the user-defined value
dsteering is used to compute the difference between the current
and desired orientations of the vehicle. The steering angle is
obtained using a PID controller tuned to minimize this difference.

� The speed command is computed based on the vehicle's distance
to the target and the maximum acceleration allowed. First, the
required speed increment is computed:

ΔS¼
Smax if Wl4 ðdsafeþdrampÞ
ðWl�dsafeÞnSmax=dramp�S0 otherwise

(
ð17Þ

Here,Wl is the length of the winning path. dsafe is a user-defined
safety distance: if the winning path length is below this
distance, the car stops, since that means that the winning path
is unable to avoid a nearby obstacle. dramp is the user-defined
distance required to reach the maximum speed Smax when the
car is completely stopped. S0 is the current speed. Computing
ΔS in this way ensures that the vehicle's response is smooth,
avoiding sudden speed increments. Knowing this value, it is
possible to compute the speed command S:

S¼
0 if Wlodsafe or ðS0þΔSÞo0
minðS0þΔS; SmaxÞ if otherwise

(
ð18Þ

In the event of a backward maneuver, S¼ �S.

3.3.5. Recovery behavior
There are two scenarios in which the vehicle executes a

recovery maneuver. The first occurs when the vehicle is not

Fig. 7. Representation of how the consistency cost is computed.
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correctly aligned with respect to the global plan and the initial
angle is too large to produce feasible local paths that comply with
the curvature restrictions of the vehicle. The second case happens
when the vehicle is correctly aligned but there are no feasible local
paths to follow due to the presence of a nearby obstacle.

The vehicle's recovery behavior involves two main phases. In
the first phase, a set of feasible paths is generated using a different
schema than that used in Section 3.3. In the second phase, these
paths are weighted in order to choose the best option. The vehicle
will then try to follow the winning path. The recovery paths are
chosen from among four options: two forward paths and two
backward paths, moving the steering wheel to the maximum
allowed angle to both the left and right sides. The recovery man-
euver consists of a sequence of one or more of these paths.

In the second case, the vehicle only goes backward if possible
for a short distance in order to gain enough space for the gen-
eration of feasible local paths that can avoid the obstacle.

As shown in Fig. 8a, when the angle θ between the vehicle's
heading and the orientation of the global plan at the closest point
to the vehicle surpasses a certain threshold θnormalToRecovery, the
vehicle starts a recovery maneuver. In Fig. 8b and c, the vehicle
follows the recovery paths generated in order to align itself with
the global plan. When θ is below the threshold θrecoveryToNormal, the
vehicle is considered to be properly oriented and valid Frénet local
paths can be generated, see Fig. 8d.

If the vehicle is still unable to continue after every recovery
maneuver has been executed, a new global plan is generated using
the Primitive-based global planner (see Section 3.2.1).

3.3.6. Local planner state machine
The local planner uses two different state machines depending

on the global planner being used. When using the primitive-based
global planner, the local planner switches to a state machine that
uses four states: Forward, Backward, Stopping and Stopped. In this
case, the primitives used by the global planner restrict the initial θ
to valid angles. The local planner generates Frénet paths both

forward and backward depending on the state. The transitions in
this state machine can be seen in the pseudo-code below:

switch state do
case FORWARD

If vd ¼ ¼ 0 then
state ’ STOPPING

else
generatePathsForwardðÞ

end if
case BACKWARD

if vd ¼ ¼ 0 then
state’STOPPING

else
generatePathsBackwardðÞ

end if
case STOPPED

if vd40 then
generatePathsForwardðÞ

else if vdo0 then
generatePathsBackwardðÞ

end if
If v4vt1 then

state’FORWARD
else if vo�vt1 then
state’BACKWARD
end if

case STOPPING
reduceVelocityðÞ

if vovt2 then
state’STOPPED

end if

Where

� v is the vehicle's current velocity.
� vd is the target velocity.

Fig. 8. Recovery maneuver.
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� vt1 is a velocity threshold used to change from a stopped state to
one of the movement (forward or backward) states.

� vt2 � 0 is a velocity threshold which decides the moment in
which the state should be changed from stopping to stopped. It is
used to guarantee that the vehicle reaches a sufficiently low
speed between changes in the direction of motion.

When the vehicle uses the non primitive-based global planner,
the local planner state machine enables the vehicle to perform
recovery maneuvers. This state machine has the following states:
Forward, Stopping, Stopped, Recovery and Avoid. These states are
implemented to change between the normal navigation of the
vehicle and the maneuvers needed to recover the global plan
orientation or to avoid a permanent obstacle.

For example, as commented in the previous section, if the
vehicle is going forward and the angle between its heading and
the global plan exceeds a certain threshold, it will perform a
recovery maneuver to orient itself properly. In order to do this, the
local planner state machine transits from a Forward state to a
Stopping state. When the vehicle's velocity is � 0, it transits to the
Stopped state, which guarantees that the vehicle is stopped. Once
in this state, the vehicle can now initiate the recovery maneuver.
The state machine is intended to guarantee that the vehicle stops
between changes in the direction of motion and to maintain these
transitions gradual enough to be comfortable for the passengers.

Local planner state machine transition pseudo-code for the non
primitive-based global planner:

switch state do
case FORWARD

if θinioθnormalalToRec or vd ¼ ¼ 0 then
state’STOPPING

else
generatePathsForwardðÞ

else if
case STOPPED

if θinioθnormalToRecovery then
if vd40 then
generatePathsForwardðÞ

else if vdo0 then
generateAvoidManeuverðÞ

end if
if v4vt1 then

state’FORWARD
else if vo�vt1 then

state’AVOID
end if
else if jvd j40 then

generateRecoveryManeuverðÞ
if jvj4vt1 then

state’RECOVERY
end if

end if
case STOPPING

reduceVelocityðÞ
if(then vovt2)

state’STOPPED
end if

case RECOVERY
if θinioθrecoveryToNormal or vd ¼ ¼ 0 then
state’STOPPING

else
generateRecoveryManeuverðÞ

end if
case AVOID

if timero ¼ 0 or vd ¼ ¼ 0 then

state’STOPPING
else
generateAvoidManeuverðÞ

end if

Where

� θrecoveryToNormal is the angular threshold at which the vehicle is
considered to be properly reoriented with respect to the
global path.

� θnormalToRecovery is the angular threshold at which the vehicle is
considered to be incorrectly oriented with respect to the
global path.

� v is the vehicle's current velocity.
� vd is the target velocity.
� vt1 is a velocity threshold used to change from a stopped state to

one of the movement (forward or backward) states.
� vt2 � 0 is a velocity threshold for changing from a stopping state

to a stopped state. It is used to guarantee that the vehicle
reaches a sufficiently low speed between changes in the direc-
tion of motion.

The attached video shows an example of the vehicle operating
in real conditions. This video demonstrates the good performance
and reliability of the vehicle. The local planner and recovery
behaviors are able to run at 10 Hz on an i7-3770K processor with
16 Gb of DDR-3 RAM, SSD storage and an NVIDIA GeForce GT 640.

4. Results

In this section, full performance graphs are presented showing
the results obtained for the tests performed.

4.1. Experimental Setup

In order to study the behavior of our method, several trajec-
tories were followed while recording a set of measured variables.
These variables were distance to path, which measures the distance
from the center of the vehicle to the closest point in the global
path; footprint cost, which measures the maximum cost of the cells
below the vehicle's footprint at each iteration; speed, assuming
that faster trajectories are preferred; and the curvature of the
trajectory followed.

We used a simulator to maintain the exact same conditions for
every test. In each test, the vehicle started at the exact same
position and traveled toward the exact same goal. Obstacles were
always in the same locations, with the only changing values being
the input parameters under evaluation. The results were validated
by running tests under real conditions using the Verdino platform.

As seen in Section 3.3.3, there are five different parameters that
influence the overall cost, which will determine the winning path
chosen. Each parameter has an associated weight. A base config-
uration of ωd ¼ 0:17, ωo ¼ 0:2, ωc ¼ 0:02, ωl ¼ 0:7, ωk ¼ 0:01 pro-
vided good empirical results. Using this base configuration as a
starting point, different weight configurations were obtained by
incrementally varying each weight.

Although the sum of these weights is greater than 1.0
(ωdþωoþωcþωlþωk ¼ 1:1), the normalization described in Eq.
(11) is done internally at the software level. In fact, the weight
values shown in this section were kept at their non-normalized
values to make it easier to see the parameter differences between
the various configurations tested, as well as with respect to the
base configuration.

Fig. 9 shows how the variation in each individual weight
influences the measured variables. To perform these tests, the
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remaining weights are not modified with respect to the base
configuration. Fig. 10 shows a ranking with different cost weight
configurations. In Fig. 10a, the evaluation was carried out by taking
into account the path distance and the footprint cost. In Fig. 10b,
the evaluation takes into account the footprint cost and path
distance again, but also the velocity and the curvature of the path
followed. These last two measured variables are weighted by 0.5 in
order to lessen their influence. Each ranking is built by aggregating
the normalized value of the measured variables for each
configuration.

Also, in order to compare the response of the maneuvers
achieved by the method presented with the original planner, some
parking and direction change operations were conducted. Again,
the same initial position and goal (and the desired orientations in
both cases) were commanded to the vehicle in simulated condi-
tions, with more than ten different maneuvers being tested. Of
these, three were selected as the most significant, with the rest
yielding comparable results.

These exact same maneuvers were computed and followed
using both our modified method and the original one. We recor-
ded the measurements shown in Fig. 11, which are the positions
followed by the vehicle, distance traveled, turns required and the

cost of passing through the different positions indicated by the
global planner.

4.2. Cost weight determination

As expected, the variables measured are predominantly influ-
enced by the weight of the most relevant cost. However, the
influence of the other weights is not as evident. In this sense, see
Fig. 9a, where varying the path distance cost makes the path
distance proportionately variable to change.

As Fig. 9b shows, the relationship between this cost weight and
the footprint cost is inversely proportional. This behavior may be
produced due to the global plan traversing relatively high cost
areas, mainly in closed curves. When the path distance cost weight
is high, the vehicle is forced to stay on the global path, meaning
the cost can rise. If the footprint cost weight is high (the vehicle's
priority is to avoid obstacles as much as possible), the distance to
the global path grows.

Additionally, if the path length cost weight is incremented, the
selection of long paths is favored. Since the velocity command is
computed proportionately to the path length, higher speeds are
obtained when this cost weight is raised, see Fig. 9c. The

Fig. 9. Results obtained from parameters. (a) Distance to path. (b) Footprint cost. (c) Speed. (d) Curvature.
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navigation speed also depends on the distance to the obstacles,
which is why the footprint cost weight also influences this vari-
able. Moreover, if the curvature cost weight is high, the cost of the
winning path in closed curves also increases, forcing the vehicle to
slow down.

The curvature of the trajectory is influenced by a combination
of the different cost weights, and no particular cost influences it
predominantly (see Fig. 9d).

The rankings in Fig. 10a and b show which weight configurations
produce the best results based on different criteria. In Fig. 10a the
ranking takes into account the footprint cost and the path distance. In
this sense, the configurations in the first places of the ranking mainly
favor following the global path and avoiding obstacles. In the ranking
shown in Fig. 10b the speed achieved by the vehicle and the curvature
of the trajectory are also taken into account.

The ranking of the best configuration is shown in purple for the
three weights used in the method presented in Chu et al. (2012).
For the ranking in Fig. 10a, the best configuration was ωo ¼ 0:2,
ωc ¼ 0:02 and ωk ¼ 0:01; and for the ranking in Fig. 10b, this
configuration was ωo ¼ 0:1, ωc ¼ 0:02 and ωk ¼ 0:01. As depicted
in the charts, the use of the additional cost weights proposed in
this work (ωd and ωl) yields better results in terms of vehicle
behavior.

4.3. Global planner results

In order to measure the performance gain obtained with the
modified primitive-based global planner, we compared it with the
original in terms of footprint cost, number of changes in the
direction of motion and distance traveled. Different maneuvers
were tested. The left side of Fig. 11 shows both global paths
superimposed on top of a cost map. The red rectangle represents
the vehicle's footprint and the red arrow, the goal. On the right
side of the same figure is a comparison of the footprint cost of
following each global plan.

As the figure shows, the modified primitive-based global
planner generates paths with fewer changes in the direction of
motion than the original planner. This results in a more comfor-
table driving experience. These advantages come with no added
drawbacks in terms of footprint cost or distance traveled, which
are comparable to those obtained with the original primitive-
based global planner.

5. Conclusions

In this paper, a completely operational navigation system is
presented that renders our Verdino platform fully autonomous. It
is able to navigate in unstructured areas with many dynamic
obstacles, such as pedestrian areas. It relies on a multi-modular
system consisting of a multilayered costmap, a local planner and
two different global planners (switched depending on the
situation).

Based on the layered costmap described in Lu et al. (2014), a
configurable costmap is implemented. In this costmap, each layer
is assigned to an obstacle type, with static obstacles on a costmap,
and dynamic obstacles and an estimate of the future motion of
obstacles supported by a simplified schema based on voxels and a
particle filter. Dynamic obstacles are mainly detected using the on-
board LIDARs, as well as the Velodyne.

Based on a combination of the ideas described in Chu et al. (2012)
and Thrun et al. (2006), adapted to the specificities of our prototype,
we developed a local planner for the Verdino autonomous vehicle.
This planner is expanded with the addition of new weights, used to
evaluate the tentative paths generated, which allow it to select the
most reliable trajectory. The results presented show weight config-
urations that optimize the navigation of the vehicle in terms of safely
avoiding obstacles and of its ability to follow the desired global plan.
As was shown, the addition of new weights increases the perfor-
mance of the resulting configurations with respect to the state of the
art approach described in Chu et al. (2012).

Two different global planners are used in the presented system.
One is a non-primitive-based global planner that does not take
into account the vehicle's non-holonomic restrictions and is very
fast to compute. It is mainly used when the vehicle is navigating in
clear areas. The other is a primitive-based global planner that
takes into account the vehicle's non-holonomic restrictions by
combining motion primitives, which are short, kinematically fea-
sible motions. Some improvements were made to the standard
primitive-based global planner in order to obtain simplified paths
that avoid the generation of multiple changes in the direction of
motion in small areas.

The local planner presented is capable of working in two
modes. In the first mode, which relies on the non primitive-based
global plan, the vehicle executes recovery maneuvers when there
is a static obstacle blocking the road, or when it is not correctly
oriented with respect to the global plan. In the second mode, it

Fig. 10. Results obtained from rankings. (a) Only distance to path and footprint cost are considered. (b) All measured variables are considered. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of this paper.)
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follows the modified primitive-based global plan to perform
maneuvers requiring greater precision, like navigating in a crow-
ded area or parking, for example.

The system was tested in real conditions in a wide variety of
scenarios and situations, where it demonstrated that it is able to
perform in very different conditions while exhibiting both safe and

Fig. 11. Maneuvering tests and their associated results. (a) Maneuvering test 1. (b) Maneuvering test 2. (c) Maneuvering test 3.
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efficient behavior. This finding is evident both in the results
described in this paper, and in the attached video.
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Abstract—This paper introduces a local 
planner which computes a set of commands, 
allowing an autonomous vehicle to follow a 
given trajectory. To do so, the platform relies 
on a localization system, a map and a cost 
map which represents the obstacles in the 
environment. The presented method com-
putes a set of tentative trajectories, using a 
schema based on a Frenét frame obtained 
from the global planner. These trajectories 
are then scored using a linear combination 
of weighted cost functions. In the presented 
approach, new weights are introduced in 
order to satisfy the specificities of our au-
tonomous platform, Verdino. A study on the 
influence of the defined weights in the final 
behavior of the vehicle is introduced. From 
these tests, several configurations have 
been chosen and ranked according to two 
different proposed behaviors. The method 
has been tested both in simulation and in 
real conditions.

170 D Safe and reliable path planning for the autonomous vehicle verdino



193 / 227

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 972164																Código de verificación: nnR9QMzU

Firmado por: ANTONIO LUIS MORELL GONZÁLEZ Fecha: 30/06/2017 03:23:55
UNIVERSIDAD DE LA LAGUNA

JONAY TOMAS TOLEDO CARRILLO 30/06/2017 04:27:32
UNIVERSIDAD DE LA LAGUNA

LEOPOLDO ACOSTA SANCHEZ 30/06/2017 08:37:42
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 06/07/2017 13:51:03
UNIVERSIDAD DE LA LAGUNA

IEEE IntEllIgEnt transportatIon systEms magazInE  •  22  •  Summer 2016 IEEE IntEllIgEnt transportatIon systEms magazInE  •  23  •  Summer 2016IEEE IntEllIgEnt transportatIon systEms magazInE  •  22  •  Summer 2016

im
a

g
e

 c
o

u
r

t
e

s
y

 o
f

 h
t

t
p

://
v

e
r

d
in

o
.w

e
b

s
.u

ll
.e

s

I. Introduction

G
enerally speaking, the navigation system of au-
tonomous vehicles is composed of two main levels: 
the global planner and the local planner. The first 
level consists of the generation of a feasible route 

from the current position of the vehicle to a desired goal. 
The second level computes the necessary commands to 
control the vehicle in order to follow the global plan, 
while dynamically adapting to the changing environ-
ment conditions.

The problem we want to solve is safely following a 
predefined route while avoiding dynamic obstacles. This 
problem is not trivial, since several factors have to be taken 
into account. For starters, the safety of pedestrians is cru-
cial: the vehicle has to navigate close to the desired route 
while keeping a safe distance to the obstacles. Secondly, 
the navigation has to be comfortable from the passengers 
point of view: when following the global path and avoiding 
obstacles, the performed maneuvers have to prevent both 
abrupt changes of linear and angular speed and high cur-
vature trajectories.

The method presented in this paper is the local plan-
ner of an autonomous robotic prototype called Verdino1 [1], 
shown in Fig. 1. This electric vehicle was designed for peo-
ple transportation in pedestrian environments.

When a new destination is selected, the global planner 
builds a feasible path from the current vehicle position to the 
desired goal. The vehicle then follows this path by using the 
method presented in this paper. In this method, the euclidean 
space surrounding the vehicle is transformed to the Frenét 
space, using the computed global trajectory as basis. Then, a 
set of tentative paths is computed, considering the following 
restrictions: all paths should start at the position and orienta-
tion of the vehicle, and should end parallel to the global tra-
jectory, at a parameterized lateral distance from it. This way 
paths are computed using just geometrical information, mak-
ing the problem simpler by not needing to define a kinematic 
model of the vehicle to generate the trajectories in the euclid-
ean space. Once trajectories are computed, they are trans-
formed back to the euclidean space, in which they are scored 
based on different variables like, for example, their curvature 
or their distance to obstacles. Impossible paths (those which 
can not be followed by the vehicle) are removed. Using these 
scores, a winner path is selected and used for the computation 
of the next speed and steering commands.

This vehicle used as a testing platform is a standard golf 
car, which has been electronically and mechanically modi-
fied so it can be controlled by an on-board computer. It is 
equipped by default with six 6 V batteries, a speed control-
ler, a 36 Vcc electrical motor, mechanical brakes and steer-
ing, and has a maximum speed between 19 and 23 Km/h.

In order to localize itself, the vehicle is equipped with 
an odometry system attached to each wheel, which allows 
making relative position estimations. This information 
is combined with the information provided by an Inertial 
Measurement Unit (IMU) and a centimetric DGPS. Several 
Light-Detection And Ranging (LIDAR) sensors are used both 
for SLAM (Simultaneous Localization and Mapping) and ob-
stacle detection. All this information is combined using the 
method in [2], so the vehicle is properly localized. The vehicle 
is controlled by an on board computer.

II. Previous Work
In the literature, it is possible to find several planning meth-
ods that have been applied in the generation and selection of 
local paths. Most of these methods are based on a discrete op-
timization scheme [3], [4], [5] and [6]. From all the approaches 
of this kind, Rapidly-exploring Random Trees (RRT) and its 
variants are widely used in non-holonomic motion planning 
applications. However, real time implementations require 
efficient heuristics for the sampling configuration. Some ex-
amples of this kind of methods are [7], [8] and [9].

1http://verdino.webs.ull.es
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Some other methods, like the method introduced in this 
paper, are based in the transformation of the configura-
tion space through the Frenét space. Some examples of this 
technique are the methods in [5], [3] and [10]. In [5], long 
term objectives are pursued, like speed keeping, merging, 
following, stopping. This is done through optimal control 
strategies within the Frenét frame of the street. In [3], lat-
eral offset is defined as the perpendicular direction to an 
established base trajectory. This allows the vehicle to drive 
along the road, parallel to this trajectory. In [10], a set of 
candidate paths are also generated, with endpoints in fixed 
positions at different offsets with respect to the base frame, 
but they do not set this base frame in the center of the road, 
using a security cost for each candidate path instead. The 
safety of the path is computed by blurring the binary data 
of the obstacles.

III. Method
In order for the vehicle to navigate, a global plan has to be 
defined. This global plan is a rough estimate of the path 
that the vehicle has to follow to go from its current position 
to a desired goal.

The global path is generated using the NavFn global plan-
ner2. This planner implements Dijkstra’s algorithm to find the 
best path through a cost map, which represents the goodness 
of the navigable areas taking into account static obstacles.

The vehicle can follow the global plan using the local 
planner. Obstacles are represented in a costmap, which is 
an occupancy grid which the local planner needs in order 
to select the best trajectories and avoid obstacles.

A. Generation of the Costmap
The costmap maintains information about occupied/free 
areas in the map, as an occupancy grid. It uses sensor data 
and information from the static map to store and update in-
formation about obstacles in the world, which are marked 
in the map (or cleared, if they are no longer there).

Each cell in the map can have 255 different cost values:
 ■ A value of 255 means that there is no information about 

this specific cell in the map.
 ■ 254 means that a sensor has marked this specific cell 

as occupied. This is considered as a lethal cell, so the 
vehicle should never enter there.

 ■ The rest of cells are considered as free, but with dif-
ferent cost levels depending on an inflation method 
relative to the size of the vehicle and its distance to the 
obstacle.
The cost value of free cells decreases with the distance 

to the nearest occupied one, following the expression:

 ( , ) ( . · · ( )) ·expi j c o1 0 253C ij inscribeda t= - - -v  (1)

In this expression, a is a scaling factor which increases 
or decreases the decay rate of the cost of the obstacle. 
c oij - v  is the distance between cell c Cij !  (where C  is 

the set of cells in the costmap) and the obstacle. Finally,  
tinscribed is the inscribed radius, which is the inner circle 
of the limits of the car. For a better explanation of the way 
in which the costmap is computed, please refer to [11]. An 
implementation of this method is available at http://wiki.
ros.org/costmap_2d, as part of the Robotic Operating Sys-
tem (ROS) framework used for the development and testing 
of our approach. In the tests described in section IV a value 
of a = 3.0 has been used.

B. Local Planner
Once the global path is defined, a method to compute the 
steering and speed commands is needed, in order to con-
trol the vehicle along this path. This method should also 
be able to avoid the obstacles present in the road. This 
has to be done in a safe and efficient way. The method 
developed to solve this problem is based on the solution 
described in [10], in combination with some ideas pro-
posed in [3], taking into account the characteristics of the 
Verdino prototype.

The basic idea of the local path generation is to define a 
set of feasible paths and choose the best option in terms of 
their cost. The winner path defines the steering and speed 
commands that the vehicle will use. Having options among 
local paths is useful to overcome unforeseen obstacles in 
the road.

The current euclidean coordinate system is trans-
formed into a new system based on the Frenét space. This 
space is computed as follows: the global path is considered 
as the base frame of a curvilinear coordinate system. The 
feasible local paths are defined in terms of this base frame 
in the following way:

 ■ The nearest point of the main trajectory to the vehicle 
(where the distance is computed perpendicular to the 
global path), will be the origin of the curvilinear coor-
dinate system.

FIg 1 Verdino prototype.

2http://wiki.ros.org/navfn
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 ■ The horizontal axis will be represented by the distance 
over the global path, along its direction.

 ■ The vertical axis is represented by the vector which is 
perpendicular to the origin point and points left of the 
path direction.
In this schema, trajectories can be easily computed in 

the curvilinear space (that is, maneuvering information is 
generated). These are then transformed to the original eu-
clidean space, in which the obstacles information is added 
by assigning costs to each path.

As seen, the local path generation can be divided into 
two stages: the candidate paths generation and the winner 
path selection.

1) Candidate Paths Generation
In this stage, the base frame of the curvilinear coordi-
nate system is defined, so that the algorithm will be able 
to compute the trajectories in this space as if the global 
plan were a rectilinear trajectory. The geometric rela-
tionship of the path in euclidean and curvilinear coordi-
nates is shown at Fig. 2.

The coordinate origin of the base frame is defined as the 
closest point to the vehicle in the global path. The arc length 
of the base frame (s on the right image) is obtained as the 
distance of each point along the global plan (represented 
as a green line) to the coordinate origin. This distance is 
represented on the x-axis of the curvilinear system. On the 
y-axis, q represents the perpendicular lateral distance with 
respect to the path. The left side is represented by positive 
values and the right side by negative values.

For the computation of the transformation between the 
euclidean and the curvilinear coordinate system, path 
curvature l is needed. This value is computed as follows 
[10], [5], [12]:
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There, bl  is the curvature of the segment of the base tra-
jectory used for the computation of the Frenét space. The 
candidate paths generation is performed in the curvilinear 
space, without considering the obstacles in the environ-
ment. These will be taken into account later, once the ten-
tative trajectories are transformed to the euclidean space.

Maneuvering Paths Generation: The curvature of the 
generated paths is defined by the lateral offset q with re-
spect to the base frame. First and second order derivatives 
of q  are needed to compute l (see equations 2 and 3), so a 
function dependent on the lateral offset is needed to com-
pute a smooth lateral change.

q  can be defined by a sequence of a cubic polynomial 
and a set of constants [10]:
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where .s s siT = -

In Fig. 2b, the components involved in this process are 
depicted.
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FIg 2 Conversion of a trajectory between the Cartesian and Frenét spaces, 
and paths truncation example.
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 ■ The initial length si  is zero, since the global planner is 
being pruned as the vehicle advances. Lateral offset qi  
with respect to the global path’s origin is also known.

 ■ Angle i defines the difference between the vehicle 
heading angle and the tangent angle of the base frame 
at the current position. If 402i c, the vehicle enters in 
a recovery state, described in section III-B3. Once the 
vehicle is headed properly towards the path, this recov-
ery state ends.

 ■ s f  is a parameter that controls the longitudinal dis-
tance needed to reach offset q f . This distance should 
be dependent on the speed. However, as the top speed 
of the prototype is not too high, s fT  can be considered 
as the distance needed to go from qi  to the biggest q f  
at top speed.

 ■ The different q f  are computed separately for each path 
attending to the parameters defined by the user. In 
our implementation, the method receives as input the 
maximal width covered between the outer left and the 
outer right generated path wmax , and the total number 
of paths to be generated ( )npaths . So the value of q f  is 
computed as /( )w n 1max paths - . s f  is also a free param-
eter provided directly by the user as the maximal longi-
tudinal length that is desired to be covered by the paths.
Once the paths are generated in the curvilinear coordi-

nate system, they are transformed to the euclidean space. 
In this new space, it is possible to evaluate their corre-
sponding costs.

To define the maximum length of each candidate path, 
the cost of the cells corresponding to the points in the trajec-
tory are inspected. If this cost is over threshold xcircumscribed, 
(which is the cost of cells at a distance equal to the radius of 
the minimum circumference that contains the outer limits 
of the vehicle footprint), the path is truncated at this point, 
as shown in Fig. 2c, where the generated paths are shown 
together with a colored costmap representation. In this fig-
ure, blue represents a low cost value, while the red color 
is used for the higher costs. Yellow and cyan correspond to 
lethal cells and inscribed cells, respectively.

2) Winner Path Selection
At each iteration, the winner path is selected through the 
use of a linear combination J[i] of weighted cost functions, 
related to the following parameters: occlusion, length, 
 distance to the global path, curvature and consistency of 
the path. J[i] is evaluated as follows:

  [ ] [ ] [ ] [ ] [ ] [ ]J i C i C i C i C i C io o l l d d c c~ ~ ~ ~ ~= + + + +l l  (5)

Here, i is the path index, and Co, Cl, Cd, Cl and Cc are the 
costs of occlusion, length, distance to the global path, curva-
ture and consistency, respectively. Their relative factors k~ , 

{ , , , , }k o l d c! l  are the associated weights that allow to ad-
just the influence of each of the costs to the final cost value.

The following costs will be computed for each candi-
date path independently in the euclidean space.

a) Occlusion
The occlusion cost is related to the safety of the path. This 
cost estimates the goodness of a path, such that the best 
paths are those which pass far enough from the obstacles. 
To do so, the footprint of the vehicle is simulated in each 
point of the path. The occlusion cost corresponds to the 
normalized maximum cost along the path:
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In this expression, L is the length of the current path 
being evaluated. { }max ci  is the maximum value of all the 
costs, associated to a point in the path.

b) Length
This cost is related to the length of the current path. The 
longer the path is, the lower its associated cost is. In gen-
eral, a long path implies the existence of an area which is 
free of obstacles and can be safely traversed.
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Here, pi  is a certain point inside the evaluated path. q fmax  is the 
maximum value that q f  can have for a certain path. Lengths 
are normalized to a value that a path will never reach.

c) Distance to the Global Path
This cost represents the lateral offset of the vehicle with 
respect to the global path. Tuning the associated weight 
of this cost will change the behavior of the vehicle when 
returning to the global path, after an occasional obstacle is 
avoided. It is computed as follows:
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where nearest(p, g) is the nearest point in the global path 
g to point p. This cost is normalized with respect to the 
maximum expected offset, q fmax .

d) Curvature
This cost allows to give priority to smoother paths. Let 
( , ),p x y i L1i i g= , be a point in the path. Then,
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e) Consistency
This cost avoids continuous changes in winner paths be-
tween iterations. Once the vehicle starts a maneuver, it is 
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preferable to keep the same behavior during the following 
iterations. This is done through the following expression:

 C s s l ds1  c i

s

s

2 1
1

2

=
-
#  (10)

Lateral cost li(s) is the distance between the current path 
and the previous winner path, at the same longitudinal po-
sition s; s1 and s2 are the first and last positions over s for 
which there are common points in both trajectories. At the 
beginning of the trip, the oscillation cost is 0, so it does not 
affect to the final choice of the path.

Once all costs are computed, the expression described 
in equation 5 is applied. In those paths for which it is im-
possible to advance, due to the presence of a nearby obsta-
cle, the cost is forced to a negative value in order to indicate 
the rest of the system that this path is invalid.

The path with the lowest cost is selected (winner path 
W ). If for some reason there is no valid path, the vehicle 
stops until the road is free of obstacles. If this situation does 
not change for a while, the recovery behavior process starts.

3) Recovery behavior
There are two scenarios in which the vehicle executes a recovery 
maneuver. The first one occurs when the vehicle is not correctly 
aligned with respect to the global plan, and the initial angle is 
too large to produce feasible local paths that comply with the 
curvature restrictions of the vehicle. The second case happens 
when the vehicle is correctly aligned but there are no feasible 
local paths to follow, due to the presence of a nearby obstacle.

In the first case, the recovery maneuver is intended to 
align the vehicle to the global path again. Same as for the  local 
planner, the recovery behavior of the vehicle is composed of 
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FIg 3 Results obtained from parameters.
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two main phases. In the first phase, a set of feasible paths 
is generated. In the second phase, these paths are weighed 
in order to choose the best option. The vehicle will then try 
to follow the winner path. The recovery paths are chosen 
among four options: two forward paths and two backwards 
paths, setting the steering wheel to the maximum allowed 
angle at both left and right sides. The recovery maneuver is 
composed of a sequence of one or more of these paths.

In the second case, if possible, the vehicle just moves 
backwards for a short distance, in order to obtain enough 
space for the generation of feasible local paths.

IV. Results
In this section, the behavior of the local planner is de-
scribed, using different cost weights as input.

A. Experimental Setup
In order to study the behavior of our method, several tra-
jectories were followed, while recording a set of measured 

variables. These variables were distance to path, which mea-
sures the distance from the center of the vehicle to the clos-
est point in the global path; occlusion cost, which measures 
the maximum cost of the cells below the vehicle footprint at 
each iteration; the speed, assuming that faster trajectories 
are preferred; and the curvature of the followed trajectory.

Since keeping the exact same conditions for all the tests 
is desirable, a simulator was used. In each test, the vehicle 
started at the exact same position and traveled towards 
the exact same goal. Obstacles were always in the same 
locations, and the only changing values were the input pa-
rameters under evaluation. The obtained results were then 
validated with some tests under real conditions, using the 
Verdino platform.

As seen in section III-B2, there are five differ-
ent parameters that influence the overall cost, which 
will determine the chosen winner path. Each param-
eter has an associated weight. A base configuration of 
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FIg 4 Results obtained from rankings.
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provided good empirical results, 
has been used. Using the base 
configuration as a starting point, 
different weight configurations 
have been obtained by incremen-
tally varying each weight.

Fig. 3 shows how the variation 
of each individual weight influ-
ences the measured variables. In 
order to establish the relative importance of each weight 
with respect to the base configuration, for each per-
formed test one of them varies in the [0, 1] range, while 
the rest keep their default values. Fig. 4 shows a ranking 
with different cost weights configurations. In Fig. 4a, the 
evaluation has been done by taking into account the path 
distance and the occlusion cost. In Fig. 4b, the evaluation 
takes into account the occlusion cost and path distance 
again, but also the velocity and the curvature of the fol-
lowed path. Verdino is intended to be used in pedestrian 

areas. If the speed and curvature costs are taken into ac-
count when computing the overall cost of the trajecto-
ries, paths with high speed and predominantly straight 
are more likely to be selected. This means that the ve-
hicle will be more aggressive and less capable of maneu-
vering. In crowded environments, it is usually better to 
take a longer, slower path that skirts obstacles (people) 
by a large margin, than a fast, straight path that tra-
verses near obstacles. For this reason, in order to reach 
a compromise between speed and maneuverability, the 
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FIg 5 Traversed routes comparison of the proposed method (red) and the method proposed in Chu et al. [10] (blue).

The recovery paths are chosen among four options: two forward 
paths and two backwards paths, setting the steering wheel to 
the maximum allowed angle at both left and right sides.
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measured speed and the curvature are weighted by 0.5 to 
lessen their influence.

In order to aggregate variables with different units, all 
measured variables are normalized between 0 and 1 us-
ing the maximum and minimum values for each range. 
Also, prior to aggregating results, some variables are 
inverted. For example, the occlusion cost and the path 
distance are to be minimized, whereas speed and path 
length are to be maximized.

B. Cost weights determination
As expected, the measured variables are observed to be 
more greatly affected when varying their corresponding 
cost weight, whereas the influence of the other weights 
is not as evident. For instance, as Fig. 3a shows, varying 
the path distance cost causes the path distance variable to 
change proportionally. As Fig. 3b shows, the relationship 
between this cost weight and the occlusion cost is inverse-
ly proportional. This behavior may be produced due to the 
global plan traversing relatively high cost areas, mainly 
in closed curves. This occurs because the global plan-
ner does not take the vehicle dynamics into account when 
computing the global plan. When the cost weight of the 
path distance is high, the vehicle is forced to stick to the 
global path as much as possible and thus the cost can raise. 
If the occlusion cost weight is high, the vehicle’s priority is 
to avoid obstacles as much as possible, so the distance to 
the global path grows.

Additionally, if the path length cost weight increas-
es, the selection of long paths is favored. As the velocity 
 command is computed as inversely proportional to the 
cost, in general, higher speeds are obtained when paths 
are longer (Fig. 3c). The navigation speed also depends on 
the distance to the obstacles, which is why the occlusion 
cost weight also influences this measurement. Moreover, 
if the curvature cost weight is high, the cost of the winner 
path in closed curves also increases. As speed is inversely 
proportional to the cost of the winner path, this causes the 
vehicle to slow down.

The curvature of the trajectory is influenced by a com-
bination of the different cost weights, and no particular 
cost influences it predominantly (see Fig. 3d).

The rankings of Fig. 4a and Fig. 4b show which weight 
configurations produce the best results, based on  different 

criteria. In Fig. 4a the ranking 
takes into account the  occlusion 
cost and the path distance. In 
this sense, the configurations in 
the first places of the ranking fa-
vor mainly following the global 
path and avoiding obstacles. In 
the ranking shown in Fig. 4b the 
speed achieved by the vehicle and 
the curvature of the trajectory are 

also taken into account.
For the ranking in Fig. 4a, the best configuration was 

. , . , . , .0 17 0 2 0 02 0 2d o c l~ ~ ~ ~= = = = , and .0 01k~ =  
(shown in blue color); and for the ranking in Fig. 4b, this 
configuration was . , . , . , .0 17 0 1 0 02 0 7d o c l~ ~ ~ ~= = = = ,  
and .0 01k~ =  (shown in light blue color).

The method presented in [10] uses three weights: oc-
clusion, curvature and consistency. For the sake of com-
parison, the path distance and path length costs weights 
have been set to zero in order to replicate the configu-
ration used in [10]. This configuration is shown in violet 
color in Figs. 4a and 4b. As can be seen, there are several 
configurations with five costs that outperform the config-
uration with three costs proposed in [10]. As depicted in 
the charts, the use of the additional cost weights proposed 
in this work (~d and ~l) produces better results in terms of 
vehicle behavior.

The charts of Fig. 5 compare the proposed method us-
ing the winner five-costs configuration of Fig. 4b (light 
blue color), to the method proposed in [10] that uses a three 
costs configuration, shown in violet color in Fig. 4b. On 
the left side of each figure, the traversed trajectory of the 
proposed method (red) and the method proposed in [10] 
(blue) are shown. On the right side of each figure, it is de-
picted the distance to the global path along the traversed 
trajectory of the presented method (red) and the method 
proposed on [10] (blue). Dashed lines show averaged path 
distance results.

As can be seen, the addition of the path distance 
costs makes the vehicle navigate closer to the global 
plan. Controlling the distance to the global plan is of 
capital importance in complex scenarios, like the ones 
Verdino is intended for. In these scenarios, mainly pe-
destrian areas, there are sharp turns and narrow navi-
gable zones. Without a path distance cost, the vehicle 
may not follow the global plan properly. For example, 
when approaching a curve in which the vehicle passes 
from a wider to a narrower area, if the car predomi-
nantly selects paths with low occlusion costs, it will 
turn late. In sharp turns this can force the vehicle to 
initiate a recovery behavior to reorient itself, before it 
can continue following the global plan again. In the left 
side of the examples shown in Fig. 5, there are sever-
al situations where the method proposed in [10] has to 

The curvature of the trajectory is influenced by a combination 
of the different cost weights, and no particular cost influences  
it predominantly.
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 initiate a recovery behavior. In these situations, there is 
an abrupt change in the distance to the path, as shown 
in the right side of the examples. This occurs noticeably 
less frequently with the proposed method, which sticks 
properly to the global path.

Taking into account the obtained results, the winner 
configuration of Fig. 4b was chosen for the Verdino proto-
type. This method works at 10 Hz, on a i7-3770K processor, 
16 Gb of RAM DDR-3 memory, SSD storage and a NVIDIA 
GeForce GT 640. These times have been obtained under 
real conditions.

V. Conclusions
This paper presents a system which follows a global plan, 
by generating different tentative paths and choosing the 
most suitable one.

Different configurations have been tested and 
ranked, in order to select the parameters that will ul-
timately inf luence the vehicle behavior. These param-
eters are the length of the generated path, its distance to 
the global path, its proximity to obstacles, its curvature 
and its consistency. Using the obtained results, a winner 
configuration has been selected to be used in the real 
prototype Verdino.

The results are compared to a similar method that 
uses three cost weights to select the local paths. As 
shown in the results section, the inclusion of two ad-
ditional weights improve the navigation behavior of 
the prototype. This is the main contribution of the pre-
sented method with respect to the method presented in 
[10]. The inclusion of the path distance cost makes the 
vehicle follow the global plan more accurately than in 
the previous work presented in [10]. Additionally, the 
path length cost allows us to control the inf luence that 
the length of the winner path has in the speed of the ve-
hicle. Another advantage is the use of a recovery behav-
ior to overcome unforeseen situations, complementing 
the local planner and ensuring that the vehicle never 
gets stuck.

However, there is still room for improvement in the 
presented approach. One of the main drawbacks of the 
method is that if the angle between the vehicle and 
the path is too big, it is not possible to generate the 
paths, or they could not be followed by the vehicle due 
to physical restrictions. However, the use of the recov-
ery maneuvers minimizes the impact of this limitation. 
Also, the obstacles are being considered as static, and 
no information about their previous motion is in use, 
which could lead to a more intelligent behavior of the 
vehicle. Although the iteration frequency of the method 
is high enough to reduce the effects of this lack of in-
formation, further research must be done in order to 
detect obstacles trajectories and to be able to include 
them in the costmap.
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Abstract: The stixel world is a simplification of the world in which obstacles are represented
as vertical instances, called stixels, standing on a surface assumed to be planar. In this paper,
previous approaches for stixel tracking are extended using a two-level scheme. In the first level,
stixels are tracked by matching them between frames using a bipartite graph in which edges
represent a matching cost function. Then, stixels are clustered into sets representing objects in
the environment. These objects are matched based on the number of stixels paired inside them.
Furthermore, a faster, but less accurate approach is proposed in which only the second level is used.
Several configurations of our method are compared to an existing state-of-the-art approach to show
how our methodology outperforms it in several areas, including an improvement in the quality of
the depth reconstruction.

Keywords: stixels; object tracking; object clustering; 3D reconstruction; autonomous vehicles

1. Introduction

Considerable work has been carried out to improve the efficiency and performance of
obstacle-detection methods applied to Advanced Driver Assistance Systems (ADAS). Many solutions
are based on dense environment reconstruction using disparity maps. Although these methods are
useful for a detailed understanding of the environment, the reconstruction is dense and relies heavily
on computer resources. Minimizing the area of the image to be processed allows for a simpler and
lighter reconstruction based on certain assumptions.

Given a 3D reconstruction of the world, typically from a stereo input, though it can be 3D LIDAR
data, a depth camera or similar, the objective is to simplify the scene’s complexity by removing those
parts of the environment with no information. The main objects in the scene are kept, but they are
simplified. The model only focuses on the dominant objects in the scene, without a pixel-wise depth
map, meaning the model can be estimated much faster than with traditional tracking methods. To this
end, Badino et al. [1] proposed a representation of the world based on a set of rectangular sticks
called stixels (from stick and pixel). Each stixel is defined by its 3D position relative to the camera
and stands vertically on the ground, having a certain height, as shown in Figure 1. This compact,
but flexible representation of the world can be used as the common basis for scene understanding
tasks. The stixels can be generated without calculating a depth map by using techniques, such as
V-disparity—or column-wise disparity—[2], which also offers substantial computational advantages.
This fact is also the main reason why the original implementations from [1,3] are not generally used.

Sensors 2016, 16, 1182; doi:10.3390/s16081182 www.mdpi.com/journal/sensors

182 E Fast object motion estimation based on dynamic stixels



205 / 227

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 972164																Código de verificación: nnR9QMzU

Firmado por: ANTONIO LUIS MORELL GONZÁLEZ Fecha: 30/06/2017 03:23:55
UNIVERSIDAD DE LA LAGUNA

JONAY TOMAS TOLEDO CARRILLO 30/06/2017 04:27:32
UNIVERSIDAD DE LA LAGUNA

LEOPOLDO ACOSTA SANCHEZ 30/06/2017 08:37:42
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 06/07/2017 13:51:03
UNIVERSIDAD DE LA LAGUNA

Sensors 2016, 16, 1182 2 of 23

Figure 1. Stixels superimposed on their original image indicating detected obstacles. Colors encode
the distance to the camera.

The main advantages of using such an approach are:

• Compact: significant reduction in data volume.
• Complete: information of interest is preserved.
• Stable: small changes in underlying data do not cause rapid changes in the representation.
• Robust: outliers have little or no impact on the resulting representation.

This obstacle detection and tracking method has been developed as part of the obstacle detection
subsystem of our autonomous vehicle (Verdino) [4] (shown in Figure 2). Verdino is an electric vehicle
designed to transport people in different environments, including pedestrian streets or tourist resorts,
without needing a driver. Therefore, its behavior must be mainly reactive, with safety as its top priority.
It has been modified to be able to drive autonomously at a maximum speed of 6 m/s, operated by
an onboard computer. To this end, the original steering, brakes and accelerator have been modified
and various sensors mounted on it [5,6], including a stereo camera. A crucial task for safe navigation
is environment reconstruction, obstacle detection and motion prediction, so that Verdino can safely
avoid obstacles.

Figure 2. The algorithm is intended for the Verdino prototype, designed to travel in
pedestrian environments.
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Tracking capabilities can be estimated by how stixels move between frames [7]. Stixels are valid
for representing the area around a vehicle, and they provide enough detail for motion detection at a
lower computational cost than optical flow where maximum object speed is limited. The contribution
of this work can be summarized as:

• Good reconstruction quality in terms of computed depth. Free space computation without
disparity maps has some drawbacks involving low depth accuracy. Object reconstruction and the
detection scheme improve the correction of stixel depths and remove false obstacles.

• Better detection results and faster tracking than other methods, as in [7].
• Better robustness after changes between images (for example, when faced with a low frame rate).
• Stixel obstacle detection in crowded pedestrian areas provides reliability and speed at the

same time.

In the next section, we discuss previous research on stixels. Section 3 describes the method
pipeline. Section 4 presents a set of tests. Finally, conclusions are drawn in Section 5.

2. Previous Work

The problem of obstacle tracking has been well studied for its application in ADAS. In [8],
a review of techniques applied to on-road systems, including vehicle detection, tracking and behavior
understanding, is presented, making a special emphasis on vision-based algorithms. Many of these
approaches use monocular vision for this task. An example is the work in [9], where lines painted
on the road are detected by a single monocular camera, and an automatic steering control, speed
assistance for the driver and localization of the vehicle are presented. In [10], the authors go one step
further, trying to predict pedestrian behavior based on the Gaussian process, dynamical models and
probabilistic hierarchical trajectory matching.

Stereo vision is also used to detect obstacles [11] using 3D information. Based on how much
information they use, two subcategories can be found. First, there is a set of methods falling
inside the category of 2.5D solutions. In this category, the complete information provided by 3D
points is not used. Some of these methods use the 3D point as a feature, as in [12], in which dense
variational optical flow estimation is combined with Kalman filtering for temporal smoothness and
robustness. In [13], obstacles are represented as a rigid 3D point set, being tracked in terms of feature
displacements and depth measurements. A very popular choice is the use of occupancy grids, like
in [14,15]. About 3D solutions, they are usually based on complex grid maps that use complete
3D information. There are many ways of doing such a representation, i.e., with octree connected
cubes [16] or voxel grids [17], used not only for stereo vision data [18]. This category includes sensor
fusion approaches, like that in [19], where an obstacle tracking system for urban scenarios is made by
a combination of odometry, LIDAR and computer vision, or in [20], where visible and FIR cameras are
used to detect pedestrians.

Object tracking can be divided into online systems (for which tracking is done on a frame-by-frame
basis), or offline systems (which take longer sequences into account), like in [21,22]. In the online
systems, targets are usually followed using classic tracking approaches, like the Extended Kalman
Filters (EKFs) [23], particle filters [24] or mean-shift tracking [25]. In [26], a simultaneously detection
and trajectory estimation over a hypothesis test model extended with stereo depth and visual odometry
is presented. Some solutions try to model the social behavior of the pedestrians in order to improve
the obtained tracks, as happens in [27–29]. Other approaches use an intermediate solution between
online and offline systems, like the Multi-Hypothesis Tracking (MHT) [30] or the Joint Probabilistic
Data Association Filters (JPDAFs) [31].

Methods based on stixels [1,2,32,33] simplify the world defining only the 3D position relative
to the camera and the height of the obstacle. Depending on how stixels are computed, two main
trends emerge. In [3,34–36], free space is based on disparity maps, which use a probabilistic scheme to
reduce the number of parameters. The number of objects captured along every column is assumed
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to be small. Flying objects are penalized, and elevated objects have higher depths than lower
ones. The work in [35] improves on [34] by using three different stereo confidences. In [3], a free space
scheme that is able to reduce computational costs with a Kalman filter for tracking and clustering
stixels is presented. Finally, in [36] the probabilities of a collision in a roundabout are computed.

The other research line is based on free space computation without disparity maps. In [2,7,33,37],
a very high frame rate is achieved using a Sum of Absolute Differences (SAD) cube, with a cost
associated with each row, column and disparity combination. This cube is used to compute the
v-disparity, yielding a ground plane model. Stixels are computed using the points at the boundary
with the ground (obtained with Dynamic Programming (DP)), including the height limitations of
expected obstacles and left-to-right occlusion constraints.

3. Method

The method described in Figure 3 consists of the following steps:

1. Free space is computed from a stereo pair in order to estimate the ground plane.
2. Stixels are obtained and placed on the ground based on their depth and position.
3. At the first level, the stixels are tracked as per [7]. The set of stixels in the current frame is

compared and matched to the previous one.
4. Stixels are clustered based on their projected position in 3D.
5. Using these clusters and the tracked stixels, tracking is performed at the stixel level. Obstacles in

the scene and their velocities are calculated, and their positions in previous frames are recorded
to estimate their future motion.

6. In the second level, tracking is performed only at the object level. Each obstacle is compared to
obstacles detected in previous frames, meaning that stixel-level tracking is no longer needed.

Figure 3. Graphical description of the method described in this paper.

Open-loop tracking is used at both the obstacle and stixel levels in order to reduce the calculation
time. To determine the next position, only elements in the current frame are considered and linked to
the following frame. The steps are detailed in the sections that follow. In Section 4, the advantages
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and drawbacks of using either approach are detailed, and two-level-based tracking is described in the
attached video (method pipeline). This pipeline is also valid for non-stixel based object tracking (see
Section 3.3.2) if the first step of the algorithm is ignored.

3.1. Computing Stixels

Our stixel extraction method is similar to the one in [2], with the following assumptions:

• The algorithm’s input is a calibrated stereo image pair.
• A Lambertian surface is assumed.
• The ground is planar, at least locally.
• Objects are mainly vertical with a limited height.
• The stereo rig has negligible roll with respect to the ground plane.

3.1.1. Computing the Free Space

The ground plane is estimated using data collected in the v-disparity domain [2]. Instead of
computing and projecting a dense stereo depth map (much more computationally expensive), a
function f (u, v) = D is obtained in which (u, v) is the pixel position and D is the disparity of this
position. For each row, the disparity with the lowest cost is extracted, and the ground level is obtained
by robustly fitting a line on the v-disparity image. For optimization purposes, only one row of each N
(where N is the number of rows) is computed, and the ground plane is interpolated.

3.1.2. Stixel Extraction

Stixel detection divides the image into multiple row bands bi. Inside each band bi and for each
column ui, the pixel with the largest horizontal gradient is selected [33]. This reduces the computational
cost while increasing accuracy and provides us with a set of possible locations in which the bottom
coordinate of each stixel could be located. In the presence of a horizontal stripe that could confuse the
algorithm (like, for example, in the presence of cobbles), errors will be bounded by the band height.

Having a set of potential row bands that could be used as the bottom coordinate of each stixel,
the next step is to localize the optimal one. The likelihood of the presence of a stixel q at row band b is
calculated based on the cost of the presence of a vertical object at that location; the probability of the
supporting ground being present; and a smooth term to force the left-right occlusion restrictions, by
promoting ground-object boundaries with few jumps. The ways in which these costs are computed are
beyond the topics covered in this paper, but more information can be found in [2]. The minimum size
of the stixel is set to 10 pixels. The results after this stage are shown in Figure 1, where stixels
(in colored depth scale) are superimposed on the left image. More information is provided in
Sections 3.1 and 3.2 and in [2].

3.2. Tracking

Two different tracking approaches have been explored. The first one is based on two tracking
levels. The first level tracks stixels independently (stixels in the current frame are matched with
another, or none, in the previous frame by minimizing the cost function associated with matching
two stixels). In [7], this is done using DP. In our implementation, a bipartite matching graph is used.
In the second level, stixels are clustered into objects, which are matched based on the inner stixels
previously tracked.

In the other approach, only the second level is performed. The tracking does not consider stixels
included in objects. Stixels are only used in the clustering and reconstruction process. Section 3.2.1
applies only to the two-level approach, while Section 3.3 is common to both approaches.

For this stage, some assumptions were made:

186 E Fast object motion estimation based on dynamic stixels
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• All stixels are assumed to be properly estimated.
• The maximum object speed is limited, so the search range between stixels is constrained. As there

is just one stixel per column, matching is limited to a search in the u direction.
• Since two consecutive frames are relatively close, the same stixel at time t and t− 1 should look

similar, including its height. Section 4.3.2 shows that this restriction can be reduced depending on
the tracking approach.

3.2.1. Stixel-Level Tracking

The tracking objective is to match each stixel at column qi{t} with the corresponding stixel in the
previous frame (t− 1). This process can be thought of as a pair matching problem. A bipartite graph,
in which the nodes are the stixels in frames t and t− 1 and the edges are associated with a certain
motion cost cm, is used to match the stixels. This is represented by Equation (1).

cm(ui{t}, uj{t− 1}) =
{

fcost(ui{t}, uj{t− 1}) matching

∞ other
(1)

Here, a match is applicable if and only if the following restrictions are satisfied:

• |X(ui{t}) − X(uj{t − 1})| < τmax_disp, where parameter τmax_disp indicates the maximum stixel
displacement between frames; and X(u) is the position in 3D coordinates in the longitudinal axis
X, which grows from left to right in 3D Cartesian coordinates. Axis Y is the vertical axis, which
grows downwards, and the Z axis starts from the local coordinate system of the robot towards
its front.

• ui{t} is not the first frame in which stixel ui{t} appears.
• Stixels ui{t} and uj{t− 1} are not occluded.
• fcost(ui{t}, uj{t− 1}) < τmax_cost.

If a match is not found, the cost is infinite, and thus, the link is not included in the graph. The cost
function is described in Equation (2).

fcost(ui{t}, uj{t− 1}) = cSAD + chist + cheight (2)

with:

αSAD · fSAD(ui{t}, uj{t− 1})
αhist · fhist(ui{t}, uj{t− 1})
αheight · fheight(ui{t}, uj{t− 1})

(3)

Here, (αSAD + αhist + αheight = 1) are the weights of each cost function, which are described next.

3.2.2. Sum of Absolute Differences

In the bibliography, stixel matching is based on SAD applied pixel-wise over the RGB color
scheme between frames ui{t} and uj{t− 1}. In [7], stixels are resized to measure 30 px. It is also used
in the Results Section in order to compare the approaches.

3.2.3. Histogram Matching

Our method relies on histograms to match stixels. Stixel size varies due to object position changes
between frames or due to noise in the stixel height detection. To normalize this effect, a histogram is
computed for each stixel, and a Hellinger distance between frames is calculated [38].

fhist(ui{t}, uj{t− 1}) = 2×

√√√√1−
d

∑
i=1

√
H(ui{t})[i]× H(uj{t− 1})[i] (4)
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H(u)[i] is the i-th bin in the histogram computed for stixel u, and d is the number of bins in the
histogram. In our implementation, d = 64, and the histograms are normalized.

Using this method to match stixels could lead to a bad score in certain circumstances, like in
the extreme case in which both stixels have a constant, but almost similar brightness. In the unlikely
circumstance that this happens, neighbor stixels will be properly matched. This will allow, in the next
step, to correct these situations and match the stixels at the object level properly. This fact will be made
clearer in Section 3.3.

3.2.4. Height Difference

This metric is used to complement others, since by itself, it is not discriminative enough for a
proper match, but it can help in the case of very similar scores in two or more possible matches. fheight
is computed as in Equation (5).

fheight(ui{t}, uj{t− 1}) = 1− |h(ui{t})− h(uj{t− 1})| (5)

h(u) is the height in real-world coordinates of the stixel in column u.
Section 4 shows the results for different αSAD, αhist and αheight. fcost is used to weight links

between bipartite graph nodes. Figure 4 shows a representation of this graph. Nodes (stixels) at the
current time are represented as upi and previous stixels as uqi . Match costs are assigned to edges as
ωi,j. The minimization problem is shown in Equation (6).

Figure 4. Bipartite matching graph representation for matching stixels between frames.

M̂ = arg min
M

∑
(i,j)∈M

ωi,j, ∃!(i, ·) ∧ ∃!(·, j) (6)

A O(n · m · log(n)) Edmond’s maximum weighted matching algorithm [39] is used instead of
DP [7]. This achieves better times and ensures that each match is performed one-to-one. In [7], a stixel
can be matched with more than one stixel in the next frame. This complicates trajectory tracking,
since multiple paths can be obtained for the same stixel. In our implementation, a matching set
that maximizes the whole matching cost was chosen, ensuring that each stixel is matched with just
one stixel.

3.3. Obstacle-Level Tracking

In this section, we describe the obstacle-level tracking. The first step is clustering, which joins every
stixel with a similar depth into the same obstacle. The aggregation step fuses obstacles obtained from
clustering with similar characteristics. In obstacle filtering, false obstacles are removed using obstacle
motion and two-camera information. After these steps, obstacles are tracked between two consecutive
frames. The algorithm steps are detailed in the following sections.

3.3.1. Clustering

The first step is clustering, the goal of which is to join stixels with similar depths into fewer
obstacles. Each obstacle consists of a set of similar stixels, from left to right. The Algorithm 1 is used
for this step.

188 E Fast object motion estimation based on dynamic stixels
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Algorithm 1 Clustering algorithm.

1: function CLUSTERING(Q{t})
2: O ← ∅
3: o ← ∅
4: for each stixel qi ∈ Q, from left to right do
5: if |depth(qi)− depth(qi−1)| > τdepth_dist then
6: if width(o) > τmin_width then
7: o ← ∅
8: end if
9: end if

10: o ← o ∪ qi

11: end for
12: end function

Q{t} are the stixels in current frame t. From left to right, stixels are accumulated until the
depth difference between stixels is greater than τdepth_dist. When the right border of an obstacle is
reached, it is added to O, and the clustering process starts for new obstacles. If an obstacle is not wide
enough, it will be rejected. Stixels generated due to noise, as shown in Figure 1, are removed. O also
includes parameters, such as object depth, which is computed as the minimum depth between all of
the clustered stixels. Figure 5a shows the results after clustering.

Obstacle Aggregation

Sometimes, stixels are located at a depth different from their real position, as shown in Figure 5a
where the legs of a person in the foreground are separated enough to show the ground between them.
This confuses the detection process, which regards the obstacle’s base as the central part of this person
and not his feet. The process described in Algorithm 2 reduces this effect.

Algorithm 2 Aggregation algorithm.

1: function AGGREGATION(O)
2: O′ ← ∅
3: o′ ← ∅
4: for each object oi ∈ O, from left to right do
5: if |X(oi)− X(oi−1)| > τlateral_aggregation_dist or |Z(oi)− Z(oi−1)| > τdepth_dist then
6: O ← O ∪ o′

7: o′ ← ∅
8: end if
9: o′ ← o′ ∪ o

10: end for
11: end function

All previously-detected obstacles are tested, again from left to right. If the lateral distance
(in world coordinates) is less than τlateral_aggregation_dist, the depth difference is checked again. If it is
less than τdepth_dist, the two obstacles are joined. Figure 5 shows this process. In the left image, the
person in first plane is divided into two different obstacles. After aggregation, this is assigned to a
single obstacle. The final obstacle depth between the two obstacles is regarded as minimal.
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(a) (b)

Figure 5. Obstacles detected before and after aggregation. The algorithm joins the stixels that belong to
the same obstacles. (a) Obstacles before aggregation; (b) Obstacles after aggregation.

Obstacle Filtering

Figure 5b shows some false obstacles, such as those between the two pedestrians on the left side
of the image (in pink and yellow). There is another next to the man in the background (yellow) and
the last one on the right side of the image (green). Signs and poles are not considered false obstacles,
since they are elements to be avoided.

In order to distinguish real obstacles from false ones, the images captured are recorded so that
motion can be detected. Motion can originate both from obstacles (i.e., a person walking) and camera
movement. This allows detecting occluded or changing areas so that new obstacle borders can
be detected.

The search for correspondences between the two images relies on polar rectification,
as in [40]. The first step defines the common region between images, so the epipoles and the
homography H must be calculated using the fundamental matrix F [41]. Epipolar geometry is
described by Equation (7).

mT
L,t−1 × F×mL,t = 0 (7)

where mL,t−1 and mL,t are homogeneous representations of corresponding image points in the left
image of frames t and t− 1. Correct correspondences must be obtained in order to yield F, so they are
computed in the following order [17]: IL,t → IR,t → IR,t−1 → IL,t−1 → IL,t, where I{L,R},t is the left (L)
or right (R) image in frame t. From an initial set of features in IL,t, valid matches in IR,t are obtained.
The cycle is complete when IL,t is reached, keeping only valid matches. Figure 6 shows the results of
the matching process, where each matching cycle is represented by the same random color. A match is
valid if the following holds:

• The points obtained should be the same for the entire cycle.
• Features in IL,t must be in the same row as IR,t. The same applies to IL,t−1 and IR,t−1.
• The distances between features in frames t and t− 1 should be similar.

In order to detect changed pixels and to remove false stixels, frame t is aligned to t− k [40] to
obtain a pixel-wise absolute difference. A stixel is considered valid if it is consistent in the left and right
images, in the current and previous frame. Figure 7 shows this difference thresholded, binarized and
projected back to current image coordinates. Small noise differences are rejected. For each obstacle, its
Region Of Interest (ROI) is determined, and its top half is rejected, meaning the algorithm only looks
for obstacle motion close to ground, since obstacles usually exhibit more motion in their lower half
(legs or wheel movements). In static obstacles, the motion due to camera movement is more or less
uniform throughout the entire object. Changes due to perspective are also small over planar ground.

190 E Fast object motion estimation based on dynamic stixels
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Figure 6. Common points between frames t and t− 1 in the matching cycle.

0 1 2 3 4 5 6 7 8 9 10

Figure 7. Object filtering phase. Binarized motion image (top) (k = 0.2 s); Occupancy maps on the
ground (bottom).

The points obtained after the thresholding process are located in their corresponding position in
3D coordinates. The ground is divided into an occupancy grid of 10× 10 cm cells. When a point falls
in the cell, it is marked as occupied. Figure 7 shows examples of motion, ROI and an occupancy grid.
Real obstacles, like 5 or 7, exhibit higher densities compared to 4. Even the motion of 2 (a man in a
black suit where the colors complicate detection) is properly detected. To improve detection, a frame
is not compared to the one immediately preceding it, but to that corresponding to t− k (in seconds,
where t is the current time), which makes differences due to motion more noticeable. In our tests,
k = 0.2 s, which, despite being a conservative value, makes the differences appreciable. Obstacles are
rejected as per Equation (8).
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f alse(o) =
{

true if count(Go ,true)
count(Go ,true)+count(Go , f alse) > τocc

f alse otherwise
(8)

count(Go, j) counts occupied cells in the occupancy grid Go. τocc is the threshold parameter. The width
of each obstacle in real-world coordinates is also checked. Figure 7 shows rejected (red) and accepted
(green) obstacles.

3.3.2. Tracking

The first tracking method is based on Section 3.2.1, where the initial stixel level matching is used
to maximize matches between obstacles. The second one matches directly using template matching
techniques since the differences between frames are small. The results from applying both methods
are shown in Section 4.3. The first method exhibits better recall along frames; however, the second is
faster, with lower, but acceptable, recall.

Two-Level Tracking Approach

The tracking problem is regarded as a pair matching process repeated over time.
The correspondence matrix C|O{t}|×|O{t−1}| stores the number of correspondences between stixels in
current and previous frames. The tracking process is described in Algorithm 3.

Algorithm 3 Two-level tracking algorithm.

1: function TRACKING(O{t}, O{t− 1})
2: C|O{t}|×|O{t−1}| ← 0
3: for each object o{t} ∈ O{t} do
4: for each stixel q{t} ∈ o do
5: Find correspondence q{t− 1} for q{t}
6: Find the object o{t− 1} ∈ O{t− 1} associated to q{t− 1}
7: if o{t− 1} found and ‖o{t} − o{t− 1}‖ < τmax_obst_dist then
8: C(o{t}, o{t− 1})← C(o{t}, o{t− 1}) + 1
9: end if

10: end for
11: end for
12: end function

Two objects are associated between frames if there is at least one stixel correspondence and they are
sufficiently close, assuming that the motion between frames is small (if the frame rate is high). Matched
pairs Ĉ are obtained by solving the maximization problem in Equation (9) using a correspondence
matrix. Each track is stored in an internal structure that associates tracks with obstacles, allowing
for the inclusion of new obstacles. The results are shown in Figure 8, Section 4 and in the method
pipeline video.

Ĉ = arg max
C

∑
(i,j)∈M

C(i, j), ∃!(i, ·) ∧ ∃!(·, j) (9)
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(a) (b)

Figure 8. Two-level based tracking algorithm results. In the image, the stixels detected in the
current and previous frames are superimposed. Both frames were extracted from Bahnhof sequence.
(a) Frame 30; (b) Frame 320.

Object Tracking Approach

A cost matrix (Equation (10)) is not generated using stixels associated with obstacles, since this
information is not available. The histogram difference described in Section 3.2.1 is used, but for
each pair of obstacles and not at the stixel level. The tracking problem thus becomes the same as in
the two-level tracking case, in which Equation (9) is maximized. Figure 9 and Section 4 show some
tracking results.

C(o{t}, o{t− 1}) =

1−

2×

√√√√1−
d

∑
i=1

√
H(o{t})[i]× H(o{t− 1})[i]


 (10)

(a) (b)

Figure 9. Object-based tracking results. In the image, the stixels detected in the current and previous
frames are superimposed. Both frames were extracted from Bahnhof sequence. (a) Frame 15;
(b) Frame 126.

3.3.3. Integration with the Navigation Subsystem

This work is intended to provide the input for the navigation subsystem of our autonomous
vehicle, Verdino. The navigation scheme is an adaptation of [42] using [6] as the localization system.
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It computes a set of tentative trajectories based on the Frenét space [43,44] (which is shaped according
to a global plan, which connects the current position to a given target [45,46]). These trajectories
are projected back to Euclidean space. Tentative paths are weighted, using factors such as length,
curvature and safety. A layered costmap [47] is used to connect the navigation subsystem and obstacle
detection using an occupancy grid. Information on obstacles (stixels and their motion) is stored or
updated by marking them on the map. The costmap consists of two different layers.

The first layer represents the stixels in the current frame, projected and transformed to map
coordinates. The technique of growing the obstacles allows planning the vehicle’s movements as if it
were a point, without occupying space, which simplifies the planning. Every obstacle detected by the
vision module is grown to vehicle size, so that the vehicle will not crash into obstacles even when the
vehicle’s planning does not consider size (Layer 1). The world map is a grid in which obstacles are
represented using values from 0 to 255, where 0 represents a free area and 255 an obstacle. The cost
of each cell c(x, y) in the map is calculated using Equation (11). This cost is used by the autonomous
vehicle to calculate a safe path that avoids the obstacles detected by this stixel method.

cost(c) = 253× eβ×(ρ−‖nearest(c)−c‖) (11)

β is a scaling factor that defines the cost function’s slope; nearest(c) is the nearest obstacle cell;
c is the current position; and ρ is the circumscribed radius of the vehicle.

The second layer represents the obstacle’s motion, transformed and referenced to the map.
A Kalman filter is applied to past trajectories to predict future ones. Obstacle growth is also carried
out in this layer, but the vehicle is allowed to approach the possible future positions of obstacles more
than it is allowed to approach them in the current position (Layer 1). Figure 10 shows the navigation
subsystem integration. Tentative trajectories are long in free areas and short when close to obstacles.
The attached video stixel world-based navigation shows a full navigation sequence.

Figure 10. Navigation subsystem integration with stixel detection. A gray-scale costmap layer is
included where black represents an obstacle and white is free space. The gray scale is generated using
Equation (11). The possible routes that the vehicle can take are shown in blue.

4. Results

Four factors were considered when evaluating the method:

1. The quality of the clustering process.
2. Stixel depth accuracy compared to object-level tracking.
3. How well tracks are recalled under various conditions.
4. Computational time.

The results obtained in this paper are compared to [7,37] using the Bahnhof sequence [26]
(7400 obstacle annotations, height ≥ 40 px, 999 stereo pairs, 640× 480 pixels, 15 fps).
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4.1. Clustering

This test is applied to the clustering method described in Section 3.3.1. Detections are compared
to actual obstacles in each frame. The method is tested with and without filtering, as described in
Section 3.3.1. Figure 11 shows its results.
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Figure 11. Obstacle detection rate as a function of the number of frames analyzed for a sequence.

(a) (b)

Figure 12. Stixel comparison between [2] and this paper in the same frame. (a) Stixels detected by [2];
(b) Stixels detected by our method.

Figure 11 shows, ordered by recall, the whole sequence processed frame by frame. The total
sequence frame percentage is on the x axis and the recall on the y axis. The results of the stixel detection
method are compared to the annotations included in the dataset in order to calculate recall. The graph
indicates that analyzing only one frame yields a recall rate of 50% for the filtered option and 30% for
the non-filtered option for all of the obstacles included in the whole sequence, which are presented
in the current frame. If only 10% of the sequence is analyzed, the recall grows to 90% in obstacle
detection (70% error in the non-filtered option). This means that by analyzing just 10% of the frames
in the sequence, 90% of the obstacles present in those frames can be detected. Analyzing 20% of the
frames in the sequence yields a 100% recall rate (55% of frames in the non-filtered version).

Figure 12a, shows the original stixels (projected in 3D) with considerable noise (especially between
obstacles) and free areas detected as obstacles. In Figure 12b, only obstacle stixels are represented, with
the depths restored after the clustering process.
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4.2. Stixel Accuracy

Stixel depth after clustering is compared to the disparity map shown in Figure 13 and used as the
ground truth. The error in the pixels is calculated as an average of disparity differences between the
stixel depth and the disparity map using Equation (12).

error =
∑

qi∈Q
∑

v∈V
‖dispGT(v, qi)− dispQ(qi)‖

N × dmax
× 100 (12)

V = {b(qi), . . . , t(qi)}, b(qi) is the bottom row of stixel qi; t(qi) is the top row of stixel qi;
dispGT(i, j) is the ground truth disparity at a certain row i and column j; dispQ(qi) is the disparity
computed for the stixel qi; N is the total number of pixels being compared; and dmax is the maximum
disparity allowed.

Figure 13 shows the error for each frame in a sequence in ascending order. The stixel error (red)
grows faster than the clustered obstacle error (green). Approximately 95% of the frames with clustered
obstacles have a disparity error below 10%. However, just 60% of the frames exhibit a disparity error
below this value with the original stixel computation. Figure 14 shows the ground truth disparity
map, the original stixels [37] and the clustered obstacles in a color scale where red represents lower
disparities (further) and blue higher disparities.

4.3. Tracking

In this section, tracking evaluation tests are shown in terms of the recall measured using two
different criteria: tracking capabilities after a few frames (track length) and performance when the
time between frames is increased. Table 1 shows a selection of the most representative configurations.
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Figure 13. Disparity difference between stixel and object clustering.

There are two configurations based on [7]: the first one just uses the SAD cost, and the second
one is the final configuration described in [7]. Configurations 3 to 6 apply the method presented in
Section 3.3.2 (two-level tracking approach), where Configuration 1 and 2 parameters are used, plus an
evaluation of αhist factor. Configuration 7 presents object-based tracking results (Section 3.3.2, object
tracking approach).
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(a) (b) (c)

Figure 14. Comparison between the ground truth, stixels and reconstructed objects. The color code
represents distance to the camera. (a) Ground truth; (b) Obtained stixels; (c) Reconstructed objects.

Table 1. Parameter configurations results.

αSAD αhist αheight

Configuration 1 1 - 0 Gunyel et al. [7]
Configuration 2 0.5 - 0.5 Gunyel et al. [7]
Configuration 3 1 0 0 Two-level tracking
Configuration 4 0.5 0 0.5 Two-level tracking
Configuration 5 0 1 0 Two-level tracking
Configuration 6 0 0.5 0.5 Two-level tracking
Configuration 7 - - - Object tracking

4.3.1. Sequence Performance

Tracking capabilities are evaluated as per [7], using annotated obstacle bounding boxes as the
ground truth. Each configuration evaluated predicts bounding box positions up to ∆ frames in the
future. For each frame, recall is evaluated using the intersection over the union metric. Figure 15
shows the recall vs. ∆ frames evaluation starting from every frame in the video sequence.
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Figure 15. Recall obtained with different configurations.

Configurations 1 and 2 [7] fall quite fast, with a recall below 70% after just five frames.
Furthermore, the αheight contribution is not clear. Two-level tracking methods yield better results,
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especially when αhist 6= 0. The second tracking level filters much of the noise, making tracking more
reliable. Figure 16 shows qualitative results for Configurations 1, 5 and 7. The trajectories obtained for
Configuration 5 are the longest and smoothest, and the effect of avoiding multiple matches for the same
stixel are also evident. In Configuration 1, the trajectories for many stixels start from the same single
stixel. Configurations 5 and 6 use αhist and Configurations 3 and 4 αSAD. Histograms are normalized
just before matching, while the sum of absolute differences is done pixel by pixel. This results in longer
tracks in Configurations 5 and 6, since matching is more robust to illumination changes.

(a) (b) (c)

Figure 16. Stixel level tracking with Configurations 1, 5 and 7. (a) Configuration 1; (b) Configuration 5;
(c) Configuration 7.

Object-based tracking (Configuration 7) shows good results for the first few frames, but it falls
faster than two-level-based methods, since two-level tracking is more tolerant to clustering errors. If
in one frame, a relatively large portion of the background is considered an obstacle, the histogram
will change, and the matching score could be small. Figure 16 shows comparable quality tracks in
Configurations 5 and 7, but 5 achieves longer tracks.

4.3.2. Performance at Different Frame Rates

In this section, we analyze recall as a function of ∆ frames. The tests from the previous section are
repeated, but now, the time step between frames is increased k frames each time, with k = 0.06, . . . , 1.2 s
(from 1 up to 20 fps, in a 15-fps video). Figure 17 shows recall versus time step increment. Four different
profiles are detected involving Configurations 1 to 7. This tests also confirms that αheight is negligible.
The most tolerant configuration is 7, since the object-level based tracking is able to handle slightly
larger changes than stixel-level tracking.
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Figure 17. Recall of different configurations vs. frame rates.
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Figure 18 compares recall, ∆ frames and ∆ time for Configurations 1, 3, 5 and 7. When ∆ frames≈ 0,
the pattern shown in Figure 17 is repeated. However, when ∆ frames starts to increase, Configurations 3
and 5 do not fall as fast as Configuration 1, which confirms the conclusions drawn from previous tests.
Configuration 7 achieves a higher recall than the other configurations.
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Figure 18. Tracking capabilities at different frame increments for Configurations 1, 5 and 7.

4.3.3. Performance with Other Sequences

In order to assess the performance of our algorithm in situations other than those found in the
Bahnhof sequence, other sequences were processed, yielding the results described in this section.
The sequences studied were Sunnyday, Jelmoli and Loewenplatz. The last one is quite interesting,
since it was not obtained in a pedestrian area, the main focus of our application, meaning faster changes
between frames. It will also allow us to ascertain how our algorithm behaves in an environment for
which it was not originally designed.

The algorithm was also tested in our own sequences, called Herradores, Carrera and Trinidad,
which were taken in the areas in which the vehicle is expected to operate. Since there is no ground truth
available for those sequences, only some examples of the output obtained are shown in this section.

In Figure 19, we can see that the algorithm is able to detect the pedestrians and follow them along
their paths. Sequences Herradores and Carrera are quite challenging since the horizontal lines in the
cobblestone can confuse the algorithm, but it was able to handle this with no apparent problems.

Figure 20 shows a comparison of the output obtained for those sequences for which a ground
truth was available for Configurations 1, 3, 5 and 7. Configurations 2, 4 and 6 are not shown, both for
clarity reasons and because, as previously shown, the differences between them and Configurations 1,
3 and 5 (respectively) are negligible.

Again, our method offers a clear improvement over the one presented in [7]. Furthermore, in
Configurations 3 and 5, there is a noticeable improvement associated with our use of histogram
comparisons for measurement. Note as well that in pedestrian environments, the behavior is similar.
However, the use of the algorithm in vehicles exhibits worse behavior, since, as shown by the
Loewenplatz sequence, the performance is significantly reduced. The main reason for this is the
large changes in the images due to an increase in the vehicle’s speed. This is confirmed by the results
obtained for Configuration 7, the results of which are not as degraded as they were for the other
configurations, for that sequence.
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(a) Sunnyday (b) Jelmoli (c) Loewenplatz

(d) Herradores (e) Carrera (f) Trinidad

Figure 19. Other sequences processed. The top row shows the output for three very well-known
sequences. The bottom row shows the results for the sequences obtained by our vehicle, Verdino, in
the environment in which it will operate. (a) Sequence Sunnyday from ETHZ dataset; (b) Sequence
Jelmoli from ETHZ dataset; (c) Sequence Loewenplatz from ETHZ dataset; (d) Sequence Herradores
obtained from prototype Verdino; (e) Sequence Carrera obtained from prototype Verdino; (f) Sequence
Trinidad obtained from prototype Verdino.
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(b) Configuration 3
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(c) Configuration 5
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Figure 20. Recall obtained for the sequences tested. Note that our algorithm outperforms that in [7]
for every sequence, especially Configuration 5. (a) Recall obtained with Configuration 1; (b) Recall
obtained with Configuration 3; (c) Recall obtained with Configuration 5; (d) Recall obtained with
Configuration 7.
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4.4. Computation Time

Figure 21 shows that the fastest configuration is 7. This is to be expected, since only object
comparisons are involved and few obstacles are compared in each frame, vs. the 640× 640 comparisons
for the worst case in the stixel-level tracking. Figure 21 also shows that graph-based methods are
slightly faster.
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Figure 21. Times obtained for each configuration.

The algorithm was tested using Verdino’s onboard computer, an i7-3770K processor with 16 Gb of
RAM DDR-3 memory, SSD storage and an NVIDIA GeForce GT 640. Every method was implemented
modularly using an Indigo ROS [48] Ubuntu-based distribution. The navigation method is able to
work in real time for an autonomous vehicle, the implementation of the method is available at [49].

5. Conclusions

In this paper, we present an innovative object tracking method based on the stixel world [1]
and applied to driver assistance. Our work expands and improves upon that presented in [7]. The
use of a two-level tracking system offers robust stixel tracking, and the obstacle-based approach
provides robustness, even at low frame rates. Once the output of the method is connected to the
navigation subsystem through a layered costmap, it is ready to be used in our platform, Verdino, or in
an autonomous car.

A simple, but effective clustering method based on stixels is introduced that yields a good
detection rate. Moreover, we have shown how these clustered objects can be used as the basis for
reconstructing the initial disparities, offering noticeable improvements and reducing the disparity
error by almost one-half.

The results obtained by several configurations were evaluated. Two of them correspond to [7];
four of them present different parameter configurations for the two-level based approach; and a last
configuration is based on the obstacle tracking approach.

The performance obtained along the sequence was measured in terms of recall, with the
two-level-based method exhibiting better results than the others. The most important factor in the
algorithm is αhist, followed by αSAD. The contribution from αheight is negligible. The obstacle-based
approach does not seem to be a good choice when the frame rate is high, but it offers a good solution
at lower frame rates, since it is more tolerant to large changes between images. It is also the fastest,
making it a good choice to save computational resources.

The method works in real time using both variants, and it is fully integrated into Verdino,
providing a fast, vision-based reconstruction of the environment. The method is ready to be used
for navigation purposes in obstacle avoidance tasks. Videos demonstrating the effectiveness of the
method in dense environments are also included.
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