
1 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

1 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

DEPARTAMENTO DE ASTROFISICA

Universidad de La Laguna

Modeling of Non-ideal Magnetohydrodynamic Effects in
the Solar Atmosphere.

Memoria que presenta
D. Pedro Alejandro González Morales

para optar al grado de Doctor por
la Universidad de La Laguna.

Directora:
Dra. Elena Khomenko

INSTITUTO D- ASTROFISICA D- CANARIAS
Abril 2020



2 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

2 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

Examination date: June, 2020
Thesis supervisors: Dr. Elena Khomenko
c©Pedro Alejandro González Morales 2020

Part of the material included in this document has been already published in Astronomy & Astro-
physics and Astrophysical Journal of Astronomy



3 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

3 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

A mis padres,
a mi hermana



4 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

4 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00



5 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

5 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

Resumen

Comprender la conexión que establece el campo magnético entre las capas de la atmósfera solar es
uno de los desafíos más importantes de la Física Solar. Sabemos que estas regiones están formadas por
plasma débilmente ionizado, pudiéndose llegar en algunos lugares a tener una fracción de ionización
tan baja como 10−4. En estas condiciones, la presencia de neutros puede llegar a ser importante.
La interacción entre el plasma débilmente ionizado y los campos magnéticos conlleva la aparición
de efectos no ideales en el plasma, y con ellos aparecen desviaciones del marco establecido por la
magnetohidrodinámica (MHD) ideal. Efectos no ideales son la difusión Ohmica, la difusión ambipolar,
el efecto Hall, y el efecto de batería de Biermann, siendo la difusión ambipolar el único directamente
relacionado con la presencia de neutros. Estos efectos aparecen en la ley generalizada de Ohm así como
en la ecuación de la energía en forma de términos extras, conformando así el sistema de ecuaciones de
la MHD no ideal. Bajo ciertas condiciones, estos términos pueden introducir restricciones importantes
a la hora de resolver numéricamente las ecuaciones, por ejemplo sobre el paso temporal usado en la
integración numérica o en la estabilidad del los esquemas numéricos.

En esta tesis, dos esquemas numéricos han sido introducidos en el código numérico MHD Man-
cha3D para solventar esas limitaciones. El primero de ellos es conocido como “super time-stepping”
(STS) y está diseñado para superar las limitaciones impuestas sobre el paso temporal en ecuaciones
parabólicas pudiéndose aplicar a la difusión ambipolar. El segundo esquema es conocido como “Hall
diffusion scheme” (HDS) y está diseñado para superar las limitaciones introducidas por el término Hall
cuando este domina. Estas dos técnicas numéricas pueden ser usadas al unísono mediente la técnica
conocida como “Strang operator splitting”. La validación para cada uno los esquemas mencionados es
realizada comparando los resultados numéricos con las soluciones analíticas de los diferentes experi-
mentos.

A continuación, usando el nuevo código, se han realizado una serie de experimentos numéricos para
estudiar la transformación de modos mediante el término Hall en una estratificación quasirealista con
parámetros termodinámicos semejantes a los de la atmósfera solar. Los resultados obtenidos confirman
la eficacia del mecanismo para el caso solar. La eficiencia de la transformación de modos es sensible al
ángulo existente entre el vector de ondas y el campo magnético así como de la frecuencia de la onda.
Además, la eficiencia se incrementa cuando la dirección de propagación está alineada con la dirección
del campo y con la frecuencia de las ondas.

Por último, han sido realizadas simulaciones realistas en tres dimensiones de la dínamo local solar
donde el campo magnético ha sido iniciado mediante el efecto batería. Este campo magnético semilla
es amplificado hasta niveles solares mediente la dinamo local asociada a los movimientos convectivos.
El efecto Ambipolar disipa las perturbaciones incompresibles asociadas a las ondas magnéticas, re-
duciéndose el flujo de Poynting y convirtiendo la energía magnética en energía térmica. El término
Hall introduce un nuevo mecanismo para la trasformación de modos fast-to-Alfvén y genera corrientes
adicionales. Debido a su naturaleza no compresiva de las ondas Alfvén tenemos que estas pueden viajar

v
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vi

hacia capas superiores y que las corrientes generadas pueden ser disipadas por la difusion ambipolar,
cerrándose de esta manera el ciclo de calentamiento atmosférico. Por lo tanto, la acción de estos
tres efectos no ideales puede ser considerada como un mecanismo muy atractivo para la generación,
transporte y calentamiento de la cromosfera y/o capas superiores de la atmósfera solar.
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Abstract

Understanding the connection between solar atmospheric layers through the magnetic field is
a challenging task in solar physics. These regions are form by plasma weakly ionized and in some
places the ionization fraction can be as low as 10−4 meaning that the presence of neutrals could be
important. The interaction of weakly ionized plasma with magnetic fields entails the arise of non-ideal
effects and the departure of the ideal magnetohydrodynamic (MHD) framework. Non-ideal effects
are Ohmic diffusion, ambipolar diffusion, the Hall effect, and the Biermann battery effect, being the
ambipolar diffusion the only one directly related to the presence of neutrals. These effects appear as
a series of extra terms into the generalized Ohm’s law and into the total energy equation, conforming
this way the non-ideal MHD set of equations. Under certain conditions, these terms could introduce
severe restrictions for solving numerically the equations, for example on the integration time step or
compromising the stability of the numerical scheme.

In this thesis, two numerical schemes are introduced into the MHD numerical code Mancha3D to
overcome those limitations. The first of them is known as super time-stepping (STS) and it is designed
to overcome the limitations imposed over the temporal time step by parabolic equations and can be
applied to the ambipolar diffusion term. The second scheme is called the Hall diffusion scheme (HDS)
and it is used when the Hall term becomes dominant. These two numerical techniques can be used
together by using the Strang operator splitting technique. The validation for each of these schemes is
provided by comparing the analytical solution with the numerical one for a suite of numerical tests.

Next, using the new code, a set of numerical experiments are performed to study the wave mode
transformation by means of the Hall term into a quasi-realistic stratification in thermodynamic pa-
rameters resembling the solar atmosphere. The results confirm the efficacy of the mechanism for the
solar case. The efficiency of mode transformation is a sensitive function of the angle between the wave
propagation direction and the magnetic field, and of the wave frequency. It also increases when the
field direction and the wave direction are aligned for increasing wave frequencies.

Finally realistic three-dimensional simulations of solar local dynamo where the magnetic field is
seeded by the battery effect are performed. This magnetic field is amplified to solar values by the
convective local dynamo. Ambipolar effect allows to dissipate incompressible perturbations associated
to magnetic waves removing the magnetic Poynting flux and converting the magnetic energy into the
thermal energy. Hall term introduces a new fast-to-Alfvén mode transformation mechanism and helps
generating currents. The Alfvén waves generated could travel to upper layers and the currents could be
dissipated by the ambipolar diffusion closing the cycle. The action of all three effects can be considered
as an attractive mechanism of energy generation, transport, and chromospheric heating.

vii
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1
Introduction

This reservoir can scarcely be other than the sub-atomic energy which... exists abundantly in all
matter; we sometimes dream that man will one day learn how to release it and use it for his
service. The store is well-nigh inexhaustible, if only it could be tapped.

- Arthur Stanley Eddington, 1920

Since many years ago, the human kind have looked at the sky and wonder about its mysteries.
The Sun was probably one of the first astronomical bodies we notice and tried to understand better.
It is during the twentieth century when it has gradually became clear that many of the phenomena
observed about the Sun such as sunspots, prominences or plage regions are related to the existence of
the magnetic field. Historically, the Sun has been viewed either as, quiet Sun where all the magnitudes
change with the radius symmetrically and the magnetic field is negligible and an active Sun over in the
latter view all the transient structures (sunspots, prominences, etc.) are characterized by the existence
of magnetic field. The Sun is an ordinary G2 V spectral type star, an enormous ball of plasma held
together by its own gravity. The interior of the Sun is hiden from us and only the surface can be seen
directly, however thanks to the helioseismology it is possible to recover properties of the solar interior
by measuring the solar oscillations. Through this technique, the interior of our star can be inferred and
divided into three main parts namely the core, the radiative zone and the convection zone as sketched
in Fig. 1.1.

The energy of the Sun is produced in its core by nuclear reaction as Eddington pointed out in
1925. This energy escapes to the exterior as energetic photons travelling through the radiative zone
during many years by continuous absorption and emission (radiative diffusion) until the above layer,
the convection zone. Once those photons reach the convection zone, a parcel of plasma can transport
heat as it rises to the upper layers and yields some energy to the surrounding before falling and getting
hot again. The lower boundary of the convection zone was called by Spiegel & Zahn (1992) tachocline
and has a strong shear in the angular velocity. This shear could deform magnetic field lines lying
originally in the meridional planes building up a strong toroidal magnetic field thus creating the main
ingredient of the αΩ dynamo model. On the top of the convection zone lies the solar atmosphere,
a region where the photons can escape as radiation to the universe, being then possible to measure
phenomena such as the oscillations generated by the convective motions.

The solar atmosphere is then an interface between the solar interior and the interstellar space. It
is formed by three regions, from bottom to top we have the photosphere, the chromosphere and the
corona as can be seen in Fig. 1.1 or in more detail in Fig. 1.2. The photosphere is the deepest and
densest layer of the solar atmosphere. It is the layer where the solar interior become transparent for
the radiation and the photons can escape. Usually it is defined as the surface where the optical depth

1
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2 Introduction

Figure 1.1— Schematic structure of the Sun indicat-
ing the sizes of various regions, not drawn to scale. The
shaded region represents the highly variable boundary be-
tween chromosphere and corona (from 2.5 to 15 Mm).
Temperatures are expressed in Kelvin and densities in kg
m−3 (Priest 2014).

Figure 1.2— Schematic structure of the solar atmo-
sphere showing the mean variation of temperature and
density with height according to the VAL model by Ver-
nazza et al. (1981). Courtesy Eugene Avrett.

for the radiation at 500 nm becomes the unity (τ500 = 1). The chromosphere is an irregular layer and
optically thick in strong spectral lines it is located on top of the photosphere and expanding up to
the transition region. The transition region is a very thin layer which separates the chromosphere and
corona and it is where the thermal conduction start to kick off. Static and stratified models such as the
model Vernazza-Avrett-Loeset (VAL) locates it around 2 Mm height from the photosphere (Vernazza
et al. 1981), see Fig. 1.2. The corona extends from the transition region to the heliosphere, the outer
layer of the solar atmosphere and where our planet is submerged. Figure 1.3 is a composite image ob-
tain from data of the Solar Dynamics Observatory (SDO) using different instruments and wavelength
where it is possible to see all the atmospheric layers mentioned above (Pesnell et al. 2012).

Solar convection zone is an important part of our Sun since many important processes take place there.
The most prominent feature of the solar surface are the sunspots and the granulation pattern at the
solar surface. The granulation pattern was first observed and described by Herschel (1801) as a pattern
of corrugations and indentations of the luminous “hot clouds” which are floating over the cooler solar
surface. The term granules was assigned by Dawes (1864) in response to the description of Nasmyth
(1865) as “willow leaves”, which was in the correct track concerning the temperature as a driver. The
controversy lasted until 1896 when Janssen showed some good photographs of the solar surface and
its granulation pattern as Dawes coined, see Fig. 1.4. Since then, several observation have been made
giving us information about it morphology and temporal evolution as well as its relation with the heat
transport in the interior of the Sun by convection. From those observations is inferred the existence of
magnetic fields all over, which modify the convective motions via the Lorentz force inhibiting plasma
motion perpendicular to the field lines (Alfvén 1943). As a consequence, a suppression appears in the
convective energy transport and/or a modification in the generation of waves. This inhibition produces
for example one of the most recognizable structures in the photosphere, the sunspots. Those regions
are darker than the surrounding due to the fact that their magnetic field strength is enough to inhibit
the convective motions and produce a temperature dropping.
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1.0 3

Figure 1.3— “The Many Faces of the Sun”, a composite image from the Helioseismic and Magnetic Imager (HMI)
and the Atmospheric Imaging Assembly (AIA) instruments onboard the Solar Dynamics Observatory (SDO) spacecraft
(Scherrer et al. 2012; Lemen et al. 2012; Pesnell et al. 2012). Credit: NASA/SDO. At the top, 1700 shows in ultraviolet
light continuum the solar surface and the chromosphere. In the middle row, 4500 shows in white light continuum the
photosphere, 1600 shows in C iv the transition region between the photosphere and the lowest levels of the chromosphere,
304 shows in He ii the upper transition region and the chromosphere, 171 shows in Fe ix the quiet corona and coronal
loops, 193 shows in Fexii and Fexxiv a slightly higher region of the corona and solar flares. In the lower row, 211 shows
in Fexiv hotter active region in the corona, 335 shows in Fexvi also active regions in the solar corona, 94 shows in Fe
xviii regions of the corona during solar flares and 131 shows in Fexx and Fexxiii material in flares.

Since the first theoretical studies of Chandrasekhar (1961), several numerical magneto-convection
experiments have been done. The first numerical experiment was done by Weiss (1966) and, due to
the limitations in computational power, opened a path where highly idealized models are used to re-
produce some physical processes together to the use of analytical tools for a better comprehension of
the phenomena. The purely kinematic model of Weiss (1966) was extended by Galloway et al. (1977)
to the dynamical regimen and later on by Hurlburt & Toomre (1988) taking into account compress-
ibility effects. This idealized approach assumes in general an ideal gas equation of state (EOS) and
an energy transport done mainly by convection. This approach has been useful to gain a physical
insight of the convective properties and since then has been used by several authors (e.g., Galloway
et al. 1977; Hurlburt & Toomre 1988; Cattaneo 1999; Abbett et al. 2000; Hurlburt & Rucklidge 2000;
Cattaneo et al. 2003; Bushby et al. 2008). With the improvements in computation power a new and
complementary approach emerged with the simulations carried out by Nordlund (1982, 1983). In
these three-dimensional simulations of solar granulation, the anelastic approximation was considered
together with an imposed external magnetic field and, for the first time, a non-grey radiative transfer
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4 Introduction

Figure 1.4— Solar surface image
taken on September 9th, 1883 at the
Observatoire de Meudon showing
the granulation pattern with enough
spatial resolution to end the debate
around its shape (Solar disc diame-
ter 0m894, north is on the left). Ex-
tracted from Janssen (1896).

for the energy transport. This realistic approach includes complex physics to aim a direct comparison
with observations and vice versa, this is, to provide artificial data cubes for testing observational tools
and procedures. For example, in the upper convection zone and photosphere a local thermodynamic
equilibrium (LTE) is assume. In the chromosphere, a non-local thermodynamic equilibrium (NLTE)
effects are also included, as it were done in the Bifrost code (Skartlien et al. 2000; Hayek et al. 2010;
Gudiksen et al. 2011; Leenaarts et al. 2011; Carlsson & Leenaarts 2012). Partial ionization of several
elements is considered, and to calculate the temperature and pressure, a tabulated EOS is used taking
into account the LTE ionization of elements or molecules formation. However, these realistic simu-
lations, due to the solar diffusivities are smaller than the simulated one, it fail in modeling the solar
conditions. This imply that it is impossible at the same time capture structures of several megame-
ters and resolve the diffusive length scales. This means that all realistic simulations parametrize the
sub-grid effects trying to obtain a realistic description of them on the numerical resolved scales. More
information about those two approach can be found in the review done by Schüssler (2001), Nordlund
et al. (2009), or Stein (2012).

The lower solar atmosphere of the Sun can be modeled considering data from observations and by a
static boundary conditions with spherical symmetry. Figure 1.2 shows the mean variation of temper-
ature and density of the solar atmosphere according to the model Vernazza-Avrett-Loeset (VAL-C)
by Vernazza et al. (1981). This is a semi-empirical one-dimensional model obtained by solving the
non-LTE radiative transfer equations with statistical and hydrostatic equilibrium. The model fits
the results obtained from a number of observed spectral lines formed in different regions in the solar
atmosphere. However, 1D models are too simplistic due to the three-dimensional complexity of the
magnetic field topology and the dynamic of the solar atmosphere seen in observations, being both
observables driven by convective motions. This produces a connexion between different phenomena,
and makes coupling throughout the atmosphere. Figure 1.5 schematically summarizes this complexity
for the quiet Sun by merging information acquired from observations and numerical simulations.

The quiet Sun is a very dynamic region where the granulation pattern is formed due to convective
overshoot. It covers at least 90% of the solar surface and has an important amount of magnetic flux as
Trujillo Bueno et al. (2004) had shown using spectropolarimetric data and the Hanle effect. The quiet
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1.0 5

Figure 1.5— Simplified schematic structure of the lower quiet Sun atmosphere, not drawn to scale. Extracted from
Wedemeyer-Böhm et al. (2009).

Sun is constituted at large scale by a pattern of super-granule cells, where the magnetic field is slowly
advected and concentrated to the supergranulation inter lanes by the large scale convective motions.
Patches of magnetic field called magnetic network are formed this way. The magnetic field strength
of the magnetic network can reach values of kG, the typical size of super-granules is 12–50 Mm, and
their typical lifetime is 20–50h (DeRosa & Toomre 2004).

The space between the magnetic network is called internetwork and it contains almost magnetically
unperturbed granulation. Granules are driven by the convective motion and overshooting. They
interact with small scale weak magnetic fields in the quiet Sun. Granules are the bright center of small
cell where hot material is ascending and spreads out and cools at the surface, and then sink through
the dark intergranular lanes while it warms up and compresses. This cell pattern have a diameter of
the order of 1 Mm and a lifetime of about 20 minutes. Convective turbulent motions in the convection
zone stochastically excite waves. These waves are turned into p-modes, and travel through the Sun
interior while being refracted and reflected at the surface. In the upper atmospheric layers, waves can
also be transformed due to the magnetic field.

The magnetic field anchored to the photospheric network expanses with height over the internet-
work, enclosing its weak magnetic field in a structure similar to a roof called magnetic canopy. The
topology and height of this canopy change dynamically and not only in time but space. Magnetic
elements are also located in the internetwork region, see mark A in Fig. 1.5 (Schrijver & Title 2003).

A small-scale canopy forms over the granules known as horizontal internetwork fields (HIFs), see
the mark B in Figure 1.5. This structure appears due to the slow advection motion to the intergranular
lanes of the emergent weak magnetic field due to convection and is probably generated by a small-
scale local dynamo (Schüssler & Vögler 2008). Above the HIFs and around the classical minimum
temperature height (≈ 0.5 Mm) horizontal current sheets can appear. The region above the HIFs
can be considered as the bottom boundary of a chromospheric region dominated by shock waves and
it is referred as clapotisphere by Rutten (1995, 2007) or fluctosphere by Wedemeyer-Böhm & Wöger
(2007). These shocks shuffle and entangle dynamically the magnetic field and, as a consequence, the
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6 Introduction

Figure 1.6— Snapshot of the
quiet Sun setup from numerical sim-
ulations by Rempel (2017). Pan-
els a) and c) are horizontal view of
the vertical magnetic field at 700
km above photosphere and the emis-
sion measure respectively. Panels b)
and d) are the vertical cut along the
dashed line in panels a) and c). This
setup correspond to a quiet Sun con-
figuration with vertical zero net flux
an a mixed polarity field originated
from a small scale dynamo. The
peak of the magnetic heating in the
lower corona is located around 5–10
Mm.

region where the sound speed equals the Alfvén speed, the equipartition layer, changes dynamically
as is sketched by the red dotted line in Fig. 1.5. This results in a set of regions with low and high
plasma-β instead of a closed surface, as it was shown by Schrijver & van Ballegooijen (2005) using
numerical simulations.

The most recognizable feature of the chromosphere, at least when observing the solar limb, are the
spicules, see Figure 1.8. Base on observations, it is possible to distinguish two kinds of them. Spicules
of type I, associated to shock waves, are coming from the photosphere propagating along magnetic
field lines anchored to the photosphere, and are extended into the upper layers. Spicules of type II
are generated by magnetic reconnection, they are more dynamic, thinner, and show a higher velocity
than spicules of type I, see mark C. They show a shorter lifetime than the type I in chromospheric
lines such as Ca ii, but in upper chromosphere lines (e.g., Mg ii) or TR lines (e.g. Si iv or He ii),
show longer lifetime, this is due to heating associated to the spicules (Pereira et al. 2014; Skogsrud
et al. 2016). Alfvénic waves can be found everywhere in the chromosphere associated to both types
of spicules (De Pontieu et al. 2004, 2007a,b; Hansteen et al. 2006; Rouppe van der Voort et al. 2007;
Langangen et al. 2008). It is around the equipartition layer were the wave mode transformation can
occur (Cally 2006, 2007). In this scenario, some waves and shocks can be guided by the magnetic field
lines upward (mark D), compressing and heating chromospheric plasma in channels (mark E) or in
closed loops (mark F).

Understanding the connection between solar atmospheric layers through the magnetic field is a chal-
lenging task in solar physics. The atmospheric regions are constituted by partially ionized plasma with
a low ionization fraction. It is known that partial ionization plays an important role in the chromo-
sphere (Martínez-Sykora et al. 2012; Khomenko et al. 2014; Ballester et al. 2018). For modeling the
behavior of plasmas the equations of magnetohydrodynamics (MHD) are useful tool. Combining the
moments of the Boltzmann equation for each plasma component together with Maxwell’s equations,
as is briefly described in Chapter 2, it is possible to derive the set of MHD equations. The solar atmo-
sphere is frequently modeled via MHD approximation. This model is valid for cases with a strongly
coupled collisional media and has been an excellent tool to understand the physical interaction be-
tween the magnetic field and the plasma in the solar atmosphere. MHD allows easily to include an
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1.0 7

Figure 1.7— Spatial distribu-
tion of waves around a coronal
null point for four selected fre-
quencies. The interaction of fast
magneto-acoustic waves with the
null point generates a pressure
driven slow magneto-acoustic train
wave where the null point acts as
a resonator for certain frequencies
of waves channeled outward along
the separatrix. The frequency
distribution depends of the atmo-
spheric properties. Extracted from
Santamaria & Van Doorsselaere
(2018).

important number of physical effects such as radiative transfer, heat conduction along magnetic field
lines or hydrogen time-dependent ionization. MHD has been successfully used to model a number of
phenomena (e.g., Asplund et al. 2000; Schaffenberger et al. 2005; Vögler et al. 2005; Stein & Nordlund
2006; Khomenko & Collados 2006; Nordlund et al. 2009; Rempel 2017; Santamaria & Van Doorsselaere
2018). However, under the conditions of the solar high photosphere or the chromosphere this coupling
becomes weak and the MHD formalism is not valid any more.

The presence of neutrals together with the weakening of collisional coupling due to that the density
fall off with height leads to the invalidation of the assumptions underpinning the ideal MHD approach
and produces a series of non-ideal effects. These non-ideal effects are the ambipolar diffusion and the
Hall effect (modified by collisions with neutrals). They can be described by a series of extra terms
in the generalized induction equation and in the energy conservation equation under the non-ideal
MHD formalism, together with the Ohmic diffusion and the Biermann battery effect, as we will see in
the following chapters of this thesis. These non-ideal effects have been actively studied during recent
years in the Sun by several authors (e.g., Kumar & Roberts 2003; Khodachenko et al. 2004; Forteza
et al. 2007; Pandey & Wardle 2008; Vranjes et al. 2008; Soler et al. 2009, 2010; Zaqarashvili et al.
2011; Khomenko & Collados 2012; Martínez-Sykora et al. 2012; Leake et al. 2014; Shelyag et al. 2016;
Martínez-Sykora et al. 2017, 2018; Khomenko et al. 2017, 2018; Nóbrega-Siverio et al. 2016, 2017,
2018). A recent review can be found in Ballester et al. (2018).

Aim and outline of this work

As it was mentioned before, understanding the connection between solar atmospheric layers through
the magnetic field is a challenging task in solar physics. To push forward our knowledge in this
direction, and try to answer some questions, the work presented here follows the realistic modeling
initiated by Khomenko et al. (2017) using the Biermann battery term to seed the quiet Sun magnetic
field and later on extended by Khomenko et al. (2018) adding the ambipolar diffusion. The main goal
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8 Introduction

Figure 1.8— Solar spicules observed at the solar limb with the Solar Optical Telescope (SOT) onboard of Hinode
spacecraft. The used wavelength correspond to calcium H line (396nm). Image credit: NAOJ/JAXA.

of this PhD project is to understand how the non-ideal effects associated to the partial ionization of
the solar atmospheric plasma modify the energy distribution of thermal and magnetic structures in
quiet Sun regions. We continue those studies by adding the Hall effect, allowing then a full coupling
between fast and slow magneto-acoustic modes and as a consequence the coupling of the fast mode to
the Alfvén mode through the Hall current.

To achieve this, Chapter 2 starts by introducing the non-ideal MHD formalism and some concepts
which are going to be needed along this thesis. Next, in Chapter 3 a in depth description of the code
Mancha3D, used along this work, is done. In Chapter 4 a new numerical scheme (MHDSTS) is
introduced since, under the non-ideal MHD single-fluid formalism, when ambipolar diffusion or Hall
effect dominate, it can introduce severe restrictions not only on the integration time step but also it can
compromise the stability of the traditional Runge-Kutta numerical scheme. This numerical scheme
is formed by blocks, the first of them is known as super time-stepping (STS) and it is designed to
overcome the limitations imposed when the ambipolar diffusion term is dominant. The second block
is called the Hall diffusion scheme (HDS) and it is used when the Hall term becomes dominant. These
two numerical techniques can be used together by applying the Strang operator splitting technique.

With the code ready, an extension of the study done by Cally & Khomenko (2015) about the
coupling between fast magneto-acoustic and Alfvén waves is done in the Chapter 5. This coupling can
be observe in fully ionized plasmas mediated by stratification and 3D geometrical effects. However,
Cally & Khomenko (2015) under the approximation of cold plasma, have shown that in a weakly
ionized plasma, such as the solar photosphere and chromosphere, the Hall current introduces a new
coupling mechanism. This chapter extends their study to the case of warm plasma using a quasi-
realistic stratification in thermodynamic parameters resembling the solar atmosphere.

Finally, in Chapter 6, a step beyond the state of the art of solar local dynamo simulation is taken.
From the numerical experiments done by Khomenko et al. (2018) it is know that ambipolar diffusion
allows to dissipate incompressible perturbations associated to magnetic waves removing the magnetic
Poynting flux and converting the magnetic energy into the thermal energy. Chapter 6 goes further
by presenting realistic three-dimensional simulations of solar dynamo where the Hall effect is also
considered. The simulations have a magnetic field which is seeded by the battery effect and then
amplified to solar values by the local dynamo. Once the system is stable, two new branches are gener-
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1.0 9

ated by switching on/off the ambipolar diffusion and the Hall effect obtaining in total three branches
which are compared statistically. The action of all three effects can be considered as an attractive
mechanism of energy generation, transport, and chromospheric heating. Hall term introduces a new
fast-to-Alfvén mode transformation mechanism to obtain Alfvén waves which could travel to upper
layers and generates currents which could be dissipated by the ambipolar diffusion closing the cycle
and helping to the atmospheric heating.

Summary

� Mancha3D code is extended and modified to overcame the limitations imposed by the non-ideal
terms which appear into the MHD equations when partial ionization effects are considered. Using
the Strang splitting technique the STS and HDS numerical schemes were added to the ideal MHD
operator. Several test are presented to compare the numerical and analytical solutions.

� Fast-to-Alfvén mode transformation analytical study on cold plasmas is extended by means of nu-
merical simulations of warm plasmas allowing thus the complete process of coupling between fast
and slow magneto-acoustic modes and subsequent coupling of the fast mode to the Alfvén mode
through the Hall current.

� Three-dimensional numerical experiments of solar local dynamo with a magnetic field seeded
by the action of the Biermann battery effect and amplified by the local dynamo are done to
investigate the non-ideal effects which arise due to the presence of neutrals in the atmosphere.
Ambipolar diffusion and Hall effects are taken into account. Time evolution and statistical prop-
erties of different parameter were compared and analyzed statically to reveal the consequences of
taking into account separately some of those non-ideal effects or considering them all together.
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2
Theoretical Concepts

In general, we look for a new law by the following process. First, we guess it. [...] Then we
compute the consequences of the guess, to see what, if this is right, if this law we guess is right,
to see what it would imply and then we compare the computation results to nature, or we say
compare to experiment or experience, compare it directly with observations to see if it works.

- Richard P. Feynman lecture, 1960s

In this chapter, theoretical concepts employed during this work are described. The multi-fluid de-
scription is introduced in Section 2.1 to derive the single-fluid description for a plasma with non-ideal
effects of Section 2.2. The physical meaning of the non-ideal terms is discussed in Subsection 2.2.1.
Section 2.3 introduces the concepts of MHD waves and mode conversion needed in Chapters 5 and 6.

2.1 Multi-fluid description

A plasma system is composed in general by a very large number of particles interacting between them.
The dynamic state of each particle at a given time can be described by its position r and velocity u
vectors. This vectors form a six-dimensional space or phase space, often called µ-space. Some of those
particles could have internal degrees of freedom such as the chemical specie (α), ionization degree (I),
or excitation level (E). We can consider the many-particle phase state or Γ-space for the whole system
of particles. Those internal degrees of freedom correspond to a single micro-state a = {αIE}. Following
Bittencourt (2004) and considering the coordinates r and u independent variables, we can define the
distribution function in phase space fa(r,u, t) as the density of points corresponding to the particles
in a micro-state a.

fa(r,u, t) =
d6Na(r,u, t)

d3rd3u
, (2.1)

where d6Na(r,u, t) is the number of particles in the micro-state a inside an element of volume d3rd3u
around the point (r,u) at a given time t. Using the mass conservation principle, the average number
of particles of element α satisfy:

nα =
∑

I

nαI =
∑
I,E

nαIE . (2.2)

The ionization stage I generally indicates the number of electrons in the system thus I = 0 represents
neutrals. For electrons the notation of the micro-state can be simplified with the subscript e, for

11
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12 Theoretical Concepts

neutrals with an n, and for ions with an i. Considering charge neutrality, we request that the number
of electrons be equal to

ne =
∑
α,I

I · nαI . (2.3)

At this point we assume that our plasma is coupled enough by collisions to apply the fluid approxima-
tion and therefore it is possible to describe the plasma using the transport equations derived from the
Boltzmann equation

∂fa
∂t

+ u · ∇fa + a · ∇ufa =
(
∂fa
∂t

)
coll

, (2.4)

where fa is the distribution function of particles in the micro-state a, u is the particle velocity, and a
its acceleration. This equation, from left to right, is telling us that the number of particles inside a unit
volume of the phase space changes in time due to particles entering or leaving this volume across its
boundary, or because external forces are accelerating the particles, or finally because there are collisions
with other particles during the time interval dt. This collision term describes either elastic or inelastic
collisions, and introduces a challenge in solving the equation due to its complexity, for it may include
momentum exchange, chemical or nuclear reactions, or ionization-recombination process among others.
Because it must satisfy the conditions of conservation of the particles number, momentum, and energy,
some approximations can be done to derive this term.

To obtain the transport equations for a scalar magnitude χ(u), we multiply the Boltzmann equation
(2.4) by this quantity and then we integrate the resulting equation over the velocity space. The velocity
of each particle is defined as the center mass velocity plus a random velocity

u = ua + ca . (2.5)

Choosing for χ the mass ma, we get the equation of continuity or conservation of mass

∂ρa
∂t

+∇ · (ρaua) = Sa , (2.6)

selecting χ as the momentum mau, we obtain the equation of motion or conservation of momentum

∂ρaua
∂t

+∇ · (ρauaua + p̂a) = ρara(E+ ua ×B) + ρag +Ra , (2.7)

where the notation uaua ≡ ua⊗ua will represent the dyadic or tensor product of two vectors along this
work. Selecting χ as the kinetic energy plus the potential energy of excitation-ionization mau

2
a/2+Ea,

we obtain the equation of energy transport or conservation of energy

∂

∂t

(
εa +

ρau
2
a

2

)
+∇ ·

(
ua

[
εa +

ρau
2
a

2

]
+ p̂aua +Qa

)
=Ma +

Ea
ma

Sa + ρaua · g+ ρaraua ·E , (2.8)

where ρa is the mass density, ua is the center of mass velocity, p̂a is the pressure tensor, εa is the
internal energy density, Qa is the heat flow vector, g is the gravity acceleration vector, E is the electric
field vector, B is the magnetic field vector and ra = qa/ma is the charge over mass ratio. The effect of
the collisions are collected in a new set of terms on the right-hand side. These terms cover the loss or
gain of mass Sa, momentum Ra, and energy Ma.

The definition of the tensor and scalar pressure, the heat flow vector and internal energy will be
done through the random velocities ca as

p̂a = ρa 〈caca〉 ; pa =
1

3
ρa
〈
c2
a

〉
; Qa =

1

2
ρa
〈
c2
aca
〉
, (2.9)



23 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

23 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

2.1 Multi-fluid description 13

εa =
1

2
ρa
〈
c2
a

〉
+ naEa =

3

2
pa + naEa . (2.10)

For photons, since they do not have mass at rest and there is no relativistic effects involved in our
system, there is no force acting on them. In this case, after some manipulation the energy equation
takes the standard form of the radiative transfer equation (Mihalas 1978; Khomenko et al. 2014):

dIν
ds

= jν − kνIν . (2.11)

which describe the behavior of the radiation intensity Iν along the direction of the ray s when photons
of a fixed frequency ν are traveling through a medium absorbing (kν) or emitting (jν) photons.

The set of equations (2.6), (2.7), and (2.8), derived from the Boltzmann equation, can be simplified into
the so called two-fluid formalism by neglecting the electron inertia compared to the typical ion inertia.
The details of this process is show by Khomenko et al. (2014). When the collisions are strongly
dominant over all other forces, the collision frequency results larger than any cyclotron frequency
associated to the particles. Under this situation, the momentum transfer between particles becomes
very efficient and then, the differences in velocities or energy between different kinds of particles will
be very small. Therefore each set of equations associated to each kind of particles gives redundant
information and it is possible to sum up all the equations for different micro-states leading to the so
called single-fluid formalism. This formalism will be explain in more detail in the next subsection.
Notice that both formalisms are avoiding to solve the transport equations for electrons therefore we
are loosing information about the electric field which has to be supplied by adding the generalized
Ohm’s law.

2.1.1 Single-fluid description

For a single-fluid description, we assume that the collisional coupling is strong enough and that the
plasma is form by 2N + 1 components; N neutrals, N ions, and one electron. Then the definitions for
the macroscopic variables will be

� Total mass density:

ρ =

2N+1∑
a=1

nama = ρn + ρi + ρe (2.12)

� Center of mass velocity:

v =
1

ρ

2N+1∑
a=1

ρaua =
1

ρ
(ρnun + ρiui + ρeue) (2.13)

� Drift velocity respect to the average center of mass v for each species:

wa = ua − v (2.14)

� Total current density, summing only over ions:

J = qe

N∑
a=1

(naua) + qeneue (2.15)
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14 Theoretical Concepts

� Total kinetic pressure tensor:

p̂ =
2N+1∑
a=1

p̂a +
2N+1∑
a=1

ρawawa (2.16)

� Total pressure scalar:

p =
2N+1∑
a=1

pa +
1

3

2N+1∑
a=1

ρaw
2
a (2.17)

� Total heat flow vector:

Q =
2N+1∑
a=1

(
Qa + p̂awa +

3

2
pawa +

1

2
ρaw

2
awa

)
(2.18)

� Total heat flux vector corrected for potential ionization - recombination energy flux (χa):

Q′ = Q+
2N∑
a=1

χawa (2.19)

Summing up the Equations (2.6), (2.7), and (2.8) over all the species we get a quasi-MHD set of
equations which includes non-ideal terms. Those terms (loss or gain of mass, momentum, and energy)
do not appear into the ideal MHD formalism.

∂ρ

∂t
+∇ · (ρv) = 0 , (2.20)

∂ρv

∂t
= ∇ · (ρvv + p̂) = J×B+ ρg , (2.21)

∂

∂t

(
ε+

ρv2

2

)
+∇ ·

(
v

[
ε+

ρv2

2

]
+ p̂v +Q+ FR

)
= J ·E+ ρv · g , (2.22)

where FR is the integrated radiative energy flux over all directions (dΩ) and frequencies (ν).

FR(r, t) =

∫ ∞
0

∮
nIν(r,n, ν, t)dΩdν . (2.23)

Collisional terms vanish from the equations since the collisional forces compensate each other.

2.1.2 Generalized Ohm’s law

The missing piece in equation (2.22), the electric field of the Joule term J · E, can be calculated
through the generalized Ohm’s law. This generalized Ohm’s law can be obtained after multiplying the
ion motion equation by rαi and adding them up, see Bittencourt (2004).

N+1∑
α,I6=0

ραir
2
αi(E+ uαi ×B) =

∂J

∂t
+∇ · (Juc + ucJ) +∇ ·

N+1∑
α,I 6=0

ραirαiwαiwαi +

+
N+1∑
α,I 6=0

rαi∇ · p̂αi −
N+1∑
α,I 6=0

rαiRαi ,

(2.24)
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2.1 Multi-fluid description 15

where the current density is defined as

J =
N+1∑
α,I6=0

ραirαiuαi , (2.25)

with uαi the velocity individual particles, uc the center mass velocity of all charged species, and
wαi = uαi − uc the drift velocity of the species. In this case, the summation in the Equation (2.25)
contains the charge of the particles, therefore only velocities of ionized particles are taken into account.
The only assumption made to obtain this expression was the charge neutrality.
This expression as it is has no practical use for us since it is giving the same information as the
momentum equation for ions, but there are several approximations that can be done, especially for the
solar atmosphere case.

Solar atmosphere

For a plasma where the currents vary slowly in time compared to hydrodynamical processes, it is
reasonable to assume that the currents are stationary and then, it is safe to neglect the term

∂J

∂t
+∇ · (Juc + ucJ) ≈ 0 , (2.26)

in Eq. (2.24).
The velocities drifts of individual species respect to the charge velocity (wαi) are expected to be small
for a plasma near the equilibrium and as a result, the second order terms in velocity drifts can be
neglected as well,

∇ ·
N+1∑
α,I 6=0

ραirαiwαiwαi ≈ 0 . (2.27)

It is also reasonable to assume that singly ionized ions are the dominant in the regions of the atmosphere
where we want to apply these equations (chromosphere). The collision term can be then approximated
as

N∑
α,I 6=0

rαiRαi ≈ −J

 N∑
α,I=1

νe;αi +

N∑
b

νe;b0

+ ene(uc − un)

 N∑
b

νe;b0 −
N∑

α,I=1

N∑
b

ναi;b0

 , (2.28)

after considering that the coefficient containing the atomic mass of the colliding ions of type α and
neutrals of type β, A−1/2

αβ =
√
(Aα +Aβ)/(AαAβ), have a very little variation. This can be done

since, for the solar case, the abundance of heavy atoms and their probability of collision are small in
comparison to the lightest atoms. The term

∑
α(nαi/ne)wαi can be also neglected since sum of the

drift velocities (wαi) is expected to be small (Khomenko et al. 2014). The approximation of taking
only singly ionized ions is reasonable, since in the temperature range of interest, where partially ionized
plasma exists, the abundance of multiply ionized ions is negligible. With this, the equation (2.24) can
be written as:

E+ uc ×B = ηµ0J+ ηHµ0
(J×B)

|B| − ηBµ0
∇ · p̂e
|B| − χµ0(uc − un) , (2.29)

where η is the Ohmic diffusivity

η =
ρe

e2n2
eµ0

 N∑
α,I=1

νe;αi +

N∑
b

νe;b0

 , (2.30)
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16 Theoretical Concepts

ηH and ηB are the Hall and Biermann battery coefficients respectively,

ηH = ηB =
|B|
eneµ0

, (2.31)

and the coefficient χ is define as

χ =
me

eµ0

 N∑
b

νe;b0 −
N∑

α,I=1

N∑
b

ναi;b0

 . (2.32)

For a single-fluid case, it is useful to write the Ohm’s law in term of the center of mass velocity of the
whole plasma

E+ v ×B = E+ uc ×B− ξnw ×B , (2.33)

where ξn = ρn/ρ is the neutral fraction. Following Braginskii (1965), we obtain the expression for the
relative velocity between ions and neutrals,

w = uc − un ≈
ξn
αn

(J×B)− G

αn
+

N∑
b

ρeνe;b0
J

eneαn
, (2.34)

where the collisional parameter is defined as

αn =
N∑
b

ρeνe;b0 +
N∑

α,I=1

N∑
b

ραiναi;b0 , (2.35)

and the pressure term is
G = ξn∇ · p̂c − ξi∇ · p̂n , (2.36)

where p̂c and p̂n are the tensor pressure for charges and neutrals respectively and ξi = ρi/ρ is the ion
fraction. This allow us to write the expression (2.29) as

E∗ = E+v×B = ηµ0J− ηAµ0
[(J×B)×B]

|B|2 + ηHµ0
(J×B)

|B| − ηBµ0
∇ · p̂e
|B| + ηpµ0

(G×B)

|B|2 . (2.37)

The second term on the right-hand side is the ambipolar diffusion term and it appears after the change
of reference system, Eq. (2.33). The last term is related to the partial pressure gradients and in general
it is small compared to the other terms, which is why it is usually neglected. The ambipolar diffusion
coefficient is defined as

ηA =
ξ2
n|B|2
αnµ0

, (2.38)

and the partial pressure gradient coefficient as

ηp =
ξn|B|2
αnµ0

. (2.39)

2.2 Single-fluid MHD equations

With the ingredients presented in the section above we are ready to write the non-ideal single-fluid
MHD system of equations for a single-fluid multicomponent plasma (N ions, N neutrals and one
electron component) where the non-ideal effects due to the collisions will be encoded into several terms
in the induction and total energy conservation equations. From the set of equation (2.20), (2.21), and



27 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

27 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

2.2 Single-fluid MHD equations 17

Figure 2.1— Collisional fre-
quency map computed according to
a classical model using Eqs. (2.48)
and (2.48). The atmospheric model
used is VAL-C and the height is
515 km. The abscissa is the atomic
number of the first colliding particle
and ordinates the atomic number
of the second colliding particle.
The most frequent collisions occurs
between H and He and other ions
(first two columns). Extracted from
Khomenko et al. (2014).

(2.22) and using the generalized Ohm’s equation (2.37) we get the continuity equation as

∂ρ

∂t
+∇ · (ρv) = 0 , (2.40)

the momentum conservation equation, after using the Ampère’s law, as

∂(ρv)

∂t
+∇ ·

[
ρvv +

(
p+

B2

2µ0

)
I− BB

µ0

]
= ρg , (2.41)

and the induction equation in the total plasma frame system as

∂B

∂t
= ∇×

[
(v ×B)− ηµ0J− ηH

µ0

|B|(J×B) + ηA
µ0

|B|2 [(J×B)×B] + ηB
µ0

|B|∇pe
]
, (2.42)

where we retained the convective, Ohmic, Hall, ambipolar, and Biermann battery terms and neglected
the pressure related term on the right-hand side of Equation (2.37). The coefficients multiplying these
terms are, respectively, the Ohmic (η), Hall (ηH), ambipolar (ηA), and battery (ηB) coefficients, and all
have the same units of diffusivity (l2t−1, i.e. m2s−1 in SI). Those coefficients are defined by Equations
(2.30), (2.31), and (2.38). The total energy conservation equation

∂e

∂t
+∇ ·

[
v

(
e+ p+

|B|2
2µ0

)
− B(v ·B)

µ0

]
= ρv·g +

+∇ · [B× (η + ηA)J⊥] +∇ ·
[
ηB
∇pe ×B

|B|

]
+Qrad ,

(2.43)
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18 Theoretical Concepts

is written in terms of the total energy density per volume unit e, which is the sum of the kinetic,
internal and magnetic energies,

e =
1

2
ρv2 + ε+

B2

2µ0
, (2.44)

The electric current is defined as
µ0J = ∇×B , (2.45)

and the current perpendicular to the field lines,

J⊥ = −(J×B)×B

|B|2 , (2.46)

and Gauss’s law for magnetism is
∇ ·B = 0 . (2.47)

To close the system, the equation of state is used.

The expressions for the collisional frequencies between ions and neutrals (νin) and electrons with
neutrals (νen) are taken from Spitzer (1956). For the collisions between electrons and ions (νei) we use
the expressions from Braginskii (1965)

νin = nn

√
8kBT

πmin
σin , (2.48)

νen = nn

√
8kBT

πmen
σen , (2.49)

νei =
nee

4 lnΛ

3ε20m
2
e

(
me

2πkBT

)3/2

, (2.50)

where min = mimn/(mi + mn) and men = memn/(me + mn) are the reduced masses. The cross
sections for a weakly ionized plasma assuming elastic collisions between solid spheres approximately
are σin = 5 × 10−19m2 and σen = 10−19m2 (Vranjes & Krstic 2013; Huba 2016). The Coulomb
logarithm, lnΛ, is defined as

Λ =
12π(ε0kBT )

3/2

n
1/2
e e3

; (2.51)

lnΛ ≈ 16.33− 1

2
ln
(
ne[m

−3]
)
+

3

4
ln (T [K]) . (2.52)

The equations above assume charge neutrality (ne = ni) and negligible electron mass in comparison
with ions/protons mass (me/mi ≈ 0).

In the particular case of considering a plasma formed only by hydrogen the coefficients multiplying the
non-ideal terms in the induction and energy equations result as

η =
me(νei + νen)

e2neµ0
, (2.53)

ηH = ηB =
|B|
eneµ0

, (2.54)

and

ηA =
(ρn/ρ)

2|B|2
(ρiνin + ρeνen)µ0

. (2.55)

A more detailed derivation of these equations and a discussion of the relative importance of the non-
ideal terms along the solar atmosphere can be found in Khomenko et al. (2014).
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2.2 Single-fluid MHD equations 19

2.2.1 Physical meaning/effects of non-ideal terms.

Ohmic term

This term is a classical non-ideal plasma effect present in plasmas. If the plasma is fully ionized,
this term is due to the collisions between ions and electrons, otherwise also the collisions between
neutrals and electrons should be taken into account. In a plasma, the charge particles move in helical
trajectories around the magnetic field, collisions interrupt them so the frozen-in condition breaks and
the magnetic field is diffused, meanwhile as a consequence, the magnetic configuration is relaxed,
allowing the dissipation of currents. Then, magnetic energy is transform into heat through the Ohmic
diffusion term (Joule heating). This relaxation also contributes to the magnetic reconnection and wave
instabilities.

Ambipolar term

Ambipolar diffusion term is present in both induction and energy equations and it appears due to the
decoupling between charged and neutral components. To investigate this term, we can manipulate the
internal energy equation using the Ohm’s law, and write it down as

Dε

Dt
+ γε∇ · v = ηJ2 + ηAJ

2
⊥ . (2.56)

The term ηJ2 correspond to the Joule heating due to the Ohmic dissipation and the term ηAJ
2
⊥ to the

ambipolar dissipation. Both terms have similar form and then it is feasible to interpret the ambipolar
term in a similar way as it was done with the Ohmic dissipation. The ambipolar diffusion term
is converting magnetic energy into heat by relaxing the magnetic field configuration and dissipating
currents. However, the time scale is dictated by ion-neutral collisions, and is significantly shorter than
the Ohmic time scale. This would introduce some handicaps in resolving the induction equations as
we will show in Chapter 4. Notice that the ambipolar diffusion only affects perpendicular currents
which means that by itself it can not produce magnetic reconnection, although certainly due to the
relaxation of the magnetic field configuration it can help to trigger it. The effects of the ambipolar
diffusion stops when the plasma becomes fully ionized (ηA = 0) or when the magnetic field adopts a
force-free configuration (J×B = 0; J⊥ = 0).

Hall term

Hall term appears when there is not enough coupling between ions and neutrals, for example in partially
ionized plasmas. This results in the generation of an additional current which can induce effects
into magnetic structures and their temporal evolution. One important effect produced by the Hall
term is fast-to-Alfvén wave mode transformation, which differs from the geometrical transformation
commented in Section 2.4. This transformation occurs because the Hall effect injects, under the
appropriate conditions, perturbations in the direction perpendicular to the plane formed by the wave
vector and the magnetic field. In Chapters 5 and 6 the physical properties of this term are studied in
more detail. This term could introduce some handicaps for resolving the non-ideal MHD equations,
however some special numerical techniques can be used to overcame them as it is commented in Chapter
4.

Battery term

This term is interesting since it can be seen as a source term which introduces a seed magnetic field
due to gradients in the electron pressure. Seeding magnetic fields by the Battery term was originally
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20 Theoretical Concepts

proposed by Kulsrud & Zweibel (2008) as a mechanism for seeding the galactic dynamo. Recently,
Khomenko et al. (2017) have investigated its relation to the solar local dynamo, and we will take it
into consideration in Chapter 6 to carry on non-ideal MHD magneto-convection simulations.

2.3 Ideal MHD waves

Waves are present in the solar atmosphere and they manifest in a variety of types depending of their
own restoring forces. The plasma pressure drives sound waves, the magnetic tension drives Alfvén wave,
the magnetic pressure drives compressional Alfvén waves and gravity drives internal gravity waves. An-
other driving force is the Coriolis force which produces internal waves but it is not considered here.
If all those forces act together, they produce magneto-acoustic gravity modes. If the gravity is not
considered, the modes are called magneto-acoustic waves. And if the magnetic field is absent but not
the gravity, the modes are turned into acoustic gravity waves.

Considering an ideal single-fluid plasma, the system of equations is given by

∂ρ

∂t
+∇ · (ρv) = 0 , (2.57)

∂(ρv)

∂t
+∇ ·

[
ρvv +

(
p+

B2

2µ0

)
I− BB

µ0

]
= ρg , (2.58)

∂e

∂t
+∇ ·

[
ρv2

2
v +

γp

γ − 1
v +

1

µ0
∇ · [B× (v ×B)]

]
= ρv·g , (2.59)

∂B

∂t
= ∇× (v ×B) , (2.60)

∇ ·B = 0 , (2.61)

where the equation of energy (2.59) is written in terms of the total density of energy per volume unit,
Eq. (2.44), and the system is closed using the equation of state for an ideal gas

p =
R
µ
ρT , (2.62)

where R is the gas constant and µ the mean molecular weight.

2.3.1 Some approximations

The previous equations are written making some assumptions. In the layers treated here (solar near
surface layer and solar atmosphere), the Reynolds number Re = vL/νk is high (≈ 108) and then the
kinematic viscosity (νk) of the fluid can be neglected. The magnetic Reynolds number Rm = vL/η
is also high, being the order of 103 to 106. Under this condition, it is possible to assume a perfect
conductive plasma (high electric conductivity) by neglecting the magnetic diffusivity. Neglecting the
magnetic diffusion means that the magnetic field becomes “frozen-in” to plasma. For simplicity, a few
more considerations can be assumed, as constant gravity along the outward normal to the solar surface
(z-axis), and a stratification thermally in equilibrium so the processes which occur are adiabatic (p/ργ

remains constant) and the terms corresponding to the energy losses can be dropped from the energy
equation.
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2.3 Ideal MHD waves 21

2.3.2 Linearized equations

From observations it is known that the solar oscillations have very small amplitudes compared to the
typical sound speed of the solar atmosphere, and for that reason they can be considered as small
perturbations around a static equilibrium state. Following Christensen-Dalsgaard (2014) and Priest
(2014), our physical quantities ζ(r, t) can be written in general as

ζ(r, t) = ζ0(r) + ζ1(r, t) , (2.63)

where the subscript “0” refers to the equilibrium quantities and the subscript “1” represents a small
Eulerian perturbation. This can be written using a Lagrangian frame of reference where a differential
element of volume is moved from its position of equilibrium r0 an infinitesimal distance ξ as

δζ(r) = ζ(r0 + ξ)− ζ0(r0) = ζ(r0) + ξ · ∇ζ0 − ζ0(r0) = ζ1(r0) + ξ · ∇ζ0 . (2.64)

Thus, the perturbation in velocity is obtained as the time derivative of the displacement vector ξ:

v1 =
∂ξ

∂t
, (2.65)

by neglecting squares and products of small quantities and taking into account the approximations
mentioned before, a linear system of equations is easily obtained:

∂ρ1

∂t
+∇ · (ρ0v1) = 0 , (2.66)

∂(ρ0v1)

∂t
+∇p1 + (∇×B1)×

B0

µ0
= ρ1g , (2.67)

∂p1

∂t
+ (v1 · ∇)p0 = γ

p0

ρ0

(
∂ρ1

∂t
+ (v1 · ∇)ρ0

)
, (2.68)

∂B1

∂t
= ∇× (v1 ×B0) , (2.69)

∇ ·B1 = 0 , (2.70)

where for the equation of energy the adiabatic approximation was used.
A general wave equation can be derived for the perturbation in velocity:

∂2v1

∂t2
= c2

s∇(∇ · v1)− (γ − 1)gẑ(∇ · v1)− g∇v1z + [∇× (∇× (v1 ×B0))]×
B0

µ0ρ0
, (2.71)

where c2
s = γp/ρ is the adiabatic sound speed. Now, assuming a solution in the form of plane waves,

so all variables have a spatial and time dependence of the form exp [−i(ωt+ k · r)] and a z dependence
to be determined, the perturbed quantities will have the general form ζ1(r, t) = ζ̃(z)e−i(ωt+k·r) and the
general solution can be written as:

ω2v1 = c2
sk(k · v1) + i(γ − 1)gẑ(k · v1) + igkv1z + [k× (k× (v1 ×B0))]×

B0

µ0ρ0
, (2.72)

where ω is the wave frequency and k is the wavenumber.
For analogy with an elastic string of mass ρ0 per length unit, where the tension allows transverse waves
to propagate along the string with the speed T/ρ0, it is logical to assume, that now the magnetic
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22 Theoretical Concepts

tension, would produce transverse waves propagating along the magnetic field B0 with a speed known
as Alfvén speed and defined as:

vA =
B0√
µ0ρ0

, (2.73)

and then the Equation (2.72) can be re-written as:

ω2v1 = (c2
s + v2

A)(k · v1)k+ (vA · k)
[
(vA · k)v1 −

− (v1 · k)vA − (vA · v1)k
]
+ ig

[
(γ − 1)ẑ(k · v1) + kv1z

]
.

(2.74)

2.3.3 Magnetoacoustic waves in an unstratified medium.

If the wavelength of the perturbations is smaller than the pressure scale height, the gravity can be
neglected from Equation (2.74) yielding to the solution

ω2v1 = (c2
s + v2

A)(k · v1)k+ (vA · k) [(vA · k)v1 − (v1 · k)vA − (vA · v1)k] , (2.75)

this equation leads to simple solutions for some propagation parallel or perpendicular to the background
magnetic field.

Propagation k ⊥ B0

When the propagation of the wave is perpendicular to the magnetic field k ·vA = 0 then the Equation
(2.75) can be reduced to

ω2v1 = (c2
s + v2

A)(k · v1)k , (2.76)

from where is obtained that v1 ‖ k, so that k · v1 = kv1 and then the dispersion relation correspond
to a longitudinal wave

ω2 = k2(c2
s + v2

A) . (2.77)

This wave is known as compressional Alfvén wave or fast Alfvén wave.

Propagation k ‖ B0

When the propagation occurs along the magnetic field k ‖ B0 and then k ·vA = kvA, allowing to write
the Equation (2.75) as

ω2v1 = k2v2
Av1 + (c2

s/v
2
A − 1)k2(v1 · vA)vA , (2.78)

now there are two possible solutions, one for v1 ‖ B0 ‖ k, resulting in a longitudinal sound wave with
the phase velocity ω/k = cs and the other one for v1 ⊥ B0 ‖ k, leading to a transverse wave with the
phase velocity ω/k = vA and known as Alfvén wave, shear Alfvén wave or slow Alfvén wave.

Propagation in any direction

Introducing a Cartesian coordinate system with the y-axis normal to the plane where k and B0 lie,
the Equation (2.75) can be split into three equations, each for three projections x, y, and z.
Using the equations corresponding to the components x and z, the dispersion relation

ω4 − ω2k2(c2
s + v2

A) + c2
sv

2
Ak

4 cos2 θB = 0 , (2.79)

can be obtained, which has two ω/k > 0 solutions, the one with higher propagation speed is called
fast magneto-acoustic wave and the other with the lower speed, slow magneto-acoustic wave. Using
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Figure 2.2— The phase velocity of the fast MHD mode
increases from vA to the limit value of

√
c2s + v2A so it is

changing from an Alfvén wave to a Magneto-sonic wave,
while the Slow MHD wave starts as a Sound wave and dis-
appears when the angle increases. The Pure Alfvén wave
starts as Alfvén wave with the speed vA at θ = 0◦ and
disappears when θ = 90◦.
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Figure 2.3— The phase velocity for the fast MHD
mode increases from cs to the limit value of

√
c2s + v2A

so the Sound wave becomes a Magneto-sonic wave while
the Slow MHD wave starts as the Alfvén wave and dis-
appears when the angle increases. The Pure Alfvén wave
starts as Alfvén wave with the speed cs at θ = 0◦ and
disappears when θ = 90◦.

the other component equation for v1y 6= 0, the solution is a linearly polarized wave perpendicular to
both k and B0 with phase speed

ω = kvA cos(θB) (2.80)

and known as Pure Alfvén wave. Then, Alfvén waves (Alfvén 1942) are plasma perturbations whose
restoring force is the magnetic tension instead of gas or magnetic pressure. They carry energy along
the magnetic field lines but the motion of the charged particles, which provide the inertia, and the
magnetic field perturbation are transverse to the field.

The Figures 2.2 and 2.3 show the phase velocity for all these solutions as a function of the angle θB
between k and B0 for both cases vA > cs and vA < cs respectively.

2.3.4 Magnetoacoustic-gravity waves.

Now, if the gravity is not negligible, the Equation (2.75) has to be considered. Following the work done
by Ferraro & Plumpton (1958) and Zhugzhda & Dzhalilov (1984), a Cartesian system where v1 will be
independent of the y-coordinate can be considered, so the coefficients of the plane wave approximation
will be only z-coordinate dependent f(z) = (fx, fy, fz). A vertical constant magnetic field with the
propagation occurring only in the vertical direction (k = 0) can be also considered. Then, the solution
can be split into three components and simplified as shown bellow.

[
v2
A

(
∂2

∂z2
− k2

)
− k2c2

s + ω2
]
fx = −ik

(
c2
s
∂
∂z − g

)
fz

k=0−−→
{

fx = 0 (a)
v2
A
∂2fx
∂z2

+ ω2fx = 0 (b)
, (2.81)

(
c2
s
∂2

∂z2
− γg ∂

∂z + ω2
)
fz = −ik

[
c2
s
∂
∂z − (γ − 1)g

]
fx

k=0−−→ c2
s
∂2fz
∂z2
− γg ∂fz∂z + ω2fz = 0 , (2.82)

v2
A

∂2fy
∂z2

+ ω2fy = 0 . (2.83)
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24 Theoretical Concepts

Acoustic solution

From Equation (2.82), taking a solution of the form fz = A exp(z/2H0) exp(ikzz), the dispersion
relation kzcs = ∓

√
ω2 − ω2

c and the solutions

fz = A exp

[(
1

2H0
∓
√
ω2 − ω2

c

cs

)
z

]
if ω < ωc ,

fz = A exp

[(
z

2H0
∓ i
√
ω2 − ω2

c

cs

)
z

]
if ω > ωc , (2.84)

can be obtained, where ωc = γg/(2cs) is the acoustic cut-off frequency and H0 = c2
s/(γg) is the

pressure scale height. When ω < ωc the perturbation is evanescent and produces stationary waves.
When ω > ωc the perturbation amplitude grows exponentially with height, it is a propagating wave.

Magnetic solution

The Equations (2.83) and (2.81b) give the solution for Alfvén waves with the general form of

f{x,y} = AJ0

(
2ωH0

vA

)
+BY0

(
2ωH0

vA

)
, (2.85)

where J0 and Y0 are the Bessel functions of order zero of first and second type, and A and B are two
constants.

2.4 Mode transformation

For mode transformation (or mode conversion) it is important to define the plasma β coefficient. This
coefficient offers information about if the medium is magnetically dominated or not. It is strictly
defined as the ratio between the gas and magnetic pressure β = pgas/pmag. Values of β > 1 means the
medium is gas dominated and values β < 1 means the medium is magnetically dominated. Values of
β ≈ 1 correspond to a region called equipartition layer.

In the solar atmosphere, the presence of gradients and strong vertical stratification allow for the
process of mode transformation. The Alfvén speed can increase orders of magnitude in a short distance
at the upper photosphere and low chromosphere, because of the density fall off. Therefore a geometrical
region, where the sound speed is equal to the Alfvén speed (vA = cs), will exist at some height in the
atmosphere.

Due to the phase velocity of both modes will be similar around this layer, to keep the continuity of
the dispersion relation, different modes can interact with each other producing a waves transformation
and then the energy may be transfer from one mode to the other. Fast/slow magnetoacoustic coupling
takes place around this region.

The mathematical formalism of mode conversion was developed by Schunker & Cally (2006) and
Cally (2006, 2007) based on the generalized ray theory of Tracy et al. (2003). In the solar literature, the
equipartition layer is either defined as where the plasma β or the ratio of acoustic and Alfvén speeds
squared, c2

s/v
2
A, reaches unity. This last definition is more convenient from the point of view of wave

propagation. These two definitions differ by the factor γ/2. The wave speed equipartition is the more
physically relevant criterion, but in practice there is little difference due to the mode wavelength is
typically larger than the transition region width.
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2.4 Mode transformation 25

Figure 2.4— Mode conversion diagram from Khomenko & Cally (2012). The blue lines represent the magnetic field
projection over the plane. This magnetic field is given by the inclination angle θ respect the vertical and the azimuth
angle φ. The left panel shows a fast (acoustic) wave into a high β region propagating upwards. When this wave reaches
the equipartition layer the rays split into a fast (magnetic) wave, shown in black, and a slow (acoustic) wave propagating
along the field lines, shown in red. Due to the Alfvén speed is increasing upward, the fast wave will be refracted around
zr and the geometrical mode conversion fast-to-Alfvén wave occurs in the region represented as a fuzzy blob.

Fast-to-slow magneto acoustic mode conversion

If the angle between the magnetic field and the wave vector is small, θB ≈ 0 around the equipartition
layer, the fast MHD mode may become a slow MHD mode but keeping its physical nature (magnetic
or sonic). On the other hand, if the vectors are perpendicular in that region, θB ≈ π/2, a slow mode
continues as slow mode, but changing its physical nature from acoustic to magnetic and the same occurs
for the fast mode. For frequencies above the cut-off frequency ωc, the coefficient of transformation fast-
to-slow was derived by Cally (2006) as

C = exp

[
−kπ sin2 θB

(
∂β

∂s

)−1
]
, (2.86)

where plasma β is defined here as β = c2
s/v

2
A, s is the distance along the direction k and θB is the

angle between the magnetic field B and the direction of wave propagation k. If the angle is other than
the mentioned before, the transformation is partial, therefor the transformation depends on the angle
and part of the incident fast mode goes into a slow one, and another part continues as fast.

Fast-to-Alfvén mode conversion

In the solar atmosphere, Alfvén waves can appear for example by a random perturbation in the
photosphere (Kudoh & Shibata 1999), by magnetic reconnection (Kigure et al. 2010), or by means
of ideal-MHD fast-to-Alfvén transformation. This mode transformation happens where the fast wave
reflects due to the density stratification, this is, around a reflection height (zr), as Cally & Hansen
(2011) suggested. This height is typically well above the equipartition level, but depends on the wave
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26 Theoretical Concepts

frequency and horizontal wavenumber, see the blue fuzzy blob in Figure 2.4. In a low β plasma, the
reflection point is near the height where the horizontal phase speed matches the Alfvén speed, and so
is higher for high frequency and for near-vertical propagation. This process could be an important
mechanism to provide energy to the solar corona. This is so because unlike fast waves, which reflect
in the transition region or chromosphere due to the rapidly increasing Alfvén speed, Alfvén waves
generated through the mode transformation close to the transition region are more able to overcome
this barrier, and to reach the corona. The efficiency of this mode conversion depends on the local
relative inclination between the wave vector and the background magnetic field, for this reason is also
called geometrical fast-to-Alfvén mode transformation (Cally & Goossens 2008; Cally 2009; Cally &
Hansen 2011; Khomenko & Cally 2011, 2012; Felipe 2012). Observations realized by De Pontieu et al.
(2007c), Tomczyk et al. (2007) or Jess et al. (2009) have shown that Alfvén waves are everywhere in the
corona. Later on, observations from McIntosh et al. (2011) and Jess et al. (2012) have shown that these
Alfvénic waves are of sufficient amplitude to heat some regions and contribute to the acceleration of
the solar wind. Recently, Srivastava et al. (2017) have reported the first observation of high-frequency
torsional Alfvén waves (∼12–42 mHz) in the solar chromosphere. In Chapter 5 a new mechanism of
mode transformation fast-to-Alfvén by means of the non-ideal Hall effect will be discussed.

2.5 Mode identification: a note on the velocity projections

In a semi empirical solar stratification, as the one we had considered for our experiments presented
later in this thesis, the identification of the different modes is a tough task because they are physically
mixed. In this work, in order to carry out the mode selection we have used the properties of MHD
waves and made the change of base using the triad (elong, eperp, etrans) as used by Cally & Goossens
(2008), also mention as the mixed field line/magnetic surface triad by Goedbloed et al. (2010),

elong = cosφ sin θ ex + sinφ sin θ ey + cos θ ez , (2.87a)

eperp = − cosφ sin2 θ sinφ ex + (1− sin2 φ sin2 θ) ey − cos θ sin θ sinφ ez , (2.87b)
etran = − cos θ ex,+cosφ sin θ ez . (2.87c)

This new basis allow us to select the Alfvén mode (for any plasma β). However, elong and etran generally
select a mixture of slow/fast magneto-acoustic modes depending on plasma β.

To verify the behavior of the projections, we can use the ideal MHD formulation and consider a
simple case with an infinite uniform plasma with a constant vertical magnetic field B = B0ez and
ky = 0. In this case, the transformation between the bases is simplified to

elong = ez, eperp = ey, etran = ex . (2.88)

We can define the displacement associated to the Alfvén wave and the slow/fast magneto-acoustic
waves as

XF = (ξ · etran) etran = ξxex , (2.89a)
XA = (ξ · eperp) eperp = ξyey , (2.89b)
XS = (ξ · elong) elong = ξzez . (2.89c)

The eigenfunctions for the incompressible Alfvén wave ξA, and both the slow and fast magneto-
acoustic waves, ξ{S,F}, in this case are given by

ξA = ξyey , (2.90)
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2.6 Convection 27

ξS = ξz

(
ω2
S

ω2
S − k2v2

A

kx
kz

ex + ez

)
= ξx

(
ex +

ω2
S − k2v2

A

ω2
S

kz
kx

ez

)
, (2.91)

ξF = ξz

(
ω2
F

ω2
F − k2v2

A

kx
kz

ex + ez

)
= ξx

(
ex +

ω2
F − k2v2

A

ω2
F

kz
kx

ez

)
, (2.92)

where the slow/fast magneto-acoustic frequencies, ω{S,F}, are

ω{S,F} =
k2(c2

s + v2
A)

2

{
1±

(
1− 4ω2

C

k2(c2
s + v2

A

)1/2
}
, (2.93)

with ωC = kzvC being the cusp frequency, and vC the cusp velocity v2
C = c2

sv
2
A/(c

2
s + v2

A). It is clear
from Eq. (2.90) that ξA = XA holds in general. From Eqs. (2.91) and (2.92) it can be seen that the
slow and fast mode displacements are formed by a linear combination of eigen displacements (2.89).
In the limit of low plasma β,

ξS ≈ XS , ξF ≈ XF . (2.94)

while in the limit of high plasma β,

ξS ≈ ξz(ez −
kz
kx

ex), ξF = ξx(ex +
kz
kx

ez). (2.95)

So the above projection only allows us to separate fast and slow magneto-acoustic modes in the limit
of low plasma β. More details about this can be found in Goossens (2003), chapter 5.

2.6 Convection

The Standard Model considers the interior of the Sun as a sphere form by concentric shells where all
the thermodynamic variables are function of the radial distance from the center, Fig 1.1. Assuming
the perfect gas law for the EOS it is possible to write a hydrostatic force balance between the pressure
and gravity as

dp

dr
= −ρg , (2.96)

and consider a steady-state energy balance

dL(r)

dr
= 4πr2ρε , (2.97)

where ε is the rate of nuclear energy generation and L(r) is the thermal energy outflow trough a sphere,
which outside the core has a constant value (L� = 3.86×1026 W). Inside the radiative zone the energy
is transport by radiation and it is in radiative equilibrium so the temperature gradient for radiative
transport can be written as

dT

dr
= − 3κRρ

16σSBT 3

L

4πr2
, (2.98)

where σSB = 5.6705× 10−8W m−2 K−4 is the Stefan-Boltzmann constant and κR the Rosseland mean
opacity.

Inside the convective zone the temperature gradient becomes steeper, reaching a limit where the
material can not remain in a stable equilibrium against gravity and the energy will be transported by
convection. The rise of the opacity when moving outwards originates the increase of the temperature
gradient, so hot bubble of matter move upward. The opposite occurs when those bubbles reach the
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28 Theoretical Concepts

Figure 2.5— Averaged pressure and density relation
into the Solar stratification. The dashed part of the curve
roughly correspond with the convective zone and shows
a near adiabatic relation between them. Extracted from
Nordlund et al. (2009).

𝜌in+𝛿𝜌in

g

r
Buoyancy

𝜌out+𝛿𝜌out

𝜌out
Hot

Cool

𝜌in

dr

Figure 2.6— Vertical displacement of a convective bub-
ble traveling outward a distance dr. The conditions inside
the bubble are designated by a subscript "in" and outside
by the subscript "out".

photosphere, the opacity decreases letting photons to escape and the cooled down material starts to
sink. Convective motions then involve mass movements, which in general are turbulent and have a
subsonic velocity. Thus the stratification can be considered adiabatic, see Fig. 2.5, and then most of
the convection zone, specially the lower part, can be considered close to a perfect polytrope.

The rising bubbles, Fig. 2.6, are feeling a buoyancy force while the density changes inside (δρin)
are smaller than the density changes outside (δρout), this is,

δρin < δρout . (2.99)

By considering the perfect gas law (p = kBρT/m) and differentiating it, we can write the changes in
pressure, density, and temperature inside,

δpin

p
=
δρin

ρ
+
δTin

T
, (2.100)

and outside the parcels of matter,

δpout

p
=
δρout

ρ
+
δTout

T
. (2.101)

Because the movement upward is slow the bubble of plasma remains in horizontal pressure equilibrium
with the surroundings and then δpin = δpout which implies, after using Eqs. (2.99), (2.100), and
(2.101), that the parcel of matter will continue rising if∣∣∣∣dTout

dr

∣∣∣∣ > ∣∣∣∣dTin

dr

∣∣∣∣ . (2.102)

Under the previous assumption, the parcel of matter is governed by

pin =
kB
m
ρinTin,

dpin

dr
= −ρing,

pin

ργin
= constant , (2.103)
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2.6 Convection 29

which combined become ∣∣∣∣dTout

dr

∣∣∣∣ > γ − 1

γ

gm

kB
. (2.104)

This Equation is known as the Schwarzschild criterion for convective instability. At the surface and
across the convection zone the EOS is strongly affected by ionization fraction since at the bottom part
the gas is fully ionized and at the surface the gas is partially ionized. This will introduce changes in
the values of the factor (γ − 1)/γ in the Eq. (2.104).

The first numerical treatment of those convective motions considered that the rising bubble travels
outward some distance before disintegrating and thermalizes with the surroundings. This distance is
known as mixing-length and can be written in terms of a free parameter α and the pressure scale height
Hp, Eq. (2.105), as l = αHp.

Hp = −
1

p

∂p

∂r
. (2.105)

More about the mixing-length formalism can be found for example in Carroll & Ostlie (1996). In
Chapter 6 we will discuss recent numerical magneto-convection simulations.
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3
The numerical code Mancha3D

Always code as if the guy who ends up maintaining your code will be a violent psychopath who
knows where you live. Code for readability.

- John F. Woods, Programmer and former UK based computer game producer, 1991.

This chapter describes briefly the current version of the numerical code Mancha3D developed
by Felipe et al. (2010). We will use this code as a starting point to implement the new numerical
techniques exposed in Chapter 4 and it is used to carry out the numerical experiments, tests and
simulations shown in Chapters 5 and 6.

3.1 Outline

The current implementation of the numerical code Mancha3D is a parallel tridimensional extension
of the code developed by Khomenko & Collados (2006). It solves the non-linear non-ideal 3D MHD
equations for the perturbations written in conservative form (Felipe et al. 2010; Khomenko & Collados
2012). It is written in FORTRAN 95 and it is fully parallelized using the MPI and HDF-5 libraries.

To avoid high frequency numerical noise and improve the numerical stability artificial diffusion
terms are added instead of their physical counterparts following the work of Vögler et al. (2005). Each
numerical diffusivity coefficient has its own contribution formed by a constant in time contribution, a
hyperdiffusivity part and a shock-resolving part. Because in some simulations a high diffusivity is not
desirable (especially when solving for waves) the code can perform an additional filtering to damp small
wavelengths using the method described by Parchevsky & Kosovichev (2007). This way, the artificial
diffusivity remains low and the numerical noise is avoided. For spatial integration Mancha3D uses
a centered 6th order accurate derivative, following Nordlund & Galsgaard (1995). To advance in
time it uses an explicit multi-step Runge-Kutta (RK) scheme, accurate to 4th order (Vögler et al.
2005; Khomenko & Collados 2006; Felipe et al. 2010). To prevent wave reflection at the boundaries,
especially when working with complex magnetic field configurations, the code has a perfectly matched
layer (PML; Berenger 1994, 1996; Hu 1996; Hesthaven 1998; Hu 2001; Parchevsky & Kosovichev 2009).
It also has the possibility of using some adaptive mesh refinement (AMR) method (Berger & Colella
1989) to follow the evolution of fine structures.

More recently, a new radiative transfer module has been added to solve the radiative transfer
equations using the short characteristic method. It is also possible to choose between an ideal equation
of state or a realistic one in thermodynamical equilibrium based on precalculated tables, which include

31
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32 Mancha3D

the ionization equilibrium solution and the electron pressure needed to calculate the non-ideal terms,
see Khomenko & Collados (2012) and Khomenko et al. (2017) for details.

The pure MHD part of the code has been verified against standard numerical tests by Felipe et al.
(2010) and the code has been used in a wide range of numerical experiments (both ideal and realistic),
such as modeling of wave propagation, instabilities, and magneto-convection (e.g., Felipe et al. 2010;
Khomenko & Collados 2012; Felipe et al. 2013; Luna et al. 2016; Felipe et al. 2016; Santamaria et al.
2016; Khomenko et al. 2017).

The non-ideal MHD part of the code has been used in recent numerical experiments such as the
seed of magnetic fields by means of the Biermann battery term, mode transformation in the presence
of ambipolar diffusion or the effects introduced by the ambipolar term into the radiative magneto-
convection phenomena (e.g., Khomenko et al. 2017; Cally & Khomenko 2018; Khomenko et al. 2018).
Chapter 4 contains the numerical validation of each of the non-ideal terms implemented into the current
version of the code.

3.2 MHD equations for the perturbations

Inserting an expression like (2.63) for each variable into the equations of continuity (2.57), motion
(2.58), energy (2.59), and induction (2.60), a system of non-linear differential equations for the pertur-
bations in a magnetized non-ideal plasma can be obtained.

� Continuity
∂ρ1

∂t
+∇ · [(ρ0 + ρ1)v1] =

(
∂ρ1

∂t

)
diff

, (3.1)

where in this section and bellow the subscript “0” denotes the background values, the subscript
“1” is for the perturbations, and the subscript “diff” denotes the artificial diffusion terms which
will be describe in Section 3.5.

� Momentum

∂[(ρ0 + ρ1)v1]

∂t
+∇ ·

[
(ρ0 + ρ1)v1v1 +

(
p1 +

B2
1

2µ0
+

B1 ·B0

µ0

)
I−

− 1

µ0
(B0B1 +B1B0 +B1B1)

]
= (ρ0 + ρ1)g + S(t) +

(
∂[(ρ0 + ρ1)v1]

∂t

)
diff

,

(3.2)

� Energy
∂e1

∂t
+∇ ·

[
v1

(
(e0 + e1) + (p0 + p1) +

|B0 +B1|2
2µ0

)
−

− 1

µ0
(B0 +B1) [v1 · (B0 +B1)]

]
= (ρ0 + ρ1)v1 · g +Qrad +

+

(
∂e1

∂t

)
diff

+

(
∂e1

∂t

)
non-ideal

,

(3.3)

where the last term on the right-hand side with the subscript “non-ideal” is the sum of non-ideal
terms. (

∂e1

∂t

)
non-ideal

=

(
∂e1

∂t

)
Ohm

+

(
∂e1

∂t

)
Ambi

+

(
∂e1

∂t

)
Batt

. (3.4)
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3.2 MHD equations for the perturbations 33

Expanding these terms we have:(
∂e1

∂t

)
Ohm

+

(
∂e1

∂t

)
Ambi

= ∇ · [B× (η + ηA)J⊥] =

=
∂

∂x

(
(η + ηA)(ByJ⊥z −BzJ⊥y)

)
−

− ∂

∂y

(
(η + ηA)(BxJ⊥z −BzJ⊥x)

)
+

+
∂

∂z

(
(η + ηA)(BxJ⊥y −ByJ⊥x)

)
,

(3.5)

(
∂e1

∂t

)
Batt

= ∇ ·
[
ηB
∇pe ×B

|B|

]
=

=
∂

∂x

(
ηB
|B|(

∂pe
∂y

Bz −
∂pe
∂z

By)

)
−

− ∂

∂x

(
ηB
|B|(

∂pe
∂x

Bz −
∂pe
∂z

Bx)

)
+

+
∂

∂x

(
ηB
|B|(

∂pe
∂x

By −
∂pe
∂y

Bx)

)
,

(3.6)

with
e1 =

1

2
(ρ0 + ρ1)v

2
1 +

p1

γ − 1
+

1

2µ0
(B2

1 + 2B0 ·B1) . (3.7)

� Induction
∂B1

∂t
= ∇× [v1 × (B0 +B1)] +

(
∂B1

∂t

)
diff

+

(
∂B1

∂t

)
non-ideal

, (3.8)

The first term on the right-hand side is called convective term and can be written in components
as: (

∂Bx
∂t

)
conv

=
∂

∂y

(
vxBy − vyBx

)
+

∂

∂z

(
vxBz − vzBx

)
, (3.9a)(

∂By
∂t

)
conv

=− ∂

∂x

(
vxBy − vyBx

)
+

∂

∂z

(
vyBz − vzBy

)
, (3.9b)(

∂Bz
∂t

)
conv

=− ∂

∂x

(
vxBz − vzBx

)
− ∂

∂y

(
vyBz − vzBy

)
, (3.9c)

and the third one is the sum of non-ideal terms,(
∂B1

∂t

)
non-ideal

=

(
∂B1

∂t

)
Ohm

+

(
∂B1

∂t

)
Ambi

+

(
∂B1

∂t

)
Hall

+

(
∂B1

∂t

)
Batt

. (3.10)

Expanding those terms we have the Ohmic term:(
∂Bx
∂t

)
Ohm

=− ∂

∂y

(
ηµ0Jz

)
+

∂

∂z

(
ηµ0Jy

)
, (3.11a)(

∂By
∂t

)
Ohm

=
∂

∂x

(
ηµ0Jz

)
− ∂

∂z

(
ηµ0Jx

)
, (3.11b)(

∂Bz
∂t

)
Ohm

=− ∂

∂x

(
ηµ0Jy

)
+

∂

∂y

(
ηµ0Jx

)
, (3.11c)



44 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

44 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

34 Mancha3D

for the ambipolar term:(
∂Bx
∂t

)
Ambi

=− ∂

∂y

(
ηAµ0J⊥z

)
+

∂

∂z

(
ηAµ0J⊥y

)
, (3.12a)(

∂By
∂t

)
Ambi

=
∂

∂x

(
ηAµ0J⊥z

)
− ∂

∂z

(
ηAµ0J⊥x

)
, (3.12b)(

∂Bz
∂t

)
Ambi

=− ∂

∂x

(
ηAµ0J⊥y

)
+

∂

∂y

(
ηAµ0J⊥x

)
, (3.12c)

for the Hall term:(
∂Bx
∂t

)
Hall

=− ∂

∂y

(
ηHµ0

|B| (JxBy − JyBx)
)
− ∂

∂z

(
ηHµ0

|B| (JxBz − JzBx)
)
, (3.13a)(

∂By
∂t

)
Hall

=
∂

∂x

(
ηHµ0

|B| (JxBy − JyBx)
)
− ∂

∂z

(
ηHµ0

|B| (JyBz − JzBy)
)
, (3.13b)(

∂Bz
∂t

)
Hall

=
∂

∂x

(
ηHµ0

|B| (JxBz − JzBx)
)
+

∂

∂y

(
ηHµ0

|B| (JyBz − JzBy)
)
, (3.13c)

and for the Biermann battery term:(
∂Bx
∂t

)
Batt

=
∂

∂y

(
ηBµ0

|B|
∂pe
∂z

)
− ∂

∂z

(
ηBµ0

|B|
∂pe
∂y

)
, (3.14a)(

∂By
∂t

)
Batt

=− ∂

∂x

(
ηBµ0

|B|
∂pe
∂z

)
+

∂

∂z

(
ηBµ0

|B|
∂pe
∂x

)
, (3.14b)(

∂Bz
∂t

)
Batt

=
∂

∂x

(
ηBµ0

|B|
∂pe
∂y

)
− ∂

∂y

(
ηBµ0

|B|
∂pe
∂x

)
. (3.14c)

Where for simplicity the vector components in both the energy and induction equations were written
in a compact form as: Bl = B0l +B1l, J⊥l = J⊥0l + J⊥1l, and Jl = J0l + J1l with l = x, y, z.

The artificial diffusion terms, with a physical counterpart except for the Eq. (3.1), were added for
numerical stability reasons following Vögler et al. (2005) and will be treated in Subsection 3.5. In
some situations, such as when the wavelength is much smaller than the photon mean free path (opti-
cally thin mediums), the radiative term Qrad can be calculated through Newton’s cooling law

Qrad = −cvρ0
T1

τR
, cv =

1

γ − 1

R
µ
, (3.15)

where τR is the radiative relaxation time. In a more realistic situations, Qrad is computed using the
radiative transfer module, see Section 3.9. Finally, the system is closed either with an ideal equation
of state or a realistic one in thermodynamical equilibrium based in precalculated tables, see Section
3.8.

3.3 Spatial integration

The current version of the code works with a centered sixth order accurate spatial derivatives using
six grid points. First the quantity is interpolated, giving us the result at mid-point.

fi+1/2 =
3

265
(fi+3 + fi−2)−

25

256
(fi+2 + fi−1) +

75

128
(fi+1 + fi) . (3.16)



45 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

45 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

3.5 Temporal integration 35

Then, doing the numerical derivative, the result is returned back to the original spatial centered mesh.

∂fi
∂x

=
3

640

(fi+5/2 − fi−5/2)

∆x
− 25

384

(fi+5/2 − fi−3/2)

∆x
+

75

64

(fi+3/2 − fi+1/2)

∆x
. (3.17)

This can be done because the interpolation and differentiation operators are computationally equiva-
lent. The reason of choosing a fifth order interpolation and a sixth order derivative is based on tests
done by Nordlund & Galsgaard (1995), which shown how the noise level is enhanced at wavenum-
bers close to the Nyquist frequency using lower order operators. As a consequence, a lower diffusion
coefficients can be used.

3.4 Temporal integration

To advance the solution in time an explicit fourth order Runge-Kutta (RK) scheme is used in Man-
cha3D using the formulation well tested by Vögler et al. (2005), Khomenko & Collados (2006) or Felipe
et al. (2010) among others. The system of equations written in conservative form can be schematically
represented as

∂U

∂t
= R(U) = −∇F(U) + S(U) , (3.18)

where R(U) represents an operator formed by the sum of the spatial derivatives of fluxes F(U) and the
source terms, S(U). The vector U = U0+U1, is the set of variables in the equations: [ρ, ρv,B, e](r, t).

The next time step is calculated using an explicit RK scheme that can be written as

U( 1
4

) = U(0) +
∆t

4
R(U(0)) , (3.19a)

U( 1
3

) = U(0) +
∆t

3
R(U( 1

4
)) , (3.19b)

U( 1
2

) = U(0) +
∆t

2
R(U( 1

3
)) , (3.19c)

U(1) = U(0) +∆tR(U( 1
2

)) , (3.19d)

where U(0) corresponds to the solution at t0 and U(1) corresponds to the solution at t1 = t0 +∆t, with
∆t given by the Courant, Friedrichs and Lewy (CFL) condition (Courant et al. 1928), see Section 3.6.

Since Mancha3D solves the non-linear MHD equations for perturbations, the RK scheme only
advances in time the perturbed quantities U1 = [ρ1, ρv,B1, e1](r, t).

3.5 Artificial diffusivity

Due to the high Reynolds and magnetic Reynolds numbers existing in the solar atmosphere, the
characteristic lengths of the diffusivity are not resolved, and perturbations at such scales have to be
dumped to avoid numerical noise. To avoid the growth of the noise, numerical viscosity and diffusivity
have to be included. The code has implemented the numerical viscosity and diffusivity coefficients as
a sum of three contributions, a shock-resolving part (3.21), a hyperdiffusive part (3.22) and a constant
contribution (3.23).

νl(U1) = νshkl + νhypl (U1) + νcntl , (3.20)

νshkl =

{
Cshk ·∆x2

l · |∇ ·U1| ∇ ·U1 < 0

0 ∇ ·U1 ≥ 0
, (3.21)
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36 Mancha3D

νhypl (U1) = Chyp · ctot ·∆xl ·
max3∆

3
lU1

max3∆1
lU1

, (3.22)

νcntl = Ccnt · (cs + vA) ·∆xl · F (x, y, z) , (3.23)

where l = x, y, z and ctot is the sum of flow velocity, sound speed and Alfvén speed,

ctot = vflow + cs + vA , (3.24)

and where ∆1
lU1 and ∆3

lU1 are given by

(∆1
lU1)i+ 1

2
= |(U1)i+1 − (U1)i| , (3.25)

(∆3
lU1)i+ 1

2
= |3 [(U1)i+1 − (U1)i]− [(U1)i+2 − (U1)i−1]| , (3.26)

representing the first and third absolute differences of U1.
Once these coefficients are calculated, they must be introduced into the MHD equations (3.1), (3.2),
(3.3), and (3.8) as a numerical implementation of the diffusive terms denoted with subscript “diff”.(

∂ρ1

∂t

)
diff

=
∑
l

∂

∂xl

(
νxl(ρ1)

∂ρ1

∂xl

)
, (3.27a)(

∂ρv1

∂t

)
diff

= ∇ · τ , (3.27b)(
∂e1

∂t

)
diff

= ∇ · (v1τ) +∇ · (B1 × E) , (3.27c)(
∂B1

∂t

)
diff

= −∇× E , (3.27d)

(3.27e)

where τ is the stress tensor

τkl =
1

2
(ρ0 + ρ1)

(
νk(v1l)

∂v1l

∂xk
+ νl(v1k)

∂v1k

∂xl

)
, (3.28)

and E , is the vector quantity defined as

E =

νy(B1z)∂yB1z − νz(B1y)∂zB1y

νz(B1x)∂zB1x − νx(B1z)∂xB1z

νx(B1y)∂xB1y − νy(B1x)∂yB1x

 . (3.29)

All mixed derivative, as those present in Eq. (3.27a), are done using the spatial integration of Section
3.3 twice.

3.6 Time step

The CFL criterion ensures that in a time step ∆t the information transported by waves or flows travels
a distance not bigger than the mesh size. The time step must be smaller than the advective time step
(∆tadv) and the diffusion time step (∆tdiff).

∆tadv = Cadv ·
1

max(cs, vA)

√(
1

∆x2
+

1

∆y2
+

1

∆z2

)−1

, (3.30)
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3.8 Filtering 37

∆tdiff = Cdiff ·min

(
∆x2

νx
,
∆y2

νy
,
∆z2

νz

)
, (3.31)

where Cadv and Cdiff are two constants in the interval (0,1].

When physical non-ideal terms are considered, the time step has to be the minimum of all the time
steps, both advective, physical and numerical diffusive, and viscose time steps given by the Equations
(3.32), (3.33), and (3.34).

∆tOhmic = COhmic ·
min(∆x2, ∆y2, ∆z2)

η
, (3.32)

∆tAmbi = CAmbi ·
min(∆x2, ∆y2, ∆z2)

ηA
, (3.33)

∆tHall = CHall ·
min(∆x2, ∆y2, ∆z2)

ηH
, (3.34)

where COhmic, CAmbi, and CHall are constants in the interval (0,1]. Due to by definition ηH = ηB, the
Biermann battery time step results equal to the Hall time step, ∆tBatt = ∆tHall, and then

∆t = min (∆adv, ∆tdiff , ∆tOhmic, ∆tAmbi, ∆tHall) . (3.35)

Usually, the restrictions from Hall and Ohmic terms are negligible for the spatial steps considered and
can be dropped out from Eq. (3.35).

3.7 Filtering

Following the suggestions of Hesthaven (1998) to improve the stability of the code, a filter is imple-
mented in the current version of Mancha3D using the method described by Parchevsky & Kosovichev
(2007). This filter helps to reduce the strength of the artificial diffusion terms since those terms modify
the amplitude of the perturbation.

ufilt = u(xl)−D(xl) = u(xl)− Cfilt ·
3∑

m=−3

dmu(xl +m∆xl) , (3.36)

where the filter can be applied to any spatial direction. Cfilt is the filter strength constant, taking
values into the interval (0,1]. D(xl) is a damping function where the coefficients dm are selected in
the Fourier transform space according to the filter response function G(k), which relates the original
transform function g(k) to the filtered transform function, as gfilt = G(k)g(k),

G(k∆x) = 1− Cfilt ·
3∑

m=−3

dme
imk∆x = 1− Cfilt · sin6

(
k∆x

2

)
. (3.37)

The coefficients dm have the values:

d0 =
5

16
, d1 = d−1 = −15

64
, d2 = d−2 =

3

32
, d3 = d−3 = − 1

64
. (3.38)
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38 Mancha3D

3.8 Realistic equation of state

The equation of state (EOS) implemented in Mancha3D is in thermodynamical equilibrium and
considers a solar like chemical mixture based on the work of Anders & Grevesse (1989). It also considers
the effects of the first and second atomic ionization for all the elements with an atomic number Z ≤ 92
and the formation of hydrogen molecules. Based on Saha equation, the method described by Mihalas
(1967) is followed to precalculate a series of tables for internal energy, density, and electron pressure as
a function of the thermodynamical variables (p, T ), which form a grid where those tabulated variables
can be interpolated during simulations. This procedure allows an efficient conversion between variables
and makes faster the computing of non-ideal terms. There is a freedom of using different EOS with
different chemical composition or adding terms like the electron degeneration, that would be relevant
in other simulations.

3.9 Numerical radiative transfer

In the solar atmosphere we can assume that the speed of light is much bigger than the flow velocities,
meaning that the radiation field at a given time only depends of the atmospheric state at that given
time. This means that the emission and absorption functions can be calculated based on the previous
time step, allowing us to solve the radiative transfer (RT) equation (2.11) explicitly.

Mancha3D is capable of solving the non-gray RT equation using the short characteristic method
described by Olson & Kunasz (1987) to compute the losses term Qrad assuming local thermodynamic
equilibrium (LTE). The solver discretizes the formal solution of the RT equation in such a way that
reduces the computation time.

The wavelength treatment is done following the multigroup method described by Nordlund (1982),
also known as opacity binning method. This method sorts and groups the frequencies into small
packages called bins according to the strength of the corresponding opacity. For each bin the RT
is solved using an averaged opacity obtained from an opacity distribution function and continuum
opacities from the ATLAS9 stellar atmosphere catalog by Kurucz (1993). In order to calculate the
intensity for a given frequency and direction, the integration is done over the bins in frequency, and
over the directions, using a quadrature with three rays per octant, thereby the computational time is
reduced drastically. When only one bin is used the method simplifies into the gray approximation. For
more details, Vögler et al. (2004) offers a description of the opacity binning method, as implemented
in Mancha3D (Khomenko et al. 2018).

The LTE approximation limits the height above the photosphere due to the assumptions underlying
LTE. In the optically thin corona, Qrad can be computed using the Equation (3.15) of Newtonian
cooling.

3.10 Boundary conditions

3.10.1 Non-reflective boundary condition

Using the equations for perturbations instead the full variable equations it is easy to implement par-
ticular non-reflective boundary conditions at all the sides of the numerical box to avoid incoming
perturbations due to reflexions. This boundary condition is know as perfectly matched layer (PML)
and was developed by Berenger (1994, 1996) for Maxwell’s equations and later applied to the Eu-
ler’s equations by Hu (1996, 2001). The idea to use PML was extended to the MHD equations by
Parchevsky & Kosovichev (2009) and was well tested by them.
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3.10 Boundary conditions 39

The main idea of this method is to split each of the conservation equation into the three Carte-
sian direction and apply a damping factor individually to each of them, thus the Equation (3.18) can
be written for the perturbations, U1 = U1,x +U1,y +U1,z, as

∂U1

∂t
+
∂Fx(U1)

∂x
+
∂Fy(U1)

∂y
+
∂Fz(U1)

∂z
= S(U1) , (3.39)

where applying the splitting results

∂U1,x

∂t
+
∂Fx(U1)

∂x
+ σxU1,x = Sx(U1) , (3.40a)

∂U1,y

∂t
+
∂Fy(U1)

∂y
+ σyU1,y = Sy(U1) , (3.40b)

∂U1,z

∂t
+
∂Fz(U1)

∂z
+ σzU1,z = Sz(U1) , (3.40c)

where U1,l is a vector contained the perturbation of the conserved variables, Fl are the fluxes of those
variables, and Sl are the source terms in the direction l = x, y, z. The absorption coefficients σl are
calculate as

σl =
Al
∆xl

·
(
xl − xPML

l

xPML
l

)2

, (3.41)

resulting in a smooth function going from small values at the interface in each direction to the value
given by the PML strength coefficients Al at the width of the PML in each direction, xPML

l . This is
done to avoid reflections due to strong variation at the boundary.

Sponge PML

PML damps well perturbations in the normal direction to the boundary, however perturbations in the
tangential direction remain undamped. Under some conditions (e.g. inclined field in low-β plasma) it
can introduce some instabilities or numerical noise within the PML domain. Those instabilities some
times can grow and compromise the stability of the simulation. This problem is specially present in the
experiments of Chapter 5 when the waves had a certain incident angle α of around 35 to 55 degrees.
It uses to appear as a moving chess board pattern along the PML domain. After some tests, it was
observed that instead of applying the PML following the Eqs. (3.40), was better option to applied each
of the directional absorption coefficients over all the split variables into the PML domain, as the Eqs.
(3.42) shown. We have called this modification “sponge-PML” and it have increased significantly the
numerical stability of these experiments without affecting particularly the solution into the numerical
domain.

∂U1,x

∂t
+
∂Fx(U1)

∂x
+ σxU1 = Sx(U1) , (3.42a)

∂U1,y

∂t
+
∂Fy(U1)

∂y
+ σyU1 = Sy(U1) , (3.42b)

∂U1,z

∂t
+
∂Fz(U1)

∂z
+ σzU1 = Sz(U1) . (3.42c)

3.10.2 Convection boundary condition

In order to get a stable convection regime, a set of upper and bottom boundary conditions are provided
externally since they are not include by default into the code.
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Ghost CellsDomain Cells

1 2 N12N

Boundary

Figure 3.1— Boundary condition cells notation.

Top boundary

The upper boundary is set closed to flows with a stress-free condition for the horizontal components
of the velocity field. Physically this implies that vertical convective fluxes vanish at the boundary.

vz
∣∣
top
≡ 0,

∂ρ

∂z

∣∣∣∣
top

≡ 0,
∂eint

∂z

∣∣∣∣
top

≡ 0 . (3.43)

The stress-free boundary:
∂vx
∂z

∣∣∣∣
top

≡ 0,
∂vz
∂z

∣∣∣∣
top

≡ 0 . (3.44)

For the magnetic field vertical field lines are imposed:

Bx,y
∣∣
top
≡ 0

∇·B=0−−−−→ ∂Bz
∂z

∣∣∣∣
top

≡ 0 . (3.45)

This set of conditions allows free movement of the field lines; numerically it can be written as:

[vz]
ghost
j = −[vz]domain

j , [ρ]ghost
j = [ρ]domain

j , [eint]
ghost
j = [eint]

domain
j , (3.46)

[vx]
ghost
j = [vx]

domain
j , [vy]

ghost
j = −[vy]domain

j , (3.47)

[Bz]
ghost
j = [Bz]

domain
j , [Bx,y]

ghost
j = −[Bx,y]domain

j , (3.48)

with j = 1, 2, . . . , nghost, where nghost is the number of ghost cells outside the numerical domain.

Bottom boundary

The lower boundary is located inside the convective zone and should allow free movement of fluid
trough it as an open boundary. This requires knowing the physical conditions outside the numerical
domain which are unknown and then must be replaced with reasonable information. Considering that
the magneto-acoustic speed is higher than the fluid speed, that is, convective motion are slow enough,
it is possible to assume that the total pressure (3.49) is constant across this boundary (3.50),

ptot = p+
B2

2µ0
, (3.49)
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3.10 Boundary conditions 41

ptot

∣∣
bot

= ptot,0 , (3.50)

and then the gas pressure at the boundary will be:

p
∣∣
bot

= p0 = ptot,0 −
B2

2µ0
=⇒ [p]ghost

j = −[p]domain
j . (3.51)

At this boundary, the downflows (vz < 0) and upflows (vz > 0) should have a smooth behavior
going in and out of the domain more or less homogeneously. This can be achieved by considering the
conditions (3.52) for velocity, and since at this depth the radiative exchange and thermal diffusion
are negligible, both flows can be considered isentropic, condition (3.53), and thus it is possible to
determine the values of the internal energy per unit of mass at the ghost cells considering the relation
ε0 = eint/ρ ∝ pξ for one dimensional models (e.g. Spruit 1974). For this expression, Vögler et al. (2005)
use a value of ξ = 0.25 that correspond to a depth of 800–1000 km in the convection zone for the Spruit
(1974) model. This value is an approximation since for a partially ionized gas, this parameter, has a
dependency on other thermodynamical variables. ∂vx

∂z

∣∣
bot

=
∂vy
∂z

∣∣∣
bot

= ∂vz
∂z

∣∣
bot
≡ 0 vz < 0 ,

vx
∣∣
bot

= vy
∣∣
bot
≡ 0, ∂vz

∂z

∣∣
bot
≡ 0 vz > 0 ,

(3.52)

∂s

∂z

∣∣∣∣
bot

≡ 0 . (3.53)

For downflows, the condition (3.53), where s is the entropy density per unit mass, numerically results
in [

eint

ρ

]ghost

j

=

[
eint

ρ

]domain

j

·
(

[p]ghost
j

[p]domain
j

)ξ
, (3.54)

where the ghost cell values for density are obtained by the interpolation of EOS tables to get the values
for the internal energy density.

For the upflows, are assumed constant values for the internal energy density per unit of mass across
the lower boundary (ε0) and pressure (p0). These two assumptions set the entropy density per unit of
mass at the bottom boundary to a constant value (s0) and then, the condition (3.53), results in[

eint

ρ

]ghost

j

=

[
eint,0

ρ0

]domain

j

·
(
[p]ghost

j

p0

)ξ
= ε0 ·

(
[p]ghost

j

p0

)ξ
. (3.55)

This constant value for the internal energy density can be used to control the vertical energy flux across
the boundary and the domain to maintain a solar like energy flux (F� = 6.34 × 1010 erg s−1 cm−2)
at the top boundary. The values of ε0 at the bottom boundary, along the simulation time, must be
adjusted as a function of current energy flux values at the top (Ftop). This adjustment is done in the
Kelvin-Helmholtz timescale τKH.

εt10 = εt00 ·
(
1 +

∆t

τKH
· F� − Ftop

F�

)
; τKH =

∫
box eintdV∫

top F�dxdy
. (3.56)

Since the strength of the magnetic field affects the convective motion, on the lower boundary the value
of ε0 changes. For this reason, for the upflows we set a magnetic field threshold of Bt = 800 G and
treat the regions with vz ≥ 0 and |B| > Bt as the downflows by using the Eq. (3.54) instead of Eq.
(3.55).
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42 Mancha3D

Mass control

The last step is to take care of the possible variations in the mass flows of our computational domain.
Since the domain can only contain a limited number or convective cells, statistical fluctuations in
the total mass can be significant. To control this, the condition of constant pressure at the bottom
boundary, Eq. (3.50), can be used. This correction (δMcorr), in order to be smooth, is balanced in a
timescale of τmass ≈ 30 s, thus at each time step results in,

δMcorr = δM · ∆t

τmass
=
M −M0

M0
· ∆t

τmass
, (3.57)

where M is the total mass at the current time and M0 the initial total mass. This expression guaranty
that the total pressure (ptot) has a smooth variation across the numerical box based on a previous time
step. The pressure in the upflow region results

pup = ptot,0 +∆p , (3.58)

having an associated change in density which induce a change in the vertical mass flux at the bottom
allowing to control the influx of mass. This new value of pup will be used at the next step as a starting
value of ptot,0 meaning that the downflow region has a lag of one time step behind the adjusted pressure.
The value of ∆p is found iteratively and since it is very small, it does not lead to the generation of
important horizontal pressure gradients.

3.10.3 Periodic boundary condition

The periodicity of the numerical domain is an intrinsic characteristic of the spatial derivative if nothing
else is specified.



53 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

53 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

4
Super Time-Stepping in Mancha3D

Talk is cheap. Show me the code.
- Linus Torvalds, 2000.

As was discusses in the previous chapters, this thesis uses a single-fluid approximation, which is valid
for the case of a strongly coupled collisional media, such as solar photosphere and low chromosphere.
Under the single-fluid formalism the main non-ideal effects are described by a series of extra terms in
the generalized induction equation and in the energy conservation equation. These effects are: Ohmic
diffusion, ambipolar diffusion, the Hall effect, and the Biermann battery effect. From the point of
view of the numerical solution of the single-fluid equations, when ambipolar diffusion or Hall effects
dominate, it can introduce severe restrictions on the integration time step and can compromise the
stability of the numerical scheme. In this Chapter we introduce two numerical schemes to overcome
those limitations. The first of them is known as super time-stepping (STS) and is designed to overcome
the limitations imposed when the ambipolar diffusion term is dominant. The second scheme is called
the Hall diffusion scheme (HDS) and is used when the Hall term becomes dominant. These two
numerical techniques can be used together by applying Strang operator splitting. The content of this
Chapter have been published and describes the implementation of the STS and HDS schemes in the
single-fluid code Mancha3D (Gonzalez-Morales et al. 2018). The validation for each of these schemes
is provided by comparing the analytical solution with the numerical one for a suite of numerical tests.

4.1 Introduction

The importance of the non-ideal effects, as those introduced in Chapter 2, can be evaluated by exam-
ining the ratio between the cyclotron frequency and the collisional frequencies. In the photosphere,
the cyclotron frequency can exceed the collisional one in strongly magnetized areas such as flux tubes
and sunspots, while in the chromosphere this happens over most of its volume even in regions with a
weaker magnetic field (Khomenko et al. 2014). It can be expected that in such conditions the neutral
and charged particles behave in a different way, with direct repercussions on the plasma dynamics and
energy exchange. A recent review of the behavior of partially ionized plasmas in different astrophysical
conditions is provided by Ballester et al. (2018).

Mathematically, the treatment of partially ionized plasmas depends on the degree of collisional cou-
pling. The most widely used formalisms are either a two-fluid or single-fluid approach, see the Chapter

43
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44 MHDSTS

2, the recent discussion done by Khomenko et al. (2014), or Ballester et al. (2018) for more details. The
two-fluid formalism, including the treatment of ionization-recombination terms was discussed by Meier
& Shumlak (2012). While the single-fluid formalism yields a less detailed description, it is numerically
more efficient for strongly stratified solar plasma, and therefore it has been adopted in several numerical
codes that aim at realistic simulations of the solar atmosphere such as MURaM (Vögler et al. 2005),
Bifrost (Gudiksen et al. 2011), and Mancha3D 1 (Felipe et al. 2010), the latter being the one used in
the current study and explained in detail in Chapter 3. The single-fluid formalism has an advantage
since numerically problematic collisional terms (both elastic collisions and ionization-recombination)
do not appear explicitly in the equations, greatly simplifying the modeling. For the range of colli-
sional frequencies typical for the solar photosphere and chromosphere, these collisional terms require
extremely short time steps, unsuitable for most frequently used explicit numerical codes. In the solar
case, the single-fluid formalism can safely be used for the modeling of the dense and collisional pho-
tosphere and low chromosphere, for the typical time scales of interest (Zaqarashvili et al. 2011). For
both the single and two-fluid formalisms the generalized Ohm’s law (Cowling 1957) has to be used to
describe the behavior of electric currents. The generalized Ohm’s law has a series of additional terms
derived from the presence of neutrals, while other standard terms have slightly modified expressions
(Khomenko et al. 2014). As a consequence, there appear additional terms in the induction and in
the energy conservation equations. The leading non-ideal terms in the single-fluid formalism, as was
commented in Chapter 2 are: the ambipolar diffusion (related to neutrals), and the Hall term and the
Biermann battery term (related to charges but modified by collisions with neutrals).

In an astrophysical context, ambipolar diffusion is envisaged as a process of diffusion suffered by
the magnetic field due to collisions between neutral and charged particles, the latter being frozen into
the field. Ambipolar diffusion helps converting magnetic energy into thermal energy on scales that are
typically much faster than classical Ohmic diffusion. For the Sun, it has been demonstrated that the
ambipolar diffusion is orders of magnitude larger than Ohmic diffusion in the chromospheric layers,
therefore greatly contributing to chromospheric heating via Joule dissipation (Khomenko & Collados
2012; Martínez-Sykora et al. 2012; Priest 2014). In the two-fluid treatment, the energy equation for
the charged fluid also has a Joule heating term, similar to the single-fluid case, and the expression
for the electric field comes from the generalized Ohm’s law (see, e.g., Khomenko et al. 2014; Ballester
et al. 2018). It is interesting to note, however, that ambipolar diffusion term is not explicitly present
in the two-fluid Ohm’s law, and in the energy conservation equation in the two-fluid treatment, and
the corresponding effect is expressed via explicit ion-neutral collisional terms.

The Hall effect appears when ions decouple from the magnetic field while electrons remain attached
to it. In a fully ionized plasma ions decouple from the magnetic field due to the difference between the
inertia of ions and electrons, and this decoupling typically happens for processes at high frequencies.
In weakly ionised plasmas, however, the ions can become detached from the magnetic field due to
collisions with neutrals, leading to a similar effect. The spatial and temporal scales of the Hall effect
in partially ionized plasmas are different from those in fully ionized plasmas, but the dynamics are
similar in both cases. The Hall term is not dissipative, so it does not contribute to the heating of the
environment, however it does redistribute magnetic energy in the system. Therefore, the Hall effect has
an important role at many scales, from laboratory to astrophysical plasmas, while ambipolar diffusion
is typically only important at low ionization fractions (Parker 2007; Pandey & Wardle 2008; Priest
2014; Ballester et al. 2018).

The Biermann battery effect is somewhat different to the two non-ideal effects discussed above. Its
magnitude in the solar case is rather small and it is usually ignored as it is not deemed important.

1Recently Popescu Braileanu et al. (2019a) have implemented a semi-implicit algorithm into Mancha3D code to
solve the MHD equations for a purely hydrogen plasma under the two-fluid formalism considering collisional coupling
between neutrals and charges.
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4.3 Equations 45

But recently Khomenko et al. (2017) have shown that this term is able to seed the magnetic field for
the local solar dynamo. In the present work we will consider this term for completeness.

From a numerical point of view, the battery term only introduces a small source term into the
hyperbolic system of equations of single-fluid MHD. So long as this source term is small, it is not
necessary to introduce a time step restriction based on it for either accuracy or stability reasons.
However, the ambipolar term is diffusive (i.e., parabolic), and the Hall term is dispersive. These
two latter terms introduce important restrictions into the integration time step and into the stability
of explicit numerical schemes, which are frequently used in hydrodynamic codes solving hyperbolic
equations.

This Chapter presents a new numerical scheme aiming to overcome these restrictions. This scheme is
implemented as separate modules in the existing single-fluid radiative MHD code Mancha3D (Khomenko
& Collados 2006, 2012; Felipe et al. 2010). The proposed scheme is relatively easy to add into an ex-
isting explicit numerical scheme, which allows us to keep all the benefits and flexibility of the explicit
approach. We also provide a suite of numerical tests to verify the newly implemented modules and to
check their order of accuracy.

This Chapter is organized as follows. In Section 4.2 we show the set of equations corresponding to
a single fluid description with a generalized Ohm’s law. In Section 4.3 we present the details of the
new numerical scheme introduced here. In Section 4.4 we show tests demonstrating the feasibility and
reliability of the new scheme introduced, while in Section 4.5 a brief summary is presented.

4.2 Equations

As discussed in the Section 4.1, the peculiarity of solar plasma in the photosphere and in the low
chromosphere is that, while being only weakly ionized, it is still very dense and, therefore, collisions play
an important role in coupling all plasma and neutral components. Since typically the scales of interest
are significantly larger than collisional scales (see Khomenko et al. 2014), the most efficient approach
for the mathematical treatment of such plasma is a single-fluid quasi-MHD formalism. The derivation
of conservation equations and the generalized induction equation for such a case was discussed in
Chapter 2. Mancha3D solves the following system of equations,

∂ρ

∂t
+∇ · (ρv) = 0 , (4.1)

∂(ρv)

∂t
+∇ ·

[
ρvv +

(
p+

B2

2µ0

)
I− BB

µ0

]
= ρg , (4.2)

∂B

∂t
= ∇×

[
(v ×B)− ηµ0J− ηH

µ0

|B|(J×B) + ηA
µ0

|B|2 [(J×B)×B] + ηB
µ0

|B|∇pe
]
, (4.3)

∂e

∂t
+∇ ·

[
ρv2

2
v +

γp

γ − 1
v +

1

µ0
∇ · [B× (v ×B)]

]
= ρv·g +

+∇ · [B× (η + ηA)J⊥] +∇ ·
[
ηB
∇pe ×B

|B|

]
,

(4.4)

where the non-ideal coefficients η, ηH , ηA, ηB are defined by Equations (2.30), (2.31), and (2.38). To
close the system an EOS is used, discussed in Chapter 3.
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46 MHDSTS

4.3 Description and implementation of the new numerical scheme

4.3.1 Improved time integration RK

To implement the new numerical scheme into Mancha3D we improved the RK method explained in
Section 3.4 by generalizing its accuracy order between one and fourth. In the single-fluid approximation,
the system of equations written in conservative form can be schematically represented as

∂U

∂t
= R(U) = −∇F(U) + S(U) +G(U) , (4.5)

where R(U) represents an operator formed by the sum of the spatial derivatives of fluxes F(U), the
source terms, S(U), and the non-ideal terms (Ohmic, ambipolar, Hall, and Battery), G(U). The
vector U = U0 +U1, is the set of variables in the equations: [ρ, ρv,B, e](r, t).

The next time step is calculated using an explicit RK scheme that can be written in a compact
form as

U(k) = U(n) + αk∆tR
(
U(k−1)

)
, k = 1, . . . ,m , (4.6a)

U(n+1) = U(m) , (4.6b)

where U(n+1) corresponds to the solution at tn+1 = tn +∆t, with ∆t given by the CFL condition, Eq
(3.35). The order of the RK scheme is given by the chosen m ≤ 4, and the coefficients αk can be found
in van Leer et al. (1989, Table 6) or easily computed using the Expression (4.7).

αk =
1

m+ 1− k . (4.7)

Mancha3D uses a fourth order RK scheme to solve the non-ideal single-fluid MHD equations, which
using this notation corresponds to m = 4 in Eqs. (4.6). As in Section 3.4, the RK scheme only
integrates in time the perturbed quantities U1 = [ρ1, ρv,B1, e1](r, t).

4.3.2 New MHDSTS scheme

As mentioned in Sect. 4.1, the non-ideal MHD terms are numerically problematic. In the solar
atmosphere the value of the ambipolar diffusion coefficient (ηA) strongly increases with height and
becomes larger than the classical Ohmic diffusion (η) by several orders of magnitude (Khomenko
et al. 2014). When the ambipolar term dominates the equations, the system turns from hyperbolic
to parabolic, and very small integration time steps are required in order to fulfill the CFL condition.
To avoid such small time steps, the proposed MHDSTS2 scheme uses the technique known as super
time-stepping (STS). This numerical technique was proposed by Gentzsch (1980) to speed up explicit
time-stepping schemes for parabolic problems. Later on, Alexiades (1995) and Alexiades et al. (1996)
presented a variant of this technique, which is used by O’Sullivan & Downes (2006, 2007) to overcome
the limitations caused by a large ambipolar term. As mentioned earlier, this numerical technique allows
us to speed up, in a easy and efficient way, explicit time-stepping schemes for parabolic problems.

Besides, the Hall coefficient, ηH dominates over the other two coefficients (η and ηA) over most of
the photosphere and then, the Hall effect can dominate the system (Khomenko et al. 2014). In this
case, the system becomes skew-dominant, and the integration can not be done using the STS approach
because it is unstable. In this situation, the system’s eigenvalues become complex and to fulfill the
CFL condition we would require that our time-step gets close to zero to maintain stability (O’Sullivan

2MHDSTS is the abbreviation for Mhd, HDS and sTS
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4.3 Description and implementation of the new numerical scheme 47

& Downes 2006, 2007; Gurski & O’Sullivan 2011). Thus, the proposed MHDSTS scheme uses yet
another scheme, Hall diffusion scheme (HDS), which was proposed by O’Sullivan & Downes (2006) to
overcome this problem.

The STS technique has been used in different fields successfully, for example: Choi et al. (2009)
described the implementation of the ambipolar term in a multi-dimensional MHD code based in a total
variation diminishing (TVD) scheme showing its use to follow complex MHD flows such as molecular
cloud cores or protostellar discs; Grewenig et al. (2010) introduced STS into a new class of numerical
schemes called fast explicit diffusion (FED) schemes to speed up the application of anisotropic diffusion
filters for image enhancement or image compression tasks; Tsukamoto et al. (2013) presented an explicit
scheme for Ohmic dissipation with smoothed particle magnetohydrodynamics (SPMHD) and used the
STS technique to solve the Ohmic part of the induction equation; Tomida et al. (2013) also adopted
the technique to solve the Ohmic part of the induction equation in problems of protostellar collapse;
Wurster et al. (2014) provided an implementation of the STS technique into the Phantom-spmhd code
(Price & Federrath 2010a,b; Lodato & Price 2010; Price et al. 2018) for solving the ambipolar part
of the induction equation. At this point we also mention that there is another family of STS scheme
based on the Legendre polynomials and its properties which have been applied in problems involving
thermal conduction in astrophysical plasmas as prominences or coronal rain successfully (Meyer et al.
2012, 2014; Xia & Keppens 2016; Xia et al. 2017) or by Rempel (2017) to extend the MURaM code
into the corona by implementing a hyperbolic heat conduction.

Equation (4.5) can be split into different terms (ideal MHD, Ohmic diffusion, ambipolar diffusion,
etc.), and these can be grouped together in a number of operators. There are a few options to
group those terms into operators, but for our new MHDSTS scheme we have grouped them into three
operators (MHD, STS, and HDS) as described in the following sections. The splitting technique we
have chosen to solve the system is the Strang splitting. This splitting is written in a way that keeps a
second order accuracy along the simulation by permuting the order in which we apply the operators
(Strang 1968; LeVeque 2002).

MHD operator

This operator is used to integrate the ideal MHD equations together with the battery term. We decided
to include the non-ideal contribution of the Battery term into this solver because it does not limit the
time step in solar-like problems (Khomenko et al. 2014). This operator can be defined as

∂U

∂t
=M(U) = LiMHD(U) + LBatt(U) , (4.8)

where the vector u is, as before, the set of conserved variables, LiMHD(U) = −∇F(U) + S(U) is (as
per Equation (4.5)) the standard operator for ideal MHD, and LBatt(U) is the operator for the battery
term.

The temporal integration of this operator follows the same equations as Eqs. (4.6), but in this case
the operator beingM(U) instead of R(U) and the time-step being ∆tMHD, calculated as

∆tMHD = dtiMHD , (4.9)

where dtiMHD is obtained from the CFL condition applied to the operator LiMHD(U), see upper panel
in Fig. 4.1. The Battery term time step, Eq. (3.34), does not play a role in this operator due to its
source term behavior. It is important to point out that if there are no non-ideal terms this operator
becomes a RK operator because there is no need to apply the Strang splitting. In this case, selecting
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48 MHDSTS

m = 4, we recover the RK scheme. This standard part of the Mancha3D code was thoroughly
verified via either specific numerical tests, applied in 1D, 2D, and 3D (Felipe et al. 2010), or through
the scientific numerical simulations by the code published in the literature in the last ten years. The
MHD scheme only integrates in time the perturbed quantities U1 = [ρ1, ρv,B1, e1](r, t).

STS operator

This operator is used to treat only the contribution of the Ohmic and ambipolar terms and it can be
written as

∂W

∂t
= S(W) = LOhmic(W) + LAmbi(W) , (4.10)

where the vector W = W0 +W1 corresponds to the conserved variables [B, e](r, t) or [B, eint](r, t) in
the case where we prefer to use the internal energy equation, LOhmic(W) is the operator for Ohmic
diffusion, and LAmbi(W) is the operator for ambipolar diffusion.

The main idea behind STS is to demand stability not at each time step, but at the end of a bigger
step called super-step (∆tSTS). The ∆tSTS, see upper panel in Fig. 4.1, is calculated as a sum of
sub-steps τj . To maximize the size and stability of the super-step, the small sub-steps are obtained
using the optimality properties of modified Chebyshev polynomials (Alexiades et al. 1996).

τj = dtdif

[
(ν − 1) cos

(
2j − 1

NSTS

π

2

)
+ 1 + ν

]−1

, (4.11)

in this expression, dtdif is the minimum time step given by the Ohmic term, Eq. (3.32), and by the
ambipolar term, Eq. (3.33). NSTS is the number of sub-steps, and ν is a damping parameter, associated
to the Chebyshev polynomials, to reduce higher frequencies and obtain a strong stability condition for
the numerical method. This parameter is within the interval (0,λmin/λmax], where λmin and λmax are
the smallest and the bigger eigenvalues of the matrix S(W) respectively (Alexiades et al. 1996; Gurski
& O’Sullivan 2011). When ν takes values close to one, the system is highly damped, and the super-step
becomes more accurate in the same way that any numerical explicit scheme has smaller errors resulting
from small time steps. When ν takes values close to zero, the system becomes unstable.

Thus, the value of the parameters (NSTS, ν) control the stability, accuracy and speed of the method
and depend on the spectral properties of the matrix S(W). But, as pointed out by Alexiades et al.
(1996), a precise knowledge of the eigenvalues is not needed to obtain a robust method, so the values
can be arbitrarily chosen by the user considering certain limits (stability, speed, error, etc.).
The time update by the STS operator can be written as

W(r, tn+1) = W(r, tn) +

NSTS∑
j=1

τj
∂W(r, t)

∂t

∣∣∣
tn+

∑j−1
k=1 τk

, (4.12)

where tn+1 = tn +∆tSTS and the super-step ∆tSTS is given by

∆tSTS =

NSTS∑
j=1

τj = dtdifF (NSTS, ν) , (4.13)

with

F (NSTS, ν) =
NSTS

2ν1/2

(
1 + ν1/2

)2NSTS −
(
1− ν1/2

)2NSTS(
1 + ν1/2

)2NSTS +
(
1− ν1/2

)2NSTS
. (4.14)



59 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

59 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

4.3 Description and implementation of the new numerical scheme 49

In the limit when ν tends to zero, the super-step formed by N sub-steps covers an N times bigger
interval compared to N explicit time steps, namely:

lim
ν→0

F (NSTS, ν) = N2
STS =⇒ lim

ν→0
∆tSTS = N2

STSdtdif . (4.15)

The STS scheme is a first order scheme and it belongs to the family of Runge-Kutta-Chebyshev (RKC)
methods with N steps. Therefore, if used as described above, the overall precision of the MHDSTS
scheme would be of first order, even if the precision of the other operators was bigger. In order
to increase its order of accuracy one could perform a Richardson extrapolation (Richardson 1911;
Richardson & Gaunt 1927) as suggested by O’Sullivan & Downes (2006). However, this implies many
executions of the STS operator: three executions to reach second order, seven executions to reach third
order and fifteen executions to reach fourth order.
For that reason, instead of performing a Richardson extrapolation, we consider the STS scheme as an
“Eulerian” first-order step of our multi-step RK scheme, so now we should reach fourth order just with
four calls to the STS scheme. In other words, we use the STS scheme to obtain the solution at the
stable points of the RK scheme and in this way, get a high order solution. We refer to this technique
for increasing the order of a numerical scheme as RK-wrapper. Thus, the complete temporal scheme
for the STS operator can be written similarly to Equations (4.6) but, in this case, using the operator
S(W) and its corresponding time step ∆tSTS:

W(k) = W(n) + αk∆tSTSS
(
W(k−1)

)
, k = 1, . . . ,m , (4.16a)

W(n+1) = W(m) . (4.16b)

Each step of this RK-wrapper has a size of αk∆tSTS, with αk given by Eq. (4.7). Each of these
steps represents a whole STS super-step, where dtdif is scaled with αk and the corresponding τj val-
ues are calculated according to Equation (4.11). With these, the conserved variables of the vector
W(k−1) are calculated using the Expression (4.12). As for the MHD operator, the STS scheme im-
plemented in Mancha3D only integrates in time the perturbed quantities W1 = [B1, e1](r, t) or
W1 = [B,eint,1](r, t).

HDS operator

The HDS operator only solves the Hall term in the induction equation. It is designed by O’Sullivan &
Downes (2006) to overcome the problems originated by a skew-symmetric Hall term dominated system,
and it can be written in conservative form as

∂B

∂t
= H(B) = LHall(B) , (4.17)

where B is the magnetic field B(r, t), and LHall(B) is the operator for the Hall term. This operator
works similarly to the MHD operator described above. However, unlike it, the update of the magnetic
field components is done using all the information available at the moment. O’Sullivan & Downes
(2006) applied the HDS scheme by using a first order RK scheme and then, increasing the accuracy
order by the application of a Richardson extrapolation. Instead, we follow the same idea proposed in
Section 4.3.2, treating the individual HDS operator as an “Eulerian” step to use the RK-wrapper to
increase its accuracy order. By doing so, we keep the stability properties of this implicit-like scheme
but reaching a higher accuracy order in time and with less computational effort. The proposed scheme
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50 MHDSTS

would be:

B(k)
x = B(n)

x + αkdtHallH
(
B(k−1)
x , B(k−1)

y , B(k−1)
z

)
, (4.18a)

B(k)
y = B(n)

y + αkdtHallH
(
B(k)
x , B(k−1)

y , B(k−1)
z

)
, (4.18b)

B(k)
z = B(n)

z + αkdtHallH
(
B(k)
x , B(k)

y , B(k−1)
z

)
, k = 1, . . . ,m , (4.18c)

B(n+1) = B(m) . (4.18d)

In these equations dtHall is the time step imposed by the Hall term through the CFL condition given
by O’Sullivan & Downes (2007), that is, dtHall = 2/

√
27min(dx2, dy2, dz2)/ηH . The HDS operator

advances in time ∆tHDS = NHDSdtHall, by repeating the execution of the Equations (4.18) NHDS
times, which is the number of sub-cycles needed to cover one super-step ∆tSTS and/or one ∆tMHD;
this is further elaborated in the following section, and see upper panel in Fig. 4.1.

If the order in which the Equations (4.18a, 4.18b, and 4.18c) are solved is maintained for successive
time steps, an artificial handedness is introduced into the scheme. This could be avoid by reversing
the order between time step or, as it was pointed by O’Sullivan & Downes (2007), performing a
random permutation of the order in which the magnetic field components (4.18a, 4.18b, and 4.18c)
are solved over successive time steps. This is especially important under certain circumstances, as for
example if a strong directional bias is introduced in the initial state or in 3D numerical experiments.
Such permutation can result in a small loss of numerical stability. The HDS scheme implemented in
Mancha3D only integrates in time the perturbed quantitie B1.

4.3.3 All together: timing and accuracy order

This new scheme is only worthwhile with respect to the RK when the ambipolar or Hall terms introduce
a heavy constraint in the time step as we commented in Sections 4.3.2 and 4.3.2. Then, one should
select the time steps for the operators according to the following rule:

dtdif ≤ ∆tSTS(NSTS, ν) = ∆tHDS(NHDS) ≤ ∆tMHD . (4.19)

When the requirements of dtdif ≤ ∆tMHD is not fulfilled, the evolution of the system is dominated by
hyperbolic ideal MHD terms, and there is no need to apply this new MHDSTS scheme, then we are
out of the STS (and/or HDS) regime.

To choose the time step for each iteration, one first has to choose the pair (NSTS, ν) to keep the
accuracy and stability during the simulation and also to try to maximize the size of the super-step
along the simulation.
One option for choosing those values can be obtained using Equation (4.15) and forcing the STS
operator to jump in time as far as the MHD operator allows it, so in the limit when ν → 0, we can
write that

∆tSTS ≈ dtdifN2
STS = ∆tMHD =⇒ NSTS ≈

⌊√
∆tMHD

dtdif

⌋
, (4.20)

getting in this way an optimum approximation for NSTS which should be very close to the number of
sub-steps needed to cover the time step imposed by the ideal MHD CFL (private communication with
Nóbrega-Siverio).
Selecting the parameter ν can be a bit tricky, and for that reason it is convenient to define the STS
efficiency as:

ESTS = ν1/2 ∆tSTS
dtdifNSTS

= ν1/2F (NSTS, ν)

NSTS
. (4.21)
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4.3 Description and implementation of the new numerical scheme 51
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tMHD
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dtHall
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1 NSTS

2

NHDS
2NHDS

1

NSTS
i

�tMHD

tSTS
1

tMHD
1

tHDS
1

dtHall

dtdif

dtdif

Before

After
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Figure 4.1— Example of time step adjusting. In
the upper panel it is shown the situation before the
adjust, all the super steps are different. In the lower
panel the red square shows in each case the quantity
that was changed. In this case, the code starts re-
moving one sub-cycle of the HDS, then reduces dtdif
to mach the HDS super-step and finally reduces the
MHD super-step to mach the other two.

This expression reaches an asymptotic value of 0.5 when NSTS → ∞ for a given ν, see dashed line in
Fig. 4.2. It can be also approximated as 0.5 tanh (2

√
νNSTS), see “+” markers in Fig. 4.2. Using this

approximation for the efficiency we can obtain a value of ν to achieve a high efficiency and to maintain
the stability and accuracy of the STS scheme.

0 20 40 60 80 100
NSTS

0.0

0.1

0.2

0.3

0.4

0.5

ν
1/

2
F
(N

S
T

S
,ν

)/
N

S
T

S

STS efficiency

ν= 10−2

ν= 10−3

ν= 10−4

ν= 10−50.5tanh(2
√
νNSTS)

Figure 4.2— STS efficiency (ESTS) defined by Equation
(4.21) for different values of ν and its approximation (“+”
markers). The dashed line indicates the asymptotic value of
ESTS when NSTS →∞.

To do so, we can impose a certain efficiency
and calculate, for a chosen NSTS what value of
ν it corresponds to. After several tests we have
concluded that a good compromise between
speed and stability is reached fixing the STS
efficiency around a 76% of its maximum. This
is equivalent to equating tanh to one, in which
case we can write ν ≈ 0.25/N2

STS. Finally, re-
placing the value of NSTS obtained from Eq.
(4.20) we get an estimation for ν. The choice
of number of HDS sub-cycles NHDS is done in
execution time as NHDS = b∆tSTS/dtHallc.

The upper limit in time for the integration
time step at any moment of simulation is given
by the CFL condition applied to the ideal MHD
operator ∆tMHD. The goal then is to adjust
dtiMHD, dtdif and NHDS to fulfill the identity
∆tMHD = ∆tSTS = ∆tHDS (see Fig. 4.1 for an
example).

Eventually, as we have mentioned, due to the Strang splitting, the overall order of the MHDSTS
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Figure 4.3— Biermann battery test. The image shows
the y component of the magnetic field vector at one time
step (dt = 0.02 s) after the beginning of the simulation.
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Figure 4.4— Logarithm of the absolute error in the By
component of the magnetic field between the analytical
solution and the numerical solution given by the MHD
operator. The format of the figure is the same as Fig. 4.3.
The error is minimum at locations with maximum electron
density ne.

scheme is limited to second order whenever each operator reaches second order accuracy or higher using
the RK-wrapper method. This accuracy is expected to decrease due to the different combinations of
values we can choose for the pair (NSTS, ν) and the physical characteristics of each simulation.

4.4 Numerical tests

As mentioned in Section 4.3.2, when all the non-ideal terms are switched off the MHDSTS scheme
becomes a pure RK scheme because there is no need to apply the Strang splitting. This means that
all the previous results obtained with Mancha3D as well as the tests presented in Felipe et al. (2010)
are also valid for this new version. Bearing this in mind, the sections below present specific numerical
tests to only validate the newly introduced operators either individually, or working all together.

4.4.1 MHD operator test

For testing the MHD operator applied to the ideal part of the equations and the battery term, we
performed the numerical experiment proposed by Tóth et al. (2012). In this test, a magnetic field is
generated from scratch by means of the Biermann battery term in the induction equation. For this
test, we have removed all the artificial diffusivities and considered only the contribution of the battery
term. The initial conditions for this test consist in a homogeneous isothermal background without
magnetic field and no velocity fields (B = v = 0). To initiate the evolution, a small perturbations in
electron density (4.22) and electron pressure (4.23) are applied.

ne = n0 + n1 cos(kxx) , (4.22)

pe = p0 + p1 cos(kzz) . (4.23)
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4.4 Numerical tests 53

The analytical solution (4.24) is obtained by introducing the initial condition into the MHD equations
and integrating it one single time step.

∂By
∂t

=
n1p1kxkz sin(kxx) sin(kzz)

e[n0 + n1 cos(kxx)]2
. (4.24)

The numerical set-up consists in a 2.5D simulation box in the plane x–z. For this experiment we
considered a double periodic domain in both x and z coordinates, covering a physical space of ± 10
meters, and using the constants, in S.I, n0 = 1/e, p0 = 1, n1 = 0.1/e, p1 = 0.1, kx = kz = 2π/L, and
L = 20.

The numerical solution is obtained using our MHD operator, Fig. 4.3, and it is compared with
the analytical solution by calculating the absolute error between them, see Fig. 4.4. We only compare
the numerical solution with the analytical one after one single time step because if the system keeps
evolving the analytical solution (4.24) is not valid anymore, in other words, the convective term will
contribute to the solution. It can be seen that most of the numerical domain does not exceed 10−9.3 G
of absolute error and this is concentrated in the regions where the initial electron density and electron
pressure perturbations are maximum. We have not performed any further convergence tests of the
standard MHD operator, because it has been fully tested by Felipe et al. (2010).

4.4.2 STS operator test

In order to test the implementation of the STS operator we use an experiment of Alfvén wave decay
under the sole action of the ambipolar diffusion as it was proposed by Choi et al. (2009). This experi-
ment is based on the analytical derivation of a dispersion relation characterizing the propagation of an
Alfvén wave in a homogeneous partially ionized plasma permeated by a horizontal and homogeneous
magnetic field done by Balsara (1996) when a strong coupling approximation is taken into account.

ω2 + ik2ηAω − k2c2
A = 0 , (4.25)

In this relation, cA = B/
√
ρµ0 is the Alfvén speed, k is a real wavenumber and ω = ωR + iωI is the

complex angular frequency. It is known that the action of the ambipolar diffusion adds an imaginary
term into the dispersion relation, which physically means that the Alfvén wave is unable to propagate
when k ≥ 2cA/ηA (Kulsrud & Pearce 1969). Under this strong coupling approximation and considering
an ideal isothermal MHD system we can follow the evolution in time of a standing wave and compare
the numerical results with the analytical solution of its first normal mode (Morse & Ingard 1968)

h(t) = h0| sin(ωRt)| exp(ωIt) , (4.26)

where h0 is the initial wave amplitude.

For our experiments, we have considered an isothermal system in a 2.5D periodic domain in the
plane x− z of side L with a constant ambipolar coefficient and a constant magnetic field B0 along the
x coordinate, introducing a standing wave along the z coordinate with an initial velocity

~v = vampcA sin(kxx)k̂ , (4.27)

where vamp is a dimensionless initial peak amplitude. Taking k = kx in (4.25), it can be obtained that

ωR =
kx
2

√
4c2
A − k2

xη
2
A, ωI = −

k2
xηA
2

. (4.28)

The analytical solution can be written as a superposition of two waves moving in opposite directions:

Bz(x, t) = A0 cos (kxx) sin (ωRt) exp (ωIt) , (4.29)
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54 MHDSTS

with
A0 =

vampcAkxB0

ωR
, (4.30)

and tracking the evolution of the root-mean-square (RMS) magnetic field
〈
B2
z (t)

〉1/2, the initial am-
plitude in (4.26) is h0 = A0/

√
2.

We set the parameters vamp = 0.01, L = 1 m, B0 = µ
1/2
0 T, p = 1 N/m, ρ = 1 kg/m3, and T = 1 K

for the initial condition and background. We considered four cases with different constant ambipolar
coefficients ηA = 0.01, 0.03, 0.1, and 0.3 m2 s−1.

First, we used NSTS = 1 and ν = 0 for the STS scheme to test how the error changes by increasing
the order when using the operator splitting. In Figure 4.5 we can see the results obtained in each
case. In the upper panel of each subfigure we have the RMS evolution in time for the Bz component.
In all cases the agreement between the analytical and numerical solutions is good, note we only plot
the numerical solution when the order is set to two. In the middle panel the relative error in time for
the numerical solution obtained with the RK scheme and the STS scheme and three different orders
is plotted. If we focus in the solution at order two, we can see how the shape and values of each
schemes are very similar in time. The same can be seen for the other orders. Besides, we see how the
order three curve for the RK scheme overlaps with the order forth RK curve, and how the same thing
happens with the orders three and forth of the STS curves. Because the relative error goes to infinity
when

〈
B2
z (t)

〉1/2 drops to zero a good tool to see the time evolution of the error can be the cumulative
root-mean-square error (CRMSE) in time define as

CRMSE(t) =

√√√√ 1

n

n∑
i=1

[f(ti)Analytical − f(ti)Numerical]
2 , (4.31)

where n is the number of snapshots saved up to time tn, ti is the time of each output, and f(ti) =〈
B2
z (x, ti)

〉1/2 (Wurster et al. 2014). This quantity represents the sample standard deviation of the
differences between the RMS value from our numerical experiment and the analytical solution and, as
Hyndman & Koehler (2006) point, it is a good measure of the accuracy between models at the same
scale. This function is plotted in the lower panel of the subfigures of the Figure 4.5. When the rate
at which the scheme adds error to the RMS is slower than the growth of the factor

√
n for increasing

time, the CRMSE will decrease slowly with time to an asymptotic value. This is clearly seen when the
wave is damped quickly due to the high ambipolar diffusion. Furthermore, it is clearly seen how both
schemes have a similar behaviour for all the ambipolar diffusivities tested.

Now we study how the pair (NSTS, ν) affects to the error, computational time and accuracy order
of the STS scheme in comparison with the RK. To do this, we made a couple of simulations using
different values of them. We took three values of ν (0.1, 0.01 and 0.001) and for each of them, NSTS

was taken between one and six.
The results are shown in Figures 4.6 and 4.7 where in the upper panel we have plotted the CRMSE

at a fixed time (t = 5τ , with τ = L/cA) as function of (NSTS, ν). The time spent by each simulation
to reach the same point in time (also at t = 5τ) is plotted at the middle panel. At the lower panel
we show the accuracy order measured at t = 0.7τ . We chose this time to avoid values of the solutions
close to zero (see vertical line marks in Fig. 4.5). All the tests where executed using a single node of
the TeideHPC supercomputer (each TeideHPC node has 2 Intel Xeon E5-2670 processors, for a total
of 16 cores per node).

In Figure 4.6a, upper panel, we observe how the accumulated error for STS at order two gives
results very similar to the RK one. However, for higher orders, the error is slightly smaller than the
one corresponding to the RK schemes (horizontal dashed-lines). We see how increasing NSTS (i.e.
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4.4 Numerical tests 55

increasing the number of times the STS operator will be called) introduces small extra errors. On
the other hand we see how the CPU time increases linearly with NSTS due to these extra calls. Such
behavior is expected because our system is outside of the STS regime due to the low ambipolar diffusion
and in this case, performing STS involves unnecessary computational effort. In Fig. 4.6b the system
gets into the STS regime only for NSTS = 2, so for the rest of values we see the same behavior as before.
In the other cases shown in Fig. 4.7, ηA = 0.1 or 0.3, we have that the accumulated error increases over
the error obtained for the RK1. However, by using the STS technique we obtain a speed-up of between
two and eight times depending on the RK order chosen to compare. For NSTS > 4 the decreasing time
tendency starts to invert, see Figure 4.7c. This happens because in this particular test, the STS jump
reaches the size of the MHD jump and the code starts to spend time with extra iterations of the STS
scheme as in the previous cases.

Finally, following LeVeque (2002), to measure the accuracy order for conservation laws, we com-
puted the L1-norm against the analytical solution given by Eq. (4.29) as

L1(t0) =
1

Np

Np∑
i=1

|Bz(xi, t0)Analytical −Bz(xi, t0)Numerical| , (4.32)

where the L1-norm is calculated at t0 = 0.7τ (see vertical dotted line in Fig. 4.5) and Np is the
number of points into the numerical domain. The results are in general consistent with the selected
order of the schemes and limitation imposed by the Strang splitting. We notice nevertheless, that for
this experiment, the rounding errors are affecting strongly the determination of the order because we
quickly reach a precise solution, even when working with low orders. Thus, an increase of the order
does not improve the solution, and therefore the value of the error calculated according to Eq. (4.32)
is meaningless. This problem of the error evaluation can be seen clearly for the RK schemes with high
ambipolar diffusion.

In the upper panel of Fig. 4.7c we observe how the CRMSE gets values close to one in some
cases. These cases correspond to the lower value of ν, and illustrate how the solution is entering
into a unstable region, that is, the sub-steps τj are giving unstable values and the solution would not
converge at the super-step. Checking the lower panel of the same figure, one can see how these points
also correspond to the accuracy order values with no meaning. We conclude that one needs to be very
careful in choosing the value of this damping parameter to avoid numerical instabilities. As we have
seen, good values for this parameter can be obtained using Eq. (4.21). Another thing we notice is
that for NSTS = 1 the behavior of the CRMSE, CPU time or order matches the RK scheme very well.
This is because when NSTS is one, the damping parameter ν is zero and then, the STS acts as a MHD
operator, (i.e. a RK scheme), and then only the Strang splitting is affecting the results. In this case
in particular, the results can be seen in Fig. 4.5 and verify that, despite the wrong values obtained
for the accuracy order, see for example the lower panel of Fig. 4.7c (ηA = 0.1 m2 s−1), the numerical
solution matches very well the analytic one.

For the STS we observe how by increasing NSTS or decreasing ν the CRMSE is increasing and the
computation time and the accuracy order are decreasing. On the other hand, we see that by increasing
the ambipolar diffusion coefficient the accuracy order tends to decrease slightly and both the CRMSE
and the computational time tend to increase.

Despite the fact that STS is limited to second order due to the Strang splitting, we observe that
setting the order of each operator individually at three or more, makes the whole system more stable.
This way, we could capture better stiff problems and/or force the values of (NSTS, ν) to obtain a higher
acceleration.
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Figure 4.5— Upper panel: RMS value of the Bz component of the magnetic field produced by the Alfvén wave, as a
function of time. The solid black line corresponds to the analytical solution and the crosses are the numerical solution
obtained with the STS scheme at order two. It can be seen there is good agreement with the analytical solution for
all the diffusivities tested. Middle panel: Relative error in time for the RMS value of Bz component. The red, green
and blue lines are for the numerical solution given by the RK scheme working in the second, third and fourth order,
respectively. The dashed lines corresponds to the solution obtained with the STS operator working also in second, third
and fourth order. Green and blue lines are overlapped for most of the cases. Lower panel: CRMSE in time for both
schemes defined by Eq. (4.31). As we expect, the behavior of both schemes is similar as it is shown by the CRMSE. The
time axis is in the units of the crossing time τ = L/cA and the dotted vertical lines mark the time where the L1-norm
is calculated, t0 = 0.7τ . All the experiments were done using NSTS = 1 and ν = 0.
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Figure 4.6— Upper panel: CRMSE values at t = 5τ s for different values of the pair (NSTS, ν). The horizontal dashed
lines correspond to the RK scheme values. The symbols correspond to the STS scheme, each of them indicate a different
value of ν. The black, red, green and blue colours indicate first, second, third and fourth order accuracy respectively.
The dotted lines linking the symbols are drawn just to make the plot more readable. The middle panel shows the CPU
time spend by the schemes to reach the same point in the simulations. The color and symbol code is the same as the
upper panel. Lower panel: Order computed using the L1-norm at t0 = 0.7τ , see the dotted vertical line in Fig.4.5; again,
the color and symbol code is the same as the upper panel. In subfigure (a), we have a case with low ambipolar diffusion
where the first order results unstable and the errors for the STS scheme are very close to the RK values. In this case, we
have no acceleration because the system is out of the STS regime and the time increase linearly with NSTS as expected.
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Figure 4.7— Same as Fig. 4.6, but showing a clear case inside the STS regime in subfigure (d). Here, the analytical
solution is still well captured and the acceleration obtained is substantial. The errors, on the other hand, are limited,
even though they are higher than in the RK1 case.

4.4.3 HDS operator test

In order to test the HDS operator we have considered an experiment with a plane-polarized Alfvén wave
propagating into a partially ionized plasma under the presence of a guiding magnetic field as it is
proposed by Cheung & Cameron (2012). For this experiment we have neglected all the induction
terms except the Hall term.

The numerical set up for the test consists in a 2.5D periodical box with a constant hydrodynamic
background and a pure Alfvén wave propagating along the x-axis. The transverse components are
considered small compare with the guide field, Bx.

Under these conditions, the Hall coefficient, ηH can be considered constant and the analytical
solution given by Equations (4.33a, 4.33b, and 4.33c), can be obtained after linearized the single-fluid
equations. This solution describes the precession of the polarization plane of an Alfvén wave with a
wavenumber k initially plane-polarized in the y-axis.

Bx(x, t) = B0 , (4.33a)
By(x, t) = b cos(σt) cos(kx) cos(ωt) , (4.33b)
Bz(x, t) = b sin(σt) cos(kx) cos(ωt) , (4.33c)

where ω is the angular frequency, B0 is a constant uniform magnetic field, b is a small perturbation
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Figure 4.8— Hall test, showing in the upper panel
the time evolution for the numerical and analytical so-
lutions of theBz components of the magnetic field fluc-
tuations due to the precession of the plane-polarized
Alfvén wave in a fixed spacial point (x = 0). The
solid line represents the analytical solution and the red
crosses are the numerical solution. In the middle panel
it is plot the relative error of the numerical solution
respect the analytical solution for both the RK and
the HDS schemes, solid lines and dashed lines respec-
tively. Lower panel shows the CRMSE in time for the
Bz component. It can be seen how the two schemes
have an almost identical behavior in time and with the
order. This it is expected because the HDS operator
works as a RK operator. Also this shows us how well
performs the Strang splitting.

and σ is the precession rate of the polarization plane

σ =
1

2
ηHk

2 . (4.34)

The relation between k and ω is obtained from the dispersion relation:(ω
k

)2
= c2

A +
1

4
η2
H . (4.35)

For this experiment we select physical parameter to match those of the solar photosphere: ηH = 106

m2 s−1, B0 = 100 G, T = 6000 K, b = 0.1 G, pgas = 103 N/m2, ρ = 10−4 kg/m3, and L = 100 km so
the domain covers one wavelength. For this set of parameters we have k = 2π×10−5 m, σ = 1.9×10−3

Hz, ω = 5.6 × 10−2 Hz, and the rotational period τ = 2πσ−1 = 3183 s. For the initial conditions we
set:

Bx(t = 0) = B0 , (4.36a)
By(t = 0) = b cos(kx) , (4.36b)
Bz(t = 0) = 0 . (4.36c)

In the upper panel of Figure (4.8) we can see the result of the simulations over the analytical
solution given by Equations (4.33). In the middle panel we can see how the relative error is higher
near the nodes and, in the lower panel, how the CRMSE increase in time as it is expected. We notice
that simulations at first and second order are not plotted because they were not stable for the chosen
CFL. However, at third and fourth order both schemes capture very well the analytical solution and
they are very similar between them. Reducing the CFL slightly, the second order becomes stable.
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60 MHDSTS

4.4.4 MHDSTS scheme test

Finally, this section shows the results of testing simultaneously the MHD, HDS, and STS operators
considering the effects of the Ohmic and ambipolar diffusion and the Hall term. For that, we used
a shock-tube test with a magnetic precursor, or C-shocks (Draine 1980), under two different regimes
depending of what term is dominating over the other non-ideal terms: a) Hall dominated and b)
ambipolar dominated, see Falle (2003); O’Sullivan & Downes (2006, 2007).

To obtain the steady-state solution we consider our system isothermal with all the three diffusivity
coefficients (η, ηA, and ηH) constants and no battery term. We also set all the time derivatives to zero,
this is equivalent to transform the equations to a frame of reference where the shock is steady. With
this, our MHD equations can be written as

ρvz = C0 , (4.37a)

ρvxvz −
1

µ0
BxBz = Cx , (4.37b)

ρvyvz −
1

µ0
ByBz = Cy , (4.37c)

ρv2
z + c2

sρ+
1

2µ0
B2 − 1

µ0
B2
z = Cz , (4.37d)

with the induction equation as[
η +

ηA
|B|2 (B

2
x +B2

z )

]
∂Bx
∂z

+

[
ηH
|B|Bz +

ηA
|B|2BxBy

]
∂By
∂z

+ vxBz − vzBx = C1 , (4.38a)[
ηA
|B|2BxBy −

ηH
|B|Bz

]
∂Bx
∂z

+

[
η +

ηA
|B|2 (B

2
y +B2

z )

]
∂By
∂z

+ vyBz − vzBx = C2 , (4.38b)

where C0, Cx, Cy, and Cz are constants in time. C1 and C2 are constants of integration obtained from
applying the pre-shock boundary condition.

The initial states for the pre-shock and post-shock plasma were obtained from the jump conditions
of a front shock propagating into a magnetized fluid. The parameter for this initial state are given in
Table 4.1.

Given the density and velocity at the post-shock side we can determine the magnetic field from
the induction equation at each spatial position and then use the other four algebraical equations to
obtain the rest of variables. To solve this ordinary differential system of equations with non-constant
coefficients, we use a fourth order RK scheme implemented into a different code.

Table 4.1— Parameters for the MHDSTS test. The subscript 1 corresponds to the pre-shock side and the subscript
2 with the post-shock region. All parameters are in S.I.

Ini. ρ1 = 1 v1 = (0, 0,−1.7) B1 = (0.6, 0, 1)µ
1/2
0

Cond. ρ2 = 1.8 v2 = (−0.6, 0,−1) B2 = (1.7, 0, 1)µ
1/2
0

Case η = µ0 ηA = 25µ0/|B|2 ηH = 500µ0/|B|
(a) ν = 0 NSTS = 1 NHDS = 6

Case η = µ0 ηA = 300µ0/|B|2 ηH = 750µ0/|B|
(b) ν = 0.15 NSTS = 2 NHDS = 8

With these parameters, and avoiding the use of the artificial diffusion terms, the calculation is
unstable for the RK scheme at all orders due to the high frequency oscillation (whistler waves) at the
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Figure 4.9— Hall dominated shock tube test. The up-
per panel shows the steady solution for the z-component
of the velocity field. The left side corresponds to the post-
shock side. The lower panel shows the relative error. The
order obtained for this experiment is ∼ 2.1.
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Figure 4.10— Shock tube test with high ambipolar dif-
fusion and comparable with the Hall term. The upper
panel shows the steady solution for the z-component of
the velocity field. The left side corresponds to the post-
shock side. The lower panel shows the relative error. The
order obtain from this test is ∼ 1.6 a slightly lower than
the experiment (a) due to the STS contribution as men-
tioned in Subsection 4.4.2.

shock front introduced by the Hall term. The only way of solving this problem with the RK scheme
without artificial diffusion is by forcing a reduced CFL condition and increasing the filtering cadence.
Then, as a side effect we will spend more CPU time and tend to over-smooth the solution. The whistler
waves can be seen clearly at the upper panel of Fig. 4.9, where we can also see how the analytical
solution is very well captured by the MHDSTS scheme. In this case, if we choose order two without
artificial diffusion, the experiment results unstable but choosing order three the experiment is stabilized
due to the slightly higher numerical diffusivity introduced by the extra RK-step to reach order three.
In the lower panel of the same figure we can see the relative error between both solutions. For this
experiment, as we have obtained a semi-analytical solution, it is easy to compute the accuracy order by
changing the mesh resolution. In this case the obtained order is ∼ 2.1. In Fig. 4.10, we show a second
experiment with a higher ambipolar diffusion to activate properly the STS operator but keeping also
a high Hall term contribution. We see again the good agreement between both solutions and also how
by increasing the ambipolar diffusion enough, the selected global order of the code needed to get the
solution is lower. In this case, the calculated accuracy order is ∼ 1.6, slightly smaller than the case (a)
due to the action of the STS scheme.

4.5 Conclusions

In this Chapter we have seen that STS and HDS are numerical techniques easy to implement and also
that they can work together using the Strang operator splitting formalism forming what we have called
MHDSTS scheme. We also show how it is possible to increase the temporal order of accuracy using
a RK formalism as a wrapper of each operator. However, MHDSTS is limited to second order by the
Strang splitting, but setting the order of each operator individually at three or more makes the whole
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62 MHDSTS

system more stable.
So far, all the tests performed have shown a good agreement with the analytical solution. This

makes us confident enough to use this new numerical scheme with Mancha3D code in a production
mode to investigate the effects of those diffusion terms with stiff problems.

We also check that the STS technique can speed up problematic simulations by overcoming the
CFL condition imposed by the parabolic term corresponding to the ambipolar term. But as a note of
alert, we have to be aware that we must choose carefully the pair ν and NSTS because, as Alexiades
et al. (1996) mentions, and we show with a numerical test, the smaller ν and/or bigger NSTS means
bigger the acceleration but also bigger errors and the increase of numerical instabilities, as well as
a slight decrease of the accuracy order. These parameters should be maintained constant along the
simulation to avoid numerical instabilities (private communication with Downes).

On the other hand, we also check that the HDS technique solves the problem with complex eigen-
values introduced by Hall term being more stable than our standard Runge-Kutta scheme and avoiding
that our dtHall becomes very small, specially when the Hall term is dominating.

Working with the MHDSTS scheme, we have that the HDS time step is improved when the am-
bipolar or Ohmic diffusion are considered.

Finally, due to the whole scheme being explicit, even when HDS behaves as an implicit-like scheme,
it is straightforward to use the other already implemented capabilities of the Mancha3D code such as
parallel scalability, the PML boundary condition, the AMR capability or the radiative transfer module.
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5
Fast-to-Alfvén Mode Conversion Mediated by

Hall Current. Application to the Solar
Atmosphere.

If it disagrees with experiment, it’s wrong. In that simple statement is the key to science. It
doesn’t make any difference how beautiful your guess is, it doesn’t matter how smart you are
who made the guess, or what his name is. If it disagrees with experiment, it’s wrong. That’s all
there is to it.

- Richard P. Feynman lecture, 1960s

Coupling between fast magneto-acoustic and Alfvén waves can be observe in fully ionized plasmas
mediated by stratification and 3D geometrical effects, as it was discussed in Chapter 2. However, Cally
& Khomenko (2015) have shown that in a weakly ionized plasma, such as the solar photosphere and
chromosphere, the Hall current introduces a new coupling mechanism. The content of this Chapter
have been published and extends that result to the case of warm plasma using numerical experiments
where mode transformation is studied using quasi-realistic stratification in thermodynamic parameters
resembling the solar atmosphere (Gonzalez-Morales et al. 2019). This redresses the limitation of the
cold plasma approximation assumed by Cally & Khomenko (2015), allowing to study the complete
process of coupling between fast and slow magneto-acoustic modes and subsequent coupling of the fast
mode to the Alfvén mode through the Hall current.

5.1 Introduction

In general, astrophysical plasmas are formed by electrons, ions, neutrals, and dust grains and all these
particles interact with the magnetic field, either directly or via collisional coupling between charged
particles and neutrals. When different inertia and collisional interactions produce a drift between
electrons and ions, the ideal-MHD theory has to be modified to include the Hall effect. This introduces
a Hall electric field proportional to the cross product of the current density and the magnetic field,
which thereby contributes to a generalized Ohm’s law, see Chapter 2. In order to treat the Hall effect,
one has to apply so-called Hall-MHD theory.

Hall effect is originated by the different drift velocities of the charged particles in a magnetized
plasma, it is then a non-ideal effect only related to the presence of ions and electrons in a classical

63
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64 Fast-to-Alfvén Mode Conversion Mediated by Hall Current

plasma. However the presence of other particles, like the neutrals in the partially ionized plasma,
may increases its magnitude due to an incomplete ion-neutral collisional coupling. When the electron-
cyclotron frequency (ωce = eB/me) is high, the electrons can gyrate around the magnetic field lines
freely between collisions. On the other hand, due to the larger ion mass, the ion-cyclotron frequency
(ωci = eB/mi) results three order of magnitude smaller than ωce and then, for the same collisional
frequency, the electrons remain attach to the magnetic field but the ions do not. Then the current
density, J, is no longer aligned to the electric field, E. This incomplete coupling produce additional
currents that may affect the evolution of magnetic structures. In partially ionized plasma, the Hall
effect produces perturbations of the current in the direction perpendicular to plane formed by the
magnetic field and the wave vector k (Cally & Khomenko 2015).

In the atmosphere of the Sun or solar-like stars, the plasma can be weakly ionized, reaching, for
example, an ionization fraction as low as ξi ∼ 10−4 around the Sun’s temperature minimum (Vernazza
et al. 1981). Under these conditions, Cheung & Cameron (2012) investigated the effects of the Hall
currents on the formation of structures in photospheric magneto-convection, showing how the Hall
current can couple magneto-acoustic and Alfvén waves. Later on, Cally & Khomenko (2015) provided
a corrected theory of Hall-current mediated coupling between the fast and Alfvén waves in cold (i.e.,
zero-β) plasmas. They demonstrated that coupling efficiency is proportional to the dimensionless Hall
parameter εHall = ω/ωciξi, where ω is the wave frequency. Due to the smallness of the ionization
fraction ξi, coupling can be produced even for relatively low-frequency waves. They show that the
Hall effect produces an oscillation between the Alfvén and magneto-sonic states and the precession
would be the beating between those modes. They found that this coupling occurs in places where the
wave vector is nearly aligned with the magnetic field vector. It is also more efficient for relatively low
magnetic field strengths, and for higher frequency waves. Cally & Khomenko (2015) speculated that
such processes as reconnection, where high-frequency waves are produced, can be affected.

Unlike the geometrical mode conversion mentioned in Chapter 2 and studied by Cally & Goossens
(2008), Khomenko & Cally (2012), or Felipe (2012) among others, Hall current makes possible the
mode conversion to happen even if initially the wave vector and the magnetic field vector lie in the
same two-dimensional plane. Moreover, once the transformation happens, the waves keep traveling
long distance nearly aligned with the magnetic field so they could transfer energy to the surrounding
plasma during the precession process.

The purpose of the current chapter is to advance the initial work done by Cally & Khomenko
(2015), relaxing the approximation of cold plasmas. That approximation excludes acoustic modes.
Nevertheless, the current schematic picture of mode generation, propagation and transformation in a
stratified solar atmosphere suggests that acoustic waves play an important role in the chain of wave
energy transmission to the corona. Acoustic p-modes propagating below the surface (and being fast
modes there since cs > vA) reach the equipartition layer where they are partially transformed into
fast magnetic waves. These subsequently refract and reflect back to the solar surface. As mentioned
in Chapter 2, Alfvén waves are produced through a secondary transformation while the fast waves
refract. By considering cold plasma, the first process (fast acoustic to fast magnetic transformation)
is not considered, and, therefore, the efficiency of the production of Alfvén waves through the Hall
current mechanism cannot be evaluated correctly for the solar case.

Here we perform simulations of the complete process beginning with imposed acoustic wave gen-
eration below the surface, and all subsequent transformations, including the Hall effect, are addressed
on the way to the corona. We take account of realistic plasma stratification for the Sun, and realistic
values of the magnetic field. In Section 5.2 we show the set of equations corresponding to a single
fluid description with a generalized Ohm’s law including the Hall term. In Section 5.3 we present the
numerical setup. In Section 5.4 we show the results of the numerical experiments, while in Section 5.5
a brief summary is presented.
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5.3 Equations 65

5.2 Equations

In this Chapter we adopt the Hall-MHD formulation for a partially ionized solar plasma. We neglect
all other non-ideal effects (such as ambipolar diffusion and the battery effect) and consider only the
non-ideal Hall term under the single-fluid approach seen in Chapter 2 and in more detail in Khomenko
et al. (2014) and Ballester et al. (2018). In this approximation, the equations to be solved are the
continuity equation,

∂ρ

∂t
+∇ · (ρv) = 0 , (5.1)

the momentum conservation equation,

∂(ρv)

∂t
+∇ ·

[
ρvv +

(
p+

B2

2µ0

)
I− BB

µ0

]
= ρg , (5.2)

the induction equation,
∂B

∂t
= ∇×

[
(v ×B)− ηH

µ0

|B|(J×B)

]
, (5.3)

where we retained the convective and Hall terms on the right-hand side. Here ηH is the Hall coefficient
and is written in units of a diffusivity coefficient (l2t−1, i.e. m2s−1 in SI),

ηH =
|B|
eneµ0

. (5.4)

The total energy conservation equation,

∂etot

∂t
+∇ ·

[
ρv2

2
v +

γp

γ − 1
v +

1

µ0
∇ · [B× (v ×B)]

]
= ρv·g , (5.5)

is written in terms of the total energy density per volume unit etot, which is the sum of the kinetic,
internal and magnetic energies,

etot =
1

2
ρv2 +

p

γ − 1
+

B2

2µ0
. (5.6)

The electric current density J is defined through

µ0J = ∇×B , (5.7)

and Gauss’s law for magnetism is
∇ ·B = 0 . (5.8)

To close the system, the equation of state for an ideal gas is used. The equations above assume charge
neutrality (ne = ni) and negligible electron mass (me � mi).

5.3 Numerical setup

The numerical experiments described in this work are produced by the Mancha3D code using nu-
merical treatment of the Hall term, described in Chapters 3 and 4 (Gonzalez-Morales et al. 2018).

The modeled solar stratification is build using a 2.5D approximation, that is, vectors are three
dimensional objects but the derivatives apply only in two directions, one horizontal and one vertical,
taking those to be x and z. The model is horizontally homogeneous.
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66 Fast-to-Alfvén Mode Conversion Mediated by Hall Current

Figure 5.1— Pressure (blue), density (green), and
temperature (red) as a function of vertical coordinate
in the model atmosphere assumed in this study. The
dot-dashed vertical line indicates the location of β =
1 layer. The dashed line corresponds to the location
of the maximum of the Hall parameter (εmax). The
blue rectangle indicates the location of our numerical
box.
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Figure 5.2— Modulus of the wave number k, as a func-
tion of the wave frequency at the bottom boundary of the
numerical box, calculated according to Eq. (5.15). The
blue vertical dot-dashed lines are the selected frequencies
for the experiments. The red dot-dashed vertical line is
acoustic cut-off frequency ωc0 and the green one ωg0 , both
calculated at the bottom of the numerical domain.
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Figure 5.3— Hall parameter, in magnetic field units, as
a function of height for different wave frequencies ν. The
vertical line corresponds to the photospheric level, z = 0
km. The vertical dashed line shows where the Hall pa-
rameter has its maximum value, z ≈ 390 km. The vertical
dot-dashed line indicates the location of the equipartition
layer (β = 1), z ≈ 228 km.

The vertical stratification is build by merging the standard solar Model-S of Christensen-Dalsgaard
et al. (1996) with the chromospheric model VAL-C of Vernazza et al. (1981) smoothly at height z = 140
km. Because the upper layers of the solar convection zone are super-adiabatic and unstable against
convection, we modify the stratification in thermodynamic parameters to make it convectively stable
and avoid the generation of modes that grow exponentially. To do this, we apply the procedure
described by Schunker et al. (2011) solving the system iteratively and considering the hydrostatic
equilibrium condition to the stratification with a constant value for the gravity g0 = 273.98 m s−2 and
a constant adiabatic coefficient γ = 5/3. The resulting stratification is illustrated in Figure 5.1. The
numerical box is Lz = 1.5 Mm tall, extending from z = −0.5 Mm to z = 1 Mm.

Finally, a constant and uniform magnetic field B0 with adjustable inclination θ with respect to the
vertical direction is included. The strength of the magnetic field is chosen based on the arguments
explained below in this section.

To excite the waves in the simulation domain we impose an acoustic-gravity wave with a given
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Figure 5.4— Panel a): Schematic dia-
gram illustrating the geometrical configu-
ration of the numerical scenario. Panel b):
Schematic diagram to show the three char-
acteristic directions.

frequency and horizontal wave number as a bottom boundary condition. This source introduces an
acoustic-gravity wave of a given frequency ω and wavenumber k. The analytical solution for the
perturbations in pressure, density, temperature, and velocity are calculated according to Mihalas &
Mihalas (1984), providing a self-consistent solution. The magnetic field and temperature gradients are
neglected in this formulation since the bottom boundary is located in the region where vA � cs and
they are unimportant at this depth. The analytical solutions applied are identical to those used by
Khomenko & Cally (2012):

δVz = V0 exp
( z

2H
+ kziz

)
sin (ωt− kzrz − kxx) , (5.9a)

δp

p0
= V0|P | exp

( z

2H
+ kziz

)
sin (ωt− kzrz − kxx+ φP ) , (5.9b)

δρ

ρ0
= V0|R| exp

( z

2H
+ kziz

)
sin (ωt− kzrz − kxx+ φR) , (5.9c)

δVx = V0|U | exp
( z

2H
+ kziz

)
sin (ωt− kzrz − kxx+ φU ) , (5.9d)

where with the δ symbol we are indicating a perturbed quantity, p0 and ρ0 are the pressure and density
at the bottom, V0 is the initial amplitude for the imposed perturbation in velocity, H = c2

s/2g is the
pressure scale height, kx is the horizontal wavenumber, kz is the vertical wavenumber made up of a
real part kzr and an imaginary part kzi, and ω = 2πν is the angular frequency of the perturbation.
|P |, |R|, and |U | are the amplitudes given by

|P | = γω

ω2 − c2
sk

2
x

√
k2
zr +

(
kzi +

1

2H

γ − 2

γ

)2

, (5.10a)

|R| = ω

ω2 − c2
sk

2
x

√
k2
zr +

(
kzi +

γ − 1

γH

c2
sk

2
x

ω2
− 1

2H

)2

, (5.10b)

|U | = c2
skx
γω
|P | , (5.10c)

where γ is the adiabatic coefficient. The phases φP , φU , and φR are given by

φP = φU = arctan

(
kzi
kzr

+
1

2Hkzr

γ − 2

γ

)
, (5.11a)

φR = arctan

(
kzi
kzr

+
γ − 1

γHkzr

c2
Sk

2
x

ω2
− 1

2Hkzr

)
. (5.11b)
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68 Fast-to-Alfvén Mode Conversion Mediated by Hall Current

Table 5.1— Selected source frequency and relevant parameters for the numerical setups.

ν [Hz] kx [Mm−1] kz [Mm−1] dx [km] dz [km] nx nz
0.01 0.85 4.84 147.21 10 50 172
0.02 1.77 10.02 71.13 10 50 172
0.05 4.46 25.28 28.19 5 50 332
0.1 8.92 50.62 14.08 1 50 1612
1 89.29 506.40 1.41 0.05 50 32012

The vertical wave number is

kz = kzr + ikzi =

√
ω2 − ω2

c

c2
s

− k2
x

ω2 − ω2
g

ω2
, (5.12)

where the cut-off frequency is
ωc =

γg

2cs
, (5.13)

and the Brunt-Väisälä frequency is

ωg =
2ωc
γ

√
γ − 1 . (5.14)

The dispersion relation can be written in terms of the wavenumber modulus k and the propagation
angle α as

k =
ω

cs

√
ω2
c − ω2

ω2
g sin

2 α− ω2
. (5.15)

To initiate the simulation it is necessary to specify the horizontal wave number, kx, for the given
frequency. Because we are interested in keeping the wave vector in the same direction for different
source frequencies we calculate the components (kx, kz) for a given angle α by writing the dispersion
relation in terms of the wave vector modulus as in Eq. (5.15). Figure 5.2 shows the behavior of k
according this equation and the wave number vector components kx, kz as a function of the source
frequency for a fixed angle α = 10◦.

For the top boundary we use a sponge-PML layer, defined in Chapter 3 (Section 3.10.1). The
horizontal boundaries are set to periodic. The horizontal size of the domain, Lx, is determined by the
value of kx. Table 5.1 provides the details of the simulation runs. Our goal is to study how the efficiency
of the transformation depends on the wave frequency. Therefore, the wave frequency is chosen to be a
free parameter varying from simulation to simulation. We used frequencies from 0.01 to 1 Hz.

In order to select the background magnetic field strength B0 for our experiments we consider the
behavior of the Hall parameter εHall, defined according to:

εHall(ν,B) =
ω

ωciξi
=

2πρ0

qene

ν

B0
, (5.16)

where ρ0 is the background density, qe the electron charge, ne the electron number density, ν is the
wave source frequency, and B0 is the background magnetic field. Figure 5.3 shows the Hall parameter,
written in units of the background magnetic field, calculated for our stratification of thermodynamic
parameters, as a function of height, for several wave frequencies. Independently of the frequency and
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Figure 5.5— Time-height diagrams showing the velocity projections according to Eqs. 5.17 in the simulation with
Hall term switched on. The background magnetic field was inclined by θ = 10◦, and a frequency was of ν = 10 mHz.
From left to right, velocity projections into eperp (Alfvén wave), etran (fast wave), and elong (slow wave) directions. The
units of the velocity color scale are m/s. The horizontal axis is dimensionless (τ = νt). Horizontal lines indicate the
photospheric level (z = 0), the equipartition layer (β = 1), and the maximum for the Hall parameter (εmax). Notice that
the vy component is non-zero indicating the presence of the Alfvén wave, generated after the mode transformation.

the value of B0, εHall has a maximum around z ≈ 390 km. Therefore, we choose B0 to place the
equipartition layer below the height where εHall is maximum. This is because we wish to study the
process of conversion between fast magnetic and Alfvén waves, and the fast magnetic waves are to
be produced first through the primarily geometrical transformation at the region where cs = vA. To
affect this compromise, we choose a magnetic field B0 = 500 G, which locates the equipartition layer
at z ≈ 228 km, just below the maximum of the Hall parameter and inside the region where mode
transformation can take place.

5.4 Alfvén wave production in the warm plasma

First we confirm that Hall-current mediated transformation is indeed taking place in our model. For
that we separate the contribution of the three wave modes. This can be done relatively easily in our
numerical experiment, given the 2.5D setup and the knowledge of the direction of the wave vector and
the magnetic field vector direction. We calculated the projection of the velocity vector following Cally
& Goossens (2008). This decomposition has been successfully used previously to identify the three wave
modes propagating into a magnetized medium in similar models (e.g. Felipe et al. 2010; Khomenko &
Cally 2011, 2012; Felipe 2012). Figure 5.4b shows a schematic diagram for the decomposition. The
longitudinal component of the velocity given by elong, the one parallel to the magnetic field, selects
the slow magneto-acoustic wave in a low-β plasma. The other two components are perpendicular to
the magnetic field. The component perpendicular to both B and ∇p (direction of the background
pressure gradient, coinciding with the direction of gravitational stratification), given by eperp, selects
the Alfvén wave. Finally, the component perpendicular to the previous two, etran, selects the fast
magneto-acoustic wave in the low-β plasma. Mathematically, this new basis can be written as:

elong = (cosφ sin θ, sinφ sin θ, cos θ) , (5.17a)

eperp = (− cosφ sin2 θ sinφ, 1− sin2 φ sin2 θ,− cos θ sin θ sinφ) , (5.17b)
etran = (− cos θ, 0, cosφ sin θ) , (5.17c)

where θ is the magnetic field angle with the vertical z axis, and the φ the azimuth angle measured
from the XZ-plane.
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Figure 5.6— Time-height diagrams of the vperp = vy (Alfvén wave) velocity component in simulations with varying
frequency (panels from left to right) and varying inclination angle of the magnetic field (panels from top to bottom). The
Alfvén waves are generated through Hall mediated mode transformation. The values of the frequencies and inclination
angles are indicated in each panel. The square box marks the region used to calculate the wave amplitudes in the
stationary regime in the simulations summarized in Fig. 5.8.
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5.4 Alfvén wave production in the warm plasma 71

In a 2.5D case, we set the azimuth φ = 0, so the expressions for the components simplifies to:

elong = (sin θ, 0, cos θ) , (5.18a)
eperp = (0, 1, 0) , (5.18b)
etran = (− cos θ, 0, sin θ) , (5.18c)

this means that vperp = vy, so the vy component of the velocity field is the one which selects
Alfvén waves.

A note of caution must be taken regarding the above decomposition as is mentioned in the Section
2.5 of Chapter 2 since the component eperp chooses the asymptotic polarization direction for the
Alfvén mode in a plasma with any value of β but the two other directions, elong and etran generally
provide a mixture of the fast and slow magneto-acoustic modes. The particular contribution of each of
the modes into elong and etran depends on plasma β. In the limit of low-β, as mentioned above, most
contribution to elong comes from longitudinal slow magneto-acoustic mode, while the direction etran

selects fast magneto-acoustic mode in this case.
As mentioned in Sec. 5.3, our source produces acoustic-gravity waves at the bottom of the numerical

box. Since the plasma β is large there, the waves generated by the source are fast, essentially acoustic,
waves. These waves propagate upwards and suffer a first mode transformation at the equipartition
layer where the acoustic and Alfvén speeds coincide, splitting into the slow (essentially acoustic) wave
component and fast (essentially magnetic) wave component in vA > cs. Due to the geometry of our
numerical experiment setup, the wave vector k and the magnetic field vector lie in the same vertical
plane (the x–z plane in Figure 5.4b). Therefore, in ideal MHD with the Hall term switched off, only
fast and slow MHD waves can exist in our system, and no transformation to the Alfvén wave can take
place. Mathematically, the velocity component vy is exactly zero, since there is no coupling out of the
x–z plane.

However, when the Hall term is switched on, a secondary mode transformation can take place. This
transformation happens when the fast magnetic mode, generated by the primary mode transformation
at vA = cs, enters into the region where the Hall parameter becomes important, see Figure 5.3. This
way, Alfvén waves are produced from fast magnetic waves. This double mode transformation can be
seen in Figure 5.5 1.

In the first example, we see in the right panel of Figure 5.5 how the fast (acoustic) wave propagates
with the acoustic speed upwards and how the fast and slow waves are generated after the primary
mode transformation around 200 km height in the photosphere. The existence of both fast and slow
components can be appreciated from different inclination of ridges in the middle and right panels.
The fast (magnetic) mode ridges are much steeper above 200 km, indicating faster propagation speed.
The fast magnetic mode can also be observed reflecting back to the sub-photosphere, which is seen as
downward-inclined ridges and from the interference pattern below 200 km. The ridges become vertical
above the reflection height, where the wave is evanescent. Such behavior is well known and has been
observed before in many simulations (Khomenko & Collados 2009; Khomenko & Cally 2011; Felipe
2012; Khomenko & Cally 2012; Santamaria et al. 2015). The new feature one can observe in Figure
5.5 is the generation of the Alfvén mode, seen as a non-zero vy component in the left panel. This
component starts to appear at heights around 400 km in the photosphere, coinciding with heights
where the Hall parameter is maximum; see the left panel Fig. 5.5. Nevertheless, the Hall-mediated
transformation occurs throughout the height range. The amplitude of the Alfvén waves produced by
this mechanism is highest immediately above the height where the Hall parameter is maximum.

Although the height of the numerical box is insufficient to completely encompass the region where
the fast wave reflection takes place, part of the fast mode that is reflected downward again travels

1Fast-Alfvén coupling is also produced by 3D geometric effects, though these are absent in the 2.5D system.
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through the region with high Hall parameter values. This way, downward propagating Alfvén waves
are produced (ridges below εmax in the left panel of Fig. 5.5). A similar behavior was observed by
Khomenko & Cally (2011, 2012) and Felipe (2012). However, in their simulations the Alfvén waves were
produced through geometrical mode transformation, and not through Hall-mediated transformation.

One may notice that the amplitude of the Alfvén waves produced through the Hall-mediated trans-
formation in Figure 5.5 is rather small, being about four orders of magnitude smaller than the amplitude
of the slow acoustic mode at the equipartition layer. Nevertheless, the results of the theoretical inves-
tigation in cold plasma (Cally & Khomenko 2015) suggest that the amplitude of the Alfvén waves is
a sensitive function of their frequency and of the inclination between the magnetic field and the wave
vector. In order to study these dependencies in warm plasmas, we have repeated the simulations of
Figure 5.5, but with different inclinations of magnetic field (from 0 to 90 degrees) and different wave
frequencies (as indicated in Table 5.3).

Figure 5.6 shows the results of these experiments. It presents the time-height diagrams for the
perpendicular component of the projected velocity (vperp = vy) for three of the selected frequencies,
ν = 0.01, 0.1, and 1 Hz (columns) and five different inclination angles of the magnetic field, θ = 0, 20,
40, 60, and 80 degrees (rows). All simulations share the same numerical setup including number of
grid points per wavelength in the horizontal direction and the magnitude of the numerical diffusivity
(necessary for the stability of the simulations). Nevertheless, it is unavoidable that higher frequency
waves are affected more by numerical effects, and therefore their amplitude is inevitably lower than it
should be. In order to account for these numerical effects and to standardize the experiments on the
same scale, the velocities for a given frequency are scaled by setting the amplitude of the longitudinal
component of the velocity vlong at the equipartition layer height in the simulation with θ = 10◦ to 500
m s−1. The rest of amplitudes and perturbed quantities for this frequency are then scaled according
to this factor.

We observe in Figure 5.6 that the amplitudes of both upward and downward propagating Alfvén waves
depend on the inclination and frequency. In particular, the amplitude of the down-going wave becomes
progressively smaller for larger magnetic field inclination angles. Similarly, simulations with higher
frequencies show less down-going Alfvén wave, as measured by the amplitude. In all cases, the ampli-
tudes of the down-going waves are smaller than of the up-going waves. The amplitudes of the up-going
wave significantly increase with increasing frequency. The region where these amplitudes are maximal
are located at or immediately above the height with maximum Hall parameter.

In order to confirm the visual impression about the presence of the Alfvén waves and their direction
of propagation, and also in order to quantify our results in terms of energy supply to the upper layers,
we computed the magnetic Poynting flux carried by waves:

Fmag = 〈B1 × (v1 ×B0/µ0)〉 , (5.19)

and the acoustic flux
Facu = 〈p1v1〉 , (5.20)

where the subscript “1” denotes a small perturbation in velocity (v1), magnetic field (B1), and pressure
(p1). The angled brackets denote phase averages. Using Eqs. (5.17) together with Equation (5.19) we
obtain the longitudinal component of the magnetic wave-energy flux. Considering only the perpen-
dicular component of the velocity, we obtain a longitudinal magnetic flux associated exclusively with
Alfvén waves:

FAlfvénic = −Bperp
1 vperp1 Blong

0 /µ0 . (5.21)

Figure 5.7 shows the Alfvénic flux in simulations with varying magnetic field inclination angle and
frequency in the same format as Fig. 5.6. The amplitudes of the velocity and magnetic field oscillations
were normalized for each frequency setting vlong = 500 m s−1 at β = 1 height, in the simulation with



83 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

83 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

5.4 Alfvén wave production in the warm plasma 73

0 2 4 6
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 10mHz, θ= 0 ◦

β= 1

εmax

1.0

0.5

0.0

0.5

1.0

F
A

lf
v
én

ic
 [W

/m
2
]

×10 4

0 5 10 15 20
τ

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0

H
ei

gh
t [

M
m

]

ν= 100mHz, θ= 0 ◦

β= 1

εmax

1.5

1.0

0.5

0.0

0.5

1.0

1.5

F
A

lf
v
én

ic
 [W

/m
2
]

80 90 100 110 120
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 1Hz, θ= 0 ◦

β= 1

εmax

8

6

4

2

0

2

4

6

8

F
A

lf
v
én

ic
 [W

/m
2
]

×102

0 2 4 6
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 10mHz, θ= 20 ◦

β= 1

εmax

6

4

2

0

2

4

6
F

A
lf
v
én

ic
 [W

/m
2
]

×10 4

0 5 10 15 20
τ

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0

H
ei

gh
t [

M
m

]

ν= 100mHz, θ= 20 ◦

β= 1

εmax

6

4

2

0

2

4

6

F
A

lf
v
én

ic
 [W

/m
2
]

80 90 100 110 120
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 1Hz, θ= 20 ◦

β= 1

εmax

7.5

5.0

2.5

0.0

2.5

5.0

7.5

F
A

lf
v
én

ic
 [W

/m
2
]

×103

0 2 4 6
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 10mHz, θ= 40 ◦

β= 1

εmax

2

1

0

1

2

F
A

lf
v
én

ic
 [W

/m
2
]

×10 3

0 5 10 15 20
τ

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0

H
ei

gh
t [

M
m

]

ν= 100mHz, θ= 40 ◦

β= 1

εmax

4

3

2

1

0

1

2

3

4

F
A

lf
v
én

ic
 [W

/m
2
]

80 90 100 110 120
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 1Hz, θ= 40 ◦

β= 1

εmax

1.5

1.0

0.5

0.0

0.5

1.0

1.5

F
A

lf
v
én

ic
 [W

/m
2
]

×103

0 2 4 6
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 10mHz, θ= 60 ◦

β= 1

εmax

2.0
1.5
1.0
0.5

0.0
0.5
1.0
1.5
2.0

F
A

lf
v
én

ic
 [W

/m
2
]

×10 3

0 5 10 15 20
τ

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0

H
ei

gh
t [

M
m

]

ν= 100mHz, θ= 60 ◦

β= 1

εmax

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

F
A

lf
v
én

ic
 [W

/m
2
]

80 90 100 110 120
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 1Hz, θ= 60 ◦

β= 1

εmax

2

1

0

1

2

F
A

lf
v
én

ic
 [W

/m
2
]

×102

0 2 4 6
τ

0.50

0.25

0.00

0.25

0.50

0.75

1.00

H
ei

gh
t [

M
m

]

ν= 10mHz, θ= 80 ◦

β= 1

εmax

1.5

1.0

0.5

0.0

0.5

1.0

1.5

F
A

lf
v
én

ic
 [W

/m
2
]

×10 3

0 5 10 15 20
τ

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0

H
ei

gh
t [

M
m

]

ν= 100mHz, θ= 80 ◦

β= 1

εmax

0.4

0.3

0.2

0.1

0.0

0.1

0.2

0.3

0.4

F
A

lf
v
én

ic
 [W

/m
2
]

80 90 100 110 120
τ

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0

H
ei

gh
t [

M
m

]

ν= 1Hz, θ= 80 ◦

β= 1

εmax

30

20

10

0

10

20

30

F
A

lf
v
én

ic
 [W

/m
2
]

Figure 5.7— Time-height diagrams of FAlfvénic in simulations with varying frequency (panels from left to right) and
varying inclination angle of the magnetic field (panels from top to bottom). The values of the frequencies and inclination
angles are indicated in each panel. Positive value of the magnetic flux (red colour) mean upward propagation.
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Figure 5.8— Velocity vperp = vy of the Alfvén com-
ponent as a function of magnetic field inclination angle.
Different color lines present the results of the simulations
with different frequencies, indicated in the figure. The
maximum of each curve is marked with a black dot, the
dotted vertical line corresponds to the wave vector angle
(α). We observe how this maximum approaches to α for
increasing frequencies.
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Figure 5.9— Perpendicular projection of the perturbed
magnetic field as a function of the magnetic field inclina-
tion angle. Color lines correspond to results of the simu-
lations with different frequencies. The maximum of each
curve is marked with a black dot, the dotted vertical line
corresponds to the wave vector angle (α). As in Fig. 5.8,
we observe how this maximum approaches to α for increas-
ing frequencies.

θ = 10 degrees, as before. The results for the flux confirm that, indeed the ridges with the opposite
inclination in Fig. 5.6 correspond to downward magnetic flux (blue color). They indeed vanish (in
comparison to the upward fluxes) when the inclination angle and wave frequency are increased, though
notice that the magnitude of the fluxes is orders of magnitude higher at 1 mHz than at the lower
frequencies. Also, we observe how this flux increases up to a maximum value at a certain inclination
angle, and then starts to decrease; see the column for ν = 100 mHz for example. The magnetic flux
for a given inclination angle increases with increasing frequency.

Finally, gathering together the results of all simulations, we have computed the amplitude of the
perpendicular velocity once the system reaches a stationary regime. Figure 5.8 shows the results
of this calculation as a function of inclination angle for all considered frequencies. This figure nicely
summarizes the behavior mentioned above. Firstly, we see that the amplitude of Alfvén waves increases
with increasing wave frequency. The maximum amplitude reached for waves of 1 Hz constitutes about
30% of the amplitude of the longitudinal wave component, which is significant. Next, for a given
frequency, there is magnetic field inclination where the amplitude of the generated Alfvén waves reaches
a maximum value. For low frequency waves this maximum falls at large inclination angles. But for
progressively larger frequencies, the inclination with maximum amplitude approaches asymptotically
the inclination of 10 degrees, i.e. θ = α, the inclination of the wave vector. In Figure 5.9 we can see
similar behavior in the perpendicular projection of the perturbed magnetic field.

As mentioned previously, Hall-mediated transformation acts everywhere in the numerical domain
and its efficiency increases with wave frequency. Because our numerical scheme contains numerical
noise, it is important to carefully choose parameters such as the filtering cadence and the artificial
diffusivity to keep this noise as low as possible to avoid its growth and the artificial Hall-mediated
transformation that can be introduced into the simulations. Our chosen setup parameters made the
simulations computationally very costly at progressively higher frequencies, so we had to truncate
our numerical analysis at 1 Hz. Nevertheless, Figure 5.8 clearly suggests that for higher frequencies,
the amplitudes would increase further. In order to quantify this increase we performed fitting to the
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Figure 5.10— Temporal average of the Alfvénic flux
at z = 450 km. Solid colored lines represents different
frequencies, the dotted vertical line marks the wave vector
angle α. The maximum of each curve is marked with a
black dot. We observe a displacement toward the left of
those maximum for increasing frequencies.
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Figure 5.11— Temporal average of the longitudinal
projection of the acoustic flux at the equipartition level.
The dotted vertical line indicates the wave vector angle
α. Solid curves correspond to different frequencies, and
its maximum is marked with a black dot. We observe
how the acoustic flux, for higher inclination angles of the
magnetic field, increases with the wave frequency.

maximum values of velocity versus angle, using the following power law:

max (|vperp|) = A (θ − θ0)
m . (5.22)

The best fit is for A = 4475.88 deg m s−1, m = −2.28, θ0 = 15.5◦. According to these parameters, an
asymptotic angle with maximum velocity lies around 15.5 degrees. Nevertheless, this particular number
should only be taken as an indication. Possibly, simulations with better sampling in θ would allow us
to make a more precise fit. In addition, the amplitude of waves in numerical simulations is affected by
numerical effects (such as numerical diffusivity). Although we kept the numerical parameters as similar
as possible between all simulations, it is still possible that the numerical diffusivity affects the higher
frequency waves (especially those at 1 Hz) more severely. Nevertheless, given all the uncertainties, we
conclude that the amount of energy transferred from fast to Alfvén mode can be considerable. For a
reference, Figure 5.9 provides the corresponding amplitudes of the magnetic field perturbation. For all
the frequencies except 1 Hz, the amplitudes of B1 do not reach above 1 G. This means that detecting
such perturbations in observations would only be possible with the highest sensitivity polarimeters on
the largest-aperture telescopes such as DKIST2 or future EST3. In Figure 5.10 we collect the results for
the average Alfvénic flux for all the inclinations and frequencies. This flux is calculated at z = 450 km,
above the height with the maximum Hall parameter. This figure allows us to quantify the energy input
by Alfvén waves into the higher layers. The Alfvénic flux reaches a maximum around 103 W m−2 at 15
degrees for the 1 Hz wave. The spatio-temporal root mean square (RMS) of the Alfvén flux, calculated
for this frequency inside the green box marked in Fig. 5.8, is about 780 W m−2. Making a similar fit
to the Alfvénic flux as before, the asymptotic angle is θ0 = 10.36◦, very close to the inclination angle
of k with respect to the background magnetic field.

The values of the magnetic flux of Alfvén waves are to be compared to the available acoustic
flux at some reference layer. We take for the reference the equipartition layer as the layer where the
acoustic waves start to transform. Figure 5.11 shows the mean value of the longitudinal acoustic flux

2Daniel K. Inouye Solar Telescope, formerly the Advanced Technology Solar Telescope (ATST).
3European Solar Telescope
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at the equipartition level. We observe that, in general, the acoustic flux pumped into the corona and
then available to be transformed into Alfvénic flux slightly increases with frequency. The behavior
of the curve for 1 Hz is slightly different from the others, probably due to numerical effects on this
simulation. The values of the acoustic flux vary in the range of 102–104 W m−2 for all the frequencies.
One can conclude that only for the highest frequency of 1 Hz does the Alfvén flux shown in Figure
5.10 contribute a significant fraction of the available acoustic flux.

On the other hand, in the full non-linear regime, which is not explored here, acoustic waves are much
more subject to attenuation (by shocking for example) in the chromosphere than are Alfvén waves.
Our results might therefore be expected to overestimate the acoustic wave flux reaching higher levels.

5.5 Discussion and Conclusions

In this Chapter, simulations are performed of Hall current mediated mode conversion to Alfvén waves
for plasma parameters approximating the solar atmosphere. Numerical solution allow us to relax the
cold plasma approximation assumed in the initial analytic study done by Cally & Khomenko (2015).
We consider an acoustic-gravity wave with various frequencies propagating upwards from the lower
boundary of our simulation domain located in the high plasma β region below the photosphere. Our
simulations indeed show the presence of Alfvén waves when the Hall effect is acting. Therefore we
confirm that this effect can be responsible for coupling fast magneto-acoustic and Alfvén waves even
when there is no cross-field wave propagation (the usual coupling mechanism).

Cally & Khomenko (2015) concluded that the transformation is more efficient for vertical fields
and wave propagation aligned with the field. The efficiency is also a sensitive function of the Hall
parameter, and therefore it increases for increasing wave frequency ν and decreasing ionization fraction
ξi. Our numerical experiments in warm plasma have partially confirmed this picture, but also shown
a more nuanced behavior. We conclude that the efficiency of the transformation for low-frequency
waves is maximal for strongly inclined fields (50–70 degrees). However, for waves at higher frequencies,
the maximum becomes progressively aligned with the field. The asymptotic fit for the perpendicular
velocity shows that the alignment between the directions of k and B is within 5.5 degrees for waves
with frequencies above 1 Hz. A similar fit to the Alfvénic flux curves results in a difference between k
and B of just 0.36 degrees.

A further conclusion concerns the absolute value of the effect. As discussed in the Chapter 2, in
warm plasmas the transformation is a two-step process. First acoustic fast waves are partially trans-
formed into magnetic fast waves at the vA = cs equipartition layer, and then the latter are transformed
into Alfvén waves progressively where Hall coupling operates. For that to happen there should be a
specific relation between the location of the equipartition layer and the level with maximum Hall pa-
rameter εHall. While the latter depends exclusively on the temperature structure of the atmosphere,
the former is a function of the magnetic field. For the Hall-mediated transformation to be efficient one
needs to satisfy simultaneously both conditions: (1) that the layer with vA = cs is located below the
layer with maximum εHall, therefore B0 has to be sufficiently large to have vA = cs located deep enough;
(2) that B is sufficiently small to maximize the value of εHall. In our simulations we set B0 = 500 G to
satisfy both conditions. We reach the maximum amplitudes of Hall-excited Alfvén waves, about 30%
of vlong, for waves of the highest studied frequency, i.e., 1 Hz.

In practice,the process of Hall-mediated transformation acts in addition to the geometrical mode
transformation to Alfvén waves suggested by Cally & Goossens (2008). It does not need any particular
relation between the wave vector and the orientation of the magnetic field, and, our simulations suggest
that the maximum transformation can occur for a broad range of magnetic field inclinations, depending
on the wave frequency. Also, the considerations above suggest that the process would be efficient for
intermediate field strengths of the order of hG, comparable to those existing in solar network and quiet
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5.5 Discussion and Conclusions 77

areas. Therefore, this process could provide a constant energy supply be means of Alfvén waves to the
solar corona.

The 3D geometric fast/Alfvén coupling mechanism occurs near the fast wave reflection height, where
the horizontal phase speed ω/kh equals the Alfvén speed (in a low β plasma), and kh = (k2

x + k2
y)

1/2

is the horizontal wavenumber. At frequencies of a few mHz this may occur somewhere in the low-to-
mid chromosphere, depending on magnetic field strength and kh. However, at the high frequencies
considered above (1 Hz etc), reflection may not occur till the transition region (TR) is reached. In
that case, the two coupling regions (Hall and geometric) are spatially separated and would operate
independently: Hall coupling would operate in the weakly ionized low chromosphere, and geometric
coupling would set in once the TR is reached.

In our modeling, for waves of 1 Hz, the average Alfvénic energy flux we obtain at 450 km height
(above the height of peak Hall coupling) is about 103 W m−2 with a RMS of 780 W m−2. These
numbers are bigger than what is required for heating the corona above quiet Sun regions, which is
about 100–300 W m−2, but are of the order of what is needed for heating the corona above active
regions (Withbroe & Noyes 1977). The numbers we provide were obtained after normalizing the wave
amplitude of vlong to be 500 m s−1 at β = 1 which, using Eq. (5.20), corresponds to an average acoustic
wave energy flux of ∼ 3.8× 104 W m−2 and a spatio-temporal RMS value of about 368 W m−2. These
values depend of the adopted base amplitude, which is probably overestimated at this frequency.

Theoretical estimates and measurements of the wave energy flux for such high frequency waves
are uncertain (Fossum & Carlsson 2006). These authors provide measurements of the acoustic energy
flux from TRACE4 observations for frequencies up to a few hundred mHz, showing an exponential
decrease of flux with frequency. The flux measured at largest frequencies by these authors makes 0.1–1
W m−2. Simulations of acoustic wave generation by turbulence show a maximum wave energy at
frequencies around 0.1 Hz with a strong decrease toward the higher frequencies (Musielak et al. 1994).
The acoustic energy flux at 1 Hz reported by Musielak et al. (1994) makes 103 W m−2. Assuming we
can convert 1% of this acoustic flux into Alfvén waves and bring it to the solar corona, a good fraction
of the energy needed to compensate its losses would be provided by Hall coupling. Although this flux
is small compared to the peak acoustic flux at the same height, the Alfvén flux is far more able to
penetrate to the corona, and so is more relevant to coronal heating.

Whilst fast modes refract and reflect in low-β regions and slow modes rapidly shock and damp,
Alfvén waves can reach upper regions of the solar atmosphere due to their incompressible nature
(∇ · v = 0), making them an attractive mechanism to transport energy up to the corona. It is then a
challenge to find mechanisms to dissipate Alfvén energy there.

Recently, simulations from Santamaria et al. (2017) have shown that slow magneto-acoustic shock
waves coming from the chromosphere can trigger a jet-like structure of slow magneto-acoustic waves
with frequencies up to 80 mHz around null points. These shock waves could be converted into fast
modes around β = 1 regions with complex topology, and then they can be converted into Alfvén waves
via the Hall term. Because the presence of null points is theoretically predicted almost everywhere,
this double transformation could be an important source of production of Alfvén waves in complex
magnetic topologies.

Possibly, Hall-mediated conversion can be important for other astrophysical scenarios, e.g. in star
formation regions or reconnection events as well as in other cooler stars. Further investigations of 3D
effects via the azimuth (φ) and stratification dependence, and taking into account other scenarios may
also be interesting.

4Transition Region and Coronal Explorer
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6
Effects of Hall Term in Solar

Magneto-convection
There is a theory which states that if ever anyone discovers exactly what the Universe is for and
why it is here, it will instantly disappear and be replaced by something even more bizarre and
inexplicable. There is another theory which states that this has already happened.

- Douglas Adams, The Hitchhiker’s Guide to the Galaxy, 1979.

As it was discussed in the previous chapters, partial ionization of solar plasma is an important phe-
nomena that can potentially produce significant effects into the energy balance of the solar atmosphere.
This chapter presents realistic three-dimensional simulations of solar dynamo where the magnetic field
is seeded by the battery effect and then amplified to solar values by the local dynamo. ambipolar effect
allows to dissipate incompressible perturbations associated to magnetic waves removing the magnetic
Poynting flux and converting the magnetic energy into the thermal energy. Hall term introduces a
new fast-to-Alfvén mode transformation mechanism and helps generating currents. The Alfvén wave
generated in convection could travel to the upper layers and the currents could be dissipated by the
ambipolar diffusion, closing the cycle. Then, the action of all three effects can be considered as an
attractive mechanism of energy generation, transport, and chromospheric heating.

6.1 Introduction

To understand the connections established by the magnetic field between the weakly ionized photo-
sphere and the partially ionized chromosphere, a non-ideal treatment of the plasma behavior due to the
presence of neutrals is required as many works have demonstrated during the last years (De Pontieu &
Haerendel 1998; Goodman 2000, 2011; Judge 2008; Krasnoselskikh et al. 2010; Martínez-Sykora et al.
2012; Khomenko & Collados 2012; Shelyag et al. 2016, among others).

The convective motions shake the photospheric magnetic field releasing energy which is in great
part transported into the upper layers by waves. These waves are refracted, reflected and can be
transformed into other type of waves, specially Alfvén waves, which are able to reach the upper layers
of the atmosphere easily and could then produce perturbations of currents. The Ohmic and ambipolar
diffusion effects can dissipate these currents, being the last one related to the presence of neutrals. In the
chromosphere, collisions between ions and neutrals weaken, and their velocities can became different.

79
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80 Magneto-convection

This difference in velocities generate a friction between these components, creating a situation where
neutrals are pushing the ions across the magnetic field lines, resulting in a magnetic energy dissipation
and a transformation of this energy into heat as Khomenko & Collados (2012) and Khomenko et al.
(2014) had shown.

Realistic two-dimensional simulations show, for example, that the temperature inside cold chromo-
spheric bubbles, generated by a nearly adiabatic expansion, is higher when the ambipolar diffusion is
considered (Martínez-Sykora et al. 2012). It was also suggested that ambipolar diffusion could induce
the generation of spicules by letting the field lines to reach higher layers, resulting in a misalignment
between the chromospheric fibrils and the magnetic field (Martínez-Sykora et al. 2016, 2017). Recently,
Khomenko et al. (2018), performed the first three-dimensional realistic magneto-convection simulations
taking into account the ambipolar diffusion, and identified the observed chromospheric heating with
the damping of incompressible magnetic waves and currents, pointing out that mechanisms associated
to ambipolar diffusion can play an important role in the chromospheric heating.

Recent studies of the chromosphere are showing that the single-fluid formulation considering a
strong coupling trough collisions may not be suitable in these region and a two-fluid or multi-fluid
modeling should be applied. Recently, Popescu Braileanu et al. (2019a,b) have shown using a two-
fluid modeling the importance of the ion-neutral decoupling in the omnipresent shocks. Unfortunately,
realistic multi-fluid simulations remains as a challenge due to its complexity, see the work done by
Maneva et al. (2017) or Kuźma et al. (2019) as an example.

Going back to the single-fluid approach, another important effect present in any plasma to take
into account is the Hall effect. In partially ionized plasma the Hall effect is acting at scales factor 1/ξi
larger, as was shown in Chapter 5. Thus it could be important in certain locations in the chromosphere
and the transition region. It is known from the work done by Cally & Khomenko (2015) and the one
presented in Chapter 5 that this term generates Alfvén waves by mean of coupling the fast magneto-
acoustic and Alfvén modes in the low-β plasmas around the so-called Hall region, where β ≈ 1 and
εHall is large.

Only a few 2.5D realistic magneto-convection simulations have been done taking into consideration
this non-ideal effect, see Martínez-Sykora et al. (2012) and Cheung & Cameron (2012). They shown the
creation of a weak and out of plane current but as we know from Chapter 5, only a full three-dimension
treatment is capable of fully describing the Hall effect.

In this Chapter we have performed 3D realistic simulations of the battery-excited small scale dy-
namo in the solar atmosphere including both, ambipolar diffusion and Hall effects, using the generalized
Ohm’s law in a single-fluid framework. In Section 6.2 we set non-ideal MHD equations taking into ac-
count the three non-ideal effects of study. In Section 6.3 we present the initial condition, the numerical
setup and the boundary conditions used in the simulations. In Section 6.4 we present the results from
the simulations and the discussion. Finally in Section 6.5 a brief summary an conclusion is presented.

6.2 Equations

For these numerical experiments we consider the non-ideal effects introduced by ambipolar, Hall, and
Battery terms assuming a strong collisional coupling. Under this approximation it is feasible to use
the equations of Section 2.2 and neglect the Ohmic term of both, the induction and energy equations.

∂B

∂t
= ∇×

[
(v ×B)− ηH

µ0

|B|(J×B) + ηA
µ0

|B|2 [(J×B)×B] + ηB
µ0

|B|∇pe
]
, (6.1)



91 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

91 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

6.3 Numerical Setup 81

∂e

∂t
+∇ ·

[
ρv2

2
v +

γp

γ − 1
v +

1

µ0
∇ · [B× (v ×B)]

]
= ρv·g +

+∇ · [B× (ηAJ⊥)] +∇ ·
[
ηB
∇pe ×B

|B|

]
+Qrad .

(6.2)

This approximation is possible because for the quiet Sun, the Hall term becomes important at heights
above 200 km and the ambipolar term at heights above 1 Mm, being both more important than
the Ohmic term along those heights (Khomenko et al. 2014). To justify the removal of the Ohmic
term, it is possible to compare the temporal scales of the non-ideal terms against the convective
term. If the plasma velocity v is comparable to the Alfvén speed, then the temporal scales results in
τ = η{Ohmic,Ambi,Hall}/v

2
A. Using the expressions (2.30), (2.38), and (2.31) respectively the temporal

scales result in

Figure 6.1— Temporal scales for the quiet Sun (VAL-
C) where Ohmic, ambipolar, and Hall terms become impor-
tant relative to the convection term in the generalized Ohm’s
equation. Extracted from Khomenko et al. (2014).

τOhmic ∼
νei + νen
ω2
ce

, (6.3a)

τAmbi ∼
ξ2
n

ξiνin + ξeνen
, (6.3b)

τHall ∼
1

ωce
, (6.3c)

with these expression the Ohmic term becomes
important on scales given by the ratio of the
electron collisional frequency and the square
of the electron cyclotron frequency, ambipolar
term becomes important on scales proportional
to ion-neutral collisional time, and finally Hall
term will be important on scales close to the
ion cyclotron period. In Figure 6.1 those scales
are shown for the quiet Sun using the VAL-C
model and a magnetic field profile typical for a flux tube. Ohmic term is then important close to
the photospheric level where the collisions are important, meanwhile the ambipolar term is important
above the temperature minimum, while the Hall term is more important than the Ohmic term all over
the photosphere.

6.3 Numerical Setup

To initiate the magneto convection simulation Khomenko et al. (2018) started from a purly hydrody-
namic setup and when it is stabilized, the magnetic field was introduced through the Battery term. The
initial atmosphere was a plane-parallel stratification which combines the subphotospheric convective
solar model of Spruit (1974) with the Harvard Smithsonian reference atmosphere (HSRA) model by
Gingerich et al. (1971). The HSRA model combines EUV observations with a quiet lower chromosphere
model based in observations of the Lyman continuum, infrared observations and the observed electron
density during a solar eclipse. The model by Spruit (1974) is based on the mixing length formalism and
has four free parameters to match the empirical model HSRA and a solar interior model to get a good
mean temperature-pressure relation for the convection zone. The numerical box had 288× 288× 168
points distributed forming a uniform grid. The horizontal sampling was 20 km and the vertical one was
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82 Magneto-convection

Figure 6.2— Mean value of the
magnetic field module at the pho-
tospheric level (τ500 = 1) as a
function of time after turning on
the battery term. Solid blue line:
run with battery seed. Dashed
blue line: run with random seed.
Solid red line: run with battery
term and numerical diffusion for
magnetic field (constant and hyper-
diffusion). Dashed red line: run
with random seed and numerical
diffusion for B. Extracted from
Khomenko et al. (2017).

14 km, giving a box size of 5.8× 5.8× 2.35 Mm3. About 0.95 Mm in the vertical direction correspond
to the upper layers of the convective zone bellow the photospheric level, and about 1.4 Mm extend
from here to the lower chromosphere layers. The horizontal boundary condition were set periodic. The
upper and bottom boundary conditions were set up following the Subsection 3.10.2. Upper boundary is
closed to mass flows having zero gradient in density and internal energy; the temperature is computed
using the tabulated EOS and because it has no further restriction imposed, the atmosphere is struc-
tured by shock viscous dissipation, magnetic field dissipation and radiative losses. Bottom boundary
is closed to mass flows, keeping an approximately constant value for the mass inside the domain by
controlling its global fluctuations and the total radiative output with a zero magnetic field inflow.

The initial snapshots used here come from the D and D-AD runs done by Khomenko et al. (2018),
see Fig. 6.3. The beginning of their simulation is purely hydrodynamic and 2D. The simulation runs
approximately for 20 min of solar time until the outgoing flux recovers its initial value due to the
development of convective motions and then it keeps running another 3.4h to be sure the convection
reaches a stationary regime. At this point the battery term is switch on, seeding fields of around
10−6 G as a consequence of the existing misalignment between the pressure and density gradients.
This magnetic field is amplified by local dynamo effects as it was confirmed by Vögler et al. (2005)
or Vögler & Schüssler (2007) among others. After approximately 2h of switching on the battery term
the dynamo provides a mean magnetic field strength of ∼ 102 G at photospheric level, see the solid
blue line of Fig. 6.2. After 2.2h more into the saturated dynamo regime a snapshot is saved and two
branches are created, the first one continues only with the battery term (D), the second one adds the
ambipolar diffusion term (D-AD). From this moment, both branches run during another 150 min of
solar time until D-AD reaches a new stationary regimen.

For our experiments the branches D and D-AD are used as initial condition restarting the sim-
ulations at tini and using the version of Mancha3D code explained in Chapters 3 and 4. From
experiment D a new branch labeled Batt it is obtained, and from experiment D-AD the branches
labeled Ambi and AmbiHall, where the last one has activated the Hall term, are obtained. All these
experiments are kept running until they reach a new stationary regime with the non-ideal terms. The
three branches reach the same solar time (tfin) giving about 4.13 h of data. Each of the branches is
saved using a high cadence of 10 s to reach high frequencies with the Fourier analysis, see Fig. 6.3.
As Khomenko et al. (2018) pointed out, the approximations underlying radiative transfer do not allow
us to make conclusions about the absolute value of temperature in the chromosphere. Therefor, we
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Figure 6.3— Schematic evolu-
tion of the numerical experiments
and the origin of branches. The
Batt simulation has its origin
in the D run of Khomenko et al.
(2018). The simulations Ambi and
AmbiHall have their origin in
the simulation D-AD of Khomenko
et al. (2018). The analyzed data
in this work correspond to the last
2h of each branch using a saving
cadence of 10s.

perform a statistical comparison between different simulations, with or without specific effects.

6.4 Results and dicussion

Since the contribution introduced by each of the non-ideal terms modifies the convection a bit, the
convective pattern and the magnetic field distribution of each simulation start to differ more and more
in time and hence only a statistical analysis between the results would be appropiate.

We are interested in the properties of the waves generated in the models and in the effects introduced
by the Hall term and the ambipolar term in comparison to the previous results obtained by Khomenko
et al. (2018) considering only the ambipolar term. Therefore here we follow a similar procedure to
analyze the data sets. Our higher cadence and longer length of the saved series not only allow us to
compare our simulations with them, but also to reach a higher frequency range as well as to check the
modifications introduced into the numerical code, see Chapter 3.
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Figure 6.4— Horizontal–time
averaged magnetic field inclination
on the left axis, dot-dashed curves
and horizontal–time averaged
magnetic field strength on the
right axis, dashed curves. Colors
correspond to the three runs,
red Batt, green Ambi, and blue
AmbiHall respectively. The
averaged inclination angles are very
similar for the three simulations,
however the averaged magnetic
field strength at layers above 0.6
Mm differs between the runs,
being higher when the Hall term is
considered (blue dashed line).
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Figure 6.5— Two-dimensional histogram showing the
frequency of occurrence of a given value of plasma β as a
function of height for the AmbiHall run. The solid curve
marks the locus for the maximum value of the frequency.
The horizontal dotted line corresponds to β = 1 layer.
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Figure 6.6— Average profiles for the plasma β of each
run as function of height. The vertical dotted line corre-
sponds to the height where the β = 1 layer has a maximum
in frequency of occurrence for the AmbiHall run.

6.4.1 Averaged parameters

Before starting with the wave analysis, we first characterize the average magnetic field configura-
tion along the simulations by calculating different quantities. The first one is the distribution of the
horizontal–time averaged magnetic field strength and inclination as a function of height for the three
runs, both shown in Fig. 6.4. As expected, the curves are very similar in shape and magnitude to the
ones shown in the Fig. 1 of Khomenko et al. (2018) (orange solid lines in their figure). The averaged
magnetic field decreases with height from hG bellow the photosphere to a few tens of Gauss at the chro-
mosphere. These curves have a secondary maximum around the temperature minimum height which
are related to the high inclination of the magnetic field lines in that region (∼ 75 degrees). Those field
lines are connecting complex bipolar structures corresponding to the small-scale canopies or HIFs (B
mark in Fig. 1.5). Next, we study the distribution of β plasma in our numerical box. Because of the
large point to point variation, in the simulations, it is convenient to plot the two-dimensional histogram
as shown in Figure 6.5. This histogram includes all the spatio-temporal points for the AmbiHall run
along the 2h of simulation under study, showing only the heights of interest for simplicity. From the
averaged values of β shown in Figure 6.6, we see that the flow happens mainly under the high-β con-
ditions. Around 1.1 Mm (vertical dotted line) the probability of having β < 1 in maximum, for all
three runs, see in Figure 6.7. The activation of the Hall term not only induces fast-to-Alfvén mode
transformation as we saw in Chapter 5 but also induces a higher number of spatial points belonging
to the equipartition layer, where the mode transformation may occurs.
As in Chapter 5, here it is interesting to consider the Hall parameter (εHall) for our stratification

εHall =
2πρ

qene

ν

|B| . (6.4)

Figure 6.8 shows the Hall parameter computed point to point for the stratification, and averaged in the
horizontal direction and time. As in Figure 5.3, the solid colored curves are calculated in magnetic field
units for different constant wave frequencies ν, εHall(ν)|B|. Those curves manifest similar shape and
values near the geometrical photospheric level compared to the simpler stratification used in Chapter 5.
Above the photospheric height, instead of decreasing with height, εHall remains almost constant showing
a small depression around the height where there is a higher probability of finding the equipartition



95 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

95 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

6.4 Results and dicussion 85

−0.25 0.00 0.25 0.50 0.75 1.00 1.25
z [Mm]

2

3

4

5

6

lo
g

1
0
(F

re
q
u

en
cy

)

Batt

Ambi

AmbiHall

Figure 6.7— Horizontal cut of the two-dimensional his-
togram from Figure 6.5 for β = 1 (dotted line in Figure
6.5), showing the frequency of occurrence of points with
β = 1 for the three runs. Black dotted line shows the
height of maximum frequency of occurrence (z = 1.1 Mm)
for the AmbiHall run. The addition of Hall term intro-
duces a slightly higher amount of points with β = 1.
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Figure 6.8— Hall parameter profile computed as Eq.
6.4 and normalized by the wave frequency ν (red dashed
curve). The same quantity but normalized by |B|−1 is pre-
sented in solid lines for different frequencies. Vertical dot-
ted line shows the position of the maximum occurrences
of β = 1 for the AmbiHall run, this point coincides with
an increase in the Hall parameter, and so with a possible
increase of fast-to-Alfvén mode transformation via Hall
term above this height.

level (see dotted vertical line). This behavior is different to the one modeled in Chapter 5, and is due
to the particular field distribution in our model of convection. From the experiments performed in
the Chapter 5 we know that the fast-to-Alfvén mode transformation due to Hall effect is a continuous
process, which is enhanced where εHall has large values, and whenever there are fast waves exist. Then,
in AmbiHall run it is expected to show a more efficient mode transformation than in the simpler
experiments done in the previous chapter. If we take into account the magnetic field of the stratification
and calculate the Hall parameter in the frequency units, εHall/ν, the small bump around the β = 1
locus disappears and the curve starts to grow indicating a higher mode transformation probability, see
red dashed curve in Figure 6.8.

Another interesting quantity to analyze is the probability density function (PDF) for the magnetic
field strength, as shown in Figure 6.9. This function has a connection to observational studies and
represents the probability of, choosing a random point into the stratification at any time, to obtain
what magnetic strength Bz it has. Our PDF functions display a similar shape and values to those
obtained from similar simulations (Vögler & Schüssler 2007; Rempel 2014; Khomenko et al. 2017)
or derived from observations, see Fig. 7b of Domínguez Cerdeña et al. (2006) as an example. It is
interesting how the magnetic field strength distribution narrows when adding the ambipolar effect
(middle panel) and becomes wider when adding it together with the Hall effect (right panel). This
means that the Hall term increases the probability of stronger magnetic fields. Figure 6.10 shows a
comparison between magnetic field PDF in the three runs at different geometrical heights, at z = 0.5
Mm on the right panel, and at photospheric level on the left panel. We see how adding ambipolar
diffusion it decreases the probability for fields with |B| ∼> 1 kG and how the incorporation of Hall effect
does the opposite by increasing the probability of fields |B| ∼> 1 kG, above the values given by those
in the simulation without these effects.
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Figure 6.9— Probability density function (PDF) for the magnetic field at different geometrical heights for each
simulation run. Red curves correspond to layers below the surface and blue curves above the surface. Black curve
indicates the geometrical surface. The ambipolar term narrows the distribution (center panel). Adding the Hall term
makes the PDF wider (right panel). Each curve is computed as an average of 60 km around its height.

6.4.2 Power maps

As we know from Chapters 2 and 4 the properties of the waves are conditioned by the medium where
they propagate, and by the magnetic field topology. To study the wave behavior in an uniform medium,
under the cool plasma approximation (zero-β plasma), and to separate the modes, Cally (2017) applies
a Helmholtz decomposition of the displacement into irrotational and incompressive contributions using
potential functions to represent the fast and Alfvén waves. Here we apply the same strategy having
in mind that this decomposition can only distinguish between fast and slow magneto-acoustic waves
when the plasma β is below 1. Alfvén waves can always be set apart, and this suits the purposes of
our study. Therefore, by applying the above strategy to the velocity field, we compute the following
quantities:

falfv = e‖ · ∇ × v , (6.5a)

ffast = ∇ ·
(
v − e‖v‖

)
= ∇ · v⊥ , (6.5b)

flong = e‖ · ∇
(
v · e‖

)
= ∇‖v‖ , (6.5c)

where v‖ is the velocity component parallel to the magnetic field, v⊥ the perpendicular one, and e‖ is
a unit vector parallel to the magnetic field. These expressions can be written using the basis given by
Equations (5.17) as

falfv = cosφ sin θ

(
∂vz
∂y
− ∂vy

∂z

)
+ sinφ sin θ

(
∂vx
∂z
− ∂vz
∂x

)
+ cos θ

(
∂vy
∂x
− ∂vx

∂y

)
, (6.6a)

ffast =
∂

∂x

(
vx − vlong cosφ sin θ

)
+

∂

∂y

(
vy − vlong sinφ sin θ

)
+

∂

∂z

(
vz − vlong cos θ

)
, (6.6b)

flong = ∇ · v − ffast , (6.6c)

where e‖ = elong and vlong = vx cosφ sin θ+vy sinφ cos θ+vz cos θ. These expressions are derivatives of
the velocity and can help us to separate different wave modes. Taking into account the discussion from
Section 2.5, falfv selects an incompressible perturbation along the magnetic field lines under any value
of β and can be identified with Alfvén waves. ffast selects a compressible perturbation perpendicular
to the field lines, separating fast magneto-acoustic (mainly magnetic) mode in regions with low-β
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Figure 6.10— PDF comparison of the magnetic field. Left panel corresponds to geometrical photospheric level
histogram for each simulation, see black curves of Figure 6.9. Right panel shows the curves at 0.5 Mm height. Ambipolar
term reduces the probability of magnetic field respect to the single action of the Battery term, meanwhile adding the
Hall term produces the opposite effect, see the curve bumps of both panels.

(β < 1). flong selects a compressible perturbation propagating along the field lines separating slow
magneto-acoustic mode (mainly acoustic) in regions where β < 1.

We computed the quantities given by Eqs. (6.6) for all temporal instances in our models, and
calculated their temporal Fourier transform to create a power as a function of frequency and three
spatial coordinates for each of them. Next, we computed the spatial average of the power in the
horizontal direction and obtain a two-dimensional power map as a function of height and frequency
(z, ν). Finally to compare the simulations between them, we defined the function Fi(z, ν) as the ratio
between the averaged power map of two different simulations

Fi(z, ν) =

〈
|FFT (fi)R1|2

〉
x,y〈

|FFT (fi)R2|2
〉
x,y

, (6.7)

where the subscript i = {long, fast, alfv} indicates the projection and the superscripts (R1,R2) =
{Batt, Ambi, AmbiHall} indicate the simulation. Of all the possible ratios we are interested in
Ambi/Batt (AB), AmbiHall/Batt (AHB), and AmbiHall/Ambi (AHA). The first ratio (AB)
allows to isolate the ambipolar effect, the second one (AHB) allows to study the joint action of the
ambipolar and Hall terms, and finally the last ratio (AHA) allows to highlight the Hall effect. The
saving cadence of 10 s allows us to resolve waves at high frequencies, up to 50 Hz, as we can see in the
power map ratios shown in Fig. 6.11.

Figure 6.11 shows the power maps ratios defined by Eq. (6.7) from heights below the photospheric
level to the lower chromosphere. Each column corresponds to a different power ratio, and each row
corresponds to power ratios computed for a different quantity, see Eqs. (6.6). These power ratios give
information about the amount of energy available at a given height and frequency depending of the
action or not of the non-ideal terms. Regardless of the selected ratio, the power maps of Flong and
Ffast are very similar since both quantities are related to compressible waves and the anisotropies along
and across the magnetic field lines for these waves are not big enough to be noticeable due to the high
plasma β values.

The left column of Fig. 6.11 shows the ratio AB. The values in the three panels are close to one for
heights below 0.5 Mm, meaning the absence of energy imbalance. Above this height there is a clear
dependence on frequency. As can be seen in panels (a) and (d) there is more contribution to the power
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6.4 Results and dicussion 89

coming from the ambipolar effect above 1 Mm at low frequency. As we move towards higher frequencies
this imbalance extends to lower layers increasing slightly its magnitude. In the panel (g) the situation
is the opposite, there is a lack of energy in the region above 0.5 Mm at all frequencies between 0 and
∼20 mHz, and at higher frequencies the imbalance disappears. This can be interpreted as a hint that
ambipolar diffusion not only changes the configuration of the magnetic field as Leake & Arber (2006)
or Arber et al. (2007) found in a 2.5D first and 3D magnetic flux emergence simulations later, but also
changes the efficiency of mode transformation as it were found by Cally & Khomenko (2018), reducing
in this case the Alfvén wave generation bellow 20 mHz. When the Hall term is switched on, see middle
column of Fig. 6.11, we see a clear depression of energy in panels (b) and (e) above 1 Mm with a
slight increase between 0.5 and 1 Mm at all frequencies. Panel (h) on the other hand, shows an energy
increase at low frequencies (ν ∼< 20 mHz) above 1 Mm and a depression around 0.5 Mm for frequencies
bigger than 10 mHz. To see the effects introduced by the Hall term, we show on the right column the
ratio AHA, here it is more pronounced the lack of energy above a 1 Mm in Flong and Ffast and the
excess in Falfv.

Another interesting quantity to study is the electromagnetic Poynting flux, which is defined as:

S =
E×B

µ0
= −(v ×B)×B

µ0
− B× (ηAJ⊥)

µ0
− |B|

2J⊥
eneµ0

− ∇pe ×B

eneµ0
. (6.8)

From left to right, the contributions are coming from the ideal term (SI), the ambipolar diffusion term
(SA), the Hall term (SH), and the Battery term (SB). The contribution from the Battery term to the
Poynting flux is expected to be small. The difference between simulations with or without the other
two non-ideal effects will be therefore conteined into SA and SH and will affect the values of SI. For
these reasons we neglect the battery contributions and focus into comparing the ideal contribution to
the Poynting flux in different simulations.

This ideal contribution can be split into a horizontal and vertical components. We are interested
in the vertical component of the ideal Poynting flux vector Sideal

z which is defined as:

Sideal
z,total =

vz(B
2
x +B2

y)−Bz(vxBx + vyBy)

µ0
=
vzB

2
h

µ0
− Bz(vh ·Bh)

µ0
= Sideal

z,emerg + Sideal
z,shear , (6.9)

and has two contributions, the first one Sideal
z,emerg represents the transport of horizontal magnetic field

variations due to the vertical velocity, and the other one, Sideal
z,shear is due to the horizontal shear motions

of the magnetized plasma along vertical flux tubes. It is now possible to construct the power map ratio
between simulations for these two quantities, as it was done previously with the proxies given by Eqs.
(6.6). Expression (6.10) summarizes the calculation:

Gj(z, ν) =

〈∣∣∣FFT(Sideal
z,j

)
R1

∣∣∣2〉
x,y〈∣∣∣FFT(Sideal

z,j

)
R2

∣∣∣2〉
x,y

, (6.10)

where subscript j = {total, emerg, shear} indicates the projection and again, the superscripts (R1,R2)
= {Batt, Ambi, AmbiHall} denote the simulation. The results are shown in Fig. 6.12.

Figure 6.12 shows the power maps ratios defined by expression (6.10) from just below the photo-
spheric level to the lower chromosphere, columns correspond to the ratio between different simulation,
first row corresponds to the ratio associated to the quantity defined by expression (6.9) and the other
two rows are for Sideal

z,emerg and Sideal
z,shear. These power maps tell us not only about the amount of energy
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Figure 6.12— Power map ratios obtained with Eq. (6.10). Rows, from top to bottom correspond to the total Poynting
flux and its two contributions, emergent and shear ones. Columns provide the ratio of the fluxes between three pair of
simulations.
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Figure 6.13— Two-dimensional histograms showing the number of points with a given value of temperature at certain
height. Solid curves indicates the maximum of the frequency of occurrence for each run. The addition of the ambipolar
term increases the amount of locations with higher temperature (light orange) at z ∼ 1 Mm. Adding the Hall term
increases even more the area cover by higher temperature values, also produces a slightly upward displacement of the
maximum frequency curve respect to the Ambi run values just below 1 Mm height, see panel on the right.

but also how the energy is propagating at given frequencies and heights. Same as before, the stratifi-
cation is cut below the photosphere since all the ratios are close to one and do not show a significant
structure. Left column shows the ratio AB. The most significant feature here is the lack of energy of
the Ambi run respect the Batt run in the upper layers of the atmosphere, being more prominent at
low frequencies (ν ∼< 10 mHz). In panel (g) this energy depression is bigger than in panel (a) and (d),
and the depression extends to higher frequencies. The flux absorption agrees with the results found by
Shelyag et al. (2016), causing the heating of those layers. The middle column shows the ratio AHB and
manifests an opposite behavior due to the addition of the Hall term. Then, Hall term helps to increase
the amount of magnetic energy in the chromosphere, working against the ambipolar diffusion which is
still dissipating that energy flux and then heating those layers. The column on the right separates the
Hall effect from both ambipolar and Battery effects, showing saturated values in all three panels and,
especially prominent for the shear flux ratio, shown in the panel (i), at heights as low as 0.5 Mm.

6.4.3 Heating properties

The lack of Poynting flux could mean that some amount of energy has been converted into internal
energy increase. In order to check if this heat results in a temperature increase, we plot the two-
dimensional histograms of the temperature distribution with height, see Figure 6.13. The heating
term due to the ambipolar diffusion, ηAJ2

⊥, is given in Figure 6.14. The histograms include all spatial
points of the complete temporal series of each run. The shape of the histograms are very similar, but
there are some differences. Adding the ambipolar term produces a heating around 0.8–0.9 Mm and
a displacement towards deeper layers of the temperature jump around 1 Mm similarly to Khomenko
et al. (2018). Though, adding the Hall term induces a slightly cooling around 0.8 Mm and a appreciable
displacement upward of the temperature jump around 1 Mm respect the Ambi run. This heating due
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Figure 6.14— Two-dimensional histograms showing the number of points with a given value of the heating term as a
function of height. Solid curves indicate the location of the maximum of the frequency of occurrence for each run. The
addition of the ambipolar term increases the width of histogram above z ∼ 1 Mm. Adding the Hall term increases the
area cover by values around 6.5 (light purple and white areas), see plot on the right.

to the ambipolar and Hall terms can be see in Figure 6.14. This Figure shows the histograms for the
three runs. The left column gives the results for the Batt and Ambi runs. It can be seen how the
addition of the ambipolar term increases the width of the colored area, specially for heights above 1
Mm. When adding the Hall term, the width of the histogram is reduced slightly but the area covered by
values over 6 (purple region) increases, see the light purple area corresponding to the AmbiHall run.
This heating due to ambipolar diffusion arises as an increase of temperature, see the orange areas for
each run in Figure 6.13.

Doing the horizontal average of the vertical magnetic field at each time step and height it is easy
to see how the addition of ambipolar diffusion changes the structure and strength of the magnetic
field with respect to the Batt run, see the middle and the left panels in Figure 6.15. The ambipolar
term dissipates magnetic energy, which produces a general reduction of Bz component in the numerical
box, see middle panel in Figure 6.15, the yellow regions are less decrease and the blue ones even more
frequent. On the other hand, the Hall term is a dispersive term so it does not heat the atmosphere,
however, it can change the structure of the magnetic field by generating additional currents. These
currents then can contribute to the heating by its dissipation through the ambipolar term. The right
panel of Fig. 6.15 shows how the Hall term increases the average vertical magnetic field in the numer-
ical box above 0.5 Mm compared to the Ambi run, see the the greater area cover by green color on
the right panel. If we suppose that the change in temperature and density are small between the runs,
then it is possible to explain the increment of the ambipolar and battery coefficients above 0.5 Mm in
the AmbiHall run by an increment, in average, of the magnetic field strength at these heights, see
Figures 6.16 and 6.17. The Ambi run shows the opposite behavior.

Going back to the spatio-temporal average of the magnetic field, Figure 6.18 shows again that
above 0.5 Mm, the average of magnetic field for AmbiHall run is higher than that for the Ambi run
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Figure 6.15— Vertical magnetic field averaged in the horizontal plane as function of height and time. Adding the
Hall term results in stronger magnetic fields reaching higher heights of the atmosphere, see the greater area covers by
green values in the right panel.
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Figure 6.16— Ambipolar diffusion coefficient profiles
calculated as the maximum frequency of occurrence at
each height. The red dotted line indicates that the
Batt run has no ambipolar diffusion activated but it is
possible to calculate using the stratification parameters.

0.6 0.8 1.0 1.2
z [Mm]

4.50

4.75

5.00

5.25

5.50

5.75

6.00

6.25

6.50
lo

g
10

(η
B

[m
2

s−
1
]

)

Batt

Ambi

AmbiHall

Figure 6.17— Battery coefficient profiles calculated as
the maximum frequency of occurrence at each height.

or that for the Batt run in higher heights. If the average is done only for the fields which have an
absolute value for the vertical component, Bz, above 1 hG, 5 hG, or 1 kG correspondingly, we see
how adding the ambipolar term makes that the magnetic field with |Bz| ≥ 1 hG reaches lower heights
than when no ambipolar term is considered. However, taking into account also the Hall term, this
behavior is inverted and stronger magnetic fields reach higher heights. Doing the same analysis with
the magnetic field inclination, Figure 6.19, we can see that when the Hall term is switched on, not
only stronger magnetic fields reach higher layers, but also that those fields are less inclined (the field
is more vertical). This will affect the propagation of waves and energy to the upper layers.
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Figure 6.18— Magnetic field av-
eraged in the horizontal plane and
time as function of height (solid
curves). Red color correspond to
the simulations considering only the
Battery term, green curves to the
simulations adding the ambipolar
term, and blue curves to the simu-
lations including also the Hall term.
Dashed curves shows the average
calculated taking into account those
magnetic field with a condition over
the vertical component of the mag-
netic field, see the boxes for de-
tails. Hall term increases the mag-
netic field strength at higher layers
respect the Battery and/or ambipo-
lar term simulations.
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Figure 6.19— Inclination angle
averaged in the horizontal plane and
time as function of height (solid
curves). Red color correspond to
the simulations considering only the
Battery term, green curves to the
simulations adding the ambipolar
term, and blue curves to the sim-
ulations including also the Hall
term. Dashed curves shows the av-
erage calculated taking into account
the angles which satisfy the con-
dition over the vertical component
of the magnetic field indicated into
the boxes. The main contribution
to horizontal magnetic fields came
from weak magnetic fields (|Bz| <
100 G). Hall term increases the
height at which the vertical mag-
netic field reach respect the Battery
and/or ambipolar term simulations.
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6.4.4 High frequency oscillation

After exploring the energy flux and how the magnetic field structure is affected by both ambipolar
and Hall terms we can calculate the power spectrum map for both, the velocity projections and the
vertical Poynting flux to study correlations between those power maps and other quantities. Since the
granulation pattern is changing in time scales of a few minutes it is not possible to make correlations
using the whole temporal series. Thus, we have computed the one minute average power maps of the
velocity projections and the vertical Poynting flux and study high frequencies. For each run, we have
chosen the snapshot at t′ ∼ 4.11 h after tini, which corresponds to ∼ 246 min after switching on the
Hall term in the AmbiHall run. We have chosen this time to be sure of being in a saturation regime
for the Hall term and make comparisons with the other two runs. For the average we have used seven
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points, this is, the average is computed taking three snapshots after and before the chosen time t′ (30
s before and 30 s after the selected snapshot). For the velocities projections the average is computed
as

Pi(x, y, z) =
∑
ν

∣∣∣∣FFT[fi(x, y, z, tn)]∣∣∣∣2 , (6.11)

and for the Poynting flux is computed as

Pj(x, y, z) =
∑
ν

∣∣∣∣FFT [Sideal
z,j (x, y, z, tn)

] ∣∣∣∣2 , (6.12)

where i = {long, fast, alfv}, j = {total, emerg, shear}, and n={-3,-2,-1,0,1,2,3}.
Figure 6.20 shows a horizontal cut at three different geometrical heights of the one minute averaged

power spectrum for the velocity projections ffast (left column) and falfv (right column), given by
Equations (6.5a) and (6.5b). These panels correspond to the AmbiHall simulation. At photospheric
level, see bottom row, the observed pattern is clearly granular. High power regions (red-white colors)
are associated to strong magnetic fields, regions in black) with a magnetic field intensity between
200 G and 1 kG. These regions are located in the intergranular lanes, where the magnetic field is
advected and compressed by convective motions. Notice that those black regions, for Pfast coincide
with regions with power Pfast ∼ 10−2 (yellow). For Palfv, stronger magnetic field regions coincide with
regions with higher power, Palfv ∼ 1 (red-white colors). The intergranular regions have less power of
Pfast associated. Moving upwards to the temperature minimum height, z = 0.5 Mm, middle row, the
granulation pattern vanish and the regions with magnetic field between 50 and 200 G are related to
low Pfast power regions (blue) and high Palfv power regions (red). Similar behavior is found at 1 Mm,
top row, for regions with a magnetic field between 15 and 50 G.

Figure 6.21 shows horizontal cuts of the one minute averaged power spectrum for the vertical
Poynting flux contributions, Pemerg on the left column and Pshear on the right one, see Equation (6.9).
Each row corresponds to a different height as in the previous figure. The time average was computed
as previously, ∼ 246 min after switching on the Hall term. At photospheric level (bottom row) Pemerg

shows a slightly higher power than Pshear but both contributions show the characteristic granulation
pattern and the concentrations of magnetic field with intensities between 200 G and 1 kG are asso-
ciated to the intergranular lanes. At 0.5 Mm (middle row) the granulation pattern vanishes in both
contributions but the regions with magnetic field between 50 and 200 G are still related to the high
power regions. Despite Pemerg distribution correlates better with high power distributions, the peaks
of power are stronger in Pshear, see for example the coordinates (x, y) ∼ (2.8, 4.7) Mm and ∼ (5, 2.9)
Mm. Higher up in the atmosphere, at 1 Mm (top row), we still have associated the high power regions
with high magnetic fields as it is shown by the black areas.

With this information it is possible to plot some dispersion diagrams to search for correlations and
to have a better understanding about the effect of introducing the Hall term. Figure 6.22 shows the
averaged power spectrum of falfv correlated to the magnetic field at three different heights, z = 0, 0.5,
and 1 Mm. At the photospheric level and at z = 0.5 Mm, the three runs are very similar, but at 1
Mm the Batt run has a peak in occurrence frequency located around 10–50 G. By adding ambipolar
diffusion, this peak is smoothed, the Hall term increases slightly this frequency between z = 0.5 and 1
Mm. It means that falfv component can be more frequently found over fields of 10–50 G. The behavior
is similar in Figure 6.23, but the Hall term adds a small linear tendency to the data when the height
increases: the bigger the magnetic field is, the smaller is the power. Figure 6.24 corresponds to the
averaged power spectrum for the shear contribution to the Poynting flux correlated to the magnetic
field intensity at the three different heights. This figure shows a linear correlation with the magnetic
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Figure 6.20— Horizontal cuts of the one minute averaged power spectrum for the velocity projections ffast, left panel,
and falfv, right panel, in the AmbiHall run. The black area indicates regions with magnetic field intensity between 200
and 103 G at z = 0 Mm, between 50 and 200 G at z = 0.5 Mm, and between 15 and 50 G at z = 1 Mm. The magnetic
field intensity is computed at t′.
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Figure 6.21— Horizontal cuts of the one minute averaged power spectrum for the emergent part of the Poynting flux,
Semerg, left panel, and the shear part, Sshear, right panel in the AmbiHall run. The black area indicates regions with
magnetic field intensity between 200 and 103 G at z = 0 Mm, between 50 and 200 G at z = 0.5 Mm, and between 15
and 50 G at z = 1 Mm. The magnetic field intensity is computed at t′.
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98 Magneto-convection

field: the bigger the magnetic field is, the bigger is the power. It is interesting how Hall term adds
shear power at all cuts, specially at the photospheric level and, above all, to the higher layers (z = 1
Mm). This means that the Hall term induces horizontal shear movements of the plasma along the
vertical flux tubes.

To investigate a bit further the heating properties of the simulations, Figures 6.25 and 6.26 shown
the correlation between the heating term ηAJ

2
⊥, which appears in the internal energy equation (2.56),

and the averaged power spectrum of both contributions, Pemerg and Pshear, to the vertical component
of the Poynting flux at three different heights. As can be seen from Eqs. (2.38), (2.48), and (2.49)
the ambipolar coefficient gets larger in regions where the density and temperature are low, and the
magnetic field is large. Meanwhile, from Eqs. (2.45) and (2.46), the perpendicular currents depend
on the magnetic field complexity, getting larger when it increases. This heating term then gives a
conversion efficiency between magnetic energy and thermal energy through the dissipation of perpen-
dicular currents (Khomenko & Collados 2012; Khomenko et al. 2018). Comparing the three columns
in Figure 6.25, at 1 Mm it is clear that the ambipolar term increases the number of points in the
domain for a certain emergence contribution to the Poynting flux and heat, see blue points in panel
(b). Meanwhile, adding the Hall term decreases slightly this frequency but also assembles and shifts
to the right the distribution, see panel (c). This effect can also be seen at 0.5 Mm, panel (f). In Figure
6.26 we observe how adding the Hall term the contribution to the Poynting flux to the heat is coming
from the shear term, see panels (c) and (f). Thus, the main contribution to the power when adding the
ambipolar term, comes from the emergent part of the Poynting flux, and when adding the Hall term,
it comes from shear part. Finally, Figure 6.27 shows that adding the ambipolar term, the number of
points with temperatures around 5600 K at z = 1 Mm increases and, adding also the Hall term this
frequency increases even more meaning that this term also contributes to the chromospheric heating
despite it is a dispersive term. It can be seen that this heating does not contribute as much to a net
increase of the average temperature, but instead to the increase the probability of having points with
high temperature at different times.
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Figure 6.22— Two-dimensional histograms showing correlation between magnetic field and the one minute average
power for the Alfvénic projection for the velocity field. Hall term produces a slight grouping of the high intensity magnetic
fields at higher layers.
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Figure 6.23— Two-dimensional histograms showing correlation between magnetic field and the one minute average
power for the fast projection for the velocity field.
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Figure 6.24— Two-dimensional histograms showing correlation between the magnetic field and the one minute average
power for the shear part of the Poynting flux. It shows a linear correlation between them: the bigger the magnetic field
is, the bigger the shear part is.
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Figure 6.25— Two-dimensional histograms showing correlation between heat (ηAJ2
⊥) and the one minute average

power for the emergent part of the Poynting flux. Hall term increases the frequency of occurrence above the photospheric
level (right row).



113 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2595444				Código de verificación: EVbgKkXA

Firmado por: María de las Maravillas Aguiar Aguilar Fecha: 29/06/2020 11:16:18
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Salida
Nº registro:  2020/4231

Nº reg. oficina:  OF002/2020/3765
Fecha:  29/06/2020 14:51:16

113 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2482178				Código de verificación: QoScmnSU

Firmado por: PEDRO ALEJANDRO GONZALEZ MORALES Fecha: 19/05/2020 12:35:27
UNIVERSIDAD DE LA LAGUNA

Olena Khomenko Shchukina 19/05/2020 13:09:46
UNIVERSIDAD DE LA LAGUNA

Manuel Arturo Collados Vera 19/05/2020 13:10:33
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2020/24319

Nº reg. oficina:  OF002/2020/23690
Fecha:  20/05/2020 11:50:00

6.4 Results and dicussion 103

0

5

10

15

aa

Batt

bb

Ambi

z
=

1.
0

[M
m

]

cc

AmbiHall

0

5

10

15

lo
g

10
(〈P

sh
ea

r〉 1
m

in
[J

m
−

2
s−

1
H

z−
1
])

dd ee

z
=

0.
5

[M
m

]

ff

−10 0

0

5

10

15

gg

−10 0
log10(ηAJ

2
⊥ )

hh

−10 0

z
=

0.
0

[M
m

]

ii

20 40 60 80 100 120 140 160
Frequency

Figure 6.26— Two-dimensional histograms showing correlation between heat (ηAJ2
⊥) and the one minute average

power for the shear part of the Poynting vector. Hall term increases the frequency of occurrence above the photospheric
level, blue points in the right row, panels (c) and (f).
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Figure 6.27— Two-dimensional histograms showing correlation between temperature and the one minute average
power for the vertical component of the Poynting flux. Hall term produces a slightly increase of the temperature
occurrences at higher layers, see panel (c).
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6.5 Conclusions

In this Chapter, we have presented three dimensional simulations of solar magneto convection spanning
from the upper convection zone up to the low chromospheric layers including non-ideal effects due to
the presence of neutrals in the solar plasma. These are the first realistic three-dimensional magneto
convection simulation taking into account the Hall effect. All simulations where done by keeping the
same numerical setup except for the non-ideal terms, which were included/removed to make statistical
comparisons between them.

Once the convection is established and Battery term is switched on, due to the misalignment be-
tween the pressure and density gradients, a small magnetic field appears in the stratification. Then
due to a local dynamo effect it grows and saturates to solar values. The convective motions are gener-
ating magneto-acoustic waves which propagate into the plasma. Those waves are refracted, reflected,
and transform while they spread. Into the stratification the geometrical mode transformation occurs
around the equipartition layer. This region is changing its position and shape constantly due to the
dynamic motions of the plasma and magnetic field. As a consequences this mode transformation is
happening in several places and not in a static layer as the VAL-C model suggests. Because the plasma
is partially ionized non-ideal effects as ambipolar diffusion or Hall effect arise and their action change
the atmospheric structure creating a magnetic canopy very similar to the observed HIFs. Ambipolar
diffusion dissipates Alfvénic waves and the magnetic Poynting flux decreases, thus the magnetic energy
is converted into thermal energy. Meanwhile, the Hall term introduces a fast-to-Alfvén mode trans-
formation coupling fast magneto-acoustic waves and Alfvén waves. This coupling occurs where the
wave vector is nearly aligned to the magnetic wave vector and its efficiency increases around places
where the Hall parameter εHall and the amount of fast magneto-acoustic waves are high, this is, in
regions with low magnetic field strength, β ≈ 1, and for high frequency waves. In average this happens
into our stratification around 1 Mm and above, however in other atmospheric configuration will be
different. Slow magneto-acoustic modes rapidly shock and mitigate, fast modes refract and reflect
but Alfvén waves can reach upper layers due to their incompressible nature. If we also consider that
the Hall term not only generates currents, which can be dissipated by the ambipolar diffusion, but
also increases the number of magnetic vortices, which can act as waveguides, we have an attractive
mechanism formed by a closed cycle capable to transport and dissipate energy along the chromosphere
and up to the solar corona, contributing this way to the atmospheric heating.

In summary:

In our experiments, the convective motions excite waves which propagate through the stratification
reaching chromospheric layers confirming the results obtained by Khomenko et al. (2018) concerning
the action of the ambipolar diffusion, this is, the ambipolar diffusion affect significantly the wave
amplitudes and the wave modes, depending on height and frequency. When the Hall term is included
in the simulations, it plays an important role by changing the magnetic field structure allowing the
existence of stronger and more vertical fields at higher layers. It also introduces a non-geometrical way
to transform fast magneto-acoustic waves into Alfvén waves increasing the currents variations. These
currents are dissipated by the ambipolar term with the consequent heating of the atmosphere and also
on the increase of the probability of finding more points with high temperature at chromospheric layers
over the simulation time.
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106 Magneto-convection

Figure 6.28— Plasma regions identified as vortices for Ambi run (left panel) and AmbiHall run (right panel).
Yellow iso-contours correspond to regions where Q > 0, orange correspond to iso-contours which satisfy the magnetic
Q-criterion, Qβ > 0. The snapshots show the regions defined as vortices ∼ 3.36 h after the addition of the Hall term.
The AmbiHall run shows a larger number of vortices regions, which can be working as waveguides for Alfvén waves
and then making easier for them to reach upper layers of the solar atmosphere.

6.6 Outlook

Vortex detection

To continue the analysis of the consequences of adding the Hall term we are looking for vortex structures
using pure hydrodynamic tools. In a fluid it is possible to calculate the stress tensor Dij = ∂vij/∂xij
and as any second order tensor, it can be decomposed into a symmetric Sij and skew-symmetric Ωij
parts where

Dij = Sij +Ωij , (6.13)

and

Sij =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
, (6.14)

Ωij =
1

2

(
∂vi
∂xj
− ∂vj
∂xi

)
. (6.15)

The symmetric part is known as the strain-rate tensor and tells us about the rate of change of the
deformation which is experienced by a material around a spatio-temporal point p = (r, t). The skew-
symmetric part is the vorticity vector and tells us about the rigid-like rotation experienced by the
material at the point p. From the characteristic equation for ∇u, given by

λ3 + Pλ2 +Qλ+R = 0 , (6.16)
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6.6 Outlook 107

it is possible to calculate the three invariant quantities P , Q, and R as follows.

P =− tr(∇v) , (6.17a)

Q =
1

2

[
tr(∇v)2 − tr

(
(∇v)2

)]
=

1

2

(
‖Ω‖2 − ‖S‖2

)
, (6.17b)

R =− det(∇v) . (6.17c)

Qβ-criterion

Based on these equations, Hunt et al. (1988) identify a vortex in an incompressible flow as an adjoined
fluid region with a positive second invariant of the velocity gradient tensor (Q > 0). That is, as the
regions where the vorticity tensor norm predominates over the strain-rate tensor norm. In addition it,
is required that inside the vortex region the pressure to be less than the pressure outside (Kolář 2007).
Because our fluid is a partially ionized magnetized plasma we normalize the second invariant of ∇v by
the plasma beta, highlighting in this way the magnetic regions and defining the magnetic Q-criterion
as

Qβ =
Q

β
> 0 . (6.18)

These magnetized vortices could be working as waveguides for the Alfvén waves, generated through
the mode transformation, both the geometrical and non-geometrical. Then these waves can transport
energy easier to upper chromospheric and coronal layers.

Extra comments

Another interesting improvement that can be introduced into the simulations is the consideration of a
larger number of frequency bins to solve the radiative transfer equations or extent the high frequency
analysis making several one minute average to see the effects of switching on the Hall term in time.
We leave this study to the future.

In this work, it was not necessary to use the new MHDSTS scheme, as neither ambipolar, nor
Hall term introduce severe restrictions on the time step. However, if we consider a constant vertical
unipolar magnetic field for the initialization instead of a battery-seeded magnetic field, the ambipolar
diffusion will introduce a time step limitation and the new scheme will be worth it to use.
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7
Conclusions

In this thesis we have extended the numerical capabilities of the code Mancha3D to solve the non-
ideal MHD equations when considering partially ionized plasmas under certain physical conditions.
These physical conditions can establish highly demanding numerical requirements via the ambipolar
diffusion term and/or the Hall term. In Chapters 2 and 3 we have introduced the theoretical concepts
and Mancha3D code respectively.

The conclusion from Chapter 4 can be summarized as:

� The STS and HDS schemes are easy to implement and can also work together using the Strang
operator splitting formalism.

� The accuracy order of the MHDSTS scheme is kept and limited to second order by the Strang
operator splitting, but the stability of the scheme can be increased using a RK wrapper with
each operator.

� The numerical experiments used as tests, show a good agreement with the analytical solution,
making us confident enough to use the MHDSTS scheme to investigate stiff problems.

� The STS technique speeds up problematic simulations due to the restrictions imposed by the
ambipolar/Ohmic diffusive terms.

� We must choose carefully ν and NSTS parameters because the smaller ν and/or bigger NSTS are,
the bigger acceleration, errors and numerical instabilities as well as a slight decrease of accuracy
order.

� The HDS technique solves the problem with complex eigenvalues introduced by the Hall term
and is more stable than our standard RK scheme, specially when the Hall term is dominating.

� The HDS time step is improved when the ambipolar or ohmic diffusion are considered.

� Due to the whole scheme is explicit, it is straightforward to use the other capabilities already
implemented in Mancha3D code (PML, AMR, radiative transfer, etc.).

109
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110 Conclusions

The results from Chapter 5 can be summarized as:

� Numerical experiments allow us to relax the cold plasma approximation, done by Cally &
Khomenko (2015), to study the coupling between fast magneto-acoustic and Alfvén waves even
when there is no cross-field wave propagation. Our experiments indeed confirm this effect.

� The Hall-mediated conversion in warm plasma shows frequency and magnetic field dependence.
The efficiency is also a sensitive function of the Hall parameter, and therefore it increases for
increasing wave frequency ν and decreasing ionization fraction ξi. Our experiments show the
transformation is more efficient for low frequencies and fields of the order of hG. The efficiency of
the transformation for low-frequency waves is maximal for strongly inclined fields (50–70 degrees).
However, for waves at higher frequencies, the maximum becomes progressively aligned with the
field.

� In warm plasmas the transformation is a two-step process. First acoustic fast waves are partially
transformed into magnetic fast waves at the equipartition layer ( vA = cs ), and then the latter
are transformed into Alfvén waves progressively where Hall coupling operates.

� For the Hall-mediated transformation to be efficient one needs to satisfy simultaneously two
conditions: (1) that the layer with vA = cs is located below the layer with maximum εHall,
therefore B0 has to be sufficiently large to have vA = cs located deep enough; (2) that B is
sufficiently small to maximize the value of εHall.

� Hall-mediated transformation acts in addition to the geometrical mode transformation to Alfvén
waves suggested by Cally & Goossens (2008). It does not need any particular relation between
the wave vector and the orientation of the magnetic field. Our simulations suggest that the
maximum transformation can occur for a broad range of magnetic field inclinations, depending
on the wave frequency. Also, the considerations above suggest that the process would be efficient
for intermediate field strengths of the order of hG, comparable to those existing in solar network
and quiet areas. Therefore, this process could provide a constant energy supply by means of
Alfvén waves to the solar corona.

� After normalizing the wave amplitude of vlong to be 500 m s−1 at β = 1, using Eq. (5.20),
corresponds to an average acoustic wave energy flux of ∼ 3.8×104 W m−2 and a spatio-temporal
RMS value of about 368 W m−2. For waves of 1 Hz, the average Alfvénic energy flux we obtain
at 450 km height (above the height of peak Hall coupling) is about 103 W m−2 with a RMS of
780 W m−2. These numbers are bigger than what is required for heating the corona above quiet
Sun regions, which is about 100–300 W m−2, but are of the order of what is needed for heating
the corona above active regions (Withbroe & Noyes 1977). However, because these values depend
of the adopted base amplitude, it is probably overestimated at this frequency.

� Assuming we can convert 1% of the generated acoustic flux into Alfvén waves and bring it to the
solar corona, a good fraction of the energy needed to compensate its losses would be provided by
Hall coupling. Although this flux is small compared to the peak acoustic flux at the same height,
the Alfvén flux is far more able to penetrate to the corona, and so is more relevant to coronal
heating.

� Possibly, Hall-mediated conversion can be important for other astrophysical scenarios, e.g. in
star formation regions or reconnection events as well as in other cooler stars.
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7.0 111

The results from Chapter 6 can be summarized as:

� When the Hall term is included in the simulations, it plays an important role by changing the
magnetic field structure by allowing the existence of stronger and more vertical fields at the higher
layers. It also introduces a non-geometrical way to transform fast magneto-acoustic waves into
Alfvén waves increasing the currents variations. These currents are dissipated by the ambipolar
term with the consequent heating of the atmosphere and also on the increase of the probability
of finding more points with high temperature at chromospheric layers over the simulation time.

� With the Hall term included, it increases the shear contribution of the Poynting flux, in contrast
with the case when only ambipolar diffusion is taking into account.

� When the Hall term is considered, it increases the number of vortices, which can work as wave-
guide for Alfvén waves making a way for them to reach upper layers easily.
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