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i



8 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO



9 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

Preface

Cutting and packing problems belong to the family of combinatorial optimisation.
When dealing with optimisation problems, the goal is to analyse and identify the
alternative that most closely approximates the optimal solution. Finding an opti-
misation process that yields a truly optimal solution, however, is not a simple task.
That is why finding solutions to optimisation problems continues to be a very active
and dynamic area of research to this day. The interest in optimisation is closely
linked to the search for alternatives to deal with problems in the everyday world,
physical or material problems from the real world. Optimisation covers several areas
of research in engineering, where a large part of the problems are part of complex
systems for which there is no simple and general method for efficiently optimising
either the problems or their possible solutions. Hence the need exists to constantly
study and improve the optimisation processes. Many interdisciplinary factors are
involved in the design of optimisation schemes, but primarily statistics, mathema-
tics and computer science. Therefore, when applying these factors to analysing a
specific problem, one has to consider all of the aspects from the field to which the
problem belongs.

Depending on the number of objectives, optimisation problems can be classified
into single-objective or multi-objective. Single-objective problems aim to optimise a
single objective to be maximised or minimised. In this type of problem, the possible
solutions are easy to compare, since it is just a matter of evaluating which solution
is best for the objective in question. In the case of multi-objective optimisation
problems, several objectives are optimised at once, which makes comparing the
possible solutions an indirect process.

This work concerns itself with a study of the 3D Packing Problem, 3dpp. Cutting
and packing problems have been studied in depth for numerous areas of industry
and research. The 3dpp proposed in this work is of most concern in industry and
in the transport of goods due to its relevance to a wide variety of real applications.
When solving a problem of this type, the objective is normally to arrange a set of
rectangular items (boxes) inside a rectangular object of larger dimensions (container)
so as to maximise the volume of the cargo. However, there is one important aspect

iii
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that the literature normally ignores when dealing with this type of problem, which
is the tare limit that each type of container has. For example, the cost of renting
lorries to transport goods is calculated based on the total weight that they can
transport, independently of the cargo volume. It is thus beneficial to determine the
loading pattern that allows maximising the cargo volume while at the same time
maximising the value of the accumulated weight. Along these lines, the problem
studied in this thesis is proposed as a Multi-Objective Optimization Problem (mop),
whose objective is not just to maximise the cargo volume, but also its weight inside
the container.

The solution algorithms can be classified into two types: exact and approximate.
Exact algorithms guarantee finding the best solution for the problem in question.
They have the drawback, however, of being highly time and resource intensive.
In contrast, approximate algorithms do not guarantee finding the optimal solution
but they do have lower time and resource requirements. Approximate algorithms
include heuristics and metaheuristics. Heuristics are ad hoc methods designed to
solve a specific problem. They rely on concrete knowledge of the problem to yield
high-quality solutions without requiring an excessive computational effort. Meta-
heuristics are more general methods that can be adapted to different problems and
can better utilise the computational resources. These methods offer a good compro-
mise between the effort needed to apply them and the quality of the solutions they
yield. Computationally, the 3dpp problem is hard to solve, meaning that an exact
solution cannot be obtained in polynomial time. Thus, although there are isolated
works that approach it using exact algorithms, most studies focus on providing solu-
tions that rely on heuristics and metaheuristics. The heuristics applied to the 3DPP
must be developed taking into account different distributions of specific pieces. Re-
cent years have seen an increase in the evaluation of metaheuristics to solve the 3D
Packing Problem, such as genetic algorithms, simulated annealing algorithms, tabu
search algorithms and hybrid algorithms. Specifically, the evolutionary algorithms
have taken on great significance. They are a type of metaheuristics whose design
is inspired by biological evolution and its genetic/molecular basis. Multi-Objective
Optimization Evolutionary Algorithms (moeas) have shown real promise in solving
real-world multi-objective problems. In particular, they have yielded competitive
solutions for several cutting and packing problems. In this context, the difference
between using a solution calculated quickly and using more sophisticated proposals
to find the optimal solution can determine the very survival of a company. De-
veloping these sophisticated and effective proposals, however, normally entails a
significant computational effort that in real applications can result in reduced pro-
duction speeds. It is thus essential that we find proposals that are both effective
and efficient.

iv
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Most of the research into 3dpp consider the single-objective version of the problem
or it weighs the different objectives. As a result, most of the existing test cases
present in the literature are some variation of this model. When we study the same
problem in its multi-objective formulation, however, there are no test cases that can
be used to evaluate heuristics and metaheuristics, or to compare their results. The
only set of data available in the literature is used by Derely et al. in their research,
which employs one instance containing the characteristics of a set of 12 products by
the Procter & Gamble distribution company. Said instance provides the quantity,
dimensions and weight of each of the products. Using a single instance, however, is
not sufficient to conduct a full computational study. A broad range of instances has
to be generated for the research to be useful.

Thus, the goal of this work is to adapt the problem to a more practical version by
incorporating objectives that turn the research into a case study that more closely
resembles the reality of industry. To this end, we conducted a wide-ranging and
detailed review of the literature on heuristics and metaheuristics applied to the
3dpp, so as to subsequently propose a multi-objective implementation. To our
knowledge, there are no existing references where this is done. In summary, the
main contributions of this work are:

• A review of the existing proposals to solve the problem.

• Implementation of a proposal to solve the problem from a multi-objective
formulation by providing:

– A coding scheme employed in positioning heuristics that indicates the
sequence for arranging items and their orientations.

– Different methods for evaluating the positioning of the items.

– Different genetic operators.

• Development of software to generate test cases of varying complexities with
identical boxes, weakly heterogeneous boxes and strongly heterogeneous boxes.
This allows evaluating the robustness of the heuristics and optimisation models
used.

• Development of software to display potential packaging patterns. This can be
used to see the container loading process based on the solution generated by
the optimisation model employed.

The general structure of the contents is described below. The first two chap-
ters deal with the theoretical foundations on which this work is based. Chapter 1
introduces the concepts and solution methods involved in optimisation problems.

v
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Chapter 2 gathers general information on cutting and packing problems, such as
their typologies. This same chapter also details 3D cutting and packing problems,
which are at the heart of the problem to be solved, 3dpp. To that end, the subse-
quent chapters describe the studies and research conducted involving the problem at
hand. The multi-objective 3D Packing Problem is considered in detail in Chapter 3.
To address the lack of test cases for the multi-objective 3dpp, Chapter 4 considers
the development of an instance generator, showing the scheme for the instances ge-
nerated. Chapter 5 presents a gui that can be used to display the results generated
by the different methods developed to solve the problem. Chapter 6 is devoted to
the computational results. Lastly, Chapter 7 discusses the conclusions and in the
Chapter 8 the future lines of work.

vi
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Part I

Fundamentals and Background
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Chapter

1

Optimisation

This chapter introduces the main concepts involving optimisation problems. First,
we provide a formal definition of optimisation problems, introducing concepts such
as the single-objective optimisation and multi-objective optimisation. We then offer
a brief introduction to some of the strategies currently in use to tackle this class
of problems in the literature, placing special emphasis on solving Multi-Objective
Optimisation Problems (MOPs) and offering a summary of the techniques for solving
MOPs that are best suited to solving problems like the one considered in this thesis,
and specifically, to Multi-Objective Evolutionary Algorithms (MOEAs). We analyse
both sequential and parallel techniques. Finally, an introduction to the parallel
model based on dynamically-mapped islands is presented and employed, the goal
being to obtain better solutions in less time.

1.1 Introduction

In their everyday lives, people experience a large range of situations in which, based
on a set of possible alternatives, they must select one that offers the greatest benefit.
In general, these situations, though typical, are not very complex and can be solved
without having to resort to complex processes. Such is the case, for example, when
deciding which path to take when going from one place to another in the shortest
time possible. There are many other real-world problems, however, having to do
with, for example, engineering, science, business and industry applications that
cannot be resolved solely by using rational processes due to the complexity of the
systems involved. Solving these problems requires developing processes that yield
the optimum decision. For all of these reasons, and in an effort to find solutions to
these problems, optimisation has turned into an important field of operations and
computational research.



31 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

1.1. Introduction

Optimisation is defined as the process that is carried out for the purpose of
finding the best possible solution to an optimisation problem. In problems of this
kind, the solution that yields the best of all feasible solutions is known as the optimal
solution. In fields like computer science, artificial intelligence or operations research,
optimisation has become an essential discipline for solving complex problems, thanks
to its solid results. In most real problems, the optimal solution involves the available
resources, limited time and the cost of the related processes. From a more formal
point of view, an optimisation process aims to find the best solution from among a
set of feasible solutions that satisfy a certain minimisation or maximisation function
that is generally subject to restrictions. One example of this definition is the case
of maximising the cargo volume inside a container considering as a constraint the
vertical and horizontal stability of the cargo and the load bearing strength of the
cargo [131]. Other restrictions may be considered for this type of problem, such as
restrictions on orientation, load distribution or priority boarding [31]. In summary,
the goal of optimisation is to analyse and identify the solution that best approaches
the problem’s optimal solution.

Many real-world engineering problems or decision-making problems consider the
optimisation of more than one objective. These objectives are optimised simulta-
neously, which often leads to conflict, meaning that achieving the optimum for one
objective requires some compromise on one or more other objectives. By way of
example, consider a cargo delivery company that is strongly incentivised to maxi-
mise available cargo inside of the container and to minimise the number of trips
across the global container transportation system [173].

Optimisation, as a powerful method to solve problems, has a wide range of appli-
cations in numerous fields [26]. Some possible examples of applications are those
mentioned below. Optimisation is applied in container transportation and distribu-
tion industries [173], in cutting and packing problems [61], in communications and
networks [193], in siting houses in residential neighbourhoods, in building layout,
acoustic design, construction site layout [23], and in scheduling linear construction
projects such as highways, pipelines and tunnels [13]. It is also considered in aero-
nautical design, from aerodynamic shape optimisation to structural design, trajec-
tory optimisation, optimal control [138, 169], in computational optics in the field of
planar integrated optics, optical communication technology, and dielectric material
modelling [88], and in computational medicine [177]. The amount of related research
in financial engineering and economics [179] and in some production industries [161]
has also increased. All these problems try to find an optimal solution with respect
to a certain objective function(s), considering specific constraints.

3
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CHAPTER 1. Optimisation

1.2 Optimisation Problems

Optimisation is being introduced for a wide range of fields in science, engineering
and industry [219]. In these fields, optimisation is the process of analysing and iden-
tifying the best possible solution to solve a specific problem. Given an optimisation
problem, there are various possible feasible solutions; however, the objective is to
find the best possible solution. Hence, an optimisation problem consists of finding
the best possible solution from among the set of feasible solutions by taking into
account certain objectives, and subject to certain constraints that allow restricting
the number of available alternatives [180]. A possible solution to an optimisation
problem is determined by a series of decisions that depend on the features of the
problem. For instance, fitting rectangular boxes into a container involves decisions
such as determining how to stack the boxes, since those marked fragile will have to
be placed at the top of the stack. Thus, solving an optimisation problem requires
identifying and labelling the set of variables that depend on the problem domain.
This set of variables is called the decision vector. A solution to an optimisation
problem is generated by giving specific values to the decision vector by taking into
consideration the defined constraints. The quality of a decision vector is determined
by an evaluation function. Thus, an optimisation problem is given by [34]:

• A decision vector to represent the elements of the system to be modelled and
that are controllable by the decider. The decisions depend on the problem’s
domain and these are assigned to each variable in the decision vector. The
possible values taken by the decision variables affect the result of the optimi-
sation/evaluation function.

• An optimisation/evaluation function to evaluate the quality of all possible
feasible solutions.

• A set of constraints to restrict the possible values of the decision variables.

The set of all solutions that satisfy the restrictions makes up the so-called search
space or solution space. Given a specific problem, the optimisation function can be
to minimise or maximise. The optimisation function is called, variously, a loss or cost
function, a fitness or utility function. When the goal is to minimise, the optimisation
function is said to be a cost function (minimise effort). In other cases we speak of
a fitness function (maximise benefit). Based on the optimisation function, optimi-
sation problems can be classified as single-objective or multi-objective optimisation
problems. In a single-objective optimisation problem, the goal is to find the mini-
mum or maximum of a single optimisation function. In contrast, a multi-objective
optimisation problem includes a set of optimisation functions, meaning that multi-
objective optimisation often requires compromising conflicting goals [209, 216].

4
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1.2. Optimisation Problems

1.2.1 Single-Objective Optimisation Problems

In single-objective optimisation problems, the optimisation function f is a scalar
function, and the goal is to find its optimal solution. An optimal solution is either
its minimum or maximum value, depending on what the objective of the specific
problem is. A single-objective optimisation problem is defined as [57, 209]:

Definition 1 A general single-objective optimisation problem is defined as
minimising (or maximising) f(x) subject to gi(x) ≤ 0, i = {1, . . . ,m}, and hj(x) =
0, j = {1, . . . , p} x ∈ Ω. A solution minimises (or maximises) the scalar f(x) where
x is a n-dimensional decision variable vector x = (x1, . . . , xn) from some universe
Ω.

Note that a possible candidate solution should provide both constraints, gi(x) ≤ 0
and hj(x) = 0, while optimising the objective function f(x). Thus, x = (x1, . . . , xn)
represents a decision vector, the values of which may be continuous or discrete
whereas the objective function f(x) can also be continuous or discrete. Ω contains
the set of feasible solutions x that can be used to satisfy an evaluation of f(x) and
its constraints.

The method for finding the global optimum of an optimisation function is referred
to as Global Optimisation, which is defined as [57]:

Definition 2 Given a function f : Ω ⊆ Rn → R, Ω 6= ∅, for x ∈ Ω the value
f ∗ , f(x∗) > −∞ is called a global minimum if and only if

∀x ∈ Ω : f(x∗) ≤ f(x)

x∗ is by definition the global minimum solution, f is the objective function, and the
set Ω is the feasible region of x. The goal of determining the global minimum solu-
tion(s) is called the global optimisation problem for a single-objective problem.

1.2.2 Multi-Objective Optimisation Problems

Many real-world optimisation problems involve multiple objectives that must be
simultaneously optimised. A Multi-Objective Optimisation Problem (MOP), also
called a vector optimisation problem or multi-criteria, is defined as the problem of
finding a vector of decision variables that satisfies a set of restrictions and optimises
a vector function whose elements represent the objective functions [185, 202]. These
functions comprise a mathematical description of the optimisation criteria. The ob-
jectives are often in conflict with one another and (at least partially) improving one
of them could cause the other objectives to be affected, potentially reducing their

5
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CHAPTER 1. Optimisation

quality. In other words, the values taken by the decision variables that optimise an
objective could differ significantly from the optimal values for the other objectives.
Thus, optimising a multi-objective problem requires finding a solution that would
assign an acceptable value to all of the objective functions. Contrary to what hap-
pens in single-objective optimisation problems where the solution is usually clearly
defined, MOPs present an uncountable set of solutions. There is thus no single
solution that optimises every objective simultaneously. An MOP may be defined
as [57]:

Definition 3 A multi-objective or multi-criteria optimisation problem is
defined as minimising/maximising F (x) = {f1(x), . . . , fk(x))} subject to gi(x) ≤ 0,
i = {1, . . . ,m}, and hj(x) = 0, j = {1, . . . , p} x ∈ Ω. An mop solution minimi-
ses/maximises the components of a vector F (x) where x is an n-dimensional decision
variable vector x = (x1, . . . , xn) from some universe Ω. Note that gi(x) ≤ 0 and
hj(x) = 0 represent constraints that must be fulfilled while minimising/maximising
F (x) and Ω contains all possible x that can be used to satisfy an evaluation of F (x).

Thus, an MOP consists of k objectives corresponding to the k objective functions,
m+p constraints on the objective functions and n decision variables. The k objective
functions can be linear or non-linear and continuous or discrete. The representation
of a potential solution and its corresponding interpretation yield the search space.

In practice, when dealing with MOPs, instead of a single optimum, there is a
set of trade-off solutions formed by those solutions that are at least as good as
others for every objective, and better for at least one of the objectives considered.
Francis Ysidro Edgeworth (1881), and later Vilfredo Pareto (1896) [81], introduced
the definition of the term optimal as the solution that provides acceptable values for
every objective. In this kind of problem, an optimal solution is not identified, but
rather a set of solutions called a Pareto optimal [55, 56, 57]. That is, a solution x is
said to be non-dominated if there does not exist a solution y that performs better in
at least one objective and at least as well as x in the rest. These solutions are optimal
in the sense that no other solutions in the search space are superior to them when
every objective is considered. They form the set of all solutions whose corresponding
vectors are non-dominated with respect to all other comparison vectors [57]:

Definition 4 A vector u = (u1, . . . , uk) is said to dominate another vector v =
(v1, . . . , vk) (denoted by u � v) if and only if u is partially less than v : ∀i ∈
{1, . . . , k}, ui ≤ vi ∧ ∃i ∈ {1, . . . , k} : ui < vi.

In optimisation there exists a function, called the evaluation function, that evalu-
ates the quality of solution x from the decision space to the objective space. The

6
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1.3. Heuristics

evaluation function F : Ω → Λ represents how, for each solution of the vector decision
variables (x = (x1, . . . , xn)) in the decision variable space, there is a point (y =
(y1, . . . , yk)) in the objective space. When the efficient solutions are represented in
the objective space, they are collectively known as the Pareto front - also called
the Pareto optimal front [57]. To restate, the Pareto optimal set is a subset of all
possible solutions in Ω. Its evaluated objective vectors form the Pareto front, of
which each vector is non-dominated with respect to all objective vectors produced
by evaluating all possible solutions in Ω. The set that includes all the solutions from
the Pareto optimal belonging to a region of the feasible space is called the Pareto
optimal set, which is defined as [57]:

Definition 5 For a given MOP, F (x), the Pareto Optimal Set, P∗, is defined
as:

P∗ := {x ∈ Ω | ∄x
′

∈ Ω F (x
′

) � F (x)}

The final aim when dealing with MOPs is to obtain a non-dominated solution set
that, in the best case, will coincide with the Pareto-optimal front.

Definition 6 For a given MOP, F (x), and Pareto Optimal Set, P∗, the Pareto

Front PF∗ is defined as:

PF∗ := {u = F (x) | x ∈ P∗}

1.3 Heuristics

The optimisation algorithms used can be classified into two main categories: exact
algorithms, and approximation algorithms [102]. Approximate algorithms include
heuristics and metaheuristics. Exact algorithms are those that, with unlimited re-
sources, are guaranteed to yield a solution or set of optimal solutions. These al-
gorithms rely on an exhaustive exploration of the search space, and may enclose
certain areas depending on the mathematical characteristics of the objective func-
tions. The main drawback of these techniques is that they require large amounts
of resources. Some exact methods, such as Branch and Bound [194], the A* Algo-
rithm [203] and Dynamic Programming [49] have been used to solve problems with
two objectives of limited size. However, even though the exact techniques are quite
effective, their run-times are, in general, high, a drawback that can be compounded
by problem instance sizes. As a result, it is often not viable to apply these kinds
of techniques to many optimisation problems. With problems of a reduced scope
and/or problems in which the decision making is to be conducted based on more
than two objectives, it is common to resort to heuristic methods. As opposed to

7
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CHAPTER 1. Optimisation

exact techniques, which ensure arriving at an optimal solution, heuristic techniques
provide a good, but not necessarily optimal, solution in a reasonable computational
time. This is where heuristic methods turn into efficient procedures for finding good
solutions, even if proving their optimality is difficult. There are numerous sources
that define the concept of heuristic. The one proposed by Thomas Weise [216] is:

Definition 7 A heuristic is a part of an optimisation algorithm that uses the infor-
mation currently gathered by the algorithm to help to decide which solution candidate
should be tested next or how the next individual can be produced.

Most real optimisation problems usually involve complex systems for which there
is no simple and global method for optimising them efficiently. These highly com-
plex and hard to solve problems are called NP-hard (NP = Nondeterministic Poly-
nomial). Formally they are defined as problems that cannot be solved optimally or
for which a better solution cannot be guaranteed using any exact or deterministic
method within a reasonable polynomial time [34]. Thus, most real optimisation
problems are usually solved using heuristic methods due to the inherent difficulty
and their practical importance. In the literature, it is possible to find a large num-
ber of references that attempt to solve NP-hard optimisation problems. Thus, even
though a heuristic does not guarantee optimality, it seeks an approximate solution
within an acceptable computational time. A part of achieving good solutions in a
reasonable computational time, there are other features that make heuristic methods
effective, such as [156]:

• No exact method is known for solving the problem.

• There exists an exact method, but the computational time or resources are
limited.

• Heuristic methods are more flexible than exact methods, and allow modelling
difficult conditions.

• The heuristic method is used as part of a general process that ensures the
optimal solution, either because the heuristic method provides a good initial
solution, or because it participates in an intermediate step of the procedure.

In recent decades, there has been an increase in the development of heuristic
procedures to solve optimisation problems. There are numerous heuristic methods,
of various natures, that are highly correlated to specific problems. When dealing
with heuristic algorithms, their development and ideas tend to be intrinsically related
to the characteristics of the problem. Thus, a method designed for a specific problem
will hardly be extrapolatable to another problem. In those cases where this can be
done, the method must be specifically adapted to the new problem. As a result,

8



37 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

1.4. Metaheuristics

it is difficult to establish a full classification for the heuristic methods, since more
of them were designed for specific problems. In general, the best-known heuristic
methods have been categorised into [156]:

• Decomposition methods, the original problem is broken down into sub-problems
that are easier to solve.

• Inductive methods, the idea behind these methods is to generalise from smaller
or simpler versions to the full case. The properties of techniques identified for
these easier cases can then be applied to the full problem.

• Reduction methods, consist of identifying properties that are mostly satisfied
by the good solutions and introducing them as problem restrictions. The
objective is to restrict the space of solutions by simplifying the problem. There
is the drawback of omitting optimal solutions from the original problem.

• Constructive methods, which require building the solution to the problem step
by step. These are usually deterministic methods and are based on the best
choice in each iteration. These methods have been widely used in classical
combinatorial optimisation problems.

• Local search methods, these start with a feasible solution of the problem and
improve it gradually. In each step of the procedure, the solution is shifted to
one with a better value. The method ends when, for a given solution, there is
no other accessible solution that improves on it.

1.4 Metaheuristics

Metaheuristics are widely used to solve many NP-hard optimisation problems. A
metaheuristic is a type of approximate algorithm whose main idea relies on com-
bining different heuristic methods at a higher level. The goal is to achieve a more
effective exploration of the search space. In contrast to what happens with de-
signing heuristics, a metaheuristic is a general-purpose algorithm. They are de-
signed to solve complex problems without having to be adapted to each problem.
Thus, metaheuristics tend to be iterative procedures that guide a subordinate search
heuristic, intelligently combining different concepts to properly explore the search
space. Formally, a metaheuristic is defined as [200]:

Definition 8 A metaheuristic is a high-level problem-independent algorithmic frame-
work that provides a set of guidelines or strategies to develop heuristic optimisation
algorithms. The term is also used to refer to a problem-specific implementation of
a heuristic optimisation algorithm according to the guidelines expressed in such a
framework

9
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CHAPTER 1. Optimisation

Both heuristic and metaheuristic techniques are search procedures that do not
guarantee reaching the problem optimal. However, metaheuristics have mechanisms
that allow them to escape from local optimal solutions as they attempt to reach
the global optimal. This allows them to arrive at better solutions. Although meta-
heuristics do not guarantee optimality, and in general do not provide knowledge of
the proximity of the solutions to the optimal, they do allow for the study of highly
complex problems and yield good solutions in a reasonable computational time.
These procedures are applied in a large number of fields: cutting and packing, load-
ing and packing of containers, industrial processes, engineering, etc. Metaheuristic
techniques have the following characteristics in common [34, 132]:

• Metaheuristics are strategies that guide the search process to efficiently explore
the search and achieve near-optimal solutions.

• The techniques that constitute metaheuristic algorithms range from simple
local search procedures to complex learning processes.

• Metaheuristic algorithms are approximate and usually nondeterministic.

• Metaheuristics may incorporate mechanisms to avoid getting trapped in con-
fined areas of the search space.

• The basic concepts of metaheuristics permit an abstract-level description.

• Metaheuristics are not problem-specific and may make use of domain-specific
knowledge in the form of heuristics that are controlled by the upper-level
strategy.

To obtain good solutions, any metaheuristic that is designed has to strike a
suitable balance between intensification and diversification, these being opposing
characteristics of the search process. Intensification refers the amount of effort
employed to search within the current region (exploitation). Diversification is the
amount of effort employed to search in different regions of the space (exploration).
This balance is necessary to identify regions of the space with good-quality solutions
without spending too much time in regions of the space that are not promising or
that have already been explored.

There are different strategies for classifying metaheuristic, though there is no
single rigorous or fully accepted classification. Depending on the characteristics
used to define the classification, different taxonomies may result [34, 155, 210]:

• Based on the source of inspiration: nature-inspired, non-nature inspired.

• Based on the number of solutions: population-based search, single point search.

• Based on the objective functions: dynamic objective function, static objective
function.
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1.4. Metaheuristics

• Based on neighbourhood: one neighbourhood structure, various neighbour-
hood structures.

• Based on memory use: memory usage methods, memory-less methods.

• Based on strategy followed: constructive methods, trajectory-based, popula-
tion-based.

• Based on type of procedure: relaxation methods, constructive processes, neigh-
bourhood searches, evolutionary processes, decomposition processes, long-term
memory processes.

Among the algorithms based on strategy followed are: trajectory-based and
population-based. Trajectory-based metaheuristics start with a solution, which is
updated by exploring the neighbourhood to create a trajectory. Population-based
solutions are characterised by working with a set of solutions (population) in the
search space in each iteration.

1.4.1 Trajectory-Based Metaheuristics

Trajectory-based metaheuristics are characterised by using a single solution while
exploring the search space. This solution is updated as the neighbourhood is ex-
plored, with its quality improving in each iteration. During the process of reaching
the optimal solution, a trajectory is traced out in the solution space, hence the name
for these search strategies.

These algorithms arise as extensions of the local search strategies to which disper-
sion mechanisms are added, allowing them to escape from local minima. As a result,
these require complex stopping conditions. The process is normally regarded as com-
plete when the predefined upper limit for the number of iterations is reached, when
a feasible solution is found or when stagnation is detected. Metaheuristics such
as Simulated Annealing (SA), Tabu Search (TS), Greedy Randomised Adaptive
Search Procedure (GRASP), Variable Neighbourhood Search (VNS) and Iterated
Local Search (ILS) belong to this type of strategy.

1.4.2 Population-Based Metaheuristics

Population-based metaheuristics are characterised by the use of a solution set (popu-
lation) with each iteration when exploring the search space. As a result, they may be
regarded as an iterative improvement of the search process in which the population
is initialised in the first iteration so that, after several iterations, a new population of
solutions can be generated. The efficiency of this metaheuristic depends to a large
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CHAPTER 1. Optimisation

extent on how the population is handled. The most widely-studied population-
based methods are related to Evolutionary Computation (EC) and Swarm Intel-
ligence (SI) [45]. EC algorithms are inspired by Darwin’s theory of evolution, in
which a population of individuals is modified through recombination and mutation
operators. In SI, the idea is to reproduce the collective behaviour present in systems
in nature [198] by studying the group dynamics exhibited by social animals. This
social behaviour defines the motion of the decision variables in the search space,
guiding them toward optimal solutions.

Research conducted on the principle of survival of the fittest observed in nature
gave rise to computational simulations that proved very useful to solving complex
problems, resulting in Evolutionary Algorithms (EAs).

1.4.2.1 Single-Objective Evolutionary Algorithms

Evolutionary Algorithms (EAs) are part of Evolutionary Computation (EC). EAs
are population-based metaheuristic optimisation algorithms inspired by the idea
of Darwinian evolution [59]. Darwin himself expressed how “the environment ul-
timately selects individuals with the best suited genotypes to survive to reproduce.
Those individuals who have more surviving offspring pass on more of their genes to
the next generation”. From an algorithmic point of view, there are many definitions
for EA, one of which is [216]:

Definition 9 Evolutionary Algorithms are population-based metaheuristic optimi-
sation algorithms that use biology-inspired mechanisms like mutation, crossover,
natural selection, and survival of the fittest in order to refine a set of solution can-
didates iteratively.

The basic idea is to have a set of potential solutions to the problems, called indi-
viduals, referred to as a whole as a population, to which a series of genetic operators
is applied in an effort to improve the best solutions found so far. The objective is to
simulate the natural evolution of the species. By doing so, the individuals that best
adapt to the medium they occupy have a higher probability of surviving and repro-
ducing, thus passing their traits on to their offspring. In contrast, those individuals
that do not adapt as well to the medium have a lower likelihood of surviving, and
thus of reproducing, and will probably go extinct.

Considering the evolutionary model from its biological aspect reveals certain
analogies to evolutionary algorithms. A chromosome, for example, consists of genes,
each of which is responsible for an individual’s traits. The information contained
in chromosomes is called the genotype. When this information on the genotype is
decided, it gives rise to a set of characteristics, the phenotype, that confer certain
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1.4. Metaheuristics

adaptability conditions upon the individual depending on the environment. Pheno-
typic traits increase the likelihood of reproduction, tending to increase in subsequent
generations and providing a basis for new traits. If this is extrapolated to EAs, the
counterpart of a chromosome is a chain of characters. Each of these characters is
known as a gene, which correspond to the decision variables. This representation as
a whole is known as a genotype. The counterpart to the phenotype is the solution
that results from decoding this chain. Said decoding provides the input values used
to evaluate the objective function.

In evolutionary algorithms, biological selection is simulated by a stochastic op-
timisation method. Every evolutionary algorithm consists of a population of indi-
viduals (chromosomes). Each member of the population (individual) is a candidate
solution for the problem. Each individual is evaluated according a fitness function,
objective function. Based on this evaluation, the quality of the solution is evalua-
ted with respect to the population. Thus, an individual is evaluated as being some
amount better or worse than the remaining individuals. The objective function is
problem dependent. Furthermore, a set of genetic operators is applied to the po-
pulation. These genetic operators introduce the two basic principles of biological
evolution: selection and variation. Thus, evolutionary algorithms are population-
based heuristic optimisation algorithms that rely on the theory of survival of the
fittest to achieve a set of candidate solutions.

The evolutionary operators associated with evolutionary algorithms are classified
into two main groups:

• Parent selection, which represents the struggle for survival. The goal is to
select the set of parents that will take part in the reproduction process and
create new individuals, offspring, within the population. These parents are
selected based on their aptitude and their quality compared to the rest of the
individuals. The selection method thus aims to select the best progenitors in
the population to take part in the reproduction. The goal is to add pressure
to improve the quality of the individuals that will go on to become part of the
next generation.

• Variation operators are used to introduce new candidate elements to the popu-
lation. These variation operators include the recombination, or crossover,
operator and the mutation operator. Both operators are applied to the popu-
lation’s individuals using certain probabilities.

• Survivor selection or replacement operator, which preserves diversity in a
population of individuals. The selection method decides which individuals
among the parents and offspring survive to the next generation. Usually, off-
spring that survive replace weak individuals from previous population.
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CHAPTER 1. Optimisation

Figure 1.1: Generation of new individuals with One Point Crossover

The crossover operator allows groups of chromosomes (an encoded solution to the
problem) to exchange fragments of their phenotypes (sub-chain of the chromosome
that encodes a variable’s value) in order to produce new chromosomes. Its purpose
is to combine two or more parents to yield one or more children by taking the best
characteristics of each parent. There is a wide variety of formulas in the literature
for carrying out this exchange. The most common ones are: One Point Crossover
(OPX), Simulated Binary Crossover (SBX) and Uniform Crossover (UX).

• The One Point Crossover (OPX) [122] involves exchanging genetic informa-
tion between two parents by randomly selecting a cutoff point. This way, the
information from the two progenitors is combined by taking the genetic in-
formation before the cutoff point for one parent and after said point for the
other. This operation is shown in Figure 1.1.

• The Simulated Binary Crossover (SBX) [65] is used for crossovers with en-
coding based on actual numbers. This operator simulates the operation of
the OPX operator when it is applied to binary string representations. The
crossover is done such that some of the properties contained in binary crossover
operators are maintained.

• The Uniform Crossover (UX) [205] may be viewed as a crossover of n points
in which the number of crossover points is not specified beforehand; rather,
it is randomly determined over the course of the operation. As a result, each
gene has the same likelihood of being taken from either parent.

The mutation operator is used to introduce new genetic information into an indi-
vidual at random. Its purpose is to allow for solutions to be generated that cannot
be introduced by the crossover generator. This operator emulates the mutations
that take place during a species’ evolution when some of its genes are altered during
the copying process. Mutations permit the population’s diversity to increase. This
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1.4. Metaheuristics

Algorithm 1 Generic Evolutionary Algorithm
1: Initialisation. Randomly generate the initial parent population.
2: Evaluation. Evaluate all individuals from the initial population by calculating the objective

function.
3: while (stopping criterion is not satisfied) do
4: Mating selection. Select the individuals from the parent population to build the mating

pool to generate the offspring.
5: Variation. Apply genetic operators to the mating pool to create a new offspring/child

population.
6: Evaluate. Evaluate the offspring/child population generated.
7: Survivor selection. Select individuals for the next generation.

8: end while

operator is generally applied after the crossover operation. Some of the most widely
used are: Bit-Inversion Mutation (BIM) and Uniform Mutation (UM).

• Bit-Inversion Mutation (BIM) [83] is used in binary representations by mu-
tating each bit with a fixed probability.

• Uniform Mutation (UM) [83] is used for encodings based on real numbers.
Each gene is mutated with a fixed probability. The new genetic value is assig-
ned randomly in a uniform fashion from among the gene’s acceptable values.

Although many EAs have been defined, they are all based on the same scheme [17,
34, 115, 191]. The Algorithm 1 shows the generic pseudocode for an EA. An evolu-
tionary algorithm is initialised with a random population of N individuals - line 1.
This initial population is evaluated - line 2 - by using the problem-dependent objec-
tive function. This assigns a fitness value to each individual that will determine its
suitability as part of the problem’s solution. The evolutionary loop is then entered.
A series of steps must be carried out with each iteration or generation. First, the
parents that are part of the mating pool - line 4 - are selected through the parent
selection or mating selection mechanism. The mating pools are then subjected to
variation operators to generate the offspring population. This introduces changes
to the population. Once the offspring are generated, they are evaluated - line 6 -
by the objective function so that they can be assigned a fitness value. Finally, a
replacement or survivor selection operator is applied - line 7 - so as to determine the
set of individuals (parents and children) that will survive to the next generation.
The evolutionary algorithm ends when the stopping condition is reached - line 3.

1.4.2.2 Multi-Objective Evolutionary Algorithms

Multi-objective optimisation techniques seek to obtain a set of non-dominated so-
lutions as close as possible to the Pareto front. Among the strategies used to solve
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CHAPTER 1. Optimisation

MOPs, Multi-Objective Evolutionary Algorithms (MOEAs) are amongst the most
important. MOEAs have been shown to be suitable methods for tackling complex
optimisation problems [82], which explains the increased use of multi-objective EAs
in recent decades [64]. The efficiency of MOEAs for dealing with MOPs lies in their
inherent parallelism and their ability to exploit similarities in solutions through re-
combination. This enables them to approach the Pareto front in a single execution.
There are also elitist techniques that can be used to preserve non-dominated global
solutions. Both single-objective and multi-objective EAs are based on the same al-
gorithmic scheme. The Algorithm 1 shows the pseudocode that serves as the basis
for defining this type of metaheuristics. The difference between them lies in how the
fitness value is assigned and in the selection process. A single-objective EA contains
a single optimisation function, whereas an MOEA calculates k (k ≥ 2) optimisation
functions.

Schaffer (1984) proposed the first implementation of what is now known as a
MOEA [186]. It was with the Vector-Evaluated Genetic Algorithm (VEGA) [187],
which lay the groundwork for what is today called a MOEA. There are currently
multiple MOEAs in the literature, including: Multi-Objective Optimisation Ge-
netic Algorithm (MOGA) [99], Pareto Archived Evolution Strategy (PAES) [137],
Non-Dominated Sorting Genetic Algorithm (NSGA) [201], Non-Dominated Sort-
ing Genetic Algorithm II (NSGA-II) [67], Non-Dominated Sorting Genetic Algo-
rithm III (NSGA-III) [66], Strength Pareto Evolutionary Algorithm (SPEA) [230],
Strength Pareto Evolutionary Algorithm 2 (SPEA2) [229], Indicator-Based Evolu-
tionary Algorithm (IBEA) [228] and Adaptive Indicator-Based Evolutionary Algo-
rithm (Adaptive-IBEA) [192]. Next, we describe some of the most commonly used
in the literature, which are also those that have been used in this work.

Non-Dominated Sorting Genetic Algorithm II

Deb et al. [67] proposed a revised version of the NSGA [201], denoted as NSGA-II.
This MOEA is based primarily on two principles. Use a fast non-dominated sorting
approach, which makes the computation more effective. And keep a non-dominated
elitist order that allows individuals with higher fitness to be preserved during the evo-
lutionary process. The fast non-dominated approach, or selection operator, require
defining an order for the individuals. The crowded comparison operator (≥n) is the
component used to establish said order. This helps to reduce the complexity of the
non-domination ordering procedure employed in the NSGA. This operator assigns
two attributes to every individual i of the parent population: the non-domination
rank (ranki) and the local crowding distance (distancei). Algorithm 2 shows the
pseudocode of the NSGA-II [191]. It shares its basic scheme with the EAs, and is
based on an initial population that will vary with each iteration of the algorithm.
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1.4. Metaheuristics

Algorithm 2 Non-Dominated Sorting Genetic Algorithm II
1: Initialisation. Ramdomly generate the initial parent population Pt with N individivuals.

Assign t = 0.
2: Evaluation. Evaluate all individuals in the initial parent population by calculating the ob-

jective functions.
3: while (stopping criterion is not satisfied) do
4: Fitness assignment. Calculate the fitness values of individuals in Pt. Use the non-

domination rank in the first generation, and the crowded comparison operator in the re-
maining generations.

5: Mating selection. Perform deterministic binary tournament selection with replacement
of Pt in order to fill the mating pool with N parents.

6: Variation. Apply genetic operators to the individuals of the mating pool in order to create
the Child Population (CP ) with M = N new individuals.

7: Evaluation. Evaluate individuals in CP by computing the objective functions.
8: Survivor selection. Combine Pt and CP , selecting the best individuals using the crowded

comparison operator to constitute Pt+1.

9: end while

The non-domination rank makes use of the Pareto Dominance concept. During
the non-domination ranking process, the population is classified by fronts. The
individuals belonging to the first front are non-dominated and are assigned the
first rank. The individuals belonging to the second front are non-dominated in the
absence of the previous front. The process then continues, considering only those
individuals that do not have a rank assigned. Each individual is assigned a rank
equivalent to its non-dominance level. The rank assigned in each step is increased
by one. The process ends when every individual in the population is assigned its
associated rank. This process ensures that the best solutions will be a part of the
population in the next iteration.

The local crowding distance is used to estimate the density of solutions surroun-
ding a particular individual. The greater the crowding distance the better, since this
indicates a lower concentration of solutions in the region, thus preserving diversity.
The procedure to calculate it is as follows [191]. First, the size of the largest cuboid
enclosing the individual i without including any other individual that belongs to its
rank is calculated. Then, the crowding distance is given by the mean side-length of
the cuboid. It is important to note that the local crowding distance of the boundary
individuals in every rank is assigned an infinite value. Finally, the partial order
given by the crowded comparison operator ≥n is as follows:

i ≥n j if







(ranki < rankj)
or
((ranki = rankj) and (distancei > distancej))

(1.1)
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CHAPTER 1. Optimisation

Strength Pareto Evolutionary Algorithm 2

SPEA2 is another algorithm that is widely studied in the literature. This MOEA
was proposed by Zitzler et al. [229] and is an improvement on the SPEA [230]. This
algorithm introduces elitism by using an external file in which to store the fittest in-
dividuals found. The SPEA2 incorporates a fine-grained fitness assignment strategy
that allows ranking the individuals of the population. This strategy considers the
number of individuals dominated by each solution and the number of individuals
that dominate it. Thus, for each individual i, its fitness value is calculated as the
sum of its strength raw fitness and a density estimate. The density information
(densityi) allows eliminating individuals with identical raw fitness values, thus pre-
serving the maximum range of non-dominated solutions. In order to calculate the
raw fitness, the strength strengthi of each individual i is calculated as the number
of individuals that it dominates considering the parent population Pt and the file
Pt [191]:

strengthi =
∣

∣

{

j | j ∈ Pt ∪ Pt ∧ i � j
}
∣

∣ (1.2)

Then, the raw fitness rawi of each individual i is calculated as the sum of
strengthj of all the individuals that dominate i. The calculation is as follows:

rawi =
∑

j∈Pt∪Pt,j�i

strengthj (1.3)

The SPEA2 features techniques for estimating density (density) that are used
to guide the search more efficiently. These techniques allow avoiding repeated, or
very similar, solutions on the Pareto front. The density estimator is an adaptation
of the k -th nearest neighbour method [197]. Thus, for each individual i, its density
estimator is calculated by:

densityi =
1

σi
k + 2

(1.4)

where 1
σi
k
+2

is the k -th element of a list arranged incrementally containing the dis-

tances from i to every other individual (Pt ∪ Pt). In other words, it corresponds to
the distance between i and its k -th nearest neighbour.

Algorithm 3 shows the pseudocode for the SPEA2 [191]. The component N re-
presents the population size, and N represents the desired file size. Both must be
assigned by the user.
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1.4. Metaheuristics

Algorithm 3 Strength Pareto Evolutionary Algorithm 2
1: Initialisation. Randomly generate the initial parent population Pt with N individuals, and

create the empty file Pt. Assign t = 0.
2: while (stopping criterion is not satisfied) do
3: Evaluation. Evaluate all individuals in the parent population by calculating the objective

functions.
4: Fitness assignment. Calculate the fitness values of individuals in Pt and Pt. For each

individual i, calculate the raw fitness rawi and the density estimate densityi
5: Environmental selection. Copy non-dominated individuals which belong to Pt and Pt

to Pt+1 If |Pt+1| > N reduce Pt+1 by means of the truncation operator. Otherwise, if
|Pt+1| < N , fill Pt+1 with dominated individuals belonging to Pt and Pt, considering their
fitness.

6: Mating selection. Perform deterministic binary tournament selection with replacement
on Pt+1 to fill the mating pool with N parents.

7: Variation. Apply the crossover and mutation operators with probabilities pc and pm,
respectively, to the mating pool so as to obtain M = N offspring.

8: Survivor selection. Set Pt+1 to the offspring population.

9: end while

Indicator-Based Evolutionary Algorithm

The IBEA is an evolutionary algorithm based on the indicator proposed by Zit-
zler and Künzli [228]. The main characteristic of this MOEA is that its fitness
assignment scheme is based on a binary quality indicator. There are different bi-
nary quality indicators. One of them is the ǫ-indicator [232]. This algorithm is
based on a random binary tournament selection scheme with replacement to gene-
rate new individuals from those selected solutions. The individuals with the lowest
fitness are thus eliminated during the selection stage. This step is iterated until the
population size does not exceed the initial population size N . Then, every time an
individual is removed from the population, the fitness value must be recalculated
for the remaining individuals still in the population. There are two versions of the
IBEA, a basic one and a version known as adaptive. This latter version is much
more robust. Algorithm 7 shows the pseudocode for the adaptive version of the
IBEA [192]. In the Adaptive-IBEA, objective values are normalised and indicator
values are adaptively scaled.

1.4.3 Parallel Metaheuristics

Most optimisation problems are processed sequentially, meaning the instructions are
executed one after the other, such that only one instruction can be executed at any
point in time. Due to the growing demand to solve complex, real-world problems
with a high computational cost, the sequential model has certain disadvantages
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CHAPTER 1. Optimisation

Algorithm 4 Indicator-Based Evolutionary Algorithm (Adaptive Version)
1: Initialisation. Randomly generate the initial parent population Pt with N individuals. As-

sign t = 0.
2: Evaluation. Evaluate every individual in the initial parent population by calculating the

objective functions.
3: while (stopping criterion is not satisfied) do
4: Fitness assignment. Calculate the fitness values using the quality indicator.

1. Calculate indicator values I(x1, x2) using the normalised objective values f
′

i and deter-
mine the maximum absolute value c = maxx1,x2∈P |I(x

1, x2)|

2. ∀x1 ∈ P, F (x1) =
∑

x2 ∈ P \
{

x1
}−e−I({x2},{x1})/(c·k)

5: Environmental selection. While the size of P does not exceed N , remove the individual
with the lowest fitness value, and recalculate the fitness value of the remaining individuals.

6: Mating selection. Perform binary tournament selection with replacement on P to fill the
temporary mating pool P

′

.
7: Variation. Apply the crossover and mutation with probabilities pc and pm, respectively,

to the mating pool P
′

and add the resulting offspring to P .

8: end while

when it comes to finding optimal solutions. As a result, parallel models are being
increasingly used to optimise problems. Parallel processing techniques allow, as
their name indicates, executing two or more instructions in several processing units
at the same time, thus reducing the length of time required to obtain high-quality
solutions [16].

Parallel metaheuristics introduce the concept of computation speed. By dividing
the workload amongst processors, they produce results in less time. In the case
of exact algorithms, where the entire search space must be explored to ensure the
optimal solution, the use of parallel computing considerably reduces execution times.
Parallel schemes also reduce computation times in heuristics, but in some cases it is
not reducing time that is of interest as much as accelerating the process to search
for the best solution obtained in the sequential process.

When a MOP is solved using evolutionary algorithms, the first step is to select
which algorithm to use. There is no guarantee, however, that the algorithm selected
will be useful in solving the problem. If the algorithm chosen is not ideal for the
problem at hand, it will most likely not find good solutions. Generally, this re-
quires trying other algorithms. There is no a priori knowledge of which algorithm
will behave best with a given problem, which could make the process very costly
computationally. One alternative to lower the cost of these tests is to use island
parallelisation techniques [123].

Island-based models have exhibited good performance and scalability in many
areas [211]. In such a model, the population is divided into a number of inde-
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1.4. Metaheuristics

pendent sub-populations. Each sub-population is associated with an island and an
evolutionary algorithm is executed for each sub-population. Each island evolves in
isolation, though some solutions may occasionally be migrated between neighbour-
ing islands. Different variants of island-based models have been proposed in the
literature [48, 57].

• Homogeneous island-based model : every island executes the same MOEA with
the same parameters, that is, each island executes one instance of the same
algorithm.

• Heterogeneous island-based model : every island executes different MOEAs with
different parameters, that is, each island executes one instance of a different
algorithm.

• Self-adaptive island-based, or team of algorithms, model [95, 96]: each algo-
rithm is weighted based on its behaviour during the execution. The best-
behaving algorithm will be instanced in a larger number of islands, or, put
another way, it will be allocated more of the available computational resources.

When dealing with a specific problem, if there is an MOEA that is clearly su-
perior to the rest, a homogeneous island-based model that uses this algorithm will
generally yield good-quality solutions. However, as noted, users normally have no
existing knowledge of how the algorithm will behave when applied to a particular
problem, thus resulting in the same problem that exists in the sequential case. The
heterogeneous model can be used to execute different MOEAs and/or parameters
in each processor at the same time, thus freeing the user from having to select a
specific MOEA to solve the problem. If, however, one of the MOEAs included is not
suited to optimising the problem, it wastes resources. To avoid this, one appropriate
solution might be a model that attempts to assign resources to the most suitable op-
timisation method at any given time. This alternative comprises the so-called teams
of algorithms [94, 95, 96] or self-adaptive island-based model. This technique allows
the various algorithms to be dynamically weighted based on the results supplied for
the problem at hand so that more computation time can be given to those that can
achieve the best results.

In the standard island-based model, the configurations are assigned statically to
the islands, meaning that each island executes the same configuration over the course
of the execution. In the dynamic or adaptive assignment model, said assignment
relies on a scoring strategy and on a selection strategy. Parallel execution models
based on dynamically assigned islands consist of a master, or coordinating, island
and as many execution, or slave, islands as required. The coordination process
selects the configurations to be executed on the islands at all times based on the
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CHAPTER 1. Optimisation

selection method indicated and initiates the executions in each of the idle slave
processes. Each of the slaves comprises an execution island that is in charge of
successively executing the various configurations specified by the coordinator.
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Chapter

2

3D Cutting and Packing

This chapter provides a general overview of cutting and packing problems. Given
the impact that these problems have on industry and on the diversity of practical
applications they encompass, in this chapter we describe the basic properties that
can be used to identify and differentiate between different types of cutting and
packing problems. The rest of the chapter focuses on a real-world three-dimensional
cutting and packing problem: container loading problem. Finally, we present a
blueprint with all of the possible practical restrictions exhibited by loading problems
in the literature.

2.1 Introduction

Cutting and Packing (C&P) encompasses a set of natural combinatorial optimisa-
tion problems. The cutting and packing problems have been widely studies over the
last two decades in the industrial sector and research areas [134, 220]. These pro-
blems arise in a considerable variety of industrial applications where a set of small
items must be loaded into one or more large objects, or where a large object must
be cut into smaller items. Cutting and packing problems describe patterns made
up by geometric combinations of small items assigned to large objects such that a
small item is assigned to a single large object (Figure 2.1). Due to the important
role played by patterns, and since geometric combinations are involved, it may be
said that cutting and packing problems belong to the field of geometric combina-
torics [75]. The cutting and packing problems consider the geometric objects and
items or the space occupied by them, which is why these problems refer to objects
and items defined into the three spatial dimensions of Euclidean space. In the case
of cutting problems, they involve a solid material which must be cut into smaller
items. For example, metal, glass, textiles, plastics, leather and wood. Packing and
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CHAPTER 2. 3D Cutting and Packing

Figure 2.1: Example of loading and packing pattern

loading problems deal with three-dimensional large, empty objects like containers,
trucks, bins, and so on. These empty spaces have to be loaded with small items while
attempting to maximise the amount of space used. In this way, packing problems,
such as the loading of containers, may be regarded as a cutting problem where the
empty space of the large object must be cut into areas that can be occupied by
small items. In other words, the strong relationship that exists between cutting
and packing problems stems from the duality of material and space; that is, the
duality between a solid material and the space it occupies. Because of this, cutting
and packing problems may be referred to interchangeably. These problems not only
consider the spatial dimensions of the objects and items, but also other non-spatial
dimensions such as profit or weight, time and financial aspects [76].

Cutting and Packing problems have an identical logical structure in common. All
of them consist of two sets of elements: a set of large objects (input, stock) and a
set of small items (output, demand). The purpose of these problems is to select
some or all of the small items, group them into one or more subgroups and assign
each of the resulting subgroups to one of the large objects such that the geometric
conditions are maintained (combinatoric base condition). Within each large object,
the small items are to be arranged such that:

• all small items of the subset lie entirely within the large object,

• the small items do not overlap, and
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2.2. Typology

• a given single- or multi-dimensional objective function is optimised.

The space of the large object that is not filled by the small items is referred to
as trim loss (geometric base condition). Thus, based on the above, it is possible to
define a set of different subproblems that have to be solved simultaneously in order
to achieve a “global” optimum [215], such as:

• selection problem involving the large objects,

• selection problem involving the small items,

• grouping problem involving the selected small items,

• allocation problem involving the assignment of the subsets of the small items
to the large objects, and

• layout problem involving the arrangement of the small items in each of the
selected large objects with respect to the geometric condition.

When dealing with cutting and packing problems, it is normal to find restric-
tions that must be considered in order to solve the problem. These constraints are
particularly relevant for a specific formulation of the problem.

2.2 Typology

The term cutting and packing has rapidly spread to many areas of research. In many
of these disciplines, cutting and packing are used synonymously. This simplification
is due to the strong relationship between cutting and packing, so it is usual to
apply similar considerations to both problem categories [75]. In many cases this
has resulted in problems with the same logical structure appearing in the literature
under different names [75], such as:

• cutting stock and trim loss problems,

• bin packing, dual bin packing, strip packing, vector packing, knapsack (pack-
ing) problems, loading, pallet loading, container,

• vehicle loading, and car loading problems,

• assortment, design, dividing, layout, nesting, and partitioning problems.

Wäscher et al. define typology as “a systematic organisation of objects into homo-
geneous categories on the basics of a given set of characterising criteria” in [215].
Several attempts have been made in the literature to define typologies that can be
used to classify cutting and packing in a general fashion. Some of these proposals
are given in [73, 75, 121, 151, 184, 215]. A typology helps to standardise definitions
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CHAPTER 2. 3D Cutting and Packing

and notations, thus facilitating the categorisation of cutting and packing problems
in research, providing the foundation for a structural analysis of the different types
of problems.

Thus, in an effort to classify cutting and packing problems, Dyckhfoff (1990) pro-
posed a consistent and systematic approach for a comprehensive typology based
on the logical structure of the problems [75]. Dyckhoff analysed various kinds
of problems and identified nine main characteristics and elementary types among
them [75]: dimensionality, quantity measurement, shape of figures, assortment,
availability, pattern restrictions, assignment restrictions, objectives and status of
information and variability. This typology has not been widely accepted in the field
of cutting and packing however.

Proposing a suitable typology that can be used as a basis for the organisation and
categorisation of existing and new literature entails analysing cutting and packing
problems exhaustively to identify the main characteristics of each [215]. Normally,
a logical structure in common is identified, which can be summarised as follows [75]:

• a set of large objects (input, supply) and

• a set of small items (output, demand),

• the patterns as geometric combinations of small items for one large object,

• the assignments of small items to patterns and of patterns to large objects.

However, there is still no internationally accepted typology for the class of cutting
and packing problems. Wäscher et al. proposed a typology that improves on that
originally proposed by Dyckhoff [75] attempting to address several of its limitations,
such as [215]:

• In some cases the same problem can be classified under different notations.

• Two different problems that are solved differently can be similarly classified.

So, an improved typology is presented that can be used to attribute common proper-
ties to apparently heterogeneous problems and to recognise general similarities. This
typology comprises five main characteristics to define problem types: dimensionality,
kind of assignment, assortment of small items, assortment of large objects, and shape
of the small items. Each of these is described briefly below.

Dimensionality

This property is an attributed to the problem or, more precisely, to the patterns.
The dimensionality is the minimum number of dimensions of real numbers necessary
to describe the geometry of the patterns [75]. We may distinguish between one-,
two-, three-, and n-dimensional problems (n > 3).
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2.2. Typology

Kind of assignment

In this case, two different problem types are introduced, depending on how the
small items are assigned to the large objects [215].

• Output (value) maximisation: a set of small items is assigned to a given set of
large objects. The set of large objects is not sufficient to accommodate all of
the small items. All large objects are to be used; that is, there is no selection
problem in term of the large objects. The selection involves the small items,
the goal being to maximise the assignment value.

• Input (value) minimisation: a given set of small items must be assigned to a
set of large objects. In contrast to the preceding case, the set of large objects
is sufficient to accommodate all of the small items. Thus, a subset of large
objects must be selected in which to accommodate all of the small items while
minimising losses. In other words, the small items must be assigned to a
selection of large objects of minimum value. In this case, there is no selection
problem involving the small items.

Assortment of small items

With respect to the assortment of small items, we may distinguish among the
next three cases [215]:

• Identical small items: every item has the same shape and size. In some output
(value) maximisation formulations, it can be assumed that the single item type
has an unlimited demand.

• Weakly heterogeneous assortment: the items can be grouped into relatively
few classes - in relation to the total number of items -, in which the items
are identical with respect to shape and size. By definition, small items which
require different orientations are treated as different kinds. The demand for
each item type is relatively large, and may or may not be limited.

• Strongly heterogeneous assortment: only very few elements have an identical
shape and size. If that occurs, the items are treated as individual elements.
Therefore, the demand for each item is equal to one.

Assortment of large objects

As concerns this characteristic, the following cases can be distinguished based on
the number of available large objects [215]:

• One large object: the set of large objects consists of a single element. The
range of the large object may be fixed in all problem-relevant dimensions, or
its range may be variable in one or more dimensions.
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CHAPTER 2. 3D Cutting and Packing

• Several large objects: in this case all of the dimensions are assumed to be
fixed when more than one large object is available. Thus, with respect to the
assortment of large objects, we may distinguish between identical large objects
and a weakly or strongly heterogeneous assortment of large objects.

When dealing with basic problem types in two or three dimensions, all large
objects are assumed to have a rectangular shape (rectangles, cuboid) and to consist
of a homogeneous material.

Shape of the small items

A figure may be described based on its form, size and orientation [160]. For the
definition of refined problem types, we may distinguish between regular small items
and irregular - non-regular - small items in terms of the shape of the objects. In
most cases, the small items have regular shapes, such as rectangles, circles, boxes,
cylinders, balls or blocks. The size of the objects is given by their length along each
dimension. With respect to the orientation of the items, the next conditions might
apply: any orientation is allowed, only 90-degree is allowed, or the orientation is
fixed [160].

2.3 Classification

The typology introduced by Wäscher, Hauβner and Schumann presents the most
general criteria for defining a cutting and packing problem. These criteria have
provided a basis for classifying problems. However, when key criteria such as di-
mensionality, assignment and assortment of large and small items are combined, they
yield a large number of different classes of cutting and packing problems. Thus, in
an effort to provide a more general classification of the standard problems, their
basic properties have been studied, from the most general to the most specific. This
way, the basic types of cutting and packing problems result from combining cri-
teria involving dimensionality, kind of assignment, assortment of small items, and
assortment of large objects [215].

In the area of loading problems, and by combining the different criteria, we may
distinguish between loading problems in which there are enough available large ob-
jects in which to introduce all of the small items, and problems in which only a subset
of the small items can be packed into a fixed set of large objects [43]. Based on the
assignment criteria, problems of first kind are of the input (value) minimisation
type, and the problems of the second type are of the output (value) maximisation
type. It is also possible to distinguish loading problems with respect to the assort-
ment of small items and the assortment of the large objects. Small items belong
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2.3. Classification

to the same type if they are identical with regard to their shape and dimensions.
The assortment of small items is considered as weakly heterogeneous when there
are many items but a few item types. If there are few items and many item types,
this is known as strongly heterogeneous. These same criteria are used with the large
objects. When there is more than one large object, these can likewise be classified
as identical, weakly or strongly heterogeneous.

2.3.1 Input Minimisation

Problems of the input minimisation type are characterised by the fact that the
supply of large objects is large enough to accommodate all of the small items [215].
The aim, then, is to minimise the cost of the large objects needed to contain all of
the the small items. Figure 2.2 shows the input (value) minimisation assignment
problem types. Problems of this type are:

Cutting Stock Problem

Problems in this category require that a weakly heterogeneous assortment of
small items be completely allocated to a selection of large objects of minimal value,
number, or total size [215]. The size of the large objects is fixed in all dimensions,
though with regard to their assortment, the following subcategories can be distin-
guished [44]:

• Single Stock-Size Cutting Stock Problem (SSSCSP) - packing a weakly hetero-
geneous set of small items into a minimum number of identical large objects.

• Multiple Stock-Size Cutting Stock Problem (MSSCSP) - packing a weakly
heterogeneous set of small items into a weakly heterogeneous assortment of
large objects such that the value of the large objects used is minimised.

• Residual Cutting Stock Problem (RCSP) - packing a weakly heterogeneous set
of small items into a strongly heterogeneous assortment of large objects such
that the value of the large objects used is minimised.

Bin Packing Problem

The Bin Packing Problem is characterised by a strongly heterogeneous assortment
of small items. These small items have to be assigned to a set of identical large
objects, a weakly or strongly heterogeneous assortment of large objects. The value,
number, or total size of the large objects needed has to be minimised [215]. The
problems include [44]:

• Single Bin-Size Bin Packing Problem (SBSBPP) - packing a strongly hetero-
geneous set of small items into a minimum number of identical large objects.
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CHAPTER 2. 3D Cutting and Packing

Figure 2.2: Input minimisation for basic types of cutting and packing problems

• Multiple Bin-Size Bin Packing Problem (MBSBPP) - packing a strongly hete-
rogeneous set of small items into a weakly heterogeneous assortment of large
objects such that the value of the large objects used is minimised.

• Residual Bin Packing Problem (RBPP) - packing a strongly heterogeneous set
of small items into a strongly heterogeneous assortment of large objects such
that the value of the large objects used is minimised.

Open Dimension Problem

The Open Dimension Problem (ODP) defines a problem category in which the
set of small items has to fit completely into one or several large objects [215]. The
large objects are given, but their size in at least one dimension can be considered
variable. In general, most open dimension problems consider only one available large
object. Thus, a grouping of cargo has to fit completely into a single container with
one or more variable dimensions such that the container volume is minimised [44].
There are two variations of this problem type [44]:

• Open Dimension Problem Weakly (ODP/W) - problems with a weakly hete-
rogeneous assortment of cargo.

• Open Dimension Problem Strongly (ODP/S) - problems with a strongly hete-
rogeneous assortment of cargo.
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2.3. Classification

2.3.2 Output Maximisation

All problems of the output (value) maximisation type have in common that the
large objects are not sufficient to accommodate all of the small items. All of the
large objects will be used, since the value of the items accommodated has to be
maximised. In other words, there is generally a selection problem involving the
small items, but none regarding the large objects. According to Figure 2.3, the
following problem types may be defined [215]:

Identical Item Packing Problem

The Identical Item Packing Problem (IIPP) consists of assigning the largest pos-
sible number of identical small items to a given, limited set of large objects. Due to
the fact that all of the the small items are identical, the problem is reduced to one
of layout and involves the arrangement of identical small items in each of the large
objects with respect to the geometric condition [215]. As for the loading problems,
this problem category involves loading a single large object with a maximum number
of identical small items [44].

Placement Problem

In the literature, problems of this category are known by many different names.
In this case, this category describes problems in which a weakly heterogeneous as-
sortment of small items has to be assigned to a given, limited set of large objects.
The value or the total size of the small objects contained has to be maximised, or
alternatively, the corresponding waste has to be minimised [215]. Based on how the
large objects are assorted, the following problem types may be defined [44]:

• Single Large Object Placement Problem (SLOPP) - loading a single large
object with a selection from a weakly heterogeneous set of small items such
that the value of the loaded items is maximised.

• Multiple Identical Large Object Placement Problem (MILOPP) - loading a
set of identical large objects with a selection from a weakly heterogeneous set
of small items such that the value of the loaded items is maximised.

• Multiple Heterogeneous Large Object Placement Problem (MHLOPP) - load-
ing a (weakly or strongly) heterogeneous set of large objects with a selection
from a weakly heterogeneous set of small items such that the value of the
loaded items is maximised.

Knapsack Problem

This problem represents a problem category that is characterised by a strongly
heterogeneous assortment of small items which have to be allocated to a given set
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CHAPTER 2. 3D Cutting and Packing

Figure 2.3: Output maximisation for basic types of cutting and packing problems

of large objects. The availability of the large objects is fixed, and not all of the
small items can be loaded. The value of the items accommodated has to be maxi-
mised [215]. Based on how the large objects are assorted, the following subproblems
may be defined [44]:

• Single Knapsack Problem (SKP) - loading a single large object with a selection
from a strongly heterogeneous set of small items such that the value of the
loaded items is maximised.

• Multiple Identical Knapsack Problem (MIKP) - loading a set of identical large
objects with a selection from a strongly heterogeneous set of small items such
that the value of the loaded items is maximised.

• Multiple Heterogeneous Knapsack Problem (MHKP) - loading set of (weakly or
strongly) heterogeneous large objects with a selection from a strongly hetero-
geneous set of small items such that the value of the loaded items is maximised.

2.4 3D Packing Problem

The 3D Packing and Loading Problem is a three-dimensional packing problem with
numerous applications in the real world. In the transport sector and distribution
industries, the most commonly cited applications are container loading and truck
loading. Among the packing and loading problems, container loading problems
have been highly studied. In [44], Bortfeldt and Wäscher define these problems
as geometric assignment problems, in which small, three-dimensional items (called
cargo) have to be assigned (packed in) to three-dimensional, rectangular (cubic), large
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2.4. 3D Packing Problem

objects (called containers) such that a given objective function is optimised, i.e. a set
of rectangular pieces (boxes) are to be distributed in one large rectangular object
(container) so as to maximise the total volume of packed boxes, while satisfying
certain constraints. A solution to an assignment problem of this kind will be called
a loading pattern.

2.4.1 Constraints

The packing and loading problem is borne of a necessity to improve the real-world
scenarios in the industrial and commercial applications for global logistics. As a
result, the packing and loading problem is often subject to a wide variety of cons-
traints. In [31] many practical requirements, such as restrictions on orientation,
load distribution, stability, priority boarding or the maximum weight of containers,
are described. Sometimes, packing all of the small items in a large object requires
observing constraints involving their orientation, for example when their content is
fragile. Other times, the load must be correctly distributed in the large object for
proper transport, or a specific order is required for subsequent shipment. However,
a rather common aspect in the scope of this problem is the weight limit of the large
objects, since they normally cannot exceed a certain transport weight. The goal then
is to maximise the amount shipped without exceeding that limit. In particular, in
loading problems, the set of small items represent boxes, whereas the large object
refers to the container.

As a starting point, Bortfeldt and Wäscher provide a comprehensive list of real-
world constraints of practical relevance to container loading and introduce a scheme
for categorising them [44]. They suggested a classification with the more relevant
constraints that can be encountered in the real world, and that are considered in
the literature. They distinguish between constraints related to the large objects
(container-related), to the small items as individual items (item-related), and to the
entire or subset of items (cargo-related). They also consider constraints that can be
related to the relationship between the large objects and the small items (positio-
ning), and finally, the constraints involving the packing processes (load-related) [44].
These constraints may or may not be considered. There are, however, three basic
constraints to the container loading problem that have been considered in most of
the studies conducted:

• All of the small items lie entirely inside the large object.

• The small items cannot overlap.

• Small items only be located with their edges parallel to the walls of the large
object.
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CHAPTER 2. 3D Cutting and Packing

The constraints can be presented as hard or as soft constraints. Hard constraints
must always be satisfied, whilst soft constraints should be considered, allowing a
certain margin of failure. In contrast, if a loading pattern does not satisfy all of the
hard constraints, then that pattern is not feasible.

2.4.1.1 Large Object-Related Constraints

Weight limits

Weight limits determine the maximum weight that can be loaded inside the con-
tainer. Every container has a weight limit that cannot be exceeded, denoted as its
tare. Hence, small items can only be loaded inside the container as long a certain
weight is not exceeded. In some cases, weight capacity constraints may be more
restrictive than the available loading volume, which is an intrinsic constraint to the
problem. Terno et al. [207], Gehring and Bortfeldt [106], Chan et al. [51], Bortfeldt
et al. [40], Egeblad et al. [78], Liu et al. [149], Dereli and Das [70] are some of the
works where the weight limit is addressed as a hard constraint.

Weight distribution

Weight distribution constraints, or load balance constraints, require that the
weight of the cargo be spread out over the container floor. In transportation logistics,
it is important for the cargo to be properly distributed. A balanced cargo can
reduce the risk that the cargo will be damaged while the container is moved. In the
literature, weight distribution constraints are often presented as soft constraints. In
papers such as [32, 38, 78], the centre of gravity of the cargo is regarded as the
geometric mid-point of the container floor. Other authors, such as Balakisky et
al. [25], Liu et al. [149] pay special attention to the weight distribution along the
container height, and consider the centre of gravity as being located as close to the
floor as possible. Thus, heavier items should be stowed near the bottom and lighter
items should be placed at a higher level.

2.4.1.2 Item-Related Constraints

Loading priorities

Loading priority constraints arise in loading problems of the output (value) ma-
ximisation type, where the available container volume is not large enough to accom-
modate all of the small items, and a decision has to be made regarding which items
should be loaded and which will have to be excluded from the container. Sometimes
it is more desirable to give priority to certain items, whether because of delivery
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2.4. 3D Packing Problem

deadlines or due to requirements related to the shelf life of products [29, 181]. When
a subset of items must be loaded inside the container, we speak of a hard constraint.
In contrast, when a subset of items is not considered a priority, this gives rise to
a soft constraint. In papers such as Junqueira et al. [131], the loading priority is
considered as an important constraint.

Orientation

Orientation constraints determine the possible orientation of a box. It is one
of the most widely used constraints in the literature. Each item has six possible
orientations in which it can be placed inside the container. However, in many cases,
the number of orientations of an item may be restricted. Normally, the vertical
orientation is limited to one dimension [100, 108, 127]. This restriction allows 90-
degree rotations of the boxes in the horizontal plane. One example of this is the
case in which the items have printed on them instructions like “This way up!”,
requiring them to rest on a particular surface. In [22, 157] only a single orientation
is allowed for each item in the vertical and horizontal directions. The opposite occurs
in [79, 174], which has no restrictions with respect to the orientation of the items,
meaning they can be freely rotated.

Stacking

Stacking constraints, or load-bearing constraints, restrict the possibility of pla-
cing items atop one another so as to avoid deforming them. These are thus related
to the weight that an item can support without being damaged. Defining the way
in which items can be stacked depends on each item’s load-bearing strength. In the
literature there are several ways to deal with this constraint. Junqueira et al. [131]
and Bischoff [28] limit the number of items that can be stacked. In practice, the
instruction “Stack no more than x high” is one example of this. Other approaches
prohibit placing a particular type of item on top of another type [190, 207]. Larger
items cannot be stacked atop smaller ones. However, the most usual stacking cons-
traint is represented by the maximum weight an item can withstand without being
damaged. This approach has been studied by Alonso et al. [20], Christensen et
al. [54], and others.

2.4.1.3 Cargo-Related Constraints

Complete shipments

The need to have a set of items loaded together is known as the complete-
shipments constraint. This class of constraint only makes sense when dealing with
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CHAPTER 2. 3D Cutting and Packing

problems of the output (value) maximisation type, where the container’s loading
capacity is limited. This implies that the cargo must be accommodated efficiently.
There are some papers in which if an item of one subset is loaded, then the remaining
items of that same type must also be loaded in the container [85]. In some cases,
when more than one container is used, it is not necessary to load all the items of the
same subset into the same container, but they must be included in the same ship-
ment. There are more restrictive cases, such as those considered by Iori et al. [127]
and Moura et al. [164], which require all items of the same type to be loaded into
the same container. In these cases, all of the components of a product - pieces of
furniture - must be loaded together since they are going to the same destination.

Allocation

Allocation constraints arise in problems involving multiple containers. These
problems may require packing items of a specific subset of the cargo inside the same
container. Problems such as this one involve connectivity constraints, as in Liu et
al. in [149]. In other, less restrictive, cases, certain items or types of items cannot be
loaded into the same container, giving rise to separation constraints. In [85], Eley
proposes a simple heuristic involving this type of constraint.

2.4.1.4 Positioning Constraints

Positioning constraints restrict the positions items in the container. These cons-
traints may be given in absolute or relative terms. Absolute positioning constraints
determine which items will be placed (or not) in a given position or area inside the
container. This restriction is present in cases involving bulky objects, for example,
in which for logistical reasons, these objects tend to be located near the doors. There
are some studies, such as those by Haessler et al. [116], Borfeldt [38] and Egeblad [80]
that consider this type of restriction.

Relative positioning constraints may require certain subsets of items to be po-
sitioned together or a certain distance from one another. Such is the case when a
set of items is addressed to the same customer. This placement facilitates cargo
loading and unloading operations. Makarem et al. [154], Coello et al. [78] and Terno
et al. [207] study these types of constraints.

2.4.1.5 Load-Related Constraints

Load-related constraints have to do with the desirable or necessary properties of the
final arrangement of the items in the container.
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2.5. State of the Art

Stability

In the literature, the stability of the cargo is often considered among the most
important properties. An unstable load could cause irreparable damage to the cargo.
When dealing with stability constraints, we can distinguish two types of stability:
vertical and horizontal.

Vertical, or static, stability prevents items from falling. This means that the
base of an item must be fully or partially supported by some element inside the
containery [38, 114]. The degree of stability is usually given in terms of a percent.
Papers like Araújo et al. [24], Fanslau et al. [91] and Ceschia et al. [50] consider full
vertical stability, meaning the load must be 100% supported. Other cases consider
the box being supported at least for a pre-specified minimum fraction of the base
area, as in Christensen et al. [54], Fuellerer et al. [100] and Tarantilis et al. [206].

Horizontal, or dynamic, stability assures that items cannot shift while the con-
tainer is being moved. Full horizontal stability means that each item is either ad-
jacent to another item or a container wall [131]. Cases like the one studied by Liu
et al. [149] only require one of the surfaces of a small item to be in contact with
other small items or a container wall. In practice, the stability of the cargo can be
achieved by using additional supports, like packing material (polystyrene), that is
placed in gaps between the packed items. This variant was studied by Parreño et
al. in [172] and Pisinger et al. in [178].

Complexity

Complexity constraints are related to complex loading patterns. Complex load-
ing patterns may not be feasible for manual container loading since these patterns
cannot be visualised in such a way that they can be understood by loading per-
sonnel. Complexity constraints reflect these limitations of technological and human
resources [29].

2.5 State of the Art

Packing and cutting problems have been studied in various areas of research. The
broad range of applications covered by this class of problem has caused this field
to expand quickly. A review of the literature reveals that this family of problems
has been studied for over half a century [46, 133]. The literature contains many
examples of one- and two-dimensional problems, which have been studied more in-
depth historically. The study of three-dimensional problems has received relatively
less attention. It has not been until the last two decades that three-dimensional
problems have generated more interest in the scientific community.
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CHAPTER 2. 3D Cutting and Packing

Included in the three-dimensional problems are those related to the loading of
containers or pallets. These are particularly relevant in the industrial sector, speci-
fically in terms of loading and transporting cargo. A review of the literature from
recent years shows an increasing number of studies focusing on these types of pro-
blems, in which a set of small items must be loaded into an object with large, fixed
dimensions while maximising the volume loaded.

The increase in the number of publications involving cutting and packing pro-
blems created the need to conduct reviews of the literature to allow the scientific
community to learn of existing studies having to do with the various types of pro-
blems. This has led to the publication of several bibliographies that attempt to group
the problems into categories and solution methods [76, 77, 204]. Recently, and due
to the impact that the study of three-dimensional problems has had, bibliographic
reports have been proposed that focus solely on these types of problems [43, 222].
Most of the bibliographies use considerations similar to those proposed by Wäscher
et al. in their typology [215]. In other words, they consider the main properties like
dimensionality, the variety of large objects, the variety of small items, the shape of
the items and the objective.

Of note in the publications involving three-dimensional cutting and packing pro-
blems is the enormous presence of problems like the SLOPP and the SKP. They
are also the most widely covered in terms of the three-dimensional problems. Other
problems that have also been studied, but more incidentally and with fewer publi-
cations, include the SBSBPP y ODP/S, while problems like the MILOPP, MIKP,
MHLOPP, MHKP and RCSP have been largely ignored.

There is an increasing number of studies that apply relevant physical constraints
to be considered when placing items inside larger objects, such as containers, vans
or trucks. Applying restrictions means solving problems that approach real-world
conditions, making them more applicable in today’s world. Despite this, there are
few papers in the literature that consider several restrictions simultaneously.
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Chapter

3 Solving the Multi-Objective

3D Packing Problem

In this chapter we consider the Three-Dimensional Packing Problem (3DPP). This
problem arises in actual logistics industries. This class of problem belongs to the
well-known Three-Dimensional Packing Problems, which are a generalisation of the
one-dimensional and two-dimensional problems. While cutting problems focus on
the best possible use of materials, packing problems focus on the best possible use
of space. Specifically, this chapter focuses on studying the techniques for solving
one of the problem formulations, namely the loading of a single container of fixed
dimensions while maximising the volume used. To this end, we conduct a biblio-
graphic review of the problem before giving the mathematical formulation for the
problem to be considered in the chapter. Due to the very large search space posed by
this problem, the application of exact methods is not viable. As a result, the most
common methods applied in the literature to solve the single-objective formulation
of this problem are heuristics and metaheuristics. Thus, in the rest of the chapter
we will refer to the use of MOEAs to solve the problem proposed.

3.1 Introduction

Container transport is the most widespread logistical commercialisation method
in use internationally. The use of containers to store and transport cargo began
in the early 19th century [27]. The rapid growth of the technology has led to
large improvements in industrial processes. In this context, the container transport
industry has been the focus of important improvements that have had positive effects
on the quality of some of the processes carried out in this industry, like the loading
and unloading of cargo. And yet, the revenue generated by the loading and unloading
operations have undeniably been a key factor for the implementation of actions
intended to develop this industry. The efficient transport of cargo has a high financial
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3.2. Problem Formulation

impact on logistics, such that if cargo is loaded in an optimal manner, costs are
reduced throughout the entire distribution system [126]. These financial benefits
have had a significant impact in the area of computer research in an effort to provide
improvements in the search for solutions. Considering these aspects, it is normal for
companies that engage in this activity to find themselves in a highly competitive
environment. There is thus no doubt that the financial values of these companies
depend on the efficiency of the loading and transport of cargo. In logistics, using the
available resources efficiently is fundamental. Associated with this is offering quality
services while attempting to ensure the good condition of the cargo. It is in this
context that the Three-Dimensional Packing Problem (3DPP) or Container Loading
Problem (CLP) arises as a field of research. Due to its close ties to the real world
and the diversity of its applications, this problem can have many variants, such
as the possibility of using one or several containers, containers with fixed or open
dimensions, and other options. A study of these computational problems requires
clearly defining the objective to be achieved, such as maximising the cargo inside
the container. However, most of the real problems that affect the industry present
many objectives to be optimised simultaneously.

3.2 Problem Formulation

The most commonly cited applications for the Three-Dimensional Packing Pro-
blem (3DPP) are container loading or truck loading in the transport sector and
distribution industries. It is a relevant problem in the general classification of cutting
and packing problems referred to in the literature as three-dimensional cutting and
packing or container loading. Among the cutting and packing problems, container
loading problems have been highly studied [222]. In general, when solving the 3DPP,
the objective is to arrange a set of three-dimensional rectangular pieces (boxes) inside
one large rectangular object (container) so as to maximise the total volume of packed
boxes, i.e. trying to obtain a pattern of packaging that uses the container space as
much as possible.

The loading process is considered one of the most important tasks in supply
chains, which is commonly encountered in the transport sector and wholesaling
industries. Efficiently loading a container has both financial and environmental im-
plications. The constant increase in fuel prices makes the loading and unloading pro-
cesses take on increasing importance among companies involved in container loading
or truck loading. Thus, maximising the space used in containers translates into mi-
nimising the number of trips that a transporter must make, and in turn minimising
the number of containers or trucks needed to transport or store the cargo [173]. The
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

efficient loading of containers not only has financial benefits. Minimising the empty
space in containers also addresses the ecological problem of increased traffic and its
repercussions on environmental resources [214]. It thus comes as no surprise that
this problem has often been considered in operations research literature.

When solving the real 3DPP, normally the most important goal is to find a packa-
ging pattern that maximises the space used. However, in many real-world situations
there are many other issues that may be taken into account. In [31] many practical
requirements, such as restrictions on orientation, load distribution, stability, priority
boarding or the maximum weight of containers are described. Sometimes, packing
every box into a container requires considering their orientation, such as when their
contents are fragile. Other times, a good load distribution in the container is needed
for proper transport, or a specific order for subsequent land shipments is needed.
However, a rather common aspect in the scope of this problem is the weight limit
of the containers, since they normally can not exceed a certain weight for their
transportation, and they should make the most without exceeding that limit. The
rented trucks used to transport the shipment are charged based on the total weight
they can transport, regardless of the total volume. Thus, the decision maker prefers
to load and ship cargo with a high total weight, rather than one with low total
weight. For that reason, in this work we take the total weight as a second objective,
which simultaneously tries to maximise both objectives: the volume used and the
weight. We are interested in finding a solution for these problems.

This way, the problem can be stated as a Multi-Objective Optimisation Pro-
blem (MOP). This formulation of the 3DPP problem focuses on the problem in-
volving placing a given number of rectangular boxes of known dimensions into a
single container of known dimensions so as to maximise the container space utilised
and the total weight of the boxes. However, these two objectives are not the same
due to the weight of the goods, the batch size, and other factors [223]. The multi-
ple objectives typically conflict with one another, i.e., there is no single solution to
optimise every objective simultaneously (Figure 3.1); rather, they must be simul-
taneously optimised. As mentioned in Chapter 1, in most real-world optimisation
problems the objectives involved tend to be in conflict with one another, meaning
there is no single solution that simultaneously optimises every objective. Instead
of a single optimal solution, there is a set of alternative solutions from which the
person tasked with making a decision must select the best compromise. For the
Multi-Objective Three-Dimensional Packing Problem analysed, often times the size
of the items or boxes to be packed in the container is not proportional to their weight.
One might think a priori that maximising the total volume implies maximising the
weight. But a box can be large and its contents lighter than those of a smaller box.
This can happen, for example, in an office supply company, where a paper weight
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3.2. Problem Formulation

Figure 3.1: Example of conflicting objectives

occupies a very small space and yet is heavier than a trash bin, which is larger and
weighs less. Another example might arise in the transport of food, where a box of
cereal has a larger volume than a tin of preserves, which can weigh more than a box
of cereal. Other times, the weights of the objects to be packed are proportional to
their volumes, meaning that large boxes have large weights associated with them,
and small boxes weigh less, such as when transporting detergents and toothpaste.
For this reason, we can state that both goals have at least some degree of conflict.

Mathematical Formulation

The Simple Three-Dimensional Packing Problem is defined as the problem of
identifying how to arrange items in a single container. It comprises the maximisation
of the loading space used while maximising the weight inside the container without
exceeding its weight limits. Thus, it is an intrinsically multi-objective problem.

43



72 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.2: Orientations allowed

In this multi-objective approach, only one container is used, with a known width
W , length L, height H, maximum weight Pmax and a set of N rectangular boxes.
These boxes belong to one of the sets of box types T = {t1 . . . tm}, where the i-th
type ti is of dimensions wi ≤ W , li ≤ L and hi ≤ H. Thus, rectangular boxes
type can range from weakly homogeneous to strongly heterogeneous. If the set of
boxes is considered weakly homogeneous, it means that the instance has a small
variety of boxes; whereas a set of boxes is strongly heterogeneous if the instance
has more types of different boxes. The boxes can only be placed orthogonally in the
container. Associated with each type ti there exists a weight pi < Pmax, a volume vi,
a demand bi, and a number of orientations allowed oi ∈ [0, 5]. Thus, to indicate the
orientation we use a number that ranges from 0 to 5 (Figure 3.2), which indicates
how the item is rotated with respect to its original orientation (oi = 0). Each item
has two, four or six possible orientation. Normally, there will always be at least two
possible orientations for any box (0 and 1), which does not shift its contents since it
is a question of rotating the base 90 degrees. In addition, for the known instances of
this problem [30, 152], orientations 4 and 5, in which the front side of the box is used
as the base, are not allowed if 2 and 3 are not allowed, where the sides of the box
are used as the base. Orientations 2 and 3 can be allowed and not 4 and 5. These
restrictions stem from the materials contained in the boxes, since they can hold a
liquid, for example, which would pose problems in certain positions. Ultimately, the
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3.2. Problem Formulation

Property Name Property Value

Dimensionality Three-dimensional (3D)
Shape of figures Regular and with possible orientations

Assortment of small items Identical or homogeneous to heterogeneous
assortment

Assortment of large items One large object
Type of assignment Output (value) maximisation

Objectives Maximise the total available volume and
weight for the large object

Table 3.1: Properties of the 3DPP studied

aim is to find a packing arrangement in the container without overlapping, with xi

boxes of type ti maximising the total volume and weight packed:

max
m
∑

i=1

xivi and max
m
∑

i=1

xipi

subject to xi ∈ [0, bi] and
m
∑

i=1

xipi ≤ Pmax and
m
∑

i=1

xivi ≤ W × L×H

(3.1)

Arranging boxes into a container, truck, or pallet is one of the more complex
packing problems with respect to real-world constrains [222]. In this work, the
problem will be solved using the following assumptions:

• Each box is placed in the container floor or on top of another box.

• The loaded boxes cannot overlap.

• The stability of the distribution of the boxes is not considered, since we assume
the use of filler material to prevent potential problems.

• The number of orientations allowed is restricted. There will always be at least
two possible orientations for any box (rotation only considered for the base
of the box), since that does not affect its contents. Thus, the dimensions of
boxes can be interchanged to modify the orientation.

• The boxes are rigid enough to lie in any location.

The main characteristics of the 3DPP considered in this dissertation are sum-
marised in Table 3.1, based on the general classification presented for cutting and
packing problems given in Section 2.2. There may be a single container or multiple
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

containers. In our case, we are particularly concerned with the Single Large Object
Placement Problem (SLOPP), where there is a single container and weakly hetero-
geneous boxes, the Single Knapsack Problem (SKP) if the set of boxes is strongly
heterogeneous and the Identical Item Packing Problem (IIPP). Nevertheless, our
problem definition is a variant of the SLOPP, because we consider both homoge-
neous boxes and heterogeneous boxes.

3.3 Related Work

The Three-Dimensional Packing Problem (3DPP) has been widely studied. In the
literature, isolated exact algorithms have been proposed to solve it. These studies
are scarce, possibly due to the difficulty in representing possible patterns or prac-
tical constraints. In [120], the authors present two exact algorithms that are an
adaptation of Gilmore and Gomory’s approach [112]. These approaches seem suited
to solving some classes of non-standard packing problems that consider some res-
trictions such as fixed positions or orientations of specific items, static balancing
and non-rectangular domains. There are papers that solve the container loading
problem using Mixed Integer Linear Programming (MIP) models, where the aim
is to minimise the unused volume of the container [52, 92]. A basic mixed integer
programming model to treat an orthogonal three-dimensional packing problem with
rotations is presented in [93]. Junqueira et al. [130] propose an approach based on a
MIP model, including multidrop constraints, where they consider both vertical and
horizontal stability constraints and the load-bearing strength of the small items.

Most results of this scope are obtained using heuristics and metaheuristics, be-
cause, computationally, the 3DPP is an NP-hard problem [188], meaning an exact
solution cannot be obtained in polynomial time. Moreover, these problems are
very challenging in practice. Although there are many heuristic algorithms [31,
107, 109, 118, 178, 181, 188, 214, 225] in recent years the attention has shifted
to metaheuristics such as genetic algorithms [87, 105, 117, 220], simulated anne-
aling [47, 90, 129], tabu searches [35, 148, 172], greedy randomized adaptive search
procedures [164], variable neighbourhood searches [175], tree searches [41, 150], and
hybrid algorithms [38, 71, 149, 164]. Sometimes, these processes may include para-
llelisations. Such is the case of some parallel genetic algorithms [106, 113], parallel
tabu searches [40], or parallel hybrid local searches [153].

Most approaches deal with single-objective formulations of the mixed integer li-
near programming, in which the most common objective is to maximise volume utili-
sation or to minimise the unused volume inside the container. Unlike the large num-
ber of approaches proposed for the single-objective formulation, the multi-objective
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3.3. Related Work

formulation has been studied less. As a result, the references dealing with a multi-
objective formulation of the problem are almost non-existent [43]. In fact, one of
the best-known works in the literature that addresses the multi-objective problem
studied herein uses a simulated annealing algorithm hybridised with filling heuris-
tics [70]. In [70] the authors consider two objectives, the same as in this work:
the maximisation of the weight of the boxes loaded in the container and the maxi-
misation of the total volume occupied inside the container. The method proposed
in [70] applies different weights to the two objectives considered, yielding - with each
execution - a unique and different solution. To achieve a complete set of candidate
solutions, the algorithm must be executed several times.

Some formulations of the problem consider the possibility of having multiple
containers. As in the case of the previous formulation, in the literature there are
only a few exact algorithms [157, 218], many heuristic algorithms [19, 50, 63, 84, 124,
159, 172, 199, 224] and some hybrid algorithms [147]. In other cases, one dimension
of the container can be infinite or open, so that all the pieces must be put inside of
it [18, 42, 218]. In this work we do not focus on this type of formulation because
normally companies have a set of containers or trucks that are not of arbitrary
length; rather, they have specific and unchanging dimensions. On the other hand,
we can find formulations of the problem in the literature that take into account pieces
with irregular shapes [53, 78, 217]. However, most of the items to be transported
are packed into rectangular boxes, and not into irregular packages.

In the literature we can find a wide range of packing heuristics and metaheuristics
that can be developed by taking into account different specific distributions of pack-
ing boxes inside the container. These methods have a direct influence on industrial
cargo loading and unloading processes, and help to decide how to put the boxes into
the container. Pisinger [178] proposed a classification based on four possible ap-
proaches: wall-building, stack-building, cuboid-arrangement and guillotine-cutting.
However, Fanslau and Bortfeldt [91] classified them as wall-building, stack-building,
horizontal layer-building, block-building, and guillotine-cutting. These approaches
are commonly known as the construction heuristic. Based on this, we present some
possible alternatives [91, 222]:

• Wall-building approach, which fills the container with a number of walls (ver-
tical cuboid layers) across the depth of the container (Figure 3.3). This pro-
cedure is used in [31, 32, 107, 109, 119, 164, 178].

• Stack-building approach, which packs the boxes into stacks or towers that have
a base box directly placed on the floor of the container in a way that saves
the most space. The stacks do not form walls as defined before. Some authors
have used this approach in works like [105, 111, 124].
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.3: Wall-building approach

• Cuboid arrangement approach, which recursively fills the container with cuboid
arrangements. A cuboid layout provides sufficient support for the boxes. This
approach is presented among others in [35, 36, 84].

• Horizontal layer-building approach, in which the container is packed in hori-
zontal layers from bottom to top, attempting to cover the largest possible part
of the load surface of the container. This approach is used in the methods
in [29, 207].

• Block-building approach, which fills the container with cuboid blocks. Blocks
are homogeneous and each block consists of only identical boxes, although
some works consider blocks formed by boxes of different types. [149, 181, 221]
describe this approach.

• Guillotine cuts approach, which is based on a slicing tree representation of a
packing plan. Each slicing tree corresponds to a successive segmentation of the
container into smaller pieces by means of guillotine cuts, whereby the leaves
correspond to the boxes to be packed. This approach was studied in [72, 163].

When loading a container with a weakly heterogeneous mix of boxes, the most
common approaches are wall-building and horizontal layer-building. In general,
construction heuristics select boxes or groups of boxes to place them in a given
location inside the container. These processes are combined with a search for a
potential position in which to place each box into the container. The definition of
these methods have a direct influence on the problem’s general solution. Some of
the most widely used in the literature are the following [222]:
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3.4. Multi-Objective Approach

• Lai and Chan [139] propose the maximal-space strategy. Maximal-space in-
tervals are the set of largest cuboid spaces that entirely cover the unpacked
volume of the container. The boxes are packed in the closest space to the
bottom left corner of the container that is large enough to accommodate the
selected box in each iteration. Gonçalves and Resende [114] present a more
efficient method based on this. They identify four parts: identified maximal
spaces, prioritised maximal space, creating layers of boxes and joining maxi-
mal spaces. The main idea is to identify maximal spaces and then fill them
with the best configuration of identical boxes based on a criterion. In each
iteration the maximal space with the minimum distance to a corner of the
container is filled, with space volume used to break ties.

• Ngoi et al. [166] avoid the dependency of the layout on the order of the boxes
by evaluating every potential placement location for each box. In order to
improve the efficiency of their approach, they use a spatial representation
method. A single 3D matrix (or the spatial matrix), in the form of the layers
of 2D matrices, is used to represent the positions and dimensions of all the
packed boxes and empty spaces. Other approaches were studied in [28].

• Martello et al. [157] define corner points as the non-dominated locations where
an item can be placed into an existing configuration. If we consider the packing
profile over the 3D surface, these points arise from contact between the face
of two boxes or a box and the container and are located at the point where
three edges coincide to create a fully concave corner. Some improvements were
described in [58], where the idea provides the means to exploit the free space
defined inside a packing configuration by using the shapes of the boxes already
inside the container.

• Caving degree approach, defined by Huang and He [124, 125] as packing boxes
into a corner or even a cave, an empty hollow-like space surrounded by many
boxes, whenever possible. The caving degree approach stores all available
corners into a list and evaluates all combination of corners, types of boxes,
and allowed orientations, selecting the best combination of corner, box, and
orientation based on racking rules. Modifications based on this approach are
given in [118].

3.4 Multi-Objective Approach

Applying an exact method to solve the multi-objective 3DPP is not viable due to its
magnitude and complexity. As a result, we have opted to develop an approximate
proposal using a method that approaches it directly as a multi-objective problem.
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Many algorithms have been proposed for solving the 2D/3D Cutting Stock Pro-
blems, and most of them concern single objective optimisation rather than multi-
objective optimisation problems. We can find a wide range of heuristics in the
literature that simplify the 3DPP by converting it into a single-objective problem.
Since exact approaches are practically infeasible for most MOPs, a wide variety of
(meta)-heuristic algorithms have been designed. A common approach for simplifying
the solution to MOPs are the decomposition methods. Such approaches employ a
scalarising function to aggregate all the objectives into a single scalar objective
function. This way, from the application of a scalarising function to weighting the
different objectives, the multi-objective problem is converted into a certain single-
objective problem. To obtain different Pareto optimal points, a set of weighting
vectors can be used which would result in a set of single-objective subproblems [110].

The Weighted Sum Method is the simplest decomposition approach and probably
the most widely used classical method. This method scalarises the set of objectives
into a single objective by multiplying each objective with a user supplied weight. The
values of the defined weights will depend on the relative importance that the user
gives to each objective. In any case, the set of defined weighting vectors will restrict
the set of single-objective solutions to be obtained. The advantage of these methods
lies in the fact that it is straightforward to apply standard single-objective methods
to solve the resulting single-objective subproblems. Another method used to convert
the original problem into a single-objective one is the method with restrictions, which
relies on transforming some of the objectives into restrictions by employing Pareto
optimals.

Optimising a combination of the objectives has the advantage of producing a
single compromise solution - which can be achieved by applying classical single-
objective optimisation strategies - requiring no further interaction with the decision
maker. However, the application of such an approach requires prior knowledge of the
problem, which is not always available. Moreover, these techniques lose in solution
diversity and may be sensitive to the shape of the Pareto-optimal front, e.g. if the op-
timal solution cannot be accepted, either because the function used excludes aspects
of the problem that were unknown prior to optimisation, or due to an inappropriate
setting of the coefficients of the combining function, new runs of the optimiser may
be required before a suitable solution is found [226]. Therefore, a MOP solution calls
for alternative approaches. Usually, a more appropriate approximation involves the
application of techniques that can specifically deal with multiple objectives and the
intrinsic complexities of MOPs (very large search spaces, uncertainty, noise, disjoint
Pareto curves, etc).
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3.4. Multi-Objective Approach

3.4.1 Representation of Candidate Solutions

The MOEAs have shown promise for solving problems in the area of cutting and
packing. For this reason, we have decided to apply MOEAs to solve the 3DPP.
When a MOEA is designed to solve a specific problem, it has to take into account
several decisions involving its design. It is necessary to design a scheme representa-
tion for the candidate solutions, a set of evolutionary operators and methods for the
evaluation of the candidate solutions. These decisions are crucial and are related to
the solution method that is eventually adopted. One of these decisions concerns the
representation of the solutions, which must contain information about the solution
it represents. A mechanism is thus needed to code the individuals within the popu-
lation. The choice of which coding method to use will depend to a large extent on
the problem to be solved, since it might be that one coding is optimal to solve one
case, but that same coding complicates the solution in another case. As a result, it
is important that the coding scheme allow for an adequate representation of the so-
lutions, and that the coding be optimal for the problem at hand. According to [39],
different groups of metaheuristic proposals can be identified for cutting and packing
problems depending on the type of coding selected to represent the solutions:

• The methods of the first group use a coding of solutions. Typically, an encoded
solution stipulates a placement sequence for the pieces. The metaheuristic
search is carried out in the space of the encoded solutions and normally uses
problem-independent operators. A placement or decoding routine transforms
encoded solutions into complete layouts.

• Solution approaches for the second group have an intermediate position. While
on the one hand encoded solutions already contain, to a certain extent, layout
or geometrical information, an additional placement routine is also required
for the final positioning. Typical for this group is a problem-specific coding
of solutions, which is often based on graphs, and the use of corresponding
problem-specific operators.

• The approaches of the third group do not use coding. The search is carried out
directly in the space of fully defined layouts, which are therefore manipulated
as such by specific operators.

For the problem at hand, we have opted to use the coding in the second group,
indicating the order and orientation in which each piece must be placed inside the
container. This requires a construction heuristic that allows us to ascertain the
final location of the pieces. We have opted not to use a direct representation of
the individuals through postfix notation, since obtaining feasible solutions in an
acceptable time frame is not viable.
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.4: Scheme to represent a candidate solution

Thus, in order to represent candidate solutions, we have defined the structure
shown in Figure 3.4. If s ∈ [1, N ] is the chromosome size - which varies according to
the grouping of pieces - an individual will consist of a sequence of genes G1, . . . , Gs

where each gene consists of three elements (ti, ni, ri), with ti ∈ {t1, . . . , tm}, ni ∈
[1, bi] and ri ∈ [0, oi). Thus, it is a sequence formed by the piece type (ti), the number
of pieces of that type (ni) and the rotation for those pieces (ri). This will determine
the order and orientation in which the pieces will be put inside the container. A
valid chromosome must contain all the pieces of each different type. Using this
representation, the chromosome size may vary, depending on how the pieces of the
same type are grouped:

∀j ∈ [1,m]
s

∑

k=1

njk = bj

{

njk = nk if tk = tj
njk = 0 if tk 6= tj

}

(3.2)

We assume that every box loaded can be placed anywhere inside the container,
and that they can change their orientation. Each piece has two possible orientations
allowed, as determined by the input instance. That is, the dimensions of the base
are interchangeable. Thus, to indicate the orientation ri of a set of pieces we use
a digit from 0 to 1, indicating a rotation of the piece with respect to its original
orientation. This assumption can be relaxed in the 3DPP definition and we can
consider two, four or six possible orientations (Figure 3.2).

3.4.2 Generation of the Initial Population

Every evolutionary algorithm starts from an initial population. This initial popu-
lation can be determined at random, by applying some method to initialise it or
based on known solutions from prior experience. However, generating the initial
population at random ensures that the search process begins with a set of suffi-
ciently disperse and varying solutions. Based on this initial population, or initial
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3.4. Multi-Objective Approach

set of solution, the natural evolution process commences.

For the initial generation of individuals for the loading problem, first a type of
piece ti must be randomly generated, i.e. there are still pieces of that type to be
placed, meaning that the number of pieces of type ti placed inside the container,
xi, is smaller than the total number of pieces of that type available, bi (xi < bi).
The amount of pieces of that type, ni, is then generated, this being the number
of pieces of that type to be considered in the current gene. This amount must be
smaller than or equal to the number of pieces of that type remaining to be placed,
ni ≤ bi − xi. Finally, the rotations allowed for this set of pieces ri ∈ [0, oi) are also
randomly generated. These steps must be carried out until all the pieces have been
entered into the chromosome, i.e., ∀i ∈ [1,m], xi = bi.

3.4.3 Evaluation of the Objectives

Every evolutionary algorithm consists of an evaluation function that determines if
the individuals that comprise the population offer good or bad solutions for the
problem at hand. This is the most costly phase of the evolutionary model for a
real application. Evaluating a solution means calculating the value of the objective
function. For the problem at hand, each chromosome represents a certain order -
and orientation - in which pieces are considered to be introduced in the container.
The coding employed provides the information needed to determine whether a piece
fits in the container or not, but a placement or filling heuristic still has to be applied
to decide exactly where the pieces should be located. Based on this information, we
know exactly which pieces have been loaded into the container, and both optimisa-
tion objectives considered - total volume and weight - can then be evaluated.

The placement or filling heuristics proposed to evaluate the possible solutions
to the multi-objective optimisation problem defined in Section 3.2 are based on
construction approaches such as the wall-building approach [91] and the vertical
layer-building approach, which is a variation of horizontal layer-building [91]. When
working with the wall-building approach, walls or vertical cuboid layers are created
along the container, that is, parallel cuts are made going from the rear to the front of
the container. In contrast, when working with the vertical layer-building approach,
the cuts are perpendicular to the rear of the container, meaning cuts are made that
divide the depth of the container into vertical layers. The set of heuristics proposed
are problem dependent and take into account the conditions and restrictions given in
Equation 3.1. Thus, extrapolating them to another problem would be complex. All
heuristics are based on the creation and management of piece layers or walls within
the container. These layers or walls identify empty spaces inside the container, and
thus represent areas in which to place items.
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.5: Potential corners

To represent the loading patterns, we use the Euclidean plane ℜ3 with a Cartesian
coordinate system (x, y, z), where the x-axis represents the length of the container,
the y-axis its width and the z-axis the height of the container. This same scheme is
used to represent the location of the items that are packed into the container, and
it can be used to determine the arrangement of loaded boxes inside the container.
These heuristics are based on the selection and subsequent placement of pieces inside
the container. To select the exact location of the pieces, we used an adaptation of
the corner points strategy [157], which identifies all of the potential points inside
the container; that is, points at which the pieces can be positioned. These points
coincide where the pieces intersect one of the faces of the container, or where the
pieces intersect with one another. Thus, all of the back-left-bottom corners that
fulfil the previous condition are potential corners (Figure 3.5). The point (0, 0, 0) in
Cartesian coordinates is considered the origin and the first position to be occupied
inside the container.

In this way, we have defined four different heuristics for decoding the individuals.
So as to simplify their nomenclature and standardise the terminologies, we use the
term level to encompass the wall and layer concepts presented earlier. A level is the
guillotine cuts that cross the container walls from one side to the other and that
are used to subdivide the interior volume of the container into smaller cuboids. The
levels created inside the container are rigid, meaning it is not possible to locate a
piece between different levels.

All of the heuristics presented in this section begin from an initial chromosome,
presented in Section 3.4.2, which determines the sequence for selecting the pieces
q1, . . . qN in their respective orientations. The pseudo-code for the four heuristics
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3.4. Multi-Objective Approach

Figure 3.6: Parallel guillotine cuts: a) x-axis cuts b) y-axis cuts

is included in Appendix B. Based on this information, each heuristic works as
described below.

3.4.3.1 Single-Level Filling Heuristic in Length

The Level Filling Heuristic in Length is based on storing pieces inside the container
using levels, created by guillotine cuts parallel to the x-axis (Figure 3.6-a).

In the case of the Single-Level Filling Heuristic in Length (SLFHL), each level is
independent, that is, pieces are placed in level Li until it is impossible to place any
more pieces in that level. When this happens, a new level Li+1 is created adjacent
to the current level, leaving the level Li not available to allocate more pieces. Thus,
SLFHL never uses the next layer if there are other empty spaces in the current level
to which items can be allocated. New levels will continue to be generated until the
upper positive limit of the y-axis is reached, there are no more items to be packed
or the free space in the container along the y-axis is not sufficient to contain the
remaining items.

As noted earlier, the heuristic starts from a given sequence of genes generated
at random. Each gen has an item type ti associated with it, with its corresponding
weight pi and specific dimensions (wi, li, hi), where wi represents the width, li the
length and hi the height of the item type based on its orientation oi. In the initial
iteration, and based on this information, the i-th gene of chromosome Gi = (ti, ni, ri)
is chosen such that its wi fits in the width W available in the container and its
placement does not cause the container’s weight limit Pmax to be exceeded. At first,
the only possible position is the back-left-bottom corner ((0, 0, 0) in the Cartesian

55



84 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.7: Creation of initial EMSs for the SLFHL

coordinate system). Thus, the first item from the ni that make up the Gi is selected
and packed inside the container. It is at this instant that the first level is created
inside the container. Associated with each level are specific dimensions. In the case
of the SLFHL, every level is the same length and height, both of which correspond
to the container’s length L and height H. The width, however, is determined by the
width wi of the first box loaded in each level (Figure 3.7). The remaining levels are
parallel guillotine cuts to the previous cut. Each item can only be contained inside
one level.

In order to determine whether a piece can be locate inside a container or not,
the heuristic keeps track of a sorted list of Empty Maximum Spaces (EMS). When
a piece is located inside the container, this one generates different possible holes
(EMSs). Each hole is stored in different lists, with its volume, dimensions and
the Cartesian coordinates (x,y,z). These lists are sorted by the volume of EMS,
from smallest to the largest. The Cartesian coordinates associated with each EMS
correspond to the potential points, that is, the back-left-bottom points of each EMS
(Figure 3.7). As a result, the SLFHL works as follows:

• The first item of the chromosome that fulfils the dimensionality (wi < W )
and weight (pi ≤ Pmax) conditions is packed inside the container. This item
determines the width of the level, as well as the dimensions and potential
points of each EMS. When the first item in the level is packed, two EMS are
generated, one in front of the box (x-axis - positive direction) and another
above the item (z-axis - positive direction). Each of the EMS is defined as an
independent list, EMS-front list and EMS-above list. An example is shown in
Figure 3.7.

56



85 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

3.4. Multi-Objective Approach

Figure 3.8: SLFHL example

• The next item in the sequence of items determined by the chromosome is
selected, observing the weight limit Pmax of the container. If the item can
be packed inside the container, the necessary EMS are generated, creating a
maximum of three EMS, one in front, another above and a last one alongside
the packed box. If this item cannot be packed into the current level, all other
items of the same type are ruled out and an attempt is made to pack the next
item of a different type in the sequence. In other words, no more items of the
same type will be attempted to be placed in the current level (ti 6= tj), where
ti is the type of item already evaluated and tj is the new item type to evaluate.
Such is the case of item type 4 of the chromosome shown in Figure 3.8, which
cannot be packed into the first level and which will be attempted in future
levels. When the entire sequence of items has been attempted and none can
be packed into the current level, a new level adjacent to the previous one will
be created along the positive direction of the y-axis, and all of the EMS created
for the current level will be deleted. Thus, the EMS-front list, the EMS-above
list and the EMS-beside list are freed to hold the new holes created in the new
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Algorithm 5 Placement Heuristic
1: First, we try to introduce the item in the EMS-front list with the smallest volume, such that

the smallest possible space is wasted. If there is no available space for our current item in the
EMS-front list, we check for available space in the EMS-above list. If even then the current
item does not fit, we try to place it in the EMS-beside list.

2: When the item fits into a EMS, the box is placed at the back-bottom-left corner of the EMS.
In such a case, we must check if the box fits into the EMS without leaving any empty space.
If so, we can removed the EMS from the corresponding EMS list. If not, it means that there
is still some remaining free space in front, above and/or beside the already positioned box,
meaning we must create a set of new - in front, above and/or beside - EMS.

3: (In Single-Level Filling Heuristic): if it is impossible to pack the item in the current level,
then it is ruled out for the current level and an attempt will be made to pack it in the next
levels that are created.

4: (In Multiple-Level Filling Heuristic): if the item does not fit in any available EMS lists, then
a new level is opened.

5: When an item is placed in the container, the EMS lists are sorted.

level. Once the new level is created, the sequence of items will be run through
again to attempt to pack those that could not be packed into the container
earlier. The width of the new level will be given by the width of the first
item packed into it, and its length and height will be those of the container
(Figure 3.8). In order to place the items on a level, the placement heuristic
presented in Algorithm 5 is used. Note that point 4 in the algorithm is not
considered for the SLFHL heuristic.

• When it is not possible to fit items in the available EMSs, the procedure
finishes, and no more items are loaded into the container. It is also possible
for the heuristic to finish because the container’s weight limit Pmax has been
exceeded, at which point all possible items will have been packed inside the
container. It is now possible to compute the value of the objectives (total
volume and weight) by adding the volume and weight of all the items loaded.

3.4.3.2 Multiple-Level Filling Heuristic in Length

The filling heuristic presented in this section is called Multiple-Level Filling Heuristic
in Length (MLFHL), which is a modification of the Single-Level Filling Heuristic
in Length (SLFHL) described earlier. Both heuristics are based on selecting items
and holes within the container in which to place the items until the preset stopping
condition is reached. The construction method used for this new heuristic is the same
as that used for the SLFHL, and is based on the generation of levels. The difference
between SLFHL and MLFHL is that SLFHL packs items into a single level with each
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3.4. Multi-Objective Approach

Figure 3.9: Creation of EMSs for MLFHL

iteration. Items cannot be placed in a level different from the one being considered
at that instant. However, in MLFHL every level is available to accommodate pieces,
i.e., if a given item does not fit into the current Empty Maximum Spaces (EMS), it
is placed in the next unused level, thus creating a new set of empty spaces. MLFHL
works as follows:

• The first piece in the chromosome is introduced at the back-left-bottom corner
of the container. This piece will determine the dimensions of the empty spaces
to be generated, one in front of the box, one above it and one beside the
placed item (Figure 3.9). Each empty space corresponds to an EMS. These
EMS contain lists of holes. Thus, the EMS-front list contains all of the empty
spaces that remain in front when an item is packed into one of the existing
empty maximum spaces.

• The algorithm will then attempt to insert the remaining items inside the con-
tainer without exceeding its maximum allowed weight Pmax. In order to place
an item, all of the holes available in the different EMS lists are analysed. If
an item can be inserted into an available EMS, then the item is packed inside
the container, generating the two or three types of empty spaces possible. For
example, if an item of type 3 cannot be inserted into the EMS for the first
level, then a new level is created using the EMS-beside list (Figure 3.10). Fi-
nally, if it is not possible to create more levels inside the container, the item
is dismissed and another item of a different type is selected, that is, ti 6= tj,
where ti is the type of the current item and tj that of the new item. Items
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.10: MLFHL example

Figure 3.11: Creation of new EMSs

from the chromosome are selected in this manner until the stopping condition
is reached. Each time that new empty spaces are generated in the container,
the lists of holes are arranged from small to large volumes (Figure 3.11), such
that the smallest EMS are attempted to be filled first so as to waste as little
space as possible. The method for evaluating the EMS for placing items is
shown in Algorithm 5.
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3.4. Multi-Objective Approach

Figure 3.12: Creation of EMSs for SLFHD

• When the stopping condition is reached, the heuristic calculates the value of
the objectives, volume and weight.

3.4.3.3 Single-Level Filling Heuristic in Depth

The Level Filling Heuristic in Depth is based on storing items inside the container
by levels, with the levels being guillotine cuts parallel to the y-axis (Figure 3.6-b).

Single-Level Filling Heuristic in Depth (SLFHD) relies on the same scheme as
SLFHL. The difference between SLFHL and SLFHD is how they create levels or
walls. In SLFHL, the levels are parallel guillotine cuts to the x-axis. However, in
SLFHD all the cuts are parallel guillotine cuts to the y-axis (Figure 3.6-b), such
that now it is the length of the item loaded that determines the width of each level.
The W of the container corresponds to the length of the level and the container’s
height H corresponds to that of the level. The rest of the heuristic functions in the
same way as the SLFHL explained earlier (Figure 3.12).

3.4.3.4 Multiple-Level Filling Heuristic in Depth

The filling heuristic we present now is called Multiple-Level Filling Heuristic in
Depth (MLFHD). It is a modification of the previous MLFHL. The difference
between them is the way in which the levels or walls are created. The walls or
levels, in this case, are parallel guillotine cuts across the depth of the container, that
is, the guillotine cuts are parallel to the y-axis (Figure 3.6-b). These levels or layers
identify empty spaces inside the container, and thus they represent areas where
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.13: Creation of EMSs for MLFHD

items can be placed. As explained with SLFHD, the correspondence in dimensions
between the packed item and the level differs with respect to the length heuristics,
as shown in Figure 3.13.

3.4.4 Genetic Operators

MOEAs are based on a variation phase in which genetic operators are applied. Each
of the genetic operators applied during this phase play a different role in the process
of evolving the population and creating new individuals from existing ones. In the
variation phase, the so-called mutation and crossover operators are applied to a set
of individuals that are selected by each strategy. These operators are capable of in-
troducing diversity into the population, which allows enhancing the individuals that
comprise said population. The operation of these operators, however, is not deter-
mined by each algorithm; rather, they must be selected independently. The different
operator types that are applied must ensure the integrity of the chromosomes; that
is, once the operators are applied, each chromosome must still comply with the pro-
blem definition presented in Equation 3.2, i.e., all of the items of a certain type must
be contained within the chromosome evaluated, and each item must have associated
with it an allowed orientation based on the item type to which it belongs. Thus,
since we have used an encoding that implicitly represents the problem solutions, the
different types of operators must deal with their specific characteristics.
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3.4. Multi-Objective Approach

Crossover operator

The crossover operator is intended to combine two or more individuals in the
current population, the parents, to yield two new individuals, offspring, with the
best characteristics of each parent. In these cases, we speak of a hereditary trait.
The crossover operator is subject to a certain crossover probability pc, meaning there
will not always be an exchange of information.

A one-point crossover operator has been designed so that one individual is re-
presented by the chromosome C1 = (G11, . . . , G1s1) and another individual by the
chromosome C2 = (G21, . . . , G2s2). This operator works as follows:

• First, it chooses a random gene from each individual, p1 ∈ [1, s1] and p2 ∈
[1, s2].

• It then splits both individuals at this point and creates the two offspring by
exchanging the tails, so that, CO1 = (G11, . . . , G1p1 , G2p2+1, . . . , G2s2) and
CO2 = (G21, . . . , G2p2 , G1p1+1, . . . , G1s1).

• The first part of each individual, G11, . . . , G1p1 and G21, . . . , G2p2 , is modified
with respect to the total number of pieces of each type present in the chromo-
some. In other words, it checks to ensure that the condition of Equation 3.2
still holds. If it does not, it removes any extra piece types if there are too
many pieces of this type, or adds them if they are missing:

– If we consider how each gene of chromosome CO1 consists of a 3-tuple of
the form (tx, nx, rx) such that the total number of pieces nx of a given type
tx exceeds its demand bx, then pieces of the same type tx must be removed
from chromosome CO1. Then, ∀tx ∈ {t1, . . . , tm}

∑p1+(s2−p2)
i=1 nx > bx the

first part of the chromosome G11, . . . , G1p1 is analysed to look for the first
geneG1y = (ty, ny, ry) that is of the same type as the piece, that is tx = ty,

and the number of excess pieces is removed ex =
∑p1+(s2−p2)

i=1 nx−bx, such
that ny = ny−ex, if ny > ex. In the event that ny ≤ ex, then ex = ex−ny

and the complete G1y gene is erased, shifting the next genes one position
to the left. If once these pieces are removed, there are still pieces of type
tx to be removed, ex > 0, the same process is repeated with the remaining
genes in the first part of the chromosome, G1z = (tz, nz, rz) z ≤ p1 and
tx = tz, until ex = 0.

– If each gene in chromosome CO1 is a 3-tuple (tx, nx, rx), such that the
number of total pieces, nx, of piece type tx is less than its demand bx,
then pieces of type tx must be added to chromosome CO1. Thus, ∀tx ∈
{t1, . . . , tm}

∑p1+(s2−p2)
i=1 nx < bx, the number of pieces of type tx that are

missing will be dx = bx−
∑p1+(s2−p2)

i=1 nx. The first part of the chromosome,
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.14: Crossover operator

G11, . . . , G1p1 is analysed to search for the first gene G1y = (ty, ny, ry)
that has the same piece type, ty = tx, to add it to the parts that are
needed ny = ny + dx. If there is no gene of type tx in chromosome
G11, . . . , G1p1 , a gene will be added to the end of the first part of the
chromosome, G1p1+1 = (tx, dx, rx) with orientation rx ∈ [0, ox]. This will
cause the genes in the second part of the chromosome to shift one place
to the right.

The same process is carried out on chromosome CO2. A general diagram is given
in Figure 3.14.

Mutation operator

The mutation process causes some of the genes in the chromosome to randomly
change their value. This allows expanding the search into new regions of the space.
This operator is not normally used by itself, but in conjunction with the crossover
operator. So if the crossover is applied, some of the offspring will mutate with
probability pm. Different operations involving the chromosome have been designed
as part of the mutation process. These are presented below:
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3.4. Multi-Objective Approach

Figure 3.15: Add mutation operator

• Add one gene: a type of piece is randomly generated tx ∈ {t1, . . . , tm}. This
type tx has a gene associated with it, Gx; then, the chromosome is searched for
every genes of this type of piece. One of these genes Gy = (ty, ny, ry) is then
selected at random such that ty = tx, x 6= y and ny > 1; that is, one with more
than one associated piece is selected. A number of pieces nx < ny is chosen
from the selected gene Gy, so that the pieces are distributed between that gene
(ty, ny−nx, ry) and the new one that will be added (tx, nx, rx). The orientation
is chosen from those allowed for that piece type rx ∈ [0, ox). Finally, we choose
the position of the chromosome in which to insert the new gene, shifting the
rest to the right (Figure 3.15).

• Remove a gene: a position x within the chromosome is randomly selected,
such that at that position, the gene is Gx = (tx, nx, rx). If the piece type
tx of the selected gene Gx appears more times in that chromosome, then a
gene Gy = (ty, ny, ry) is randomly selected from among the same type, i.e.
ty = tx and x 6= y. In order to eliminate the gene Gx, a number of pieces nx is
transferred to gene Gy, such that ny = ny + nx. Since it is possible that both
genes do not have the same type of orientation for the pieces (rx 6= ry), one
of them is randomly selected. Finally, Gx is eliminated by compaction to the
left. In the Figure 3.16 is shown an example.

• Change a gene: a random position x on the chromosome is selected, such that
that position inside the chromosome corresponds to gene Gx = (tx, nx, rx).
Then, the type of orientation rx for the gene Gx is randomly changed within
the possible orientations for the piece type tx (rx ∈ [0, ox]). An example of
such a scheme is shown in Figure 3.17
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CHAPTER 3. Solving the Multi-Objective 3D Packing Problem

Figure 3.16: Remove mutation operator

Figure 3.17: Change mutation operator

• Modify some genes : The entire set of genes that comprise the chromosome is
analysed. Then, for each gene Gx, the orientation type rx is randomly changed
considering the mutation probability pm; that is, a gene Gx will be modified
if it meets the condition prob < pm, where prob is a generated random value.
The new orientation rx is selected from among the orientations allowed for the
piece type tx, excluding the same orientation type rx (Figure 3.18).

• Swap two genes : two genes Gx = (tx, nx, rx) and Gy = (ty, ny, ry) are randomly
selected, such that the positions x 6= y. Both genes then swap their positions
such that gene Gy is placed in the position x, and gene Gx is placed in position
y. A diagram of this is shown in Figure 3.19.

• Shift a gen: a position x is selected inside the chromosome such that the gene
associated with that position is Gx = (tx, nx, rx). A position y is then selected
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3.4. Multi-Objective Approach

Figure 3.18: Modify mutation operator

Figure 3.19: Swap mutation operator

Figure 3.20: Shift mutation operator

at random such that x 6= y. Gene Gx is inserted into position y, shifting the
remaining genes (Gy, Gy+1, . . . , Gs) to the right. Finally, position x is removed
from the chromosome (Figure 3.20).
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Chapter

4

Instance Generator

In this chapter we present the design and implementation of an instance generator
that addresses the requirements when the multi-objective variant of the Three-Di-
mensional Packing Problem (3DPP) is considered. In this context, we present a
study on the current state of benchmark data, placing special emphasis on the lack
of said data when dealing with problems that have more than one objective, and even
when the 3DPP is tackled considering some restrictions. We then present the two
heuristics developed to generate instances that consider more than one objective.
In this chapter we consider an instance generator that takes into account two objec-
tives: maximising the volume and weight. Finally, in an effort to undertake robust
computational studies, we generate a set of instances while taking into account the
properties of 3D Packing Problems, such as the dimensions of the large rectangular
object, different box types, small items of various dimensions, unexpected weight to
volume ratios, and others. Some of the problem instances generated are shown at
the end of this chapter.

4.1 Introduction

When dealing with a certain formulation of a problem, it is necessary to have a set
of problem instances related with the problem at hand, since this can be used to
efficiently validate the methods proposed [160]. This set of instances must maintain
the problem’s properties. For example, when dealing with an output maximisation
problem, we must know the number of large objects and their dimensions, whereas
for an input minimisation problem, this information is normally obtained as part of
the solution. Therefore, each problem type requires a specific set of test data. In
practical cases, these data are given by the demands of the users. In many research
studies, however, this does not occur, which makes it essential to define a suitable
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4.1. Introduction

set of data for the problem in question.
When testing solution approaches in cutting and packing research, the problem

instances must be generated in some way. It is advisable to employ instances that
offer different properties for evaluating a specific problem, since that allows checking
the validity of the proposals in an efficient manner. These instances should contain
items of different sizes, weights and so on, such that the researchers can determine
if the heuristics proposed are suitable for any particular data types. For initial
testing, simpler instances may help the designers to easily check the suitability of
the approaches and to detect possible errors. However, these small data sets do not
offer a determination of whether the algorithms in question will be able to deal with
large problem sizes, which are normally better suited to the real demands of cutting
and packing problems. At the same time, handling these larger problems as tests
for the algorithm can be complex. The computational time required could increase
rapidly, which often means that the quality of the solution will be approximate,
since it can be very hard to obtain the exact optimal solution.

When an algorithm is proposed to solve a specific cutting and packing problem,
one way to determine its quality is to compare it with other approximations used
in the literature to solve it. The types of cutting and packing problems and the
existence of an associated bibliography make it possible to access other works that
attempt to resolve a similar formulation of the problem. Once these works are
located, they must be tested using the same set of problem instances. The different
proposals can thus be directly compared.

To simplify how the group of problems is selected, we can use the data sets
already defined for the works selected. In general, these test instances have been
defined by other authors who have worked on the problem. Moreover, for these
instances, some approximate or exact solutions are generally already known, and
the results generated by other algorithms present in the literature can be consulted.
This yields an easy way to check the quality of our proposals. Based on this, we
have used several libraries of benchmark cutting and packing problem instances that
provide a point of reference:

• DEIS - Operations Research Group Library of Instances [68],

• PackLib2 [171], and

• OR-Library [170].

Euro Special Interest Group on Cutting and Packing (ESICUP) [89] also provides
a large set of problem instances. These problem instances are classified by the
number of dimensions (1D, 2D and 3D), and by the types of items available (regular
or irregular). It is then possible to check the type of assortment of small items and
large objects available.
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CHAPTER 4. Instance Generator

Knowing how the set of instances were generated can also be useful, since this
gives the user the possibility of generating new problem instances that are simpler
or more complex than those already available. Not all authors give an explicit
description of how they generate their data sets, but there are research papers
devoted specifically to the generation of test problems [39, 158, 165, 196, 213].

4.2 Existing Benchmark Instances

The literature features a wide variety of problem instances for dealing with cutting
and packing problems. However, only some of these data sets concern the 3D Packing
Problem. In the specific case of the 3DPP that consider restrictions like those
given in Section 2.4.1, which must be taken into account when formulating the
problem, it is also necessary to have a set of instances that can be used to validate
said restrictions. However, there are few instances in the literature that deal with
different restriction types, and those that do exist do not reflect their diversity.
This is because most of these problem instances consider the orientation as the sole
restriction.

Much of the research that studies a specific definition of the 3DPP does so con-
sidering its single-objective version, or by weighting the objectives. Hence, many of
the instances proposed in the literature deal with the single-objective formulation
of the problem. However, there is a real lack of compatible instances for the multi-
objective formulation. To our knowledge, there are some sets of benchmark data
for input minimisation problems when they are treated as single-objective instances
of the 3DPP, and other sets for the output maximisation problems. For the input
minimisation problems, we found the following data sets in the literature [222]:

• Ivancic et al. (1989) [128]: the objective is to minimise the number of contai-
ners used to pack all of the boxes. This benchmark has 47 instances of weakly
heterogeneous items, denoted as IMM. These instances are used in the Single
Stock-Size Cutting Stock Problem (SSSCSP).

• Martello et al. (2000) [157]: this set is for the Single Bin-Size Bin Packing
Problem (SBSBPP), which packs strongly heterogeneous items. The data set
includes 320 instances, which consider the orientation constraint.

• Mack et al. (2004) [153]: the data sets contains 100 instances to solve the
Open Dimension Problem Weakly (ODP/W). These instances include the
orientation of small items as a restriction.
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4.2. Existing Benchmark Instances

• Bortfeldt and Gehring (1999) [37]: This set has 100 instances for a typical
Open Dimension Problem Weakly (ODP/W) and Open Dimension Problem
Strongly (ODP/S).

The following references are provided for the output maximisation problems:

• Loh and Nee (1992) [152]: a set of 15 problem instances, denoted as LN1-
15 instances, has been proposed for the Single Large Object Placement Pro-
blem (SLOPP). Each LN instance contains weakly heterogeneous boxes to be
packed into a single container. The number of different types of small items
varies between 6 and 10; while the total number of items varies between 100
and 250. Boxes may be left out of the packing solution if the single container
is full.

• Bischoff and Ratcliff (1995) [29]: this set is for the Single Large Object Place-
ment Problem (SLOPP), which packs weakly heterogeneous small items. Such
a benchmark consists of a total of 7 classes in total, with each class including
100 instances, denoted as BR1-7 instances.

• Davies and Bischoff (1999) [60]: this data set contains 8 classes, with each
class including 100 problem instances, BR8-15. This set is merged with
Bischoff and Ratcliff to yield the so-called BR1-15 data set. This set is de-
signed for the Single Knapsack Problem (SKP).

• Bortfeldt and Mack (2007) [42]: this set of problem instances is an extension
of the BR1-10 data sets, denoted as BRXL1-10. The difference with BR1-10
is that the length of the container can be extended.

None of these instances consider the weight. The objective is focused only on
maximising the container volume utilised. However, when the 3DPP is considered
using a multi-objective formulation, like that given in Section 3.2, we need to know
not only the volume of the container and the boxes, but their weights as well. But
there are no instances in the literature that allow optimising more than one objective
at a time. As a result, the need arises to develop an instance generator that can be
used to create benchmarks that define, in addition to the volume of the container
and the boxes, the weight associated with each box type and the container’s weight
limit. In addition, it would be interesting to know the optimal solutions in volume
and weight, as that would help when evaluating the proposed heuristics.

For the multi-objective formulation, the only known instance that involves this
problem is the one proposed by Dereli et al. [70]. The problem instance was collected
from the company that distributed Procter & Gamble’s products as well as their own
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CHAPTER 4. Instance Generator

products (paper, towels, toilet tissues, paper napkins, etc.). This instance included
12 different products. Each product has its quantities, dimensions (length×width×
height) and weights of the boxes. The dimensions and maximum weight of the
container are also known. However, we believe that a single instance is not enough
for the development of a computational study. It is necessary to generate a large set
of instances that allows comparing different approaches for the problem analysed
herein.

4.3 Instance Generator

Doing an extensive study on the multi-objective 3D Packing Problem would require
using a data set that would allow determining the efficiency of the methods presented
in Section 3.4. As mentioned earlier, problem instances that deal with the 3DPP as
a multi-objective formulation are non-existent. For this reason, we have developed
software to generate multi-objective 3DPP instances, which we refer to as the
Three-Dimensional Multi-Objective Generator (3D-MG). In our definition of the
multi-objective 3DPP, we try to maximise the total volume and total weight at
the same time. It is thus an essential requirement that the new instances provide
not only the dimensions, allowed rotations, box types and the number of items of
the different box types, but also the weight or profit associated with each. It is
essential that the weight of the items generated not be necessarily proportional to
their volume. In many real cases, maximising the total volume does not imply
maximising the weight. That is, a box can have large dimensions and a lighter
content than a smaller box. Thus, if we want to generate problem instances, we
can take this feature into account in order to keep at least some degree of conflict
between objectives.

4.3.1 Instance Generator Configuration

In order to define problem instances, the instance generator requires a set of input
parameters. Considering the mathematical formulation give in Section 3.2, in the
multi-objective 3DPP, we deal with a container with known dimensions (L = length,
W = width, H = height), a maximum weight (Pmax) and a set of N 3D rectangular
boxes, where each piece belongs to one of the different box types ti ∈ {t1, . . . , tm},
with its own dimensions (li, wi, hi), profit pi and rotation oi. Considering this pro-
blem definition, the dimensions of the container (L, W , H) will form the first input
parameters for the instance generator. The number of box types D will constitute
another important input parameter for the generator. D specifies the total number
of different box types that comprise each instance type. The instance generator
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4.3. Instance Generator

Input parameters Definition

L×W ×H Dimensions of the container
D Total number of piece types
Ds Percent of piece types of D for Sol1
Dl Lowest dimensions for a box
Dh Highest dimensions for a box
SL Stowage losses
WG Total weight gain of Sol2
Wp[] Percentage to calculate the weight of

the box types of Sol2

Table 4.1: Properties of the 3D-MG

allows box sets that can vary from small-sized to large-sized boxes. Thus, a set of
boxes is identical or homogeneous when all the boxes are the same or very similar. If
a set of boxes is weakly heterogeneous, then the problem instance has many boxes of
each type but only a few types of different boxes. Finally, a set of boxes is strongly
heterogeneous when there is only a few boxes of each type but many types of different
boxes. To determine the dimensions of each box type, the generator requires two
input parameters (Dl and Dh). These parameters determine the lowest Dl and
highest Dh dimensions that a box type can have with respect to the dimensions of
the container. It is thus possible to ensure that the dimensions of the box type do
not exceed certain limits. Table 4.1 offers a summary of the input parameters that
must be specified for the instance generator.

In order to obtain valuable instances for the multi-objective formulation of the
problem, the problem generator designed is able to provide the optimal solution for
each objective considered (volume and weight). Thus, the generator will give users
the definition of a problem instance and two solutions for the problem instance: a
solution that maximises volume (Sol1) and one that maximises weight (Sol2). These
are needed to compare results and validate the quality of the methods proposed.
Since a problem instance will have D different box types, a subset of M (M < D)
types will be used to create Sol1, and a subset of D−M types will be used to create
Sol2. To determine the number of box types to be used in the solution Sol1 we
define the input parameter Ds. Ds is defined as the percent of box types out of the
D that will be used to generate Sol1. So M = (Ds ∗D)/100.

This way, two solutions are found (best in volume and best in weight) while the
box types, and thus the problem instance, is being generated. To generate Sol1, the
generator completely fills the container, so the solution with maximum volume will
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CHAPTER 4. Instance Generator

have a total volume of L×W ×H. The weight of Sol1 will be equal to its volume,
since the boxes used to create this solution will be assigned a weight proportional
to the box volume.

To generate Sol2, two additional input parameters must be specified in the gene-
rator, SL and WG (Table 4.1). The total volume of the container is slightly reduced
due to stowage losses, SL. The stowage loss is the difference between the freight
volume and the container volume, which corresponds to another input parameter in
the problem generator. This parameter can take on different values based on the
container’s capacity. SL represents the length, width and height of the container
that will remain unused for the creation of Sol2. The input parameter WG will
represent the weight gain of Sol2 with respect to the weight of Sol1, i.e. WG rep-
resents an increment to the container’s overall weight of Sol1. Since Sol2 will have
a lower volume than Sol1 and a higher weight than Sol1, the instances generated
will maintain at least some degree of conflict between the objectives. The instance
generator distributes the total weight gain WG of Sol2 plus a certain increment Wp[]
among the D − M box types used for Sol2. The weight of each box type is thus
calculated by increasing the maximum weight Pmax of the container by a certain
percent, as determined by Wp[]. Wp[] is a vector whose size depends on the total
number of different pieces that must be created for Sol2. Thus, for each box type
D−M , we consider a different contribution to the maximum container weight Pmax.
The total contribution calculated for each piece type is finally divided by the total
number of pieces available for each piece type ti ∈ D − M , resulting in the exact
weight of each piece type pi.

4.3.2 Cutting Heuristics for Instance Generator

In order to decide on the particular dimensions and availability of the boxes used in
Sol1 and the boxes used in Sol2, the instance generator applies two different cutting
heuristics whose designs rely on the creation of levels. The levels create empty spaces
which identify areas where different types of boxes can be placed. The levels are
parallel guillotine cuts along the different axis (x, y, and z).

With regards to the allocation of boxes within the container, the problem instan-
ces will be generated using the following assumptions:

• Each box is placed on the container floor or on top of another box.

• The loaded boxes can not overlap.

• The stability of the arrangement of the boxes is not considered.

• The levels are rigid, meaning it is not possible to generate levels between
existing levels.
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4.3. Instance Generator

For the generation of Sol1 and Sol2, the cutting heuristics work in the same way.
The number of box types that are created for each solution, Sol1 and Sol2, depends
on D and Ds. For Sol1, a maximum of M = (D ∗Ds)/100 box types can be created.
Thus, M is the number of different box types available to build Sol1, and its value
depends on the value of the D and Ds parameters. The same applies to Sol2, where
D −M box types are available for building Sol2.

The cutting heuristics implemented work in three phases. In each phase, a diffe-
rent parallel guillotine cut is made along the x, y and z axes on the Cartesian system.
The initial cuts will thus differ depending on the heuristic. So as to distinguish
between the cutting heuristics, they will be referred to as Three-Dimensional Multi-
Objective Generator in Length (3D-MGL) and Three-Dimensional Multi-Objective
Generator in Depth (3D-MGD). If the 3D-MGL is applied, the cuts in the first
phase are made along the y-axis, which corresponds to the width of the container,
W . In the second and third phases, the cuts are made along the x-axis and z-axis,
corresponding to the length L and height H of the container. In contrast, in the
3D-MGD heuristic, the first cut is made along the x-axis and the second along the
y-axis, with the cuts being along the z-axis in the third phase.

To determine the number of cuts, ci, generated in each phase and their dimen-
sions, the heuristics keep track of a list of guillotine cuts for each of the phases.
Each guillotine cut ci generates a level with its associated dimensions (li, wi, hi)
with i ∈ [1, D]. Each cut ci is associated with a different piece type, meaning that
each phase for solutions Sol1 and Sol2 can have a maximum of M and D−M cuts
respectively. When a cut is made, it is stored in the corresponding list, along with
its dimensions and number of repetitions. The number of repetitions corresponds
to how often the same type of cut is made along a given axis. When generating the
different cuts, it is important to remember that two equal cuts belonging to different
box types cannot exist, and that replicates of the same cuts do not necessarily have
to be made consecutively. Once the heuristic finishes, the number of boxes available
for each box type, and their respective dimensions and weights, can be determined.

4.3.2.1 Cutting Heuristic for Maximum Volume Solution

As noted earlier, the generator is designed to give one solution for each of the
objectives studied in the definition of the 3DPP, volume and weight. In this section
we explain the process of creating the different piece types for Sol1, which build
the solution with the maximum volume. Although there are two cutting heuristics,
3D-MGL and 3D-MGD, only the 3D-MGL will be explained in depth, since the
other differs only in the order in which the cuts are made. With this in mind, the
cutting heuristic in length (3D-MGL) generates Sol1 as follows:
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CHAPTER 4. Instance Generator

Figure 4.1: Creation first level in the width of the container

4.3.2.1.1 Phase 1

• The first cut c1 is created by taking the back-left-bottom corner of the container
as a reference, coordinates (0, 0, 0) in the Cartesian system. The cut made
along the x-axis - perpendicular to the y-axis - determines the width of the
level (Figure 4.1). Since each cut is associated with a different piece type,
this first cut corresponds to the width of the first piece type that is generated
for Sol1. The width of each cut is generated randomly based on the input
parameters Dl and Dh. The first cut generated and its width are stored in
List w, such that List w = {(c1, w1, n1)}, where c1 is the label of the first cut
made along the y-axis, w1 is its width and n1 is the number of times the same
cut is repeated across the y-axis (positive direction). Thus, n1 = 1 when each
cut is made for the first time. The cuts are numbered sequentially until the
maximum number of box types corresponding to Sol1, M , is reached.

• The next cut is made adjacent to the current one, ci+1, and it is stored in
List w with its corresponding width, wi+1 (Figure 4.2). This process is re-
peated until one of the following exceptions occurs:

– The maximum number of box types M is reached for Sol1. By way of
example, consider Figure 4.2-a, in which the value of M = 3. Thus, the
maximum number of different cuts that can be made along the y-axis is
3. As shown in Figure 4.2-a there are three different types of cuts, whose
widths are associated with the different piece types. The heuristic cannot
continue to make more different cuts.
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4.3. Instance Generator

Figure 4.2: Creation new levels in the width of the container

– There is not enough space to continue creating new levels; that is, the
unused space in the container is smaller thanDl, whereDl is the minimum
size allowed for the dimensions of the different piece types. In Figure 4.2-
b, the maximum number of cuts that can be made - for Sol1 - is M = 6,
but the width of the container (W ) only allowed five different cuts to be
made in this first phase, since the remaining space is not large enough
(< Dl) to make another cut.

If the exception occurs because the maximum number of box types allowed for
Sol1 is reached, the algorithm must check if there is enough uncut space left to
make more cuts across the y-axis (positive direction). At this point we should note
that no new cuts are made; rather, cuts that replicate existing ones are made. This
is because the number of different cuts ci is determined by M in the case of Sol1.
If the remaining space is equal to or greater than Dl, the minimum size allowed
to define the dimensions of the piece types, then the different cuts made will be
replicated until the above stopping exception occurs. Every time a type of cut ci is
replicated, its ni is increased. These cuts are made taking into account the order in
which they were created, starting with the first cut made across the y-axis, c1, and
continuing with its adjacent cut (Figure 4.3). If a type of cut ci cannot be replicated
because its width wi is longer than the space remaining in the y-axis, then new cuts
of that width will not be attempted; instead, another cut is attempted until it is not
possible to make any more cuts due to the lack of space across the y-axis (< Dl).

As Figure 4.3 shows, the cuts are replicated until the end of the y-axis is reached
(W of the container) or until the space remaining is smaller than Dl. When it is not
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CHAPTER 4. Instance Generator

Figure 4.3: Filling the width of the container with replicated cuts

possible to make any more cuts, the algorithm must ensure that the width of the
container (W ) is fully occupied; that is, that the sum of all the widths of the cuts
made across the y-axis (including replicas) is equal toW , such that

∑p
i=1 wi∗ni = W ,

where p is the maximum number of cuts made in the first phase. Otherwise, if space
remains in the y-axis (positive direction), then it must be completed until the upper
limit of the axis is reached. We thus decided to allocate this space among all of the
levels whose width matches those of c1, which entails changing the value of the final
width of the cuts associated with the first piece types, labelled as c1 (Figure 4.4).
Thus, for the cuts corresponding to c1, their width w1 is modified such that:

w1 = w1 +
(W −

∑p
i=1 wi ∗ ni)

n1

(4.1)

Finally, the widths of the cuts in List w are verified to be heterogeneous. As
noted earlier, there cannot be two different piece types with the same dimensions. If
this restriction is not satisfied, every cut ci whose width wi is equal or similar must
be modified. This is done by locating all matching widths in List w and modifying
them. This process involves the following steps:

1. Look for all cuts (ci, cj) with equal width wi = wj. In the case of Figure 4.4-a,
c2 and c3 have the same width (w2 = w3), meaning that the width of a certain
cut is repeated twice.
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4.3. Instance Generator

Figure 4.4: Completing the width of the container

Figure 4.5: Final cuts for the width of the container

2. Starting with cut ci where i < j in List w, divide its width wi as many times
as wi is present in List w. Thus, Figure 4.5 shows how the width of cut c2 has
been modified. In other words, the original cut has had its width modified by
virtue of being subdivided once for each repetition of the cut that was present.

3. Once the width of a cut that did not satisfy the heterogeneity condition is mo-
dified, return to step 1 and look for cuts with the same width. Each repeated
width is modified in each step of this process.
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CHAPTER 4. Instance Generator

Figure 4.6: LROs from phase 1

4.3.2.1.2 Phase 2:

The different cuts made in phase 1 are regarded in this new phase as independent
parallelepipeds to which new cuts can be applied. Each of these parallelepipeds, or
Large Rectangular Objects (LROs), is associated with one piece type for Sol1. Such
is the case with Figure 4.6, which shows 5 large rectangular objects that correspond
to the cuts made in the previous phase. Thus, the number of large rectangular
objects corresponds to the size of List w. Every large rectangular object is regarded
as a new space with its corresponding width calculated in phase 1, and its length
and height corresponding to the dimensions of the container.

For this new phase, the process of creating the different piece types is initialised;
that is to say, new cuts are made that will now determine the length of the various
piece types, since their widths are now known. Moreover, the number of replicas that
were generated for each large object during its creation phase must be considered in
this new phase. Thus, a list (List l) will be maintained in phase 2 that will store the
number of times that the same large rectangular object was replicated in phase 1
({(ci, wi, ni), . . . , (cp, wp, np)}), its width, and the remaining data to be determined
in the current phase. Phase 2 works as follows:

• The first cut is made in the large rectangular object whose back-left-bottom
corner is at the Cartesian coordinates (0, 0, 0) of the container. The cut that is
made across the x-axis, parallel to the y-axis, determines the length of the level
(Figure 4.7), and its dimension is determined based on input parameters Dl

and Dh. The cut made across the x-axis is stored in List l with its respective
dimensions, wi and li, now known. Thus, for the first cut c1, List l would
be as follows: List l = {(c1, l1, w1, nl1 , nw1

)}, where c1 corresponds to the first
cut made in the existing large rectangular objects, l1 to the length of the new
cut and nl1 to the number of its replicas along the x-axis. As noted earlier,
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4.3. Instance Generator

Figure 4.7: Creation of first level on the length of the first LRO

w1 and nw1
are values calculated in the previous phase related to a specific

large rectangular object. When each cut is made for the first time, nl1 = 1.
The cuts are numbered sequentially until the maximum number of box types
in Sol1 is reached, M .

• The next cut is made in the large rectangular object adjacent to the current
one. If the last large object in List l associated with the back-right-bottom
corner is reached before the maximum number of piece types M for Sol1, then
new cuts are made, starting with the parallelepiped whose back-left-bottom
corner coincides with that of the container. If new cuts cannot be made on a
specific large rectangular object, then no more attempts are made at making
cuts in said large object and the algorithm moves to the adjacent object. Every
time a cut is attempted, it is stored in List l with its respective dimensions
and replicas, List l = {(c1, l1, w1, nl1 , nw1

), . . . , (cq, lq, wq, nlq , nwq
)}, where q is

the number of cuts made in the current phase. This process is repeated until
one of the following exceptions occurs:

– The maximum number of box types M is reached for Sol1. By way of
example, consider Figure 4.8, in which the number of piece types available
for Sol1 is M = 6, meaning only six different cut types can be made.

– There is insufficient space to continue creating cuts in any of the different
large objects; in other words, the unused space inside each large object
is smaller than Dl .

If the exception occurs due to the maximum number of piece types M allowed
for Sol1 having been reached, the algorithm must then check if the entire length
L of each rectangular object, which matches the length of the container, is being
used. If it is not, and the leftover space in each large object is equal to or larger
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CHAPTER 4. Instance Generator

Figure 4.8: Creation new levels in the length of the LROs

than Dl, the minimum size allowed to define the dimensions of every piece type,
them replicas of the existing cuts until the exception occurred must be made. We
must realise that at this point, no new cuts will be made, but rather replicas of the
existing cuts inside each large rectangular object. Only replicas of cuts previously
made in each large object can be made inside them, as shown in Figure 4.9. A cut
inside a large object that was created inside another large object cannot be made.
Only cuts already contained beforehand in the specific large rectangular object can
be created. Whenever a cut type ci is replicated, its nli is increased. These cuts are
made considering the order in which they were created, starting with the first cut
made along the x-axis of each large object and continuing with its adjacent object
(Figure 4.9). As a result, the replicas must necessarily be generated consecutively.
If any type of cut ci cannot be replicated because the space remaining in the y-axis
of a specific large rectangular object is smaller than its length li, then no more cuts
of this type are attempted, and the next cut is tried. This same process is repeated
in each of the large rectangular objects until no more cuts can be made due to a
lack of necessary space in axis (remaining space < Dl).

When it is no longer possible to make more replicas of the various cuts ci in each
of the large objects, the process continues as in the previous phase. The heuristic
ensures that for each large object, its length L is completely filled. In other words,
the sum of all lengths of the cuts made across the x-axis (including replicas) is
equal to L for each rectangular large object,

∑q
i=1 li ∗ nli = L, where q is the

maximum number of different cuts made in total in the rectangular large objects
in this phase. If there is space remaining in the x-axis (positive direction) for some
of the rectangular large objects, it must be completed until the upper limit of the
length (L) of the container is reached. This case is shown in the first and third
rectangular large objects in Figure 4.9. This implies modifying the value of the final
length of each of the associated cuts (Figure 4.10). Phase 2 ends with a check of
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4.3. Instance Generator

Figure 4.9: Filling the length of the LROs with repeated cuts

Figure 4.10: Completing the length of the LROs

the heterogeneity of the lengths created for the different levels. Figure 4.11 shows
the case in which cuts c2 and c3 are the same, as are c4 and c5. This process entails
carrying out the following steps:

1. Look for all cuts (ci, cj) with equal length li = lj . In the case of Figure 4.10,
c2 and c3 have the same length (l2 = l3), which implies that a certain li is
repeated twice. The same thing happens with c4 and c5, which have the same
length (l4 = l5).

2. Starting with the first cut ci parallel to the y-axis in List l, where i < j, divide
its length li as often as there are repetitions of this same length li in List l.
Thus, in Figure 4.11 we see how the length of cut c2 has been modified. That
is, the length of the original cut has been modified by being subdivided as
often as it was repeated in the list. The same thing happens with cut c4.

3. Once the length of one of the cuts that did not satisfy the heterogeneity res-
triction is modified, the heuristic returns to step 1 and looks for cuts with the
same length. Each repeated length is modified in each step of this process. A
single side is modified in each iteration.
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CHAPTER 4. Instance Generator

Figure 4.11: Final cuts for the length of each LRO

Figure 4.12: LROs from phase 2

4.3.2.1.3 Phase 3:

Phase 3 involves the large rectangular objects created as a consequence of the
cuts made in the previous phases. Each large object corresponds to an empty space
where new cuts can be made. These cuts will then be associated with the different
piece types to be created for Sol1. Figure 4.12 shows the set of large objects resulting
from the cuts made in phases 1 and 2, where M = 6. As we can see in this figure,
there is a total of 6 different large objects, each with a length li and a width wi, both
known, and a height hi, which corresponds to the height of the container H. Thus,
in this new phase the number of LROs to be considered is equal to the number of
different cuts, q, that were able to be made in phase 2 (size(List l)).

In this new phase, as in the previous one, new cuts are made that will define the
final dimensions of the various piece types. In this phase, the still unknown dimen-
sion will be determined, namely the height of the various piece types, since their
length and width are already known. For this phase, a list will be maintained, List h,
where the data collected since phase 2 ({(ci, li, wi, nli , nwi

), . . . , (cq, lq, wq, nlq , nwq
)}),

will be stored, along with those that will be defined in the current phase. Phase 3
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4.3. Instance Generator

Figure 4.13: Creation of first level on the height of the first LRO

works as follows:

• The first level involves the large rectangular object that is at the (0, 0, 0) point
of the container. The cut made across the z-axis at each of the large objects
determines the height hi of each piece type for Sol1. This initial cut is stored
in List h, such that List h = {(c1, l1, w1, h1, nl1 , nw1

, nh1
)}, where c1 is the

new cut generated along the z-axis, (l1, w1, h1) correspond to the dimensions
of the first piece type, and (nl1 , nw1

, nh1
) define the number of times that the

level has been repeated in its associated axis, where nh1
is the number of times

that the new cut is repeated during the current phase. The cuts are numbered
sequentially until M is reached.

• The remaining cuts are made in the large rectangular objects adjacent to
the current one, taking into account the order in which they were created in
the previous phase. The initial cuts in each of the large objects are made
taking the floor of the container as a reference (Figure 4.13). As in phase 2,
when the last large rectangular object is evaluated, the process starts at the
large object whose corner is at point (0, 0, 0) in the container. Those large
objects in which new cuts cannot be made are ruled out. Every time a cut is
made, it is stored in List h with its respective dimensions and replicas, List h
= {(c1, l1, w1, h1, nl1 , nw1

, nh1
), . . . , (cz, lz, wz, hz, nlz , nwz

, nhz
)}, where z is the

number of cuts made in the current phase. This same process is repeated until
one of these exceptions occurs:

– The maximum number of box types M for Sol1 is reached. By way
of example, consider Figure 4.13, in which the number of piece types
available for Sol1 is M = 6, meaning only six different types of cuts can
be made.
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CHAPTER 4. Instance Generator

Figure 4.14: Filling the height of each LRO with repeated cuts

Figure 4.15: Completing and final cuts for the heigth of each LRO

– There is not enough space to continue making new cuts in any of the
various large objects, meaning the unused space inside each large object
is smaller than Dl (< Dl), where Dl is the smallest size allowed for the
dimensions of the various piece types.

The rest of the phase follows the same procedure as the previous ones, this time
considering the z-axis and the height H of the container. The first check made
is to verify that the height H of each large rectangular object is completely filled.
Figure 4.14 shows how the second and fourth large rectangular objects do not satisfy
this condition. To fill in the remaining space in these large rectangular objects, the
same procedure explained for the previous phases is used. Finally, Figure 4.15 shows
the final condition after filling in the remaining space in the z-axis. Note that the
heights of the cuts made are all different, thus complying with the heterogeneity
condition. Thus it is not necessary to modify the height of the cuts in order to make
them heterogeneous.

The number of piece types generated for Sol1 is equal to M . After the different
cutting heuristics (3D-MGL and 3D-MGD) are applied, though, it may not be possi-
ble to generate M different types of pieces. As a result, the remaining piece types
that could not be created using the heuristics will be generated randomly.
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4.3. Instance Generator

Figure 4.16: Applying SL to Sol2

When the phase 3 of the heuristic is completed, the information needed to de-
termine the dimensions, availability and weight of each box type will be available.
The number of box types ti ∈ {t1, . . . , tm} and their dimensions are associated with
each of the large rectangular objects obtained at the end of phase 3 of the cutting
heuristic. Thus the number of pieces available for each piece type will be determined
by the number of replicas stored in List h for each type of cut ci in the last phase
of the cutting heuristic. The number of boxes for a given piece type ti associated
with a cut ci is therefore bi = nli ∗nwi

∗nhi
. To generate Sol1, the weight associated

with each piece type is proportional to its volume, pi = li ∗ wi ∗ hi.

4.3.2.2 Cutting Heuristic for Maximum Weight Solution

To generate Sol2, the cutting heuristic uses the same procedure but considering
D − M pieces available instead of D. The other difference for Sol2 is that the
cutting process does not start from the whole container. It begins the partition
process from a smaller container ((L−SL)× (W −SL)× (H−SL)) in order to yield
a solution with a lower volume than Sol1, but a higher weight (Figure 4.16). The
weights of the box types associated with Sol2 are not proportional to their volume,
as was the case for Sol1. The weights of the different piece types ti that make up
Sol2 are calculated by considering the weight of the container obtained in Sol1 and
increasing it by a percentage WG(%). Based on this, the weights of the different
piece types ti in solution Sol2 are calculated. Each piece type ti has associated with
it a given percentage that determines a certain increase over the weight of the Sol1.
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CHAPTER 4. Instance Generator

L W H Dimensions of the container
Pmax Maximum weight of the container
D Number of different box types
l0 or1 w0 or2 h0 or3 p0 b0 length orientation1 width orientation2
. height orientation3 weight and number
. of boxes of type ti
.
li or1 wi or2 hi or3 pi bi

Table 4.2: Output file format

These percentages are passed as an input parameter Wp[] to the instance generator.
Wp is a vector of percentages whose size is equal to D − M . When phase 3 of
the cutting heuristic to built the maximum weight solution ends, the number of
pieces available for each piece type is known. The weight of each piece type is thus
calculated according to the following steps:

1. The total weight calculated for Sol1 is increased by WG.

2. For each piece type in Sol2, its total weight is calculated using Wp[](%).

3. The total value of the weight calculated in the previous step is divided by the
number of pieces bi available for each piece type ti, yielding the value of the
weight pi for each piece type.

4.3.3 Output File from Instance Generator

As a result of executing the instance generator, an output file is obtained. Table 4.2
shows the content and format of the output file. Each output file specifies the
dimensions of the container (L,W,H). A maximum weight Pmax (specified by the
total weight of Sol1 increased by WG), and a set of D different piece types, each one
formed by bi rectangular boxes. Each type of box is characterised by its dimensions
(li, wi, hi), profit or weight pi, a demand bi and a number of orientations allowed
oi ǫ [0, 5]. Thus, oi is the value that results from applying 2 ∗ or1 + 2 ∗ or2 + 2 ∗ or3.
According to the values taken in or ∈ [0, 1], the boxes may rotate on any or all sides.
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4.4. Problem Instances

Internal Dimensions
ISO designation Common Name Length (L) Height (H) Width (W)

1EEE 45 foot high cube 13.542 m 2.655 m 2.330 m

1EE 45 foot high 13.542 m 2.350 m 2.330 m

1AAA 40 foot high cube 11.998 m 2.655 m 2.330 m

1AA 40 foot standard 11.998 m 2.350 m 2.330 m

1A 40 foot 11.998 m 2.197 m 2.330 m

1BBB 30 foot high cube 8.931 m 2.655 m 2.330 m

1BB 30 foot standard 8.931 m 2.350 m 2.330 m

1B 30 foot 8.931 m 2.197 m 2.330 m

1CC 20 foot standard 5.867 m 2.350 m 2.330 m

1C 20 foot 5.867 m 2.197 m 2.330 m

1D 10 foot 2.802 m 2.197 m 2.330 m

Table 4.3: Operational values for containers

4.4 Problem Instances

In order to generate a set of problem instances for the multi-objective 3DPP, we
have selected possible values for the input parameters. Determining possible va-
lues for the input parameters requires knowing more about the containers used in
the industry. Industrial containers are made according to the ISO (International
Organization for Standardization) standard, specifically, ISO-688, which contains
the main characteristics of industrial containers, including the dimensions, recom-
mended volume and standard gross weight of series 1, or freight, containers [183].
Containers are generally made of steel, but there are some that have been made
using materials such as aluminium.

One of the characteristics employed when selecting containers is their dimension.
When dealing with freight containers, we must differentiate between their internal
and external dimensions. The external dimensions are needed to determine the mode
of transport used to move the container from one place to another. The internal
dimension is the one that really matters when dealing with loading problems, and it
relates to the dimensions of the largest free rectangular parallelepiped that can be
inscribed inside the containerr [12]. Table 4.3 shows the operational values for the
containers specified in the ISO UNE 49750 Standard.

Other important concepts when dealing with the problem of loading containers
include the tare, gross weight, recommended use volume, net weight or maximum
recommended loading weight and loss factor. The gross weight is the total weight
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CHAPTER 4. Instance Generator

Stowage losses by container type
Container type Stowage losses

10-foot ISO (3m) 17%

20-foot ISO (6m) 12%

30-foot ISO (9m) 10%

40-foot ISO (12m) 8.9%

Table 4.4: Stowage losses by container type

of the empty container (tare) plus the freight. A container’s tare depends on the
construction material. Another important aspect is the effective volume available
inside the container. We thus differentiate between the useful volume and the effec-
tive volume. The useful volume is the general capacity that the container can store,
whereas the effective volume is the volume that can be taken up by the freight in-
side the container. The difference is called the recommended volume, the maximum
calculated volume for a fully laden container. The net weight or maximum load is
the recommended weight that can be loaded inside each container. There is also
a stowage loss factor, which accounts for the difference between the freight volume
and the container volume. Table 4.4 shows the different recommended values that
this parameter can take depending on the container type [183].

Next we describe the benchmarks generated to study the 3DPP as a multi-
objective optimisation problem, the goal being to maximise the freight volume and
weight simultaneously in a single container. The instances were generated by the
3D-MGL filling heuristic, using different values for the input parameters in an e-
ffort to study how these parameters influence the behaviour of the filling heuristics
explained in Section 3.4.3.

So as to study instances that more closely adapt to reality, we began the study
by generating instances in which the container’s internal dimensions correspond to
two of the most widely used container types, both described in the ISO UNE 49750
Standard. The same does not apply to the size of the boxes, which are generated
completely at random by the 3D-MGL heuristic utilised by the instance generator.
The containers defined in Table 4.3 have been used. Every container shown in this
table is defined in the industry as a series 1 freight container, or large container [183].
Series 1 containers include: flat rack, open top, open side, dry van, high cube, reefer,
tanker, and flexi-tank. Series 1 containers are classified as type A, B, C, D, AA, BB
and CC [183]. The type 1C (6m) and 1A (12m) are some of the most widely used
in trade worldwide and are used to transport bulky, heavy cargo. This is why both
container types were selected for the generation of instances. We have generated 36
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4.4. Problem Instances

different problem instances for each container type. The dimensions of the containers
are determined by the ISO. We thus have a type 1C container whose measurements
are 587cm× 233cm× 220cm for length (L), width (W ) and height (H) respectively,
and a type 1A container with a loading capacity of 1200cm× 233cm× 220cm. The
volume of the containers is L × H × W . The box set of the different instances
vary from identical or homogeneous to large-sized boxes. To determine the box
sizes, the generator requires two input parameters (Dl and Dh). These parameters
determine the smallest and largest dimensions that the box can have with respect to
the dimensions of the container. The set of smallest and largest dimensions used was
the following: [Dl−Dh] = [5− 10]%, [15− 20]%, [25− 30]%. A box is considered to
be small-sized when its dimensions are between [5−10]% with respect to the length,
height and width of the container. It is medium-sized when [15 − 20]% values are
used, and large-sized when its size ranges between [25− 30]%.

So as to study the behaviour of the heuristics when evaluating instances with
identical, weakly heterogeneous and strongly heterogeneous boxes, we generated
problem instances with 2, 5, 10 and 15 different types of boxes. To generate ins-
tances, we need two more parameters: the stowage losses (SL) and weight gain
factor (WG). The SL (in %) is defined as the difference between freight volume and
container volume. This value takes a percentage depending on the capacity of the
container. For a type 1C container, the stowage loss is 12%, and for a type 1A
container, it is equal to 8.9%, as indicated in Table 4.4 [183]. The parameter WG

(in %) determines the maximum weight increase of the container. This increase
is expressed as a percentage. Three different values were used for the weight gain
factor (WG = 10%, 20% and 30%), so three different set of instances were obtained
based on the WG. This parameter enhances the multi-objective approach of the
problem. The dimensions and weights of the boxes are randomly generated.

Several percentages were used to calculate the weights Wp[] of the piece types
corresponding to Sol2: {15.0%, 25.0%, 45.0%, 55.0%}. Note that not all of the per-
centages are used for every instance, since they depend on D − M , with M =
(D ∗Ds)/100.

Appendix C shows the set of variable values given to the instance generator as
input parameters. In both tables we can see te maximum value of the two objectives,
volume and weight. Based on these values, it is simple to determine how efficient the
heuristics developed to decode the individuals. This new data set is called 1C and
1A, in reference to the container type as per the ISO standard. Thus, for container
type 1C, the notation 1C 01 to 1C 36 would be used, while for container type 1A,
it would be 1A 01 to 1A 36. Figure 4.17 shows the output files for some generated
problem instances.
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CHAPTER 4. Instance Generator

(a) 1C-06 (b) 1A-06

(c) 1C-15 (d) 1A-15

(e) 1C-24 (f) 1A-24

Figure 4.17: Output file examples
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Chapter

5

Graphical User Interface

This chapter presents a Graphical User Interface (GUI) for a service used to visualise
the 3DPP as applied to the logistics industry. The goal is to develop an advanced
GUI that can be used to display the packing process within a large object. In this
context, we present a study on the state of the art in the field of three-dimensional
graphics, in particular for use on websites. We then show a comparison of those
libraries that might be regarded as interesting 3DPP problem. Then, in an effort
to ascertain the most-used features, we evaluate some interfaces available online for
the problem at hand. Finally, we present the Three-Dimensional Graphical User
Interface (3DGUI) developed to display both the starting instances and the results
obtained when the different filling heuristics are applied to solve the multi-objetive
3DPP.

5.1 Introduction

The Graphical User Interface (GUI) has been an important component in the evolu-
tion of technology on human-computer interfaces [162]. The GUI is one of the main
factors in the success of many computer tools and applications, since it allows users
to forego complex tasks, such as issuing commands via text. It should thus come
as no surprise that the GUI has dominated Human-Computer Interaction (HCI)
for over two decades. This interaction, which allows users to carry out complex
tasks, is based on visual relationships represented by windows, icons, menus and
pointers. This is why GUIs are also known as WIMP: Windows, Icons, Menu and
Pointers. The comfort and convenience provided by these interfaces has resulted
in their widespread use. However, the increased power of many graphics systems
and processing capacities has caused interface technology to advance toward a new
generation of GUI. Dedicated and specialised mathematics processors 3D have re-
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CHAPTER 5. Graphical User Interface

sulted in more natural HCIs. This new generation is intended to use the resources
and capabilities of current computer systems more efficiently. Thus, the Three-
Dimensional Graphical User Interface (3DGUI) was created, which in many settings
has replaced the old Two-Dimensional Graphical User Interface (2DGUI). In the
literature, the three-dimensional interface is used to describe a wide variety of in-
terfaces for displaying or interacting with three-dimensional objects [167]. However,
many current user 3DGUI are hybrids between 2D and 3D interfaces [168]. The vi-
sual elements employed in a 3DGUI are based on the Euclidean plane ℜ3, meaning
they are three-dimensional objects located in (x, y, z) space.

The term 3D graphics refers to any element that can be displayed on the Euclidean
plane ℜ3. If extrapolated to the computing industry, 3D graphics are those that with
help from specialised software that, through mathematical calculations applied to
three-dimensional geometric objects, yields a projection that appears to be 3D by
making use of a visual projection in 2D. The process of creating computer-generated
3D graphics has three phases [21]:

• Modelling: process of developing a mathematical representation of any surface
or object using a set of points in a three-dimensional space connected with
geometric shapes like triangles. The objects are shaped during the modelling
stage for subsequent use in the scenery. This process can include a description
of the object’s surface, such as with textures, and the properties of the material
and other characteristics [189].

• Arrangement of the scenery: in this stage, the objects, lights, cameras and
other elements that will be used to produce the image or animation are arran-
ged. Lighting is a key aspect when composing a scene, because it contributes
to the aesthetic result and requires a physical understanding of the light in
order to recreate it accurately. In this area, we can differentiate among four
basic types of lights [104]: point light, infinite light, spot light and image-
based light. The point light is also known as an omni light. This type of light
emits with the same intensity in every direction. These types of lights have
a position, but no direction. The infinite light is also known as a directional
light. This type of light has a direction, but no defined position. It thus emits
light parallel to a certain direction. Spot lights simulate the light given off
by a desk lamp. They have defined positions, directions and a hotspot angle.
Finally, an image-based light provides an environmental light source, where
the light does not have a point, but it does have a texture map, spherical
panorama.

• Rendering: is the final process that generates the image or animation from the
scenery created. The term render is a calculation process that entails complex
computer operations intended to generate an image 2D based on scene 3D.
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5.2. 3D Graphics in the Web

This results in an interpretation from scene 3D to its projection as a two-
dimensional image 2D.

In the computer industry, this procedure is used for very different purposes, from
creating videogames to displaying data of various types. The technologies that can
be used and the contexts where interfaces that rely on three-dimensional graphics
can be displayed are also very different. There are numerous examples of 3D design
software, such as Blender [97], which is open source, or the Unity engine [11]. The
models generated with them can even be exported and used on web platforms, which
gives programmers many possibilities and enhances the interactivity of the contents.

5.2 3D Graphics in the Web

Web technology has evolved to meed user demand for better performance and fea-
tures. At first, web technology was developed using static programming languages,
which then evolved into the programming languages used today to develop the dy-
namic web. One of the current pillars of web programming, JavaScript, was deve-
loped by programmer Brendan Eich [176]. This language was born of the need to
create websites where a human-machine interaction could be generated. As a result,
JavaScript is used primarily to generate dynamic web pages.

Initially, HyperText Markup Language (HTML) provided the ability to control
the look of websites. However, the growing differences among its implementation
in various browsers made it difficult for the same web interface to have the same
appearance in every browser, which resulted in Cascading Style Sheets (CSS). Thus,
while HTML allows structuring the content of the site, CSS allow separating the
structure from the presentation. In other words, CSS define the appearance of eve-
ry element that comprises the web interface, treating them separately from how
the website’s structure is defined. Initially, these were some of the tools that were
used to play animations and graphics natively on the web. Other technologies have
since appeared that can be used to display 3D graphics on web interfaces, such
as vector graphics, the images of which consist of vectors joined together. It soon
became obvious, however, that this system was not sufficiently practical, so work
began on more refined techniques, like the canvas element in HTML5 to generate dy-
namic images, and the Web Graphics Library (WEBGL) specification. WEBGL is
an Application Programming Interface (API) for rendering 3D interactive graphics
from 2D on any compatible website without the need for plug-ins. The introduction
of WEBGL has expanded the development of interactive 3D content through the
use of web technology. Since WEBGL is a low-level specification that works directly
with the Graphics Processing Unit (GPU), its coding is more complex in comparison
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CHAPTER 5. Graphical User Interface

to other web standards. As a result, numerous libraries have emerged that allow
exploiting the features of WEBGL technology in a simpler fashion. The most impor-
tant are [14]: CDL, CURVED, CubicVR, CopperLicht, GLGE, OD, OSG, PhiloGL,
SceneJS, SpiderGL, TDL, Three.js, XDOM, EnergizeGL, GammaJS, GTW, JSD,
Kuda, BabylonJS and Pred. Included among these libraries is Three.js, which has
sparked the most interest among web developer.

5.3 3D Graphics Engines

In an effort to implement a 3D graphical user interface using web technology that
allows displaying the results output by the different heuristics displayed in Sec-
tion 3.4, we considered some of the most versatile and powerful libraries that enable
the human-machine interaction. Our study of the main libraries was carried out
with a fixed goal, that of being able to display in a simple manner the process by
which a small rectangular item is placed within a large rectangular object (con-
tainer). To this end, we must realise that the libraries give the option of working
with transparencies or grids that make it possible to visualise the process. We also
wish to be able to interact with the web application by using a mouse so as to see
the container and its contents from different angles. We would also like to change
the location of the small rectangular items contained inside the large object so that
the user can reposition them at will. The following libraries were evaluated:

• CubicVR 3D: this library allows easily adding mouse controls, resulting in
fairly simple code. However, even though it offers transparencies and grids,
the former do not allow regulating the number of divisions for the large object’s
various dimensions. In the case at hand, these would be the length, height
and width of the container. Only the number of divisions common to every
dimension can be specified.

• GLGE : the scene is coded in an eXtensible Markup Language (XML) file. The
JavaScript code is loaded, the relevant variables for the camera, scene and so
on are assigned and the scene is rendered. However, it has the drawback that
it is difficult to increase the presence of small items, not only because it is hard
to add them, but because GLGE does not help the user create them. This
means that all of the points have to be defined and the pertinent calculations
done to place them in the proper location.

• SceneJS : allows for the use of transparency. When grid material is used,
however, its divisions cannot be adjusted.
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5.3. 3D Graphics Engines

• PhiloGL: presents more drawbacks than advantages for the problem at hand,
since there is no grid and the transparencies do not work altogether well, since
we were not able to apply them to individual elements.

• Three.js : this framework easily allows mouse controls and placing new items
in the scene. On top of this, transparencies y grids can be used, which provides
for independent control of the divisions of the latter.

Based on the above, we determined that the Three.js library was the best option
for displaying the results involved in this work. It can be used to create 3D graphics
and animations in web platforms in real time with sufficient quality. Three.js is a
fairly powerful and efficient JavaScript library that uses the WEBGL specifications
included in HTML5. One of the features that has made Three.js so popular for web
development is that it lets the developer ignore many of the properties of WEBGL
by hiding the complexities of programming in a low-level language. This simplifies
development greatly and makes it easier to manipulate its elements. Three.js offers
several easily manipulated elements. The ones that are most relevant and useful for
our purposes are:

• Scenes: allows adding and deleting objects in execution time. They contain
elements as essential as the camera, the mesh and the light. The camera defines
the user’s point of view and can be used to control actions like zooming, the
position and more. Three.js offers two types of projections:

– Parallel projection, which maintains the size of the objects, independently
of their distance from the camera.

– Conic projection, which distorts objects based on their distance to and
position from the camera, as in the real world.

• Renderers: Canvas, SVG and WEBGL.

• Geometry: list of vertices and faces that comprise an image. Three.js offers a
library of predefined polyhedrons, such as planes, cubes, 3D text, etc.

• Objects: meshes, sprites, bones, etc.

• Materials: can be used to describe the appearance of objects, textures, shadows
and colours, among others.

It is thanks to these characteristics, along with its ease of use, that we opted to use
it as the API for developing the software that will allow us to display the solutions
to the 3DPP. Three.js is also very well documented. In our implementation of the
GUI, we settled on JavaScript along with Three.js.

97



126 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

CHAPTER 5. Graphical User Interface

5.4 Software to Display the 3DPP

Due to the prevalence of the problem in question, 3DPP, in many logistics process
in industry, a wide variety of software has been developed to help visualise loading
processes considering some of the restrictions addressed in Section 2.4.1. Most of
these applications are developed and distributed by software companies, normally
under proprietary licences. There are usually trial versions of these programs availa-
ble, but their features are constrained. The number of non-commercial tools is very
limited and their feature set much more restricted than those offered in commercial
products.

The software developed for loading and packing problems provides users with
alternative methods for entering the data sets that define the problem’s properties
(dimensionality, item shape, type of cut, etc.), and even for displaying the solution
arrangements. In an effort to develop a web interface for the problem considered
in Section 3.2, we studied each of the features offered by applications already in
existence to determine all of the features that could be relevant and applicable to
the development of a specific GUI for the multi-objective 3DPP. Some of these
software packages are described below:

• CargoWiz [4]: is specialised software for loading trucks and containers that cal-
culates the cargo, weight and space needed for a shipment. The loading process
takes into account a set of priorities, like sequential deliveries or grouping of
items. It also allows a set of orientations for each item type, it knows not to
place heavy boxes atop lighter ones, and it considers stacking limits for cargo
items.

• CargoManager [3]: this program can be used to plan and see the cargo for
thousands of containers. It helps maximise space use in containers, pallets or
any other type of rectangular space. It takes into account several practical
loading constraints, like the cargo’s weight and fragility.

• MaxLoad Pro [9]: is optimisation software that plans the loading of trucks
and containers. It determines how to load various types of products of diffe-
rent sizes and on different scales. It starts with the boxed product, it then
moves the boxes on pallets and then the pallers are loaded into trucks. When
loading items, it considers the stacking requirements, loading orientation and
placement, as well as palletization preference.

• AutoLoad Pro [2]: automatic optimisation software for loading cargo into
trucks, containers, cartons and pallets. It uses a two-state optimisation tech-
nique. The loading and display considers restrictions such as the orientation,
stacking strength and safety, loading sequence and item grouping, and it op-
timises the weight and volume use inside the container.
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5.4. Software to Display the 3DPP

• PacKVol [10]: this cargo planning software is designed to make the best use
of space in containers and trucks, helping to reduce transport costs. It relies
on an intuitive graphical user interface an it features manual and automatic
modes. The automatic mode offers fast solutions to problems of load plan
optimisation, while manual mode allows modifying or creating the entire load
plan.

• CubeMaster [6]: load planning, optimisation, diagramming and distribution
software for containers, trucks, pallets, cartons and air containers. It allows
packing single and mixed size items, optimising the space. For the loading
process it considers constraints such as priority loading, stacking rules, load
instructions and more.

• 3D LoadPacker [1]: offers a 3D packer that optimises space by compacting
distributions of different 3D size rectangular small items within a larger 3D
rectangular large object. It considers the total weight of the cargo and con-
siders the orientation of each item type as a constraint.

• LoadMaster [7]: is software that calculates the total volume and gross weight
of selected and packed cargo. The user can specify loading rules such as
item orientation, stacking limits and maximum overhang, where the cargo on
top is not required to be fully supported. Other constraints are load-bearing
strength, the fragility of the products.

• LoadPlanner [8]: provides a comprehensive solution for planning and opti-
mising the packaging, palletizing, container and truck loading of cargo. This
software is able to handle the complex variety of rules and limitations of the
transport industry. It can be used to classify items, orders, containers, etc.

• Cube-IQ [5]: is load planning software that helps estimate the cargo and
maximise the volume used. This software can be used to load containers, trucks
and rail cars, as well as pallets and cartons. It determines how to arrange
the various product types, which can be boxes, rolls, nested L-shapes, nested
T-shapes and even trapezoids. It offers flexibility in loading and stacking
rules. When it comes to the loading process, it takes into account the loading
sequence, weight distributions and orientations, and it stores and retrieves
complete loading cases.

Most of the applications studied are lacking the ability to handle controls easily
and dynamically. In other cases, the applications are fairly powerful but cannot
be used to display the set of solutions derived from the application of the various
filling heuristics implemented to solve the multi-objective 3DPP. Because of this,
it was necessary to develop and implement a GUI that allowed us to graphically
represent the various solutions before applying the different heuristics considered in
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CHAPTER 5. Graphical User Interface

Section 3.4. This simplifies the final process for the user of analysing and comparing
the solutions.

5.5 3D Graphical User Interface for the 3DPP

We propose the 3DPP-GUI, a Three-Dimensional Graphical User Interface (3DGUI)
for the purpose of displaying the process of loading a single container. This interface
allows users to see how items (boxes) are to be placed in the container.

Usually, the theoretical studies that solve the 3DPP present their results in a
text format. The files that 3DPP-GUI uses are also text files. Since a user will
not generally understand the layout of the files that are obtained after applying the
different heuristics presented in this paper, it was necessary to develop software that
disengages the user from these files. To this end, we implemented a GUI that allows
the user, through certain features, to recover the file with the feasible solution and
to display the result on the screen allowing the user to alter the container loading
process. The 3DPP-GUI designed works with two different files, an input file and a
solution file. The input file defines the values and components for the 3DPP, while
the solution file has the set of coordinates for each item inside the container. This
file is output by the resolution algorithm.

5.5.1 Input File Format

The user must choose the input file containing the definition of the problem. This file
is the same file that the evolutionary algorithm will use, which contains information
about the pieces and container. Based on this file, the 3DPP-GUI can determine
the dimensions (li, wi, hi), weight (pi), demand (bi) and possible orientations (oi =
2 ∗ or1 + 2 ∗ or2 + 2 ∗ or3) of each type of piece ti ∈ {t1, . . . , tm}. Since the process
for creating these files was explained in Section 4.3, only a brief review is provided
in this section. The input file has the following format:

L W H (dimensions of the container)
Pmax

m
li or1 wi or2 hi or3 pi bi (each type of item)

The container’s dimensions are specified in the first row of the file, where L
corresponds to the length and W and H to the width and height, respectively. The
following data are provided by way of example:
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5.5. 3D Graphical User Interface for the 3DPP

587 233 220
3.30986e+07

3
195.667 0 111.064 0 73.3333 1 1.59365e+06 9
195.667 0 60.8763 1 73.3333 1 873508 9
195.667 1 61.0594 1 73.3333 1 876135 9

As this shows, the file contains one row for each item type ti, which specifies
its dimensions, weight and demand, along with the types of rotations that can be
applied to each item. In the example, the items of type t1 can only be rotated about
their base ot1 ∈ [0, 1], while the items of type t2 can rotate ot2 ∈ [0, 3] and t3 can
rotate freely, ot3 ∈ [0, 5].

5.5.2 Solution File Format

After applying the different solution heuristics proposed to solve the container load-
ing problem, a file is generated in text format that presents one possible solution
for the problem contained in the input file. This files gives the set of Cartesian
coordinates (x, y, z) for each item qj belonging to the problem solution. So as to
ascertain the dimensions of each item qi, this same file also specifies the type of
rotation oi that has been applied and the item type ti to which each item belongs.
With this information, the 3DPP-GUI is able to determine the exact position in
which to place each specific item qi, as well as the type of rotation to apply. The
dimensions in the input file are the original ones for each item type ti. However,
when an item qi is evaluated and placed inside the container as part of the solution,
the original dimensions may vary depending on the type of rotation applied to the
item. As a result, the solution file format is as follows:

ti oi x-axis y-axis z-axis (for each item inside the container)

As we can see, all of the rows that make up the file have the same format. Each
row identifies a single item, all of them belonging to the problem solution. Thus,
items ni (ni ≤ bi) that do not belong to the solution are not considered in this file.
Below is an example of this based on the example presented for the input file:
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CHAPTER 5. Graphical User Interface

2 0 0 0 0
2 0 0 0 195.667
2 0 0 73.3333 0
2 0 0 73.3333 195.667
2 0 0 146.667 0
2 0 0 146.667 195.667
2 0 61.0594 0 0
2 0 61.0594 0 195.667
2 0 61.0594 73.3333 0
1 0 61.0594 73.3333 195.667
1 0 61.0594 146.667 0

5.5.3 Graphical User Interface

Based on the problem defined and on the specification for the files given in Sec-
tion 5.5, we have designed a 3D graphical user interface that lets the user graphically
display both the problem instances, input file, and the problem solution, solution
file. Moreover, and so as to offer an interface with which the user can interface, we
have implemented a set of interactive options. These include selecting and loading
the files, changing item positions on demand, displaying the elements such as the
container and the items from different perspectives, and more. As noted earlier,
3DPP-GUI lets users see the entire loading process based on the set of solutions
output after applying the various heuristics.

3DPP-GUI consists of two well differentiated areas. As Figure 5.1 shows, the
top part, labelled with the number 1, corresponds to the display and interaction
involving the container and the solutions. The bottom part of the image, labelled
with the number 2, is used to display the different item types that comprise the
input instance of the problem. A description of each element that makes up the
interface follows below, the goal being to make it easier for the user to understand
the packing process.

• Load the files: when the 3DPP-GUI is run, the user must choose the input file
and the solution file. To make this selection, the user must click on the Choose
file or Browse option, depending on the browser, as shown in Figure 5.2. The
format of the files is then verified to be correct. If it is not, a popup is shown
to the user informing him of the error. The data contained in the files are
processed and are then used by the 3DPP-GUI to arrange the items.

• Draw axes: used to show or hide the coordinate axes for every element in the
interface when the box is checked (Figure 5.3).
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5.5. 3D Graphical User Interface for the 3DPP

Figure 5.1: 3DPP-GUI work space

• Change scale: zooms the camera closer to or away from the objects. This
allows altering the display of the different box types, but not their sizes, which
remain the same (Figure 5.4).

• State machine: once the solution with the initial packing pattern is loaded, the
user may want to hide certain groups of items to better see the distribution.
Two methods are available for doing this: the first is the state machine, where
the user can trace the packing process for the items based on the data contained
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CHAPTER 5. Graphical User Interface

Figure 5.2: Buttons for loading the input and solution files

Figure 5.3: Draw the coordinate axes

Figure 5.4: Scale slider

in the solution file, iteration by iteration, by clicking on the arrow buttons.
These buttons let the user step forward or backward through the packing
process. The other method implemented can be used to hide different groups
of item types by using the checkbox shown in Figure 5.5.

• Free mode: this is a state of the main controller where the user can interact
with the items inside the container (Figure 5.6). The user can drag on the
various items that make up the solution to different locations inside the display
plane (Figure 5.7). This option expands the features of the state machine by
allowing the user to manipulate the solutions without having to hide item types
or follow a trace to see the arrangement of the contents inside the container.
The events that take place are generated due to the user’s interaction with the
controller. When the user exits free mode, the items return to their original
state.

Once the input file is chosen, the graphical system shows the set of available items
and a grid which defines the dimensions of the large rectangular object (container).
Every item has associated with it a length, width, height, weight and volume, as
shown in Figure 5.8. Lastly, when the user selects the solution file, the system
draws the arrangement of the packing pattern inside the container, as shown in
Figure 5.9. On this same screen, the 3DPP-GUI also shows the values obtained for
two objectives of the 3DPP, the volume and weight. The corresponding value is also
shown as a percent.
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5.5. 3D Graphical User Interface for the 3DPP

Figure 5.5: State machine

Figure 5.6: Free mode buttons

Figure 5.7: Free mode

When the state machine option is used, the values of the objectives are modified
based on the button pressed (Figure 5.5). When items are placed inside the con-
tainer, i.e. when the state machine goes forward, the weight of the cargo increases,
as does the volume used. The reverse happens when items are removed from the
container. This informs the user of the capacity and weight loaded into the container
at all times.
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CHAPTER 5. Graphical User Interface

Figure 5.8: Characteristics of the items

Figure 5.9: Representation of a solution for the multi-objective 3DPP
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Chapter

6

Computational Results

In this chapter we present the set of computational studies that were carried out for
different sets of instances. So as to apply Multi-Objective Evolutionary Algorithms
(MOEAs) to solve the Three-Dimensional Packing Problem (3DPP), we conducted
a review of the bibliography on existing meta-heuristics-based frameworks. We also
present a set of metrics used for the computational study. The rest of the chapter
focuses on presenting the set of studies done to validate the proposals developed
over the course of this thesis; namely, we conducted studies to validate the use of
Multi-Objective Evolutionary Algorithms (MOEAs) to solve the Three-Dimensional
Packing Problem (3DPP), as well as the filling heuristics. Lastly, we carried out a
set of experimental evaluations for the purpose of validating the input parameters
used by the Three-Dimensional Multi-Objective Generator (3D-MG) to generate the
various instances.

6.1 Frameworks

In previous chapters we mentioned that MOEAs offer a promising approach for sol-
ving real-world Multi-Objective Optimisation Problem (MOP), yielding good results
when used to solve multi-objective problems in the area of cutting and packing [62].
For this reason, the 3D multi-objective packing problem proposed was tackled by
applying MOEAs. However, to achieve an efficient and robust optimiser when apply-
ing MOEAs to new problems, it is usually essential to test a wide variety of MOEAs
and evolutionary operators. Users have a specific view of the problem itself, but
they usually only have a general knowledge of MOEAs, their implementation and
customisation. Thus, this necessary tuning of a MOEAs when applied to a parti-
cular problem, or even a problem instance, hinders the use of these techniques by
non-expert users.
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CHAPTER 6. Computational Results

In the literature one can find a large number of optimisation tools that support
a multitude of techniques: local search algorithms [103], branch-and-bound and ge-
neral tree searches [15, 140, 208], evolutionary computation [33, 74, 86, 101, 135,
142, 146], etc. Most of these tools are designed to deal with single-objective opti-
misation problems. In recent decades, however, several specific metaheuristic-based
frameworks have been proposed for solving MOPs:

• PISA [33]: is an acronym for “A Platform and Programming Language In-
dependent Interface for Search Algorithms”. It is one of the best-known
platforms for multi-objective optimisation. The principle underlying PISA
is to separate the algorithm-specific part of an optimiser from the application-
specific part. Communications between both parts are carried out using a
shared-file mechanism, meaning the execution of applications developed using
PISA has an associated time penalty.

• Open BEAGLE [101]: is a C framework that provides a high-level software
environment to do any kind of evolutionary computation. It supports tree-
based genetic programming; bit string, integer-valued vector, and real-valued
vector genetic algorithms; and evolutionary strategies.

• jMetal [74]: is an acronym for “Metaheuristic Algorithms in Java”. It is an
object-oriented Java-based framework aimed at the development, experimen-
tation, and study of metaheuristics for solving multi-objective optimisation
problems. It provides a rich set of classes that can be used as the building
blocks of multi-objective metaheuristics, taking advantage of code-reusing,
thus facilitating the development of new multi-objective algorithms.

• ParadisEO [146]: is a template-based, ANSI-C++ compliant framework dedi-
cated to the flexible design of metaheuristics, including solution-based meta-
heuristics (local search, simulated annealing, iterated local search, etc.) and
population-based metaheuristics (genetic algorithm, particle swarm optimisa-
tion, evolutionary strategy, etc.). It also provides tools to design metaheuris-
tics for multi-objective optimisation.

• METCO [142]: is an acronym for “Metaheuristics-based Extensible Tool for
Cooperative Optimisation”. It is a framework that supports the implementa-
tion and execution of sequential and parallel meta-heuristics. Its functionality
can be expanded by defining new plug-ins. This software was designed so that
users can adapt the environment to the requirements of their problem, and to
adapt the configuration of the MOEAs.
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6.1. Frameworks

Despite the large number of tools, each has its advantages over the others. For
example, PISA [33] incorporates a large number of metrics that make it easy to
carry out comparisons, ParadisEO [146] support various parallel models, jMetal [74]
features the most optimisation algorithms, and METCO [142] allows for a great deal
of customisation of the island-based parallel models.

The definition of the 3DPP considered in this study, as well as the implementa-
tion of the various heuristics, were carried out using the METCO tool. METCO
relies on evolutionary techniques to solve a MOP. It allows carrying out sequential
executions with various evolutionary algorithms and integrating these techniques
into collaborative parallel models. The METCO user interface allows configuring
the framework by specifying a set of plug-ins. Through these plug-ins, new algo-
rithms can be introduced, the problem to be solved can be specified, and practically
any characteristic of the sequential and parallel models to be executed can be mo-
dified. The plug-in is developed by specifying a set of classes in C++ inherited from
a class developed in METCO. Although METCO features a selection of the most
common MOEAs in the literature, others can be added by using plug-ins [143, 145].
By customising the configuration files and developing new plug-ins, users can adapt
the framework to their own requirements. The software has been designed in such
a way that the user can easily specify the problem requirements and customise the
configuration of the MOEAs that will be involved in the problem solution. METCO
contributes with a variety of libraries that provide a set of standard evolutionary
computation operations, such as mutation, crossover and selection operators.

METCO provides a parallel model based on dynamic island allocation. It is in-
tended to offer an easily customisable island-based model that includes mechanisms
to adapt the behaviour of the islands over the course of the executions [144]. The
scheme does this by trying to detect and allocate more resources to the most suitable
algorithms and operators. This adaptive model is a hybrid algorithm that combines
a parallel island-based scheme with a hyperheuristic approach [141]. The tool al-
lows for extensive customisation of the island-based models so that expert users can
adapt it to obtain even better optimisers.

Once the required plug-ins are implemented, the framework combines them, al-
lowing the tool to be used in parallel and sequential mode. For the sequential
execution, the user need only specify the problem name, the stopping criterion and
the algorithm to be used, along with its corresponding parameters (population size,
mutation and/or crossover operators, etc.). In the case of parallel executions, the
user must specify each MOEA used in the model along with every parameter for the
parallel model utilised: migration mechanism, stopping criteria, parameters for the
scoring/selection strategies, etc.
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CHAPTER 6. Computational Results

6.2 Multi-Objective Metrics

The literature features a large variety of performance metrics or indicators that can
be used to analyse results. The metrics compare and quantify the quality of the
resulting Pareto front, taking into account aspects such as the distance to the true
front, and the amplitude and distribution of the solutions on the front. There is
currently no universal metric, since each measure proposed offers a set of advantages
and drawbacks. A brief review of the literature takes us to 1994, when Srinivas and
Deb [201] used the Chi-squared distribution to analyse how well the individuals
obtained by the NSGA and the VEGA are distributed along the non-dominated
region. In 1996, Fonseca and Fleming proposed a statistical method based on the
concept of (attainment surfaces) [98, 136]. The hypervolume metric formulated
by Zitzler and Thiele [231] was developed in 1998. The so-called C-metric (Set
Coverage), also introduced by Zitzler and Thiele [231] in the same year, compares
the quality of two fronts. This coverage metric C(A,B) calculates the percentage
of solutions in B that are weakly dominated by at least one of the solutions of A.
In 1999, Van Veldhuizen [212] proposed several metrics: Error ratio (ER), which
measures what percentage of the current Pareto front does not belong to the true
Pareto front; generational distance (GD), which estimates how distant the solutions
of the calculated front are from the true front; Inverse generational distance (IGD),
which represents the average distance of the solutions in the current front to the
true Pareto front; and Spacing (SP), which evaluates the uniformity of the Pareto
front distribution along the space it occupies. The M1, M2 and M3 metrics arose
in the year 2000 [227] and were used to measure the average distance to the Pareto
front, the distribution of the non-dominated solutions and the diversity.

The best way to efficiently evaluate the performance of a multi-objective algo-
rithm is to employ different metrics. The hypervolume (HV) [231] is one of the
metrics used in the experiments presented in the next section. It is defined as the
volume enclosed by the front; that is, it measures the region dominated by the
front. In order to carry out this measurement, a dominated reference point must
by chosen, which will serve as the limit of the enclosed area so the volume can be
calculated. The value of this metric should be large, since these means that the
points are spread out in the solution space. Another of the metrics employed is the
attainment surfaces (AS) [98], which yields a given probability that an area of the
space is dominated. These metrics offer a simple way to view the results in a given
number of executions.
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6.3. Validation of the Sequential Algorithms

6.3 Validation of the Sequential Algorithms

The purpose of this computational study is to solve the Multi-Objective 3DPP pre-
sented in Section 3.4 using evolutionary strategies offered by METCO [142]. The
Multi-Objective Evolutionary Algorithms (MOEAs) have provided competitive re-
sults when applied to some cutting and packing problems. Thus the goal now is
to check their effectiveness for the multi-objective 3DPP. This work makes its
contribution by providing a multi-objective solution to a problem like the 3DPP, in-
troducing weight as the second objective. This problem has always been formulated
as a mono-objective problem in the literature. In an effort to validate our multi-
objective proposal, we compared the results obtained when using the various filling
heuristics applied to different MOEAs against the known results in the literature
presented in Dereli et. al [70], which consider the problem with multiple objectives
and that also take into account the same objectives as in this paper. In the referen-
ced work [70], the problem is solved using a Simulated Annealing (SA) algorithm
with a filling heuristic similar to the Single-Level Filling Heuristic in Depth (SLFHD)
approach implemented in this work. The heuristic proposed in [70] is a kind of wall-
building method in which the container is filled layer by layer. The parameters of
the simulated annealing algorithm used in [70] for the 3DPP are: initial temperature
Tin = 5000, final temperature Tf = 0.0001, the constant α = 0.987 and number of
iterations to be performed for each temperature ilmax = N (equal to the number
of box types in each instance problem). They also assigned different weights, from
0 to 1 by 0.1 increments/decrements, to each objective, turning the multi-objective
problem into a mono-objective problem, with the multiple objectives being com-
bined in a single evaluation function. However, and for the purpose of being able
to make a comparison, the work presented by Dereli et. al [70] will be used as
a reference to check the competitiveness of our proposals using different MOEAs,
such as Non-Dominated Sorting Genetic Algorithm II (NSGA-II), Strength Pareto
Evolutionary Algorithm 2 (SPEA2) and Adaptive Indicator-Based Evolutionary Al-
gorithm (Adaptive-IBEA). It is thus interesting to study the performance of the
filling heuristics presented in Section 3.4.3, as we are concerned with a formulation
that is actually multi-objective in which the goal is to maximise not only the volume
used, but also to consider the weight. Once we validate that the formulation applied
is suitable for solving the 3DPP, we will then study the performance of the different
filling heuristics presented in Section 3.4.3.

For the computational study, we have used the real test problem instance pro-
posed by Dereli et al. in [70]. It involves an order for 12 different product types
distributed by the company Procter & Gamble. The company distribute their own
products (paper, towels, toilet tissues, paper napkins, etc.) in their own transport
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CHAPTER 6. Computational Results

ID Description w/l/h No. of boxes Weight Total Volume
(cm) (kg) (cm3)

1 Detergent 40/36/28 325 20.00 13,104,000
2 Bleaching liquid 54/28/30 25 22.00 1,134,000
3 Personal care 54/28/30 75 2.35 3,402,000
4 Detergent 39/29/32 75 20.00 2,714,400
5 Shaving product 15/10/20 10 1.47 30,000
6 Baby care 42/37/25 150 2.80 5,827,500
7 Toothpaste 36/18/18 3 3.72 34,992
8 Shampoo 18/17/22 25 4.97 168,300
9 Shampoo 22/17/22 50 5.00 411,400
10 Shampoo 12/11/16 5 1.33 10,560
11 Bleaching liquid 30/27/40 20 17.60 648,000
12 Shaving product 19/7/21 3 0.12 8,379

Total 766 9905.37 27,493,531

Table 6.1: Actual test-problem instance

vehicles. The quantities, dimensions (Length × Width × Heigth) and weights are
specified for both the vehicle and the products. The vehicles have a capacity of
(530× 220× 210)cm3 and can hold a maximum weight of 7200kg. The instance has
12 types of products with different associated sizes and weights (Table 6.1); however,
there is no information on the boxes’ orientations. Therefore, and because some of
the boxes contain liquids, it is assumed that the boxes can only be rotated about
their base.

6.3.1 Description of the Experiment

The set of experimental evaluations included in this section were run on a dedicated
Debian gnu/Linux operating system with 48 cores, each consisting of one AMD
Opteron 6164HE. The METCO framework and the problem approach were imple-
mented using C++ and compiled with gcc 4.7.2. In this study, for the experimental
evaluation, we checked the behaviour of three of the best-known MOEAs, NSGA-II,
SPEA2, and an adaptive version of IBEA, which were applied to the different filling
heuristics: SLFHL, SLFHD, MLFHL, and MLFHD. We checked the algorithms
with different population sizes (20, 25, 50, 100), mutation rates (0.1, 0.2, 0.3) and
crossover rates (0.7, 0.8, 0.9). Since we are dealing with stochastic algorithms, each
execution was repeated 30 times. Table 6.2 shows the configurations used for the
MOEAs employed in the study. The fitness scaling factor, which was set to 0.001,
is a parameter that is exclusive to the IBEA and the Adaptive-IBEA. The average

112



141 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

6.3. Validation of the Sequential Algorithms

MOEAs parameter Tuning values

Population sizes 20, 25, 50 and 100
Mutation rates 0.1, 0, 2 and 0.3

Crossover rates 0.7, 0.8 and 0.9

Fitness scaling factor 0.001
Evaluations 30000

Generations 1500

Table 6.2: MOEAs - Initial configuration

time used for each execution was around 10 minutes.

6.3.2 Analysis of the Experiment

During the process of developing the different variation operators, they were vali-
dated for the purpose of determining if they improved the results. The mutation
operators studied were the add one gene mutation, the remove one gene mutation,
the change a gene mutation, the modify some genes mutation, the swap two genes
mutation, and the shift a gene mutation. Of these, the combination of the add one
gene mutation, the remove one gene mutation, and the change a gene mutation was
found to yield good results, whereas adding mutation operators such as the modify
some genes mutation, the swap two genes mutation, and the shift a gene mutation
yielded no improvements. In some cases, they even worsened the solutions. Thus,
for the group of experiments carried out in this chapter, we used the add one gene,
remove one gene, and change one gene mutation operators. Each of which applied
under the probability of mutation pm.

With this first study, our goal is to demonstrate that it is possible to obtain good
quality solutions by using truly multi-objective formulations. An additional goal is to
validate the good performance of MOEAs when solving complex cutting and packing
problems like the 3DPP. From each of the 30 executions carried out for each of the
MOEAs analysed, along with the filling heuristics, the final solution set is analysed
in order to select the highest average volume (Sol.Volume) and the highest average
weight (Sol.Weight). Table 6.3, Table 6.4 and Table 6.5 show the solution with
the average-highest volume and the solution with the average-highest weight when
the various filling heuristics are applied to NSGA-II, SPEA2, and Adaptive-IBEA,
respectively. These values are calculated by finding the general average of the best
volumes and weights versus the final front for each of the executions carried out.
Thus, Sol.Volume corresponds to the best volume obtained when executing a given
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CHAPTER 6. Computational Results

Objective
SLFHL SLFHD MLFHL MLFHD

Sol. Sol. Sol. Sol. Sol. Sol. Sol. Sol.
Volume Weight Volume Weight Volume Weight Volume Weight

Volume
(%) 91.21% 91.48% 89.49% 90.06% 91.42% 91.20% 89.61% 90.12%

Weight
(kg) 7199.64 7195.64 7199.43 7195.03 7199.95 7197.94 7198.63 7191.58

Table 6.3: Comparison of objectives for NSGA-II: volume and weight

Objective
SLFHL SLFHD MLFHL MLFHD

Sol. Sol. Sol. Sol. Sol. Sol. Sol. Sol.
Volume Weight Volume Weight Volume Weight Volume Weight

Volume
(%) 91.15% 91.42% 89.32% 88.35% 91.33% 91.16% 89.96% 89.86%

Weight
(kg) 7197.92 7198.03 7192.34 7194.71 7198.84 7197.57 7199.95 7189.51

Table 6.4: Comparison of objectives for SPEA2: volume and weight

Objective
SLFHL SLFHD MLFHL MLFHD

Sol. Sol. Sol. Sol. Sol. Sol. Sol. Sol.
Volume Weight Volume Weight Volume Weight Volume Weight

Volume
(%) 90.93% 89.34% 88.28% 85.80% 90.97% 91.29% 89.41% 90.95%

Weight
(kg) 7199.64 7196.94 7199.79 7187.67 7198.92 7196.83 7198.37 7195.84

Table 6.5: Comparison of objectives for Adaptive-IBEA: volume and weight

configuration. The same applies to Sol.Weight, and its value is calculated based on
the best weights obtained by the last 30 Pareto fronts. Finally, and in an effort to
do a comparison with the only valid results found for dealing with multi-objective
problems, the four solutions obtained by the filling heuristic presented by Dereli et
al. in [70] are included in the Table 6.6.

In Table 6.3, Table 6.4 and Table 6.5, the average highest volume is expressed as a
percent of the container volume used. For all cases, the value of the other objective
is also shown. This allows us to see the quality of both objectives for the best
average based on one of the objectives. From the tables we can see how when the
SLFHL approach is used for the NSGA-II (91.21%), the results are improved when
the same filling heuristic is executed with the SPEA2 (91.15%), and the 90.93%
obtained by Adaptive-IBEA. And hence all of these results improve on the values in
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6.3. Validation of the Sequential Algorithms

Objective
Dereli and Sena 2010

Sol. 1 Sol. 2 Sol. 3 Sol. 4

Volume
(%) 87.51% 86.13% 86.09% 85.96%

Weight
(kg) 6713.37 7157.06 7150.41 7151.37

Table 6.6: Comparison of objectives for reference work: volume and weight

the reference paper shown in Table 6.6. When we study the values yielded when the
SLFHD heuristic is used, the average highest volume is achieved using the SPEA2
algorithm (91.15%), followed by NSGA-II (89.49%) and Adaptive-IBEA (88.28%).
However, every case manages to improve on the results obtained when using the
filling heuristic with the Simulated Annealing presented in [70]. When we analyse
the average values obtained when using filling heuristics with multiple-levels, they
all improve on the values obtained when using filling heuristics with a single-level,
as well as on the results obtained by Dereli et al. [70]. Thus, when the analysis
is conducted based on MLFHL, we see how the best values are obtained when
NSGA-II is used (91.42%), versus the 91.33% yielded by SPEA2 and the 90.97%
by Adaptive-IBEA. Finally, when the MLFHD heuristic is used, we see how it is
SPEA2 that yields the best average volume (89.86%), followed by NSGA-II, with
a percentage of 89.69%, and Adaptive-IBEA with 89.41%. This testing verifies the
good behaviour of SPEA2 when used with the MLFHD heuristic, as well as the
good performance of NSGA-II when executed with the MLFHL and both single-
level approaches (SLFHL, SLFHD).

A similar process is repeated for the weight objective. If we calculate the average
of the highest weight in each of the 30 final fronts using the NSGA-II, SPEA2
and Adaptive-IBEA algorithms with the SLFHL heuristic, we obtain a value of
7195.64kg, 7198.03kg and 7196.94kg respectively for each of the algorithms. At this
point, we can see that the best average weight when using SLFHL is obtained by
SPEA2, though unlike with the other two algorithms, it is not very significant. In the
case of SLFHD, we see more of a difference between the values obtained, these being
7195.03kg, 7194.71kg and 7187.67kg for NSGA-II, SPEA2 and Adaptive-IBEA. The
highest average weight is yielded by NSGA-II. The results, thus far evaluated for
weight, improve on the four results presented in the reference paper by Dereli et
al. We can thus confirm that the multi-objective approach allows us to improve on
the only results that exist for the 3DPP that deal with more than one objective.
If we now consider the values obtained when applying the MLFHL heuristic, we
see that the values output by NSGA-II (7197.94kg) improve on those obtained by
SPEA2 (7197.57kg) and Adaptive-IBEA (7196.83kg). However, when we study the
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CHAPTER 6. Computational Results

MLFHD, the best average weight is given by Adaptive-IBEA at 7195kg, versus the
7191.58kg and 7189.51kg output by NSGA-II and SPEA2. As in the previous case,
the best average weights are found by the heuristics that work with more than one
level (MLFHL, MLFHD) versus the single-filling heuristics.

From this initial study, we may conclude that formulating the problem directly
as multi-objective improves on the only known results that consider the same set of
objectives. Thus, including the weight as a second objective guarantees good results
not only in terms of volume, but of weight as well. This multi-objective approach
also provides a more direct parallel to the real-world industry, where weight is an
important factor to consider when loading containers.

Having validated the effectiveness of applying multi-objective techniques to solve
the 3DPP, we now proceed to check the performance of the three MOEAs used:
NSGA-II, SPEA2 and Adaptive-IBEA. In order to provide the results with confi-
dence, comparisons were carried out as per the following statistical analysis [69, 195].
First, a Kolmogorov-Smirnov test is performed in order to check whether the va-
lues of the results follow a normal (Gaussian) distribution or not. If so, the Levene
test checks for the homogeneity of the variances. If samples have equal variance,
an ANOVA test is done; otherwise a Welch test is performed. For non-Gaussian
distributions, the non-parametric Kruskal-Wallis test is used to compare the medi-
ans of the algorithms. A confidence level of 95% is considered, which means that
the differences are unlikely to have occurred by chance with a probability of 95%.
The analysis is performed using the hypervolume [231] metric and attainment sur-
faces [98]. Table 6.7 and Table 6.8 show the statistical comparison between the
different algorithms studied when applying the single-level and the multiple-level
filling heuristics in length to the different MOEAs, using the parameters that per-
form the best after the initial tuning (Table 6.2). Table 6.9 and Table 6.10 show
the same comparison, but using the corresponding filling heuristics in depth. The
symbol ↑ is used to denote that differences between the models are statistically sig-
nificant and that the model in the left column yields a higher median and mean
value. In the cases in which the opposite occurs, the symbol ↓ is used. Finally, for
the cases in which the differences were not statistically significant, the symbol ↔ is
used. NSGA-II and SPEA2 yielded statistically better results than Adaptive-IBEA.
Therefore, the Adaptive-IBEA exhibited the worst performance, regardless of the
filling heuristic used to evaluate the solutions. When evaluating the statistical per-
formance of the NSGA-II and SPEA2 algorithms with the different types of filling
heuristics, we see that in some cases one performs better, statistically, than the
other, though both algorithms exhibit good performance.
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6.3. Validation of the Sequential Algorithms

MOEAS SLFHL
NSGA-II SPEA2 Adapt-IBEA

NSGA-II SLFHL ↔ ↔ ↑

NSGA-II MLFHL ↑ ↑ ↑

SPEA2 SLFHL ↔ ↔ ↔

SPEA2 MLFHL ↔ ↔ ↑

Adapt-IBEA SLFHL ↓ ↔ ↔

Adapt-IBEA MLFHL ↔ ↔ ↔

Table 6.7: Statistical comparison among MOEAs when using SLFHL

MOEAS MLFHL
NSGA-II SPEA2 Adapt-IBEA

NSGA-II SLFHL ↓ ↔ ↔

NSGA-II MLFHL ↔ ↔ ↑

SPEA2 SLFHL ↓ ↔ ↔

SPEA2 MLFHL ↔ ↔ ↑

Adapt-IBEA SLFHL ↓ ↓ ↔

Adapt-IBEA MLFHL ↓ ↓ ↔

Table 6.8: Statistical comparison among MOEAs when using MLFHL

MOEAS SLFHD
NSGA-II SPEA2 Adapt-IBEA

NSGA-II SLFHD ↔ ↔ ↑

NSGA-II MLFHD ↔ ↔ ↑

SPEA2 SLFHD ↔ ↔ ↑

SPEA2 MLFHD ↑ ↑ ↑

Adapt-IBEA SLFHD ↓ ↓ ↔

Adapt-IBEA MLFHD ↔ ↔ ↑

Table 6.9: Statistical comparison among MOEAs when using SLFHD

MOEAS MLFHD
NSGA-II SPEA2 Adapt-IBEA

NSGA-II SLFHD ↔ ↓ ↔

NSGA-II MLFHD ↔ ↓ ↑

SPEA2 SLFHD ↔ ↓ ↔

SPEA2 MLFHD ↑ ↔ ↑

Adapt-IBEA SLFHD ↓ ↓ ↓

Adapt-IBEA MLFHD ↓ ↓ ↔

Table 6.10: Statistical comparison among MOEAs when using MLFHD

In the next study conducted, we compared the performance of the single-level
filling heuristics and the multi-level filling heuristics in an effort to determine whether
using a certain order when filling the container improves the results or not. Table 6.8
and Table 6.10 show that, in fact, the order in which the boxes are placed inside the
container has an important effect that must be considered when applying the filling
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CHAPTER 6. Computational Results

MOEAS SLFHL MLFHL
NSGA-II SPEA2 Adapt-IBEA NSGA-II SPEA2 Adapt-IBEA

NSGA-II SLFHD ↓ ↓ ↓ ↓ ↓ ↓

NSGA-II MLFHD ↓ ↓ ↓ ↓ ↓ ↓

SPEA2 SLFHD ↓ ↓ ↓ ↓ ↓ ↓

SPEA2 MLFHD ↓ ↓ ↓ ↓ ↓ ↓

Adapt-IBEA SLFHD ↓ ↓ ↓ ↓ ↓ ↓

Adapt-IBEA MLFHD ↓ ↓ ↓ ↓ ↓ ↓

Table 6.11: Statistical comparison among filling heuristics in length and in depth

heuristic. This thus verifies that the coding used to code the gene is important,
since in our case this coding was done by considering the order in which the boxes
are placed inside the container. We thus find that the multi-level filling heuristics
exhibit statistically better performance than the single-level filling heuristics. This
behaviour is repeated both when applying the filling heuristics using the NSGA-II
algorithm and when SPEA2 is used. Therefore, having all of the levels available
offers an improvement over those filling heuristics that only allow having one level
open during the container loading process.

Finally, we studied the performance of the various filling heuristics when they
are used to load boxes into the container, comparing the filling heuristics in length,
SLFHL and MLFHL, with the filling heuristics in depth, SLFHD and MLFHD. Ta-
ble 6.11 shows a statistical comparison when different types of processes are used
to pack the container. This study shows that the filling heuristics in length un-
questionably yield better statistical results for this real-world problem (Table 6.1).
Therefore, after this study we can ascertain that the best performance when using
any of the various filling heuristics is obtained with the NSGA-II and SPEA2 al-
gorithms. As for the types of filling heuristics, we have shown that using a certain
order for loading boxes into the container is necessary, considering the type of coding
selected to code the population. Finally, we conclude that for the instance studied,
the best filling heuristics are those that work over the length of the container.

The hypervolume [231] yielded by each algorithm is shown in Figure 6.1. For
the analysed instance, we can see that NSGA-II yields quality results when used
with any of the four filling heuristics explained in Section 3.4.3. However, when the
multi-level filling heuristic in depth is used, this performance is reversed, since the
best results are obtained by SPEA2. In addition, as the various graphs show, the
worst performance is given by Adaptive-IBEA, the results of which are far worse
than those output by NSGA-II and SPEA2. This evaluation thus shows that both
NSGA-II and SPEA2 have a very similar behaviour, whereas the hypervolume for
the adaptive version of IBEA is slightly lower.
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Figure 6.1: MOEAs applied to filling heuristics

Given that the NSGA-II and the SPEA2 obtained the best results among the
MOEAs tested, the next experiments check the behaviour using the four filling
heuristics presented in this work for both MOEAs. Figure 6.2 shows the hypervolume
for NSGA-II and for SPEA2 with every heuristic. If we observe the behaviour of
the filling heuristics when the cuts are made along the length of the container, that
is, when the cuts are parallel to the y-axis, we can see how both MOEAs yield
results of more or less equal quality using the different filling heuristics. However,
when we study the behaviour of NSGA-II and the SPEA2 with the filling heuristics
in depth (SLFHD, MLFHD), we clearly see that SPEA2 is better when using the
MLFHD heuristic. This confirms what was noted in the previous study, since we
can conclude that the behaviour of NSGA-II and SPEA2 depends on the heuristic.
If we now focus on studying the results output by the single-level filling heuristics
and the multiple-level filling heuristics, we clearly see that the results are worse
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Figure 6.2: NSGA-II and SPEA2 applied to four filling heuristics

with the single-level heuristics, both in length and in depth, with both MOEAs. We
may thus conclude that the good behaviour of NSGA-II and SPEA2 depends on the
filling heuristic. In general, NSGA-II and SPEA2, using the MLFHL and MLFHD
heuristic, show the expected behaviour, with their hypervolume outperforming the
best model of the SLFHL and SLFHD filling heuristics. This shows the benefits of
filling the container by considering a certain order in the gene.

After concluding in the previous study that the best results were obtained by the
multi-level filling heuristics, we conducted the ensuing study in an effort to determine
which of the two multi-level filling heuristics, MLFHL and MLFHD, gives the higher
quality results. Figure 6.3 shows the results obtained when the filling heuristics are
applied making use of the multi-level versions in length and in depth. We can
see how the multi-level filling heuristic in depth (MLFHD) does not provide the
expected results, which are well below those obtained by the MLFHL heuristic, as
shown in Figure 6.4. In addition, Figure 6.4 shows two atypical values, which could
be the result of a measurement or recording error. When the multiple-level filling
heuristics are executed with NSGA-II and SPEA2, we see that the part containing
the Q1 and Q2 quartiles is larger in every case than that containing the Q2 and Q3
quartiles. This indicates that the results between 25% and 50% are more scattered
than those between 50% and 75%. The median in all of the results appears to be
biased toward the Q3, indicating that many of the results tend to cluster toward
one point on the scale. The MLFHD has the most scattered data distribution, as
evidenced by the length of its whiskers. We also see that the MLFHL yields average
values that are much higher than those output by the MLFHD for the real instance
studied. This could be because when the container is filled using the multi-level
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Figure 6.3: NSGA-II and SPEA2 applied to multi-level filling heuristics
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CHAPTER 6. Computational Results

Figure 6.5: Holes when using filling heuristics in length and in depth

filling heuristic in length, less space is wasted than if the multi-filling heuristic in
depth is used. As Figure 6.5 shows, when the filling heuristic in length is used, the
probability of leaving gaps is lower than if the multi-level filling heuristic in depth
is used.

So far we have seen the average of the extreme values for the objectives. But it
would be useful to identify the area of the search space being explored and see the
general behaviour of the evolutionary algorithm applied to the 3DPP. Identifying
the area of the search space being explored and seeing the general behaviour of
the evolutionary algorithms applied to this problem could be very confusing if we
were to draw the 30 Pareto fronts, so instead we have used attainment surfaces [98].
Figure 6.6 shows 1, 15 and 30 attainment surfaces for the SLFHL, MLFHL, SLFHD
and MLFHD heuristics when they are executed using the NSGA-II and SPEA2
algorithms and the solutions reached by Dereli et al. (Table 6.6). As we can see,
the results cover a large area of the solution space, offering a set of compromise
solutions between the two objectives, such that the decision maker can choose the
most appropriate option in each case. If a solution is needed that yields a volume
as large as possible, said solution will have a lower weight associated with it than
a solution that yields a lower packing volume, and vice versa. However, different
solutions given in [70] (reference points in Figure 6.6) are behind attainment surfaces,
being completely dominated by the single-level filling heuristics and multi-level filling
heuristics, both in length and in depth. The multi-level filling heuristics gave many
solutions that are non-dominated by the solutions given by the single-level filling
heuristics in length and in depth. Moreover, MLHFL provides better solutions than
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Figure 6.6: Attainment surfaces and existing solutions

those obtained by the MLFHD approach. We may conclude, then, that the MLFHL
approach provides high-quality solutions, thus proving the validity of MOEAs when
tackling real-world multi-objective problems. And it also proves the validity of
the designed heuristics. The first solution (21427698, 6713.37) given by Dereli et
al. (Table 6.6) is not shown because it is well below the graph. This is because
the weight value is much lower than the solution fronts represented here. But it
is dominated too. That way, the validity of MOEAs to tackle such problems is
demonstrated, beating the results obtained using a simulated annealing algorithm.
Moreover, the set of compromise solutions is obtained in only one execution, whereas
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CHAPTER 6. Computational Results

the algorithm applied in [70] assigns different weights to each objective, and each
weight combination requires an execution.

It should be noted that the way in which the attainment surfaces is presented
could be strange, because it seems there are many equal points for the weight
and volume, but it only appears like that because of the scales of the axes in the
graph. For example, there seem to be many solutions with weight 7200kg, but
if the scale is increased, we see that the values are different, though very similar:
7199.99, 7199.95, 7199.50, etc.

Based on this initial study, and after analysing several MOEAs, we can conclude
that NSGA-II and SPEA2 exhibit good performance for the 3DPP and the instance
in question. These algorithms yielded a set of solutions that compromise between
the two objectives without requiring several executions with different weights for
each objective, as happens with the Simulated Annealing algorithm used as referen-
ce. Moreover, said solutions completely dominate the reference results (Table 6.6),
which once again demonstrates the good behaviour of the evolutionary strategy with
cutting and packing problems.

6.4 Validation of Filling Heuristics in Parallel

Having verified that using MOEAs yields quality results, it would be interesting to
see if the island-based parallel models offered by Metaheuristics-based Extensible
Tool for Cooperative Optimisation (METCO) can improve on the performance of
the sequential models. For the study we selected one of the constructive heuristics
that gave bad quality results for the only real instance known to deal with the
multi-objective version of the MOEAs so as to test if using a parallel approach
can improve the results. Thus, for this parallel approach, the study was based on
the Single-Level Filling Heuristic in Length (SLFHL), which provided lower quality
results than those obtained by both multi-level filling heuristics.

We conducted two studies involving the same filling heuristics, one using a homo-
geneous island-based model and another using a heterogeneous island model. The
simplest model that can be tested is the homogeneous island-based model, where
every island executes the same configuration of a MOEA. In the heterogeneous
island-based models, each island executes a different MOEA.

6.4.1 Description of the Experiments

In this case, the experimental evaluation was carried out using a dedicated cluster
with 20 dual-core nodes and a Debian gnu/Linux operating system. Both the
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6.4. Validation of Filling Heuristics in Parallel

METCO framework and the problem approach were implemented using C++ and
compiled with gcc 4.1.3 and mpich 1.2.7. The studies were checked using the
MOEAs that yielded the best results in the sequential study, NSGA-II and SPEA2.
For the computational study, we used the same instance employed in Section 6.3,
defined in Table 6.1. The NSGA-II and SPEA2 algorithms were executed in parallel
using the same parameters applied in the sequential executions. The migrations
take place in each generation with a probability of 0.1, and when carried out, 4
individuals are migrated.

6.4.2 Analysis of the Experiments

First, the homogeneous island-based models are analysed, where every island exe-
cutes the same configuration of a MOEA. We carried out the executions using the
homogeneous model with the NSGA-II algorithm with two, four and eight islands.
The same process was performed using the SPEA2 algorithm. Figure 6.7 shows
the hypervolume for each version using different MOEAs. The results for a para-
llel execution with two islands show better performance than the sequential ones,
especially when the number of evaluations is increased, and with it, the time. A
four-island execution only manages to reach the quality of the sequential ones at the
end, while eight islands are not able to improve the quality of sequential solutions
in the same total number of evaluations. This is because the more islands that are
used, the lower the number of evaluations or generations that each island explores
separately, i.e., the same number of evaluations is divided among more processors,
and thus each processor makes less headway in the exploration. If we wanted to e-
xecute the parallel model during the same time as the sequential one, improvements
over the sequential solutions could be possible. However, here we want to execute
the same number of evaluations, so the parallel execution times are considerably
reduced when compared with the sequential ones.

Thus, if we conduct an in-depth analysis of how many evaluations on average
each processor needs to reach a hypervolume percentage (Table 6.12), we see that
each processor in the parallel executions carries out fewer evaluations than the pro-
cessor in the sequential execution. Moreover, we see that when the quality of the
solution is increased, the number of evaluations required by each processor increases
proportionately. Since not much overhead is required to synchronise the parallel
models, the execution times are proportional to the number of evaluations executed
per processor. Therefore, lowering the number of evaluations done by each proce-
ssor in the parallel executions with respect to the sequential one decreases the time
needed to obtain solutions of a given quality. In this regard, the benefit provided
by the parallel executions is notable, since the time needed to reach a good quality
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Figure 6.7: Hypervolume for homogeneous models with SLFHL

solution close to the most optimal solution is drastically reduced.

Now, it would be interesting to analyse the heterogeneous island-based models,
where each island executes a different MOEA using the Single-Level Filling Heuristic
in Length (SLFHL). In theory, the behaviour of a heterogeneous model with two
islands, where one island uses NSGA-II and the other SPEA2. However, there are
several migration parameters which must be tuned to yield the expected behaviour.
Two of the most important aspects are the selection of individuals to migrate and
the selection of individuals to replace in each island. In the first attempt, we used a
random selection of individuals to migrate and we selected individuals from the worst
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6.4. Validation of Filling Heuristics in Parallel

HYPERVOL. Sequential Parallel 2 Parallel 4 Parallel 8
Eval. Time Eval. Time Eval. Time Eval. Time

80% 333 7.598 150 1.811 130 0.796 65 0.207
85% 493 11.249 240 2.897 210 1.286 155 0.494
90% 800 18.255 516 6.229 388 2.376 291 0.928
95% 2880 65.718 1170 14.125 836 5.121 789 2.516
99% 7125 162.584 5051 60.979 3071 18.811 2175 6.937

Table 6.12: Number of evaluations and time by percentage of hypervolume using
homogeneous models
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Figure 6.8: Comparison of hypervolume for heterogeneous models

ranks to replace; however, these options did not yield the expected results, so we
carried out some tests to obtain better migrations. We eventually obtained better
results by selecting random non-dominated individuals to migrate and searching
for the nearest individuals in the objective space to replace. Figure 6.8 shows the
different behaviours of the heterogeneous models when we used the first kind of
selected migrations (labelled as first) and the second kind of selected migrations.

In summary, we verified that every parallelisation of the evolutionary algorithms
yielded quality solutions with fewer evaluations, and thus in less time. Some paralle-
lisations are even capable of improving the quality, as in the case of the two-island
execution. However, the parallel eight-island model did not manage to reach the
final quality obtained by the sequential approach because by increasing the number
of islands, the number of evaluations is allocated among more processors, meaning
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CHAPTER 6. Computational Results

each island makes less progress in each exploration. In other words, each island
has less time to explore, which can be verified by seeing the time required by the
eight-island parallel execution to reach 99% of the hypervolume of the sequential
execution. This time is 23 times less than that used by the sequential execution.
We did not pursue this line of enquiry, however, since the multi-level filling heuristics
yield very good quality solutions in little time. We also concluded that both the
sequential NSGA-II and SPEA2 algorithms improve on the only published results
for this multi-objective problem, and that their pararellisations manage to lower the
time required, and even to improve the quality of the solutions.

6.5 Validation of the Heuristics and Input Para-

meters

The results obtained in Section 6.3.2 have shown the competitiveness and good be-
haviour of the filling heuristics when the 3DPP is formulated as a multi-objective
problem, exceeding the results published in [70], where a multi-objective problem
is transformed into a mono-objective formulation. However, we believe that a sin-
gle instance is not enough to develop a computational study. In the literature,
there are no compatible instances for our multi-objective formulation, as noted in
Section 4.2. For this reason, we developed the Three-Dimensional Multi-Objective
Generator (3D-MG) software to generate the multi-objective 3DPP problem in-
stances presented in Section 4.3. Based on the 3D-MG and relying on the Three-
Dimensional Multi-Objective Generator in Length (3D-MGL) cutting heuristic, we
generated two sets of benchmarks called 1C and 1A, presented previously in Sec-
tion 4.3. Each benchmark consists of a total of 36 different problem instances, which
allows us to conduct a more robust and complete computational study.

We concluded in Section 6.3.2 that evolutionary algorithms yield good results
for this type of cutting and packing problem. And, moreover, that NSGA-II gives
competitive solutions for all of the filling heuristics implemented in Section 3.4.3.
The experiments conducted in this section were tested using a single MOEA, the
NSGA-II.

Since all of the filling heuristics are executed using the same MOEA, it is interes-
ting to study the behaviour of the four filling heuristics, SLFHL, MLFHL, SLFHD,
and MLFHD, when applied to each of the different instances. The goal is to validate
that as in the case of the instance proposed by Dereli et al. [70], the best results are
those output by the heuristics that consider more than one open level during the
packing process (MLFHL, MLFHD).

The 3D-MG was developed to create a range of instances, from identical or ho-
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6.5. Validation of the Heuristics and Input Parameters

Input parameters Definition

L×W ×H Dimensions of the container
D Total number of piece types
Ds Percent of piece types of D for Sol1
Dl Lowest dimensions for a box
Dh Highest dimensions for a box
SL Stowage losses
WG Total weight gain of Sol2
Wp[] Percentage to calculate the weight of

the box types of Sol2

Table 6.13: Properties of the 3D-MG

mogeneous to strongly heterogeneous. However, in this study we considered a set
of 72 instances classified from weakly heterogeneous to strongly heterogeneous. The
3D-MG is supplied with a set of input parameters that influence the generation of
the various instance types. Table 6.13 shows the set of these input parameters. So
as to validate how these parameters influence the complexity of instances, we con-
ducted a set of studies. In these experiments, we study all of the input parameters
used to generate the 1C and 1A instances.

6.5.1 Description of the Experiments

All of the experimental evaluations were run on a dedicated Debian gnu/Linux
operating system with 48 cores, each consisting of one AMD Opteron 6164HE. The
METCO framework and the problem approach were implemented using C++ and
compiled with gcc 4.7.2. For the studies we used the NSGA-II. So as to check what
the best configuration was for the NSGA-II algorithm, we tested it with different
population sizes (20, 25, 50, and 100), mutation rates (0.1, 0.2, and 0.3) and crossover
rates (0.7, 0.8, and 0.9). Table 6.14 shows the configurations used for the NSGA-II.
The NSGA-II was used with a population size of 20, a mutation probability of
0.3 and a crossover probability of 0.9. The algorithm was executed with a stopping
criterion of 15000 evaluations. From this number of evaluations, the obtained results
not improve. Since we are dealing with stochastic algorithms, each execution was
repeated 30 times.

The instance generator (3D-MG) was tested by using different values for some of
the input parameters that define it. Parameters like SL and Wp[] were kept constant,
as specified in Section 4.4. The remaining input parameters, however, were checked
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CHAPTER 6. Computational Results

MOEAs parameters Tuning values

Population sizes 20, 25, 50 and 100.
Mutation rates 0.1, 0, 2 and 0.3

Crossover rates 0.7, 0.8 and 0.9

Evaluations 1500 30000

Table 6.14: NSGA-II - Initial configuration

3D-MG Input Parameters Tuning values

L×W ×H 587× 233× 220 (1C) and 1200× 233× 220 (1A)
D 2, 5, 10, and 15
Ds 60%

Dl −Dh [5− 10]%, [15− 20]%, and [25− 30]%
SL 12% (1C) and 8.9% (1A)
WG 10%, 20%, and 30%
Wp[] 15.0%, 25.0%, 45.0%, 55.0%

Table 6.15: Values of the 3D-MGL parameters

with different values, resulting in benchmarks 1C and 1A. Table 6.15 shows the set
of values that each of the input parameters can have. The combination of these input
parameters gives rise to the 72 instances that will be evaluated in the experiments
below (See Appendix C).

6.5.2 Analysis of the Experiments for 1C Problem Instances

In this study, we conduct a computational evaluation using the 1C problem instances
whose definition is given in Section 4.4. The instances evaluated in this section were
generated based on the values given in Table 6.15 for each input parameter. For the
case of 1C instances, the value of parameter SL (Stowage losses) was set to 12%, and
the dimensions of the container (L×W ×H) were taken from UNE 49750 Standard,
and set to 587× 233× 220.

6.5.2.1 Evaluation of the Filling Heuristics

In order to compare the behaviour and quality of the results obtained when applying
each of the different filling heuristics (SLFHL, MLFHL, SLFHL, and MLFHL) to the
various 1C instances, we conducted an initial experiment. We did a study with each
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6.5. Validation of the Heuristics and Input Parameters

Instance Different [Dl −Dh] WG SL Vmax Pmax

box types (cm3) (Kg.)

1C 2, 5, 10, 15 [5− 10], [15− 20], [25− 30] 10 12% 3.01e07 3.31e07

1C 2, 5, 10, 15 [5− 10], [15− 20], [25− 30] 20 12% 3.01e07 3.61e07

1C 2, 5, 10, 15 [5− 10], [15− 20], [25− 30] 30 12% 3.01e07 3.91e07

Table 6.16: Maximum volume and weight: 1C

of the 30 executions generated for each filling heuristic and instance combination,
and we analysed the final front for each execution in order to select the average-
highest volume (Sol.Volume) and the average-highest weight (Sol.Weight). The
values for the maximum volume and weight reached by each filling heuristic using 1C
instances are shown in Table 6.16. Note that the volume and weight vary primarily
based on the input parameters WG and SL. Table 6.17 shows the solution with the
average-highest volume and the average-highest weight for each instance when the
different filling heuristics are applied. Each of the values shown in Table 6.17 is
obtained by calculating the overall average of the best volumes obtained in the final
fronts for each of the 30 repetitions (executions). The same process was used to
determine the highest average for the weight objective. The volume values shown
in Table 6.17 are expressed as a percent of the container volume used, while the
weight values, also expressed as a percent, are calculated based on the total weight
that can be held inside the container.

As Table 6.17 shows, when MLFHL is used for each of the 1C instances, it
achieves competitive values for both objectives. Thus, if we consider the average-
highest volume obtained using each filling heuristic with each instance, we will note
how when the SLFHL heuristic is used, better results are obtained when SLFHD is
used. This is the case for most of the instances evaluated. The same thing happens
when the multiple-level filling heuristics are used, with many of the instances studied,
yielding better results in terms of volume when MLFHL is used versus MLFHD. In
general, and evaluating each instance independently, Table 6.17 shows how for each
instance, the best average-highest volume values were obtained by using MLFHL.

The same study was conducted to consider the average-highest weight (Sol.Weight).
In contrast to what happened when evaluating the volume, in this case the average-
highest weight values when SLFHD was used were better than those output by the
SLFHL heuristic. When studying the average values obtained when using the heuris-
tics with more than one level, we find that MLFHL and MLFHD yield very similar
results for most of the instances considered, with the MLFHD approach yielding
better results on occasion.
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CHAPTER 6. Computational Results

Instance
SLFHL MLFHL SLFHD MLFHD

Avg. Avg. Avg. Avg. Avg. Avg. Avg. Avg.
Volume Weight Volume Weight Volume Weight Volume Weight
(%) (%) (%) (%) (%) (%) (%) (%)

1C − 01 99.61% 93.82% 99.61% 93.82% 99.04% 51.68% 99.03% 51.71%
1C − 02 97.53% 83.33% 97.54% 83.33% 99.16% 83.83% 99.16% 83.83%

1C − 03 99.50% 76.48% 99.50% 76.48% 98.47% 76.92% 98.47% 76.92%
1C − 04 98.38% 90.91% 98.38% 90.91% 98.37% 90.91% 98.37% 90.91%
1C − 05 98.38% 83.33% 98.38% 83.33% 98.37% 83.33% 98.37% 83.33%
1C − 06 98.38% 76.92% 98.38% 79.92% 98.37% 76.92% 98.37% 76.92%
1C − 07 98.34% 90.91% 98.35% 90.91% 98.35% 90.91% 98.35% 90.91%
1C − 08 98.35% 83.33% 98.35% 83.33% 98.35% 83.33% 98.35% 83.33%
1C − 09 98.35% 76.92% 98.35% 76.92% 98.35% 76.92% 98.35% 76.92%
1C − 10 96.55% 98.50% 96.93% 98.88% 97.01% 97.82% 97.19% 97.42%
1C − 11 96.99% 93.49% 97.15% 93.54% 95.82% 90.47% 95.88% 90.77%
1C − 12 97.20% 89.37% 97.37% 90.17% 97.42% 87.88% 97.65% 85.36%
1C − 13 97.56% 90.91% 97.56% 90.91% 91.92% 97.00% 92.33% 95.92%
1C − 14 97.14% 83.46% 97.19% 83.62% 94.72% 92.80% 95.12% 92.67%
1C − 15 96.63% 79.54% 96.68% 79.79% 93.46% 94.11% 93.14% 92.17%
1C − 16 97.07% 88.94% 97.89% 90.91% 89.29% 90.04% 89.78% 91.20%
1C − 17 97.54% 83.64% 97.55% 83.33% 95.24% 94.89% 95.11% 94.01%
1C − 18 96.87% 78.68% 97.89% 76.92% 90.44% 88.67% 90.17% 89.30%

1C − 19 97.69% 95.56% 97.89% 96.31% 96.91% 95.69% 96.90% 95.04%
1C − 20 96.92% 96.07% 97.11% 95.79% 96.26% 97.14% 96.51% 97.00%
1C − 21 97.27% 91.39% 97.61% 90.65% 96.40% 96.38% 96.67% 96.85%

1C − 22 94.32% 92.65% 95.98% 93.94% 96.09% 96.51% 96.42% 96.70%

1C − 23 96.52% 88.26% 97.08% 89.29% 94.75% 92.87% 95.21% 92.65%
1C − 24 96.55% 89.86% 96.79% 91.30% 94.24% 92.98% 94.93% 92.58%
1C − 25 89.23% 86.11% 94.90% 91.51% 91.08% 86.54% 91.23% 86.24%
1C − 26 88.25% 81.13% 94.55% 88.30% 90.72% 85.83% 90.79% 84.06%
1C − 27 87.42% 76.52% 95.61% 95.61% 89.24% 87.25% 89.68% 87.11%
1C − 28 96.04% 99.94% 96.97% 99.94% 95.96% 99.91% 96.28% 99.94%

1C − 29 96.13% 96.89% 96.72% 97.60% 94.59% 97.95% 94.88% 98.46%
1C − 30 97.22% 96.61% 97.71% 93.29% 95.49% 96.75% 96.24% 97.33%

1C − 31 89.99% 97.09% 91.70% 98.10% 90.58% 98.41% 91.66% 97.74%
1C − 32 90.62% 96.53% 91.68% 97.00% 92.29% 97.91% 92.13% 98.69%

1C − 33 91.47% 95.82% 92.45% 94.39% 93.23% 97.40% 93.44% 98.50%

1C − 34 85.83% 96.51% 88.88% 97.33% 87.70% 95.10% 89.21% 95.90%
1C − 35 86.02% 94.27% 87.31% 95.83% 87.06% 94.58% 88.36% 94.95%
1C − 36 86.84% 94.76% 89.22% 96.04% 87.72% 95.25% 89.68% 92.03%

Table 6.17: Comparison of objectives: 1C problem instances

Given the number of possible combinations of input parameters offered by 3D-MG,
and in order to evaluate the behaviour of the filling heuristics in this first study, we
used the input parameter D (number of different box types) to discern between
the different instance types. Separating the instances in this fashion allowed us to
simplify the evaluation and define an order for conducting the experiment. Thus,
the input parameter D can take on values of 2, 5, 10, and 15 for the set of instances
studied in this section. The first set of instances that will be studied to evaluate
the behaviour of the different filling heuristics corresponds to the 1C instances with
D = 2. Table 6.18 shows the configurations employed for this set of instances.
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6.5. Validation of the Heuristics and Input Parameters

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1C − 01 2 [5− 10] 10 13718 3.01e07 3.31e07

1C − 02 2 [5− 10] 20 2000 3.01e07 3.61e07

1C − 03 2 [5− 10] 30 2662 3.01e07 3.91e07

1C − 04 2 [15− 20] 10 250 3.01e07 3.31e07

1C − 05 2 [15− 20] 20 250 3.01e07 3.61e07

1C − 06 2 [15− 20] 30 250 3.01e07 3.91e07

1C − 07 2 [25− 30] 10 54 3.01e07 3.31e07

1C − 08 2 [25− 30] 20 54 3.01e07 3.61e07

1C − 09 2 [25− 30] 30 54 3.01e07 3.91e07

Table 6.18: 1C problem instances with D = 2
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Figure 6.9: Hypervolume for 1C instances with D = 2

We used the mean of the hypervolume for 30 independent executions. Figure 6.9
shows the hypervolume for the different heuristics when using the instances shown
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CHAPTER 6. Computational Results

in Table 6.18 (D = 2). The results were highly variable for the set of instances
analysed. It is interesting to note when the filling heuristics in length is executed
using 1C − 01, yields very good results, but when the filling heuristics in depth
are used, the opposite happens, becoming one of the worst results. The same thing
happens when the filling heuristics in length are executed with instance 1C−03, the
filling heuristics in length give better results. Both instances correspond to ones in
which [Dl−Dh] = [5−10]%. This behaviour could be related to the probability that
exists of leaving more gaps free when using filling heuristics in depth, since the gaps
are larger when small boxes are used (Figure 6.5). All configurations must be studied
in detail, since there are many parameters to study that could be influencing the
results. The instances may also be difficult to solve using the evaluation functions
generated in this work. Trying to determine which filling heuristic generally provides
the best results for the majority of instances studied leads us to Figure 6.9, which
shows how the best quality results are, in general, obtained when using SLFHL and
MLFHL. There is no significant difference in the behaviours of SLFHL and MLFHL
when applied to the various instances.

The next evaluation was done on instances in which the input parameter D was
set equal to 5. Table 6.19 shows the various configurations applied to these instances.

Figure 6.10 shows the hypervolume obtained for each type of filling heuristic,
SLFHL, MLFHL, SLFHD, and MLFHD using the different 1C instances. As we
can see, when executing SLFHL and MLFHL with some of the instances, SLFHL
and MLFHL yielded acceptable values, but when executed SLFHD and MLFHD
with the same instances, the results worsened. There is no significant difference
in the behaviours of SLFHL and MLFHL when applied to the various instances.
This is most notable when the filling heuristics are executed using instances such
as 1C − 11, 1C − 13 and 1C − 16. Each was generated using different parameters,
and a priori there is no relationship between them that can be used to determine
if they are complex or simple instances. It could simply be that these instances
are highly dependent on the parameter values, which influence the operation of the
different filling heuristics. In other words, the behaviour varies depending on how the
different levels inside the container are opened for the filling heuristics (in length or
in depth). Evaluating the behaviour of each different filling heuristics when executed
using each of the instances is complex due to the existence of multiple parameters
that can influence their performance, such as the effect of the heuristic used.

As a result, we evaluated the instances as a whole for the purpose of determining
which filling heuristic yields the best quality solutions for the largest set of instances.
Figure 6.10 shows that the heuristics that yield the best results are SLFHL and
MLFHL, both of which generate levels in length. However, although the results
obtained by SLFHD and MLFHD are good, in many cases they cannot match those
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6.5. Validation of the Heuristics and Input Parameters

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1C − 10 5 [5− 10] 10 3124 3.01e07 3.31e07

1C − 11 5 [5− 10] 20 6894 3.01e07 3.61e07

1C − 12 5 [5− 10] 30 3359 3.01e07 3.91e07

1C − 13 5 [15− 20] 10 380 3.01e07 3.31e07

1C − 14 5 [15− 20] 20 848 3.01e07 3.61e07

1C − 15 5 [15− 20] 30 593 3.01e07 3.91e07

1C − 16 5 [25− 30] 10 180 3.01e07 3.31e07

1C − 17 5 [25− 30] 20 180 3.01e07 3.61e07

1C − 18 5 [25− 30] 30 180 3.01e07 3.91e07

Table 6.19: 1C problem instances with D = 5

output by the SLFHL and MLFHL heuristics. This behaviour could be associated
with two factors. One is the probability that exists of leaving more unoccupied
volume when using filling heuristics in depth. This is because as Figure 6.5 shows,
the volume that might be left unoccupied is larger than when using heuristics in
length. There could also be some relationship between the way that cuts or levels
are generated by the different cutting and filling heuristics. Recall that the 1C
instances were generated using 3D-MGL, and the best solutions are associated with
SLFHL and MLFHL when are executed with 1C instances, which generate levels in
the same way as the cuts in the 3D-MGL heuristic, with levels or cuts parallel to the
x-axis. Figure 6.10 shows good quality results for both the SLFHL and the MLFHL
approach when the 1C instances are evaluated with D = 5. After concluding that
these are the two filling heuristics that exhibit the best behaviour, it would be
interesting to determine if there are any differences between them Thus, with the
objective of seeing if there are any differences that could be used to detect which
yields better results, the following statistical analysis was conducted.

First we apply the Kolmogorov-Smirnov test in order to check whether the val-
ues of the results follow a normal (Gaussian) distribution or not. If so, the Levene
test checks for the homogeneity of the variances. If samples have equal variance,
an ANOVA test is done; otherwise, a Welch test is performed. For non-Gaussian
distributions, the non-parametric Kruskal-Wallis test is used to compare the medi-
ans of the algorithms. A confidence level of 95% is considered, which means that
the differences are unlikely to have occurred by chance with a probability of 95%.
The analysis is performed using the hypervolume metric [231]. Table 6.20 shows the
independent statistical comparison between the SLFHL heuristic and the MLFHL
heuristics for each 1C instance with D = 5. In other words, each of the different
filling heuristics is compared statistically when applied to the same instance. Con-
ducting a statistical study that considers comparisons between different instances
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Figure 6.10: Hypervolume for 1C instances with D = 5

Heur. MLFHL
1C-10 1C-11 1C-12 1C-13 1C-14 1C-15 1C-16 1C-17 1C-18

SLFHL ↓ ↔ ↓ ↓ ↓ ↓ ↔ ↔ ↔

Table 6.20: Statistical comparison between SLFHL and MLFHL with D = 5

makes no sense, since they were generated differently and other factors besides D
would have to be taken into account. The symbol ↑ is used to denote that differ-
ences between the models are statistically significant and that the model in the left
column yields a higher median and mean value. In the cases in which the opposite
occurs, the symbol ↓ is used. Finally, for the cases in which the differences were not
statistically significant, the symbol ↔ is used. This study reveals the high capacity
of the MLFHL heuristic to achieve good results. Thus, statistically we may conclude
that MLFHL behaves better than SLFHL when instances are evaluated with D = 5.
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6.5. Validation of the Heuristics and Input Parameters

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1C − 19 10 [5− 10] 10 7599 3.01e07 3.31e07

1C − 20 10 [5− 10] 20 5946 3.01e07 3.61e07

1C − 21 10 [5− 10] 30 6219 3.01e07 3.91e07

1C − 22 10 [15− 20] 10 924 3.01e07 3.31e07

1C − 23 10 [15− 20] 20 2595 3.01e07 3.61e07

1C − 24 10 [15− 20] 30 1316 3.01e07 3.91e07

1C − 25 10 [25− 30] 10 216 3.01e07 3.31e07

1C − 26 10 [25− 30] 20 216 3.01e07 3.61e07

1C − 27 10 [25− 30] 30 216 3.01e07 3.91e07

Table 6.21: 1C problem instances with D = 10

So as to continue evaluating the remaining instances in order to determine which
filling heuristic (SLFHL, MLFHL, SLFHD, and MLFHD) exhibits the best overall
behaviour, without considering the various input parameters involved in creating
the different instances, we will now evaluate the behaviour of the filling heuristics
when applied to the 1C instances generated when D = 10. Table 6.21 shows the set
of instances and the parameters used to generate them.

Figure 6.11 shows the hypervolume obtained by each filling heuristic when exe-
cuted using the different instances with D = 10. The configuration used to generate
each of the instances is shown in Table 6.21. Figure 6.11 shows how SLFHL, SLFHD
and MLFHD behave very similarly when executed using different instances, which
improves when using MLFHL. Such is the case, for example, with the different
filling heuristics are executed using instances 1C − 25, 1C − 26 and 1C − 27. Other
results, however, like those obtained when using 1C − 19 instance, seem unaffected
by the type of filling heuristic employed. It is also interesting to note how the ob-
tained results with SLFHL and MLFHL improves when using 1C − 23 Evaluating
each instance in this way is complex since there are many parameters that must
be independently evaluated for each. For instances with D = 10, for example,
Figure 6.11 shows that SLFHL and MLFHL yield the best results. In addition,
note that the hypervolume results obtained by MLFHL heuristic with the different
instances are of better quality than with the other filling heuristics. The results pro-
vided by SLFHD and MLFHD are of lower quality than those obtained by SLFHL
and MLFHL. Although Figure 6.11 shows the good behaviour of MLFHL, it would
be interesting to conduct a statistical analysis that lets us validate this finding. To
this end, we carried out a statistical test that compares the two best filling heuris-
tics identified for these instances. Table 6.22 shows a statistical comparison for the
different filling heuristics (SLFHL, MLFHL) when applied to the same instance.
The symbol ↑ is used to denote that differences between the models are statistically
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CHAPTER 6. Computational Results
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Figure 6.11: Hypervolume for 1C instances with D = 10

Heur. MLFHL
1C-19 1C-20 1C-21 1C-22 1C-23 1C-24 1C-25 1C-26 1C-27

SLFHL ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

Table 6.22: Statistical comparison between SLFHL and MLFHL with D = 10

significant and that the model in the left column yields a higher median and mean
value. In those cases in which the opposite occurs, the symbol ↓ is used. In every
case, the good behaviour of MLFHL is confirmed. We may thus conclude that the
filling heuristic that yields the best results is MLFHL.

Finally, we evaluate the filling heuristics with instances in which the parameter
D = 15. Table 6.23 shows the set of instances and the parameters used in 3D-MG
to generate them.

Figure 6.12 shows the hypervolume results obtained by the filling heuristics with
the set of instances with D = 15. In this case, all four filling heuristics (SLFHL,
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6.5. Validation of the Heuristics and Input Parameters

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1C − 28 15 [5− 10] 10 9656 3.01e07 3.31e07

1C − 29 15 [5− 10] 20 6156 3.01e07 3.61e07

1C − 30 15 [5− 10] 30 9775 3.01e07 3.91e07

1C − 31 15 [15− 20] 10 1108 3.01e07 3.31e07

1C − 32 15 [15− 20] 20 1185 3.01e07 3.61e07

1C − 33 15 [15− 20] 30 1047 3.01e07 3.91e07

1C − 34 15 [25− 30] 10 405 3.01e07 3.31e07

1C − 35 15 [25− 30] 20 405 3.01e07 3.61e07

1C − 36 15 [25− 30] 30 405 3.01e07 3.91e07

Table 6.23: 1C problem instances with D = 15

MLFHL, SLFHD and MLFHD) yield good quality results. Most of the results cluster
around 0.9, which assures that the results are very close to the optimum. For one of
the instances, however, it seems that filling heuristics have problems obtaining good
results, possibly due to its complexity. The instance is 1C − 28, which considers
small boxes. Also, the degree of contradiction between the objectives is low, given
that WG = 10. Since the input parameter WG is crucial to determining the total
weight that can be loaded into the container, the smaller this parameter, the smaller
the difference between the container’s volume and its weight. But as with the other
studies carried out earlier, it would be difficult to determine the real cause for the
poor results exhibited by this instance. Due to the similarity in the results observed
for every type of filling heuristic, it would be interesting to carry out a statistical
analysis that can let us ascertain if there is some statistical difference between them.
Based on the good behaviour exhibited by MLFHL in the studies with D = 2, 5
and 10, we propose a statistical test in which we compare SLFHL, SLFHD and
MLFHD with MLFHL, considering each instance independently. Table 6.24 shows
said comparison. The symbol ↑ is used to denote that differences between the models
are statistically significant and that the model in the left column yields a higher
median and mean value. In the cases in which the opposite occurs, the symbol ↓ is
used. For the set of instances analysed, we can see how statistically, MLFHL exhibits
better behaviour than the SLFHL heuristic and the SLFHD heuristic. However,
when we compare the two filling heuristics assuming more than one open level during
the container packing phase, we see how, for certain instances, MLFHD yields results
that are not statistically significant. We thus cannot conclude that its behaviour
is worse than when MLFHL is used. Its behaviour is even better when MLFHL
is executed with instances 1C − 33 and 1C − 35. However, in general we see that
MLFHL exhibits very good behaviour, statistically speaking, versus the remaining
filling heuristics.
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CHAPTER 6. Computational Results
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Figure 6.12: Hypervolume for 1C instances with D = 15

Heur. MLFHL
1C-28 1C-29 1C-30 1C-31 1C-32 1C-33 1C-34 1C-35 1C-36

SLFHL ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

SLFHD ↓ ↓ ↓ ↓ ↔ ↑ ↓ ↔ ↓

MLFHD ↓ ↓ ↓ ↔ ↔ ↑ ↔ ↑ ↔

Table 6.24: Statistical comparison between SLFHL, SLFHD, MLFHD and MLFHL
with D = 15

Of the studies conducted on the 1C problem instances, we can conclude that the
filling heuristic with the best overall results is the MLFHL heuristic. However, we
cannot ignore the possible relationship that might exist between the cutting heuris-
tics used by 3D-MG and the filling heuristics employed to evaluate the solutions
when both use the same procedure to create levels inside the container. Although
the studies conducted do not allow us to conclude if such a relationship exists, it
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6.5. Validation of the Heuristics and Input Parameters

3D-MG - Input parameters Tuning values

L×W ×H 587× 233× 220
D 2, 5, 10, and 15
Ds 60%

Dl −Dh [5− 10]%, [15− 20]%, and [25− 30]%
SL 12%
WG 10%, 20%, and 30%
Wp[] 15.0%, 25.0%, 45.0%, 55.0%

Table 6.25: Parameter values for generating the 1C instances

is interesting to note that when the cutting heuristic 3D-MGL is used to generate
the 1C instances, higher quality results are obtained when it is combined with the
SLFHL and MLFHL filling heuristics.

6.5.2.2 Evaluation of the Input Parameters

Based on the above studies, we have determined that, in general, the filling heuristic
that yields the best results for the set of instances evaluated (1C instances) is the
MLFHL heuristic. The remaining experiments will thus be based on the results
obtained when the various instances are applied on the MLFHL heuristic using
NSGA-II. In this way, the experiments that follow attempt to determine what input
parameter configuration is required for 3D-MG to generated problems with different
complexities. Table 6.25 shows the set of input parameters whose values were used
to generate the 1C problem instances. As we can see, parameters L ×W ×H, SL

and Wp[] are constant. The comparisons were therefore made using the variable
input parameters. We also intend to determine if changing these parameters has an
effect on the complexity of the instances generated.

The first comparison involves the parameter WG (total weight gain of Sol2). WG

represents the weight increase that results from the optimal weight solution (Sol2)
and corresponds to the container’s maximum (tare) weight, Pmax. Thus, the greater
the value used for this parameter, the higher the degree of contradiction between
the two objectives evaluated in the 3DPP studied in this thesis, namely, volume
and weight. This is because more weight can be packed into the container for the
same container volume. Thus, the parameter WG has a direct influence on the
degree of contradiction in relation to the container. For the instances used, this
input parameter can take on values of WG = 10, 20, and 30. Figure 6.13 shows
the hypervolume reached by MLFHL heuristic when applied to the set of problem
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Figure 6.13: Hypervolume for different values of WG

instances with the different settings for the input parameter WG. To simplify the
experiment, we separated the instances by considering the value assigned to WG.
All of the instances generated with WG = 10 are shown together. The same applies
to WG = 20 and WG = 30. We can see how when MLFHL is executed using the
instances with the input parameter WG = 10, the quality of the solutions is well
below those exhibited in those instances where WG = 20 and WG = 30. This
behaviour occurs because with higher values of WG, the container can be loaded
with more weight, thus achieving higher quality solutions for the two objectives
considered, volume and weight. This is because the search space is larger and the
solutions are more dispersed, which allows obtaining higher quality solutions. Thus,
the solutions obtained by MLFHL when using instances with WG = 20 and WG = 30
are fairly good in both cases. In Figure 6.13, though no clear difference is apparent
between the two values of WG, we can see how when MLFHL is using with instances
with a value ofWG = 30, the solutions cluster around 0.9, while if a value ofWG = 20

142



171 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

6.5. Validation of the Heuristics and Input Parameters

WG WG = 20/WG = 30

D = 5 1C − 11/1C − 12 1C − 14/1C − 15 1C − 17/1C − 18
↓ ↓ ↓

D = 10 1C − 20/1C − 21 1C − 23/1C − 24 1C − 26/1C − 27
↓ ↑ ↓

D = 15 1C − 29/1C − 30 1C − 32/1C − 33 1C − 35/1C − 36
↓ ↔ ↓

Table 6.26: Statistical comparison between WG = 20 and WG = 30

is used, the solutions, despite their good quality, are more scattered. It is not simple
to use this method, however, to determine which value for the input parameter WG

generates instances of greater or lesser complexity.

As a result, it would be interesting to conduct a statistical analysis that can help
us identify any significant differences that will allow us to determine the value for this
input parameter, WG, which allow to generate instances with different complexities.
We did so by showing the robustness of the input parameter for different values.
Table 6.26 shows a statistical comparison between the results obtained by MLFHL
with the different instances where the only parameter that changes is WG. Any
other comparison would be meaningless, since the instances were generated using
very different configurations. For example, the results obtained by MLFHL with the
instance 1C − 11, in which WG = 20, is only compared to the results when MLFHL
is executed using 1C − 12, where WG = 30, since the remaining input parameters
are the same. The symbol ↑ is used to denote that differences between the models
are statistically significant and that the model more to left (WG = x/WG = Y ) has
a higher median and mean value. In the cases in which the opposite occurs, the
symbol ↓ is used. In this study we did not include instances with D = 2, since they
are not statistically comparable to the rest. Note how MLFHL with instances with
WG = 30 behave better statistically than with WG = 20. We thus conclude that
MLFHL obtained the best value when the instances are generated with WG = 30.
In addition, we can think that problem instances with WG = 30 are easier to solve
for our filling heuristics than those using WG = 20. Which seem to have a greater
degree of difficulty.

Having analysed the behaviour the MLFHL heuristic for the instances with dif-
ferent values of input parameter WG, and having determined that MLFHL yields
the best quality solutions with the set of instances with WG = 30, we will now
evaluate another of the parameters used to generate the 1C problem instances. The
remaining studies will this consider MLFHL as the filling heuristic executed using
NSGA-II, and employing only those 1C instances that were generated with input
parameterWG = 30. This experiment thus focuses on analysing the behaviour of the
results obtained by MLFHL when it is executed with instances with different values
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CHAPTER 6. Computational Results

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)
1C − 03 2 [5− 10] 30 2662 3.01e07 3.91e07

1C − 06 2 [15− 20] 30 250 3.01e07 3.91e07

1C − 09 2 [25− 30] 30 54 3.01e07 3.91e07

1C − 12 5 [5− 10] 30 3359 3.01e07 3.91e07

1C − 15 5 [15− 20] 30 593 3.01e07 3.91e07

1C − 18 5 [25− 30] 30 180 3.01e07 3.91e07

1C − 21 10 [5− 10] 30 6219 3.01e07 3.91e07

1C − 24 10 [15− 20] 30 1316 3.01e07 3.91e07

1C − 27 10 [25− 30] 30 216 3.01e07 3.91e07

1C − 30 15 [5− 10] 30 9775 3.01e07 3.91e07

1C − 33 15 [15− 20] 30 1047 3.01e07 3.91e07

1C − 36 15 [25− 30] 30 405 3.01e07 3.91e07

Table 6.27: 1C problem instances with WG = 30

for the input parameters Dl and Dh. Input parameters Dl and Dh (Table 6.15) de-
termine the lowest and highest dimensions that a box type can have with respect to
the dimensions of the container, respectively. The set of instances evaluated in this
experiment are shown in Table 6.27. The possible values of [Dl −Dh] are [5− 10]%,
[15 − 20]% and [25 − 30]%. These parameters are studied as if they were a single
parameter ([Dl−Dh]). Combining the values of Dl and Dh is not possible for the im-
plementation carried out for 3D-MG. A set of boxes is considered to be small when
its dimensions are between [5−10]% of the length, height and width of the container,
and large when its dimensions are between [25 − 30]%. Boxes outside these ranges
are regarded as medium sized. The hypervolume [231] achieved for MLFHL with
each instance is shown in Figure 6.14. This one shows the hypervolume obtained
by MLFHL with the 1C instances with different values for the input parameters Dl

and Dh. So as to simplify the evaluation of these input parameters, we divided the
instances evaluated in this experiment based on Dl and Dh. All of the instances
with same value of Dl and Dh were grouped together. When MLFHL is executed
with instances where the value [Dl −Dh] = [15− 20]%, more promising results are
obtained than for the other possible values of the input parameters evaluated in this
experiment. This is contrary to what one might think initially, that the best results
would be obtained by MLFHL with the combinations [5− 10]% and [25− 30]%, in
which it would be simpler to fill in the gaps. The study shows, however, that the
best results are those obtained by MLFHL with medium-sized boxes. Thus, we can
conclude that the instances that use WG = 30 and [Dl −Dh] = [15− 20]% combi-
nation are easier to solve. Whilst the reamining instances are more complex, and
the filling heuristic has more problems to reach the optimal solution. In conclusion,
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(b) Dl −Dh = 15− 20
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(c) Dl −Dh = 15− 30

Figure 6.14: Comparison between different box sizes

[5− 10] [15− 20] [25− 30]
1C-12 1C-15 1C-18

[5− 10] ↔ ↓ ↓

[15− 20] ↑ ↔ ↑

[25− 30] ↑ ↓ ↔

Table 6.28: Statistical comparison for [Dl −Dh]% with D = 5 and WG = 30

MLFHL achieves the highest quality solutions when it is executed with the instances
which were created using WG = 30 and [Dl −Dh] = [15 − 20]%, the reason being
that with this box size, there is a lower probability of leaving unoccupied spaces.
This is because if only small boxes are used to pack the container, it could result
in leaving many small, scattered spaces unfilled, leading to a greater loss of volume
inside the container. Something similar occurs with larger boxes, since small gaps
could be created that are not capable of being filled by any of the large boxes.
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CHAPTER 6. Computational Results

[5− 10] [15− 20] [25− 30]
1C-21 1C-24 1C-27

[5− 10] ↔ ↔ ↑

[15− 20] ↔ ↔ ↑

[25− 30] ↓ ↔ ↔

Table 6.29: Statistical comparison for [Dl −Dh]% with D = 10 and WG = 30

[5− 10] [15− 20] [25− 30]
1C-30 1C-33 1C-36

[5− 10] ↔ ↓ ↓

[15− 20] ↑ ↔ ↑

[25− 30] ↑ ↓ ↔

Table 6.30: Statistical comparison for [Dl −Dh]% with D = 15 and WG = 30

We thus conclude that MLFHL obtained the best results with medium-sized
boxes, since although the likelihood of finding gaps is the same, they will be smaller
in both quantity and volume. In order to provide statistical reliable results, suitable
statistical analyses must be performed. The statistical analysis for the instances with
D = 2 are not included because they are not statistically comparable. Table 6.28,
Table 6.29 and Table 6.30 show whether the row configuration is statistically better
(↑), not different (↔), or worse (↓) than the corresponding column combination.
Table 6.28 shows the statistical analysis for MLFHL with D = 5 and WG = 30,
the goal being to compare those instances where the variable value corresponds
to the input parameters [Dl − Dh]. Any other comparison is not feasible since
the instances were generated using different input parameters. The same statistical
comparison is shown in Table 6.29, in this case forD = 10 andWG = 30. And finally,
Table 6.30 shows the comparison between the results obtained by MLFHL with 1C
instances with D = 15 and WG = 30. All of the statistical analyses conducted show
how the MLFHL heuristic with the instances with the configuration D = 5, 10, 15,
WG = 30 and [Dl − Dh] = [15 − 20] yields statistically better results than with
the instances that use the combination with [25 − 30]%. We thus conclude that
mlfhl¸ yield the highest quality solutions with the instances generated using input
parameters WG = 30 and [Dl −Dh] = [15− 20]. As these are simpler instances, or
easier to solve by the designed filling heuristic.

Having analysed the behaviour of the input parameters WG and [Dl −Dh] used
by 3D-MG to generate instances, and having concluded that the values for both
parameters WG = 30 and [Dl −Dh] = [15− 20] are the ones that allow to yield the
best solutions for the MLFHL heuristic. We will now proceed to analyse the last of
the variable input parameters used to create the benchmark set 1C, namely input
parameter D. Input parameter D determines the number of different box types that
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6.5. Validation of the Heuristics and Input Parameters

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1C − 06 2 [15− 20] 30 250 3.01e07 3.91e07

1C − 15 5 [15− 20] 30 593 3.01e07 3.91e07

1C − 24 10 [15− 20] 30 1316 3.01e07 3.91e07

1C − 33 15 [15− 20] 30 1047 3.01e07 3.91e07

Table 6.31: 1C problem instances with WG = 30 and [Dl −Dh] = [15− 20]%

comprise each instance. The possible values thatD can have are shown in Table 6.25,
these being D = 2, 5, 10, 15. The next experiment will be conducted using only
those 1C instances that were generated using as input parameters WG = 30 and
[Dl −Dh] = [15− 20]. Table 6.31 shows the set of instances with the corresponding
configurations that will be used to analyse input parameter D.

Figure 6.15 shows the hypervolume when applying the MLFHL heuristic with
instances with WG = 30 and [15 − 20]% and varying input parameter D. As we
can see, the instances with D = 5, D = 10 and D = 15 behave very similarly.
Opposite results are obtained by MLFHL when instances have D = 2. Once more
we may conclude that the instances with D = 2 are difficult to evaluate for the
filling heuristic proposed. A more in-depth study would be required to determine
if their behaviour could be related to the complexity of the instance, or if there is
another reason why low quality results are being obtained compared to the other
instances compared in this study. For all other instances different from D = 2,
no clear conclusions can be drawn since they all exhibit very similar behaviour.
In order to provide the results with confidence, we carried out a statistical study,
omitting the results obtained when using the instance with D = 2 since it is not
statistically comparable. Table 6.32 shows the statistical comparison for the results
obtained using MLFHL with different instances whose value D is the variable input
parameter. The remaining variable input parameters were set to the values that
allows to obtain the best results for MLFHL, as determined in the previous studies.
This analysis shows no significant results, however. We thus conclude that the
MLFHL heuristic behaves well independently of this parameter for the values of WG

and Dl −Dh assigned.

As for the input parameters used by 3D-MG, we have determined that when
MLFHL is executed with the larger the WG parameter, the better the quality of the
results. In other words, they are easy to solve by our filling heuristic. As concerns
input parameters Dl and Dh, we concluded that when MLFHL is executed with
medium-sized boxes, [15 − 20], yield higher quality solutions than those obtained
with instances that considered small ([5−10]) and large ([25−30]) boxes. Thus, the
combination of WG = 30 and [Dl−Dh] = [15−20] generate simple instances. While
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Figure 6.15: Comparison between different values of D with WG = 30 and [15−20]%

[Dl −Dh] [5− 10] [15− 20] [25− 30]
1C-15 1C-24 1C-33

1C-15 ↔ ↔ ↔

1C-24 ↔ ↔ ↔

1C-33 ↔ ↔ ↔

Table 6.32: Statistical comparison between D using WG = 30 and [15− 20]%

the other combinations generate more complex instances. One possible cause could
be that when small and large boxes are involved, the likelihood of creating holes is
higher due to the proportion of said boxes. In the end, we were unable to draw any
conclusions as to the value for input parameter D. We determined that its value
may not be a determining factor for the input parameters considered (WG = 30 and
[Dl −Dh] = [15− 20]), meaning that good solutions of the MLFHL heuristic can be
obtained regardless of D.

6.5.3 Analysis of the Experiments for 1A Problem Instances

For the next computational studies, we used the 1A problem instances defined in
Section 4.4. The values used for the different input parameters of Three-Dimensional
Multi-Objective Generator (3D-MG) are shown in Table 6.15. For the case of the
1A instances, the value of parameter SL (stowage losses) was set to 8.9%, and the
dimensions of the container (L×W ×H) were taken from the UNE 49750 Standard,
and set to 1200× 233× 220.
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6.5. Validation of the Heuristics and Input Parameters

Insstance Different [Dl −Dh] WG Vmax Pmax

box types (cm3) (Kg.)

1A 2, 5, 10, 15 [5− 10], [15− 20], [25− 30] 10 6.15e07 6.77e07

1A 2, 5, 10, 15 [5− 10], [15− 20], [25− 30] 20 6.15e07 7.38e07

1A 2, 5, 10, 15 [5− 10], [15− 20], [25− 30] 30 6.15e07 7.90e07

Table 6.33: Maximum volume and weight: 1A

6.5.3.1 Evaluation of the Filling Heuristics

So as to compare the quality of the results yielded by each of the different filling
heuristics (SLFHL, MLFHL, SLFHL, and MLFHL) for the instances evaluated in
this section, we conducted a series of experiments. In the first, we evaluated the
final fronts for each of the 30 executions run for each of the instances applied to the
various filling heuristics in order to select the average-highest volume (Sol.Volume)
and the average-highest weight (Sol.Weight). The maximum volume and weight
values that can be obtained for each filling heuristic with the instances are shown
in Table 6.33. The maximum weight Pmax allowed for each instance type depends
on the input parameter WG (total weight gain of Sol2). Thus we can see how
increasing WG results in an increase in the maximum allowed weight (Pmax). The
average values obtained for volume and weight for the set analysed are shown in
Table 6.34. To calculate the average-highest volume, we used the best volume values
obtained in each of the final fronts for the 30 executions and calculated the average,
expressed as a percent. The same calculation was carried out to obtain the average-
highest weight. The volume results from considering the total space used inside the
container, while the weight is obtained based on the total weight stored inside the
container.

The results obtained by each filling heuristic with each instance has to be eva-
luated separately. This is because each instance was generated using different pa-
rameters, making them computationally incomparable. With this premise in mind,
and seeing the results shown in Table 6.34, we can determine that the average-
highest volumes are obtained when using the MLFHL filling heuristics for most of
the instances. In general, when comparing filling heuristics SLFHL and SLFHD with
each instance, the average-highest volume is obtained when the SLFHL heuristic is
used. The same thing happens when comparing MLFHL and MLFHD, in which the
average-highest volume is generally obtained with MLFHL for each of the various
instances. Finally, if we compare the average volumes when using SLFHL and
MLFHL on the one hand, and SLFHD and MLFHD on the other, we find that
although there is no significant difference between the results, the highest values
appear when the filling heuristics MLFHL and MLFHD are used. The same study
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CHAPTER 6. Computational Results

Instance
SLFHL MLFHL SLFHD MLFHD

Avg. Avg. Avg. Avg. Avg. Avg. Avg. Avg.
Volume Weight Volume Weight Volume Weight Volume Weight
(%) (%) (%) (%) (%) (%) (%) (%)

1A− 01 98.71% 90.91% 98.71% 90.91% 98.71% 90.91% 98.71% 90.91%
1A− 02 97.81% 83.89% 97.82% 83.89% 96.07% 83.33% 96.07% 83.33%
1A− 03 93.07% 60.22% 93.08% 60.28% 89.37% 76.92% 89.38% 76.92%

1A− 04 96.07% 90.91% 96.07% 90.91% 96.07% 90.91% 96.07% 90.91%
1A− 05 98.71% 83.33% 98.71% 83.33% 98.71% 83.33% 98.71% 83.33%
1A− 06 98.71% 76.92% 98.71% 76.92% 98.71% 76.92% 98.71% 76.92%
1A− 07 98.69% 90.91% 98.69% 90.91% 98.69% 90.91% 98.69% 90.91%
1A− 08 98.69% 83.33% 98.69% 83.33% 98.69% 83.33% 98.69% 83.33%
1A− 09 98.69% 76.92% 98.69% 76.92% 98.69% 76.92% 98.69% 76.92%
1A− 10 98.60% 92.70% 98.51% 93.78% 96.21% 93.89% 96.28% 95.22%

1A− 11 98.43% 93.19% 98.95% 93.94% 95.59% 96.63% 95.67% 96.67%

1A− 12 97.23% 93.45% 97.43% 94.20% 93.35% 98.54% 93.52% 98.70%

1A− 13 97.96% 90.96% 97.98% 90.91% 96.77% 92.06% 97.19% 90.48%
1A− 14 98.03% 82.67% 98.27% 83.33% 95.05% 84.96% 95.07% 84.54%
1A− 15 98.60% 79.14% 98.59% 79.57% 93.42% 95.34% 93.44% 96.62%

1A− 16 97.58% 90.28% 97.83% 90.91% 98.53% 92.10% 99.04% 91.89%

1A− 17 97.94% 83.33% 97.94% 83.33% 99.20% 99.16% 99.88% 99.56%

1A− 18 98.29% 76.95% 98.29% 76.92% 92.51% 93.36% 92.85% 89.51%
1A− 19 96.78% 96.73% 97.72% 95.35% 96.15% 95.62% 96.47% 94.93%
1A− 20 97.93% 93.54% 97.89% 92.50% 95.67% 95.25% 95.92% 97.11%

1A− 21 97.05% 85.21% 97.29% 89.54% 95.05% 92.26% 95.47% 88.83%
1A− 22 96.39% 92.58% 97.43% 94.24% 91.20% 94.66% 91.72% 97.48%

1A− 23 94.53% 86.94% 95.10% 85.66% 94.21% 88.20% 94.89% 89.93%

1A− 24 94.53% 91.13% 95.67% 90.29% 92.47% 94.36% 93.22% 95.93%

1A− 25 94.57% 90.96% 94.61% 93.81% 92.35% 97.17% 93.11% 97.85%

1A− 26 95.43% 84.94% 96.11% 83.84% 88.50% 96.26% 89.61% 97.20%

1A− 27 93.96% 88.47% 95.20% 85.06% 90.40% 92.13% 92.09% 96.83%

1A− 28 97.78% 98.86% 98.29% 99.08% 96.28% 99.50% 96.74% 99.59%

1A− 29 97.18% 93.69% 97.51% 93.66% 95.53% 98.91% 95.23% 97.81%
1A− 30 97.83% 93.46% 97.83% 93.80% 96.09% 96.37% 95.76% 98.14%

1A− 31 90.61% 96.52% 91.86% 93.70% 92.26% 97.70% 92.70% 98.62%

1A− 32 91.22% 97.18% 93.36% 97.30% 91.39% 98.08% 91.79% 99.13%

1A− 33 90.62% 95.49% 92.56% 95.16% 93.06% 94.54% 93.67% 93.44%
1A− 34 85.12% 96.97% 87.67% 95.07% 81.71% 89.17% 83.22% 91.64%
1A− 35 84.58% 95.26% 87.74% 98.34% 79.83% 93.46% 82.21% 93.80%
1A− 36 86.67% 94.50% 98.31% 96.03% 83.04% 86.18% 85.24% 86.02%

Table 6.34: Comparison of objectives: 1A problem instances

was repeated for the average-highest weight (Sol.Weight). In this case we find that
for the set of filling heuristics with the instances studied, the average-highest weight
values were obtained when using MLFHD. SLFHD also yielded better results on
average than SLFHL for most of the 1A instances. The same thing happens when
we compare MLFHL and MLFHD, where the highest values are found, though not
always, for MLFHD.

Given the magnitude of the possible combinations of input parameters offered by
3D-MG, and so as to evaluate the behaviour of the filling heuristics for this first
study, we relied on input parameter D (number of different box types) to allow us
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6.5. Validation of the Heuristics and Input Parameters

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1A− 01 2 [5− 10] 10 2000 6.15e07 6.77e07

1A− 02 2 [5− 10] 20 3456 6.15e07 7.38e07

1A− 03 2 [5− 10] 30 4394 6.15e07 7.99e07

1A− 04 2 [15− 20] 10 432 6.15e07 6.77e07

1A− 05 2 [15− 20] 20 250 6.15e07 7.38e07

1A− 06 2 [15− 20] 30 250 6.15e07 7.99e07

1A− 07 2 [25− 30] 10 54 6.15e07 6.77e07

1A− 08 2 [25− 30] 20 54 6.15e07 7.38e07

1A− 09 2 [25− 30] 30 54 6.15e07 7.99e07

Table 6.35: 1A problem instances with D = 2

to differentiate between the various instance types. Separating the instances in this
fashion allows us to simplify the evaluation. We will thus start by studying the
instances generated by letting D = 2 for the maximum number of box types, and
then continue with the remaining possible values considered for the input parameter:
5, 10, and 15. Table 6.35 shows the configurations used for this set of instances.

Figure 6.16 shows the mean of the hypervolume for 30 independent executions
carried out for the different heuristics when using the instances given in Table 6.35
(D = 2). The results are difficult to analyse, since as the table shows, the behaviour
of all four filling heuristics is very similar for the various instances. Generally speak-
ing, the atypical behaviour of the filling heuristics with these instances could result
from the inability of the filling heuristics employed to efficiently solve these instances
due to their complex nature. This assumption would require a more in-depth study
that considers every possible combination of input parameters, filling heuristics and
even the effect of the MOEAs.

In keeping with the specified order, the next study is conducted considering the
set of 1A instances generated by setting input parameter D = 5. Table 6.36 shows
the different configurations applied for these instances. Figure 6.17 shows the
hypervolume obtained by each type of filling heuristic, SLFHL, MLFHL, SLFHD,
and MLFHD with each instances (D = 5). In general, SLFHL and MLFHL clearly
yield very high quality solutions for all of the instances studied, with the solutions
all clustered very close to the optimal. In contrast, when SLFHD and MLFHD
are applied, though they obtain good values in many cases, they are below those
of the previous heuristics. This is clearly evident when evaluating heuristics when
using instances like 1A− 12, 1A− 15 and 1A− 18, where we can see how applying
SLFHL and MLFHL yields high quality solutions compared to the poorer results
obtained by SLFHD and MLFHD. This behaviour could be linked to two factors.
One is the probability of leaving more unoccupied gaps when using filling heuristics
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Figure 6.16: Hypervolume for 1A instances with D = 2

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1A− 10 5 [5− 10] 10 5371 6.15e07 6.77e07

1A− 11 5 [5− 10] 20 2731 6.15e07 7.38e07

1A− 12 5 [5− 10] 30 5079 6.15e07 7.99e07

1A− 13 5 [15− 20] 10 380 6.15e07 6.77e07

1A− 14 5 [15− 20] 20 413 6.15e07 7.38e07

1A− 15 5 [15− 20] 30 750 6.15e07 7.99e07

1A− 16 5 [25− 30] 10 180 6.15e07 6.77e07

1A− 17 5 [25− 30] 20 180 6.15e07 7.38e07

1A− 18 5 [25− 30] 30 180 6.15e07 7.99e07

Table 6.36: 1A problem instances with D = 5
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Figure 6.17: Hypervolume for 1A instances with D = 5

in depth, meaning that there is more free space left inside the container than when
heuristics in length are used, as shown in Figure 6.5. But it could also be due to
some relationship that exists between the ways in which the cuts and levels are
generated in the different cutting and filling heuristics, respectively. Considering
that the 1A instances were generated using the 3D-MGL cutting heuristic, and that
the best behaviour was achieved with SLFHL and MLFHL, it is possible that this
could have an influence, since both filling heuristics apply the same process for the
levels as the cutting heuristic for the cuts. Although evaluating the behaviour of
each instance when executed using the different filling heuristics is made complex
by the existence of multiple parameters that could affect their behaviour.

After concluding that SLFHL and MLFHL are the filling heuristics that yield
the best quality results, it would be interesting to determine if there is some signi-
ficant difference between them. Thus, and in an effort to ascertain if there is some
difference that can be used to detect which yields better results, we conducted a
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CHAPTER 6. Computational Results

Heuristics MLFHL
1A-10 1A-11 1A-12 1A-13 1A-14 1A-15 1A-16 1A-17 1A-18

SLFHL ↔ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↔

Table 6.37: Statistical comparison between SLFHL and MLFHL with D = 5

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1A− 19 10 [5− 10] 10 5397 6.15e07 6.77e07

1A− 20 10 [5− 10] 20 7569 6.15e07 7.38e07

1A− 21 10 [5− 10] 30 4313 6.15e07 7.99e07

1A− 22 10 [15− 20] 10 1184 6.15e07 6.77e07

1A− 23 10 [15− 20] 20 885 6.15e07 7.38e07

1A− 24 10 [15− 20] 30 717 6.15e07 7.99e07

1A− 25 10 [25− 30] 10 216 6.15e07 6.77e07

1A− 26 10 [25− 30] 20 216 6.15e07 7.38e07

1A− 27 10 [25− 30] 30 216 6.15e07 7.99e07

Table 6.38: 1A problem instances with D = 10

statistical analysis. First we apply the Kolmogorov-Smirnov test in order to check
whether the values of the results follow a normal (Gaussian) distribution or not. If
so, the Levene test checks for the homogeneity of the variances. If samples have
equal variance, an ANOVA test is done; otherwise, a Welch test is performed. For
non-Gaussian distributions, the non-parametric Kruskal-Wallis test is used to com-
pare the medians of the algorithms. A confidence level of 95% is considered, which
means that the differences are unlikely to have occurred by chance with a probability
of 95%. The analysis is performed using the hypervolume metric [231]. Table 6.37
shows the statistical comparison between SLFHL heuristic and the MLFHL heuris-
tics with the 1A instances. The study was carried out by comparing the statistical
behaviour of both heuristics when used to the same instance. The symbol ↑ is used
to denote that differences between the models are statistically significant and that
the model in the left column yields a higher median and mean value. In the cases
in which the opposite occurs, the symbol ↓ is used. Finally, for those cases in which
the differences were not statistically significant, the symbol ↔ is used. Thus, this
analysis shows the high capacity of the MLFHL heuristic to achieve good results.
Based on this study, we can conclude that MLFHL behaves better than SLFHL
when evaluating instances with D = 5.

The next study considers the set of 1A instances when D = 10. The Table 6.38
shows the set of instances and parameters used to generate them. Figure 6.18 shows
the hypervolume obtained for each filling heuristic when using instances with the
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Figure 6.18: Hypervolume for 1A instances with D = 10

input parameter D = 10. Based on Figure 6.18, SLFHL and MLFHL are the filling
heuristics that manage to yield the best results for each instance type. Visually,
however, it is difficult to ascertain if there are any significant differences between
them that can be used to determine which one yields the best quality results for the
set of instances in question. As a result, we conducted a statistical test in which
we compared the two best filling heuristics detected for said instances (D = 10).
Table 6.39 shows the statistical comparison between the different filling heuristics
(SLFHL, MLFHL) when used to the same instance. The symbol ↑ is used to denote
that differences between the models are statistically significant and that the model
in the left column yields a higher median and mean value. In the cases in which the
opposite occurs, the symbol ↓ is used. In every case, the good behaviour of MLFHL
is evident. We can thus conclude that the filling heuristic that offers the best results
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CHAPTER 6. Computational Results

Heuristics MLFHL
1A-19 1A-20 1A-21 1A-22 1A-23 1A-24 1A-25 1A-26 1A-27

SLFHL ↓ ↔ ↓ ↓ ↓ ↓ ↓ ↓ ↓

Table 6.39: Statistical comparison between SLFHL and MLFHL with D = 10

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)

1A− 28 15 [5− 10] 10 7533 6.15e07 6.77e07

1A− 29 15 [5− 10] 20 9416 6.15e07 7.38e07

1A− 30 15 [5− 10] 30 5473 6.15e07 7.99e07

1A− 31 15 [15− 20] 10 781 6.15e07 6.77e07

1A− 32 15 [15− 20] 20 837 6.15e07 7.38e07

1A− 33 15 [15− 20] 30 762 6.15e07 7.99e07

1A− 34 15 [25− 30] 10 405 6.15e07 6.77e07

1A− 35 15 [25− 30] 20 405 6.15e07 7.38e07

1A− 36 15 [25− 30] 30 405 6.15e07 7.99e07

Table 6.40: 1A problem instances with D = 15

is MLFHL.

Finally, we evaluated the instances with input parameter D = 15. Table 6.40
shows the set of instances and the parameters used to generate them. Figure 6.19
shows the results for the hypervolume obtained by the set of filling heuristics with 1A
instances with the input parameter D = 15. In this case, all four filling heuristics:
SLFHL, MLFHL, SLFHD and MLFHD output good quality results, though the
best results are clearly given by MLFHL, with some solutions near the optimal.
Although the good behaviour of the MLFHL filling heuristic is evident, it would
be interesting to conduct a statistical test to compare SLFHL and MLFHL, since
these are the filling heuristics that returned the best quality solutions. Table 6.41
shows this comparison. The symbol ↑ is used to denote that differences between
the models are statistically significant and that the model in the left column yields
a higher median and mean value. In the cases in which the opposite occurs, the
symbol ↓ is used. This comparison study shows the good statistical behaviour that
results when using MLFHL.

The set of experiments conducted on the 1A problem instances determined that
the filling heuristic that yields the best results is generally the MLFHL heuristic.
However, we cannot ignore the possible relationship that might exist between the
cutting heuristics used by 3D-MG and the filling heuristics employed to evaluate the
solutions when both use the same procedure to create levels inside the container.
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Figure 6.19: Hypervolume for 1A instances with D = 15

Heuristics MLFHL
1A-28 1A-29 1A-30 1A-31 1A-32 1A-33 1A-34 1A-35 1A-36

SLFHL ↓ ↓ ↔ ↓ ↓ ↓ ↓ ↓ ↓

Table 6.41: Statistical comparison between SLFHL, SLFHD, MLFHD and MLFHL
with D = 15

6.5.3.2 Evaluation of the Input Parameters

Based on the preceding studies, we determined that the filling heuristic that is gene-
rally able to offer quality solutions for most of the instances considered is the MLFHL
heuristic. The remaining experiments will be based on the results obtained when
executing the different instances with the MLFHL heuristic using NSGA-II. The
experiments proposed attempt to determine what input parameter configuration for
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CHAPTER 6. Computational Results

3D-MG Input Parameters Tuning values

L×W ×H 1200× 233× 220
D 2, 5, 10, and 15
Ds 60%

Dl −Dh [5− 10]%, [15− 20]%, and [25− 30]%
SL 8.9%
WG 10%, 20%, and 30%
Wp[] 15.0%, 25.0%, 45.0%, 55.0%

Table 6.42: Parameter values for generating the 1A Instances

3D-MG will generate problems with different complexities when using the 3D-MGL
cutting heuristic and the MLFHL heuristic. Table 6.42 shows the set of input
parameters used to generate the 1A problem instances. As we can see, parameters
L×W ×H, SL and Wp[] are constant. Therefore, the comparisons were made using
the variable input parameters. We also hope to determine if the variation in these
parameters has an effect on the complexity of the instances.

The first study we consider attempts to determine the value of the parameter
WG (total weight gain of Sol2) that obtains quality solutions for the majority of the
1A instances when these are executed using the MLFHL heuristic. WG represents
the increase in weight that takes place for the optimal-weight solution (Sol2), which
corresponds to the container’s maximum (tare) weight, Pmax. Thus, the higher
the value of this parameter, the greater the degree of contradiction between the
two objectives evaluated for the 3DPP studied in this thesis, namely the volume
and weight. This is because it allows loading more weight inside the container
while using the same volume inside the container. For the instances considered,
this input parameter can have the values WG = 10, 20, and 30. Figure 6.20 shows
the hypervolume reached by MLFHL when applied to the set of instances with
the different settings for the input parameter WG. To simplify the experiment, we
separated the instances according to the value assigned to WG. Thus, the set of
instances generated with WG = 10 are all drawn together, as are the instances with
WG = 20 and WG = 30. This makes it possible to see how using values of WG = 20
and WG = 30, for the generation of 1A instances, the MLFHL yields fairly good
quality solutions. For WG = 10 with the MLFHL heuristic, the results are also
good, though of lesser quality in some cases. This behaviour stems from the fact
that with higher values of WG, it is possible to fill the container with more weight,
and thus obtain better quality solutions for the two objectives considered. This
is because the search space is larger and the solutions are more scattered, which
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Figure 6.20: Hypervolume for different values of WG

allows finding better quality solutions. This might lead one to think that the best
quality solutions should be obtained by executing MLFHL with the set of instances
with the input parameter WG = 30, since the container would be able to store a
higher weight. If we compare Figure 6.20-b and Figure 6.20-c, we could conclude
that the value of WG that guarantees the highest quality solutions for MLFHL is 30,
since for most of the instances evaluated, this value yields solutions very close to the
optimal (above 0.9). However, it is not easy to visually evaluate which of the two
values yields better quality solutions. As a result, it would be interesting to conduct
a statistical analysis that can help us identify any significant differences that will
allow us to determine the value for this input parameter,WG, which allow to generate
instances with different complexities. We did so by showing the robustness of the
input parameter for different values. Table 6.43 shows the statistical comparison
between the results obtained by MLFHL with the set of instances where the only
parameter that varies is WG. Any other comparison would be meaningless, since
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CHAPTER 6. Computational Results

WG WG = 20/WG = 30

D = 5 1A− 11/1A− 12 1A− 14/1A− 15 1A− 17/1A− 18
↔ ↑ ↓

D = 10 1A− 20/1A− 21 1A− 23/1A− 24 1A− 26/1A− 27
↔ ↓ ↑

D = 15 1A− 29/1A− 30 1A− 32/1A− 33 1A− 35/1A− 36
↓ ↑ ↓

Table 6.43: Statistical comparison between WG = 20 and WG = 30

the instances were generated using very different configurations. The symbol ↑ is
used to denote that differences between the models are statistically significant and
that the model more to the left (WG = X/WG = Y ) yields a higher median and
mean value. In the cases in which the opposite occurs, the symbol ↓ is used. In this
study we did not include the results from instances with D = 2, since they are not
statistically comparable to the rest. Note how the MLFHL heuristic exhibit very
good statistical behaviour when using both values of WG.

From the above study we conclude that the instances generate with the value of
WG = 30 are more easier to solve by MLFHL heuristic. As a result, the remaining
experiments will be conducted with this value for said input parameter. In the
following experiment, we will evaluate the behaviour of input parameters Dl and
Dh, used by 3D-MG to generate the 1A benchmark. Input parameters Dl and Dh

determine the lowest and highest dimensions that a box type can have with respect
to the dimensions of the container, respectively. Table 6.25 shows the possible values
that parameters Dl, Dh can take, these being [Dl − Dh] = [5 − 10]%, [Dl − Dh] =
[15 − 20]% and [Dl − Dh] = [25 − 30]%. These parameters are studied as if they
were a single parameter. Combining the values of Dl and Dh is not possible for the
implementation carried out for 3D-MG. A set of boxes is considered to be small when
its dimensions are between [5−10]% of the length, height and width of the container,
and large when its dimensions are between [25 − 30]%. Boxes outside these ranges
are regarded as medium sized. The set of instances evaluated in this experiment is
shown in Table 6.44. The hypervolume [231] obtained for MLFHL heuristic for each
instance is shown in Figure 6.21. This one shows the hypervolume obtained by the
filling heuristic with various instances with different values for the input parameters
Dl and Dh. So as to simplify the evaluation of these input parameters, the instances
evaluated in this experiment were divided based on Dl and Dh. Thus, all of the
instances with the same value of Dl and Dh were drawn together. For instances
1A-03, 1A-06 and 1A-09, corresponding to the instances with D = 2 and WG = 30
as the variable parameters, we see that the results are not competitive. This could
be because the instances are highly complex and the MLFHL cannot process them
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6.5. Validation of the Heuristics and Input Parameters

Instance Different [Dl −Dh] WG N Vmax Pmax

box types (cm3) (Kg.)
1A− 03 2 [5− 10] 30 4394 6.15e07 7.99e07

1A− 06 2 [15− 20] 30 250 6.15e07 7.99e07

1A− 09 2 [25− 30] 30 54 6.15e07 7.99e07

1A− 12 5 [5− 10] 30 5079 6.15e07 7.99e07

1A− 15 5 [15− 20] 30 750 6.15e07 7.99e07

1A− 18 5 [25− 30] 30 180 6.15e07 7.99e07

1A− 21 10 [5− 10] 30 4313 6.15e07 7.99e07

1A− 24 10 [15− 20] 30 717 6.15e07 7.99e07

1A− 27 10 [25− 30] 30 216 6.15e07 7.99e07

1A− 30 15 [5− 10] 30 5473 6.15e07 7.99e07

1A− 33 15 [15− 20] 30 762 6.15e07 7.99e07

1A− 36 15 [25− 30] 30 405 6.15e07 7.99e07

Table 6.44: 1A problem instances with WG = 30

properly, and is thus unable to find a feasible packing pattern. For the remaining
instances where D is still a variable parameter, we see how the MLFHL yield good
quality solutions, often approaching 0.9, very close to the optimal solutions. Note,
however, how the filling heuristic yield promising results when we use the instances
with values [Dl −Dh] = [5 − 10]% and [Dl −Dh] = [15 − 20]%. There is a certain
improvement when [Dl − Dh] = [5 − 10]% is used. In order to provide results
with statistical confidence, suitable statistical analyses must be performed. The
statistical analysis for MLFHL with the instances with D = 2 are not included
because they are not statistically comparable. Table 6.45, Table 6.46 and Table 6.47
show whether the row configuration is statistically better (↑), not different (↔),
or worse (↓) than the corresponding column combination. Table 6.45 shows the
statistical analysis when D = 5 and WG = 30 so that we can compare the instances
in which the variable value corresponds to the input parameters [Dl−Dh]. Any other
comparison is not feasible since the instances were generated using different input
parameters. The same statistical comparison is shown in Table 6.46, in this case
for D = 10 and WG = 30. And finally, Table 6.47 shows a comparison between the
results obtained by MLFHL when using the instances with D = 15 and WG = 30.
Based on the statistical results, it is not possible to determine which of the values
assigned to [Dl−Dh] for the selected filling heuristic will guarantee the best quality
results, since they depend on input parameter D. In other words, that the problem
instances are more or less complex depends on the parameterD. ForD = 5, MLFHL
achieved the best value when [Dl −Dh] = [25− 30]%, while for D = 10 there are no
significant differences between [Dl −Dh] = [5 − 10]% and [Dl −Dh] = [15 − 20]%.
Finally, for D = 15 we determined that MLFHL obtained the best values with
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CHAPTER 6. Computational Results

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 2000 4000 6000 8000 10000 12000 14000

H
yp

er
vo

lu
m

e

Evaluations

1A-03
1A-12
1A-21
1A-30

(a) Dl −Dh = 5− 10

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 2000 4000 6000 8000 10000 12000 14000

H
yp

er
vo

lu
m

e

Evaluations

1A-06
1A-15
1A-24
1A-33

(b) Dl −Dh = 15− 20

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 2000 4000 6000 8000 10000 12000 14000

H
yp

er
vo

lu
m

e

Evaluations

1A-09
1A-18
1A-27
1A-36

(c) Dl −Dh = 15− 30

Figure 6.21: Comparison between different box sizes with WG = 30

[5− 10] [15− 20] [25− 30]
1C-12 1C-15 1C-18

[5− 10] ↔ ↑ ↓

[15− 20] ↓ ↔ ↓

[25− 30] ↑ ↑ ↔

Table 6.45: Statistical comparison for [Dl −Dh]% with D = 5 and WG = 30

[Dl −Dh] = [5− 10]% and [Dl −Dh] = [25− 30]%. For these cases, they are simple
instances of solving for our filling heuristic.

Having evaluated the input parameters WG and [Dl −Dh], we now focus on D,
the last variable parameter used to generate the 1A problem instances. However,
in the preceding study we concluded that the value of [Dl − Dh] that allows to
generate easier instances to solve by MLFHL depends on D. Therefore, conducting
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6.5. Validation of the Heuristics and Input Parameters

[5− 10] [15− 20] [25− 30]
1C-21 1C-24 1C-27

[5− 10] ↔ ↔ ↑

[15− 20] ↔ ↔ ↑

[25− 30] ↓ ↔ ↔

Table 6.46: Statistical comparison for [Dl −Dh]% with D = 10 and WG = 30

[5− 10] [15− 20] [25− 30]
1C-30 1C-33 1C-36

[5− 10] ↔ ↑ ↔

[15− 20] ↓ ↔ ↓

[25− 30] ↔ ↑ ↔

Table 6.47: Statistical comparison for [Dl −Dh]% with D = 15 and WG = 30

a study to determine the value of D that allows MLFHL to achieve quality solutions
is meaningless since we would be ruling out good solutions that stem from applying
the same value of WG, but different values of [Dl−Dh] and D. Thus, in the case of
the 1A instances, we omitted the study on D. The possible values that D can take
are shown in Table 6.25, and correspond to D = 2, 5, 10, 15.

The study involving the input parameters was complex since, as we were able to
conclude, there is no combination of input parameters that guarantees that quality
solutions can always be obtained by the MLFHL heuristic for the 1A instances. The
complexity of the instances are highly dependent on the input parameters. We were,
however, able to determine that the larger the WG parameter, the better the quality
of the results using MLFHL. Given the relationship between this parameter and the
container’s maximum weight, Pmax, we can conclude that there might exist a better
balance between the two objectives studied for the 3DPP.

163



192 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO



193 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

Part III

Conclusions and Future Work



194 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

Chapter

7

Conclusions

This chapter provides a review of the work carried out to study the Three-Dimensio-
nal Packing Problem (3DPP) as an intrinsically multi-objective problem, solved by
employing multi-objective techniques. We thus present the set of conclusions that
we have reached after using computational evaluations to validate the efficiency of
the proposals developed in this thesis.

7.1 Conclusions

Many engineering and logistics problems applied to industry implicitly work with
more than one objective. When they are studied in the literature, however, many of
these problems tend to be formulated as mono-objective problems. The 3DPP is an
inherently multi-objective problem whose goal is to efficiently arrange a set of boxes
inside one or more containers. In most cases, the sole objective considered is the
volume, ignoring other important factors, such as the weight. Standard containers
are defined using a series of parameters that include the maximum cargo volume
and the weight, or tare, limit. These two elements are essential when selecting any
type of container. This is what we wanted to focus on in this work, by studying a
directly multi-objective formulation of the 3DPP where the volume and weight are
considered as two objectives to be maximised simultaneously.

There are isolated papers that address the mono-objective solution of the 3DPP
using exact algorithms. However, dealing with the multi-objective variant of this
problem through exact algorithms would overly complicate its resolution. The 3DPP
is classified as an NP-hard problem, the complexity of which depends not only on the
large number of possible locations available for the boxes, but also on the multiple
restrictions that may apply, such as the loading priorities or the orientation of the
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7.1. Conclusions

boxes. Thus, dealing with the multi-objective formulation of this problem in a
reasonable time frame using an exact method is only feasible for very small instances
that are far removed from the reality that affects this type of problem. Because of
this, in this work we have focused on other methods that can allow us to solve the
multi-objective version of the problem in a reasonable amount of time. Specifically,
MOEAs have shown promise in solving this kind of formulation. As a result, we
have applied them to our multi-objective formulation of the 3DPP.

When working with evolutionary algorithms, we have to define a set of specifi-
cations that are intrinsic to the problem type, such as: coding the population, the
various operators and the evaluation function. In the case of the multi-objective
3DPP studied in this paper, we used a coding scheme that specifies the sequence
for placing and orienting the boxes. This scheme has been shown to be promising
for defining our problem. Numerous variation operators were tested in an effort to
find those that introduced the most variation within the population. The mutation
operators studied include the add one gene mutation, the remove one gene muta-
tion, the change a gene mutation, the modify some genes mutation, the swap two
genes mutation, and the shift a gene mutation. Of these, the ones that provided
the best quality results were the add one gene mutation, the remove one gene mu-
tation, and the change a gene mutation. The remaining mutation operators did
not improve on the solutions obtained previously by the selected operators (add,
remove, change), and were thus omitted from subsequent studies. The implemented
crossover operator was the one-point crossover, based on the specifications of our
problem where, for example, it must hold that at the end of the crossover process,
there cannot be more pieces than those defined for a given piece type. Finally, we
implemented various filling heuristics based on construction approaches, such as the
wall-building approach and the vertical-layer-building approach. The set of filling
heuristics developed rely on the information encoded in each of the genes that make
up the chromosome for arranging pieces inside the container. A constraint consi-
dered in the filling heuristics was the orientation, with the boxes being allowed to
be rotated about their base. With these premises, and taking into account some
assumptions, we designed different evaluation functions for the purpose of finding a
loading pattern that offered the best solution in terms of both volume and weight.
These filling heuristics are essential for evaluating the solutions that represent the
candidate solutions. In this work, we have presented four filling heuristics:

• Single-Level Filling Heuristic in Length (SLFHL)

• Multiple-Level Filling Heuristic in Length (MLFHL)

• Single-Level Filling Heuristic in Depth (SLFHD)
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CHAPTER 7. Conclusions

• Multiple-Level Filling Heuristic in Depth (MLFHD)

The SLFHL and the MLFHL were implemented considering a wall-building ap-
proach, while in SLFHD and MLFHD, we considered a vertical-layer-build approach.
It was interesting to observe the performance of the MOEAs when the solutions were
evaluated using filling heuristics whose levels are open in terms of length and depth.
The SLFHL and SLFHD are filling heuristics in which only one level can be open in
each iteration. Although one might initially think that the logical way to load a con-
tainer is to use constructive techniques, like the employed in SLFHD, experiments
have shown that this practice does not always yield good results. And so, contrary
to what one might think beforehand, we noticed that the best results were obtained
when applying SLFHL, in which if a piece cannot be placed in the level that is cu-
rrently open, it is ignored and the next piece is considered. Although both heuristics
follow an order, it is not strict, and the sequence given in the chromosome is lost
as a result of the population’s evolutionary process. It is in this scenario that the
filling heuristics MLFHL and MLFHD arise. In contrast to SLFHL and SLFHD, the
modified heuristics MLFHL and MLFHD manage a dynamic set of layers in which to
place a given item. Following our studies, we concluded that maintaining the order
encoded in the chromosome for placing items inside the container is important, as
this has yielded the highest quality solutions.

We also verified the importance of using frameworks or tools like METCO [142],
which generally provide the global and internal characteristics of the algorithms,
allowing the user to focus solely on the most specific aspects of the problem. The
user only has to develop the associated plugin in C++ to define the individual that
represents the problem. In order to define the individuals that will form the popu-
lation, METCO provides a series of methods that the user must redefine to adapt
them to the specific problem.

Although several benchmark libraries exist that contain cutting and packing pro-
blem instances, we were unable to find any instances that could be applied to the
multi-objective formulation of the 3DPP proposed in this paper. The instances
that refer to the 3DPP only consider the volume as their objective, ignoring the
weight of both the container and the boxes. We only found one real instance that
could be applied to our problem’s specifications. This instance was referenced and
used by Dereli et al. in [70]. It is an instance from a distribution company that
considers 12 different types of products that have to be arranged inside a vehicle of
given dimensions and tare. The volume and weight of each piece are specified. The
instance did not consider the rotation of the pieces, however, and thus the decision
was made that the pieces could only be rotated about their bases, since many of
them contained liquids. But conducting a computational study based on a single
instance is not conclusive, since the results rely on a single experiment. Another
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7.1. Conclusions

possible option for studying the formulation is to contact real companies, but this
is not always easy, since we often received no reply. Motivated by this gap in the
literature, and given the essential nature of having a set of instances to work with
and evaluate the group of proposals developed, we devised software that would a-
llow us to generate different types of instances. Thus we developed the 3D-MG,
an instance generator for the multi-objective formulation of the 3DPP. Based on
the two types of filling heuristics (in length and in depth) developed to decode the
solutions for the evolutionary algorithm, we generated two approaches for generating
the different instances:

• Three-Dimensional Multi-Objective Generator in Length (3D-MGL)

• Three-Dimensional Multi-Objective Generator in Depth (3D-MGD)

In the 3D-MGL cutting heuristic, the cuts made inside the container follow the
same procedure as the SLFHL and MLFHL filling heuristics when they create the
different levels inside the container. Thus, the 3D-MGD cutting heuristic generates
cuts in the same way as the SLFHD and MLFHD filling heuristics when they create
the various levels. In this work we provide to the literature an instance generator
that can be used to generate instances 3DPP in which the volume and weight are
evaluated simultaneously. Although several sets of instances were created using the
3D-MG, only a few are presented in this work; specifically, a total of 72 instances
were created using the 3D-MGL cutting heuristic, resulting in 36 instances of the
so-called 1C problem instances, and another 36 of the type 1A problem instances, in
keeping with the container names employed in the ISO (International Organization
for Standardization) standard.

Other sets of experiments were conducted to validate the input parameters used
to generate the various instances. Based on these, we concluded that using high
values for the WG input parameter allows increasing the degree of conflict between
the two objectives. This is because the value of WG is crucial to calculating the
weight of the container, and results in the difference between the container’s weight
and its volume being more noticeable. We also verified that the 1C and 1A instances
that attain the best load distributions are those that were generated based on the
values WG = 30 and [Dl − Dh] = [15 − 20]. These correspond to medium-sized
boxes. This is possibly because the amount of free space that is spread out inside
the container when larger or smaller boxes are considered is more prominent.

The loading patterns are the result of executing different MOEAs configurations
applied to a specific instance. These results are generally output to text files that
might not be understood by an end user, since they are formatted to be processed
computationally. So, in an effort to find a display tool that can be used to visualize
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CHAPTER 7. Conclusions

the loading pattern generated, we conducted an online bibliographic review of dis-
play tools. After finding no applications that met our requirements, we considered
developing our own display tool, thus adding another powerful work tool to the li-
terature. Using this display tool, we were able to evaluate the performance of each
heuristic by applying them to different instances. This also turned the tool into a
powerful source for identifying improvements.

So as to validate the performance of MOEAs when applied to the multi-objective
formulation of the 3DPP, we selected three of the best-known MOEAs in the lite-
rature:

• Non-Dominated Sorting Genetic Algorithm II (NSGA-II)

• Strength Pareto Evolutionary Algorithm 2 (SPEA2)

• Adaptive Indicator-Based Evolutionary Algorithm (Adaptive-IBEA)

In an effort to be able to do a comparison that would allow us to validate the
multi-objective proposed in this thesis, we ran the different filling heuristics on
the only real instance known in the literature, used in Dereli et al. in [70]. A
series of computational experiments revealed the good performance of the MOEAs
when applied to the 3DPP. When the different filling heuristics were executed with
MOEAs, such as the NSGA-II and the SPEA2, we were able to improve the results
obtained in every case by Dereli et al. by using a Simulated Annealing (SA) with a
filling heuristic. Even the Adaptive-IBEA, which yielded the lowest quality results
for our proposals, managed to outperform their results. We can thus conclude
that using specific techniques for solving the 3DPPs as a multi-objective problem
yielded better results than those in [70]. It is apparent that applying multi-objective
formulations to this class of problem is advantageous, not only because it better
reflects the reality in the industry, but because it yields high-quality results that are
even superior to those already known. Our study also allowed us to validate the
great effectiveness of MOEAs when applied to these kinds of real-world problems.

To validate the performance of each of the filling heuristics proposed in this work,
we conducted several experiments using different sets of instances, which allowed us
to draw certain conclusions. For one thing, we were able to determine that for the
set of benchmarks studied, the filling heuristics that provide the highest quality
results are SLFHL and MLFHL. SLFHD and MLFHD, despite also offering good
results, are not as good as SLFHL and MLFHL. In this regard, we also considered
the possible existence of a relationship between the filling heuristics that returned
the best quality solutions (SLFHL, MLFHL) and the cutting heuristic applied to
generate the set of 1C and 1A problem instances (3D-MGL). We were unable to
draw any clear conclusions, however, since the same result was obtained when the
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7.1. Conclusions

computational tests were conducted with the real instance from the company that
distributed Procter & Gamble’s products [70]. Multiple comparisons carried out
based on SLFHL and MLFHL demonstrated that the filling heuristic that yields the
best quality solutions for the set of instances studied is the MLFHL heuristic.

Regarding the parallel approaches, several island models were used in order to see
if parallel approaches could be used to improve the results obtained using sequential
models or to reduce the amount of time needed to achieve results of at least com-
parable quality. This study was carried out using the SLFHL filling heuristic, the
goal being to improve the solutions obtained. The resulting study revealed that all
of the homogeneous parallelizations introduced to solve the 3DPPs improved on the
sequential results, yielding solutions of equal quality in fewer evaluations, and thus
in less time. Some parallelizations are even able to improve the quality of sequen-
tial solutions, as in the case of the two-island execution. The eight-island parallel
model, however, is not able to replicate the final quality obtained by the sequential
proposal in the same number of evaluations, since when the number of islands is
increased, the number of evaluations is spread out among more processors, meaning
each island advances less in its exploration. In summary, we conclude that the use
of multi-objective techniques improved the results presented in the only reference
work found in the literature that considers the weight as second objetive.

171



200 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

Chapter

8

Future Work

Over the course of this work, we have proposed a series of improvements that we
would like to outline in this chapter as future lines of research.

8.1 Future Work

There are several open lines of research that can be studied based on the multi-
objective definition of the Three-Dimensional Packing Problem (3DPP) proposed
in this work. On the one hand, and given the good quality of the results obtained
when using MOEAs to solve the 3DPP, it would be interesting to try the set of filling
heuristics and validate them using not only the MOEAs, but other algorithms of
interest. In this regard, these algorithms could be tested and compared so as to
evaluate their performance.

Many of the studies found in the literature consider the 3DPP without taking into
account the restrictions normally encountered in real life. As a result, it is vitally
important that more realistic restrictions be applied to the heuristics proposed in
this work. One interesting restriction that could be applied to the filling heuristics
presented is the stacking control for the freight inside the container, in that heavy
boxes cannot be placed atop lighter ones. Another easily incorporated restriction
that is useful to transport logistics is the loading priorities; that is, establishing
an order for the industrial processes of loading and unloading freight. These are
key elements if the research is to be marketed to industry. The Canary Islands are
one potential market of application, given the high cargo traffic both at sea and on
land [182]. There are many other significant practical restrictions, however, that
have to be considered due to their relevance to the real world. As a result of the
foregoing, including more restrictions in the study will be an important area of focus
in future expansions to this work.
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8.1. Future Work

On the other hand, it would be beneficial to study more in detail if there is actually
a relationship between the cutting heuristics and the filling heuristics, and if any such
relationship influences the results. It would be advisable to generate instances using
the 3D-MGD cutting heuristic and execute them with the set of filling heuristics, in
effect conducting an in-depth study of the quality of the solutions when cutting and
filling heuristics are used and comparing them to the filling heuristics in length when
using the instances created with the 3D-MGD. This would serve to check whether
a relationship exists or not. If it does, one future area of work would be to perfect
the set of filling heuristics for any type of instance.

Another interesting line of work could be the generation of more types of instan-
ces. It would be useful to develop other proposals for generating instances that could
take into account other kinds of restrictions, such as the handling of non-guillotinable
cuts and even of irregular pieces. These changes would entail alterations to the filling
heuristics, but their processing would nevertheless be interesting on a computational
level.

Another area of research that remains open is the use of applied parallel mo-
dels when using the four approaches developed for evaluating the individuals in the
population. This possibility exists thanks to the METCO tool, which can execute
different parallel models, both homogeneous and heterogeneous, not only for the
purpose of saving time by spreading the computational effort, but to obtain the al-
gorithmic benefits derived from cooperation among several populations, as happens
in heterogeneous island models. This could be used to do comparisons when adding
new restrictions, which would probably require a more intense computational ef-
fort. Based on this, their applicability to other studies that are conducted could be
validated.

Due to the computational complexity exhibited by the 3DPP studied, another
interesting area of future work would be to apply multi-objectivization to the 3DPP.
This could be done, for example, by weighting the volume and weight objectives to
make the second objective fictitious so as to enable the application of multi-objective
algorithms. Or the two objectives of volume and weight could be kept and a third,
fictitious, objective added, such as minimising the distance between the solutions
on the Pareto front.

Finally, it is of great interest to be able to validate a study by applying it to real
cases. Still unfinished is the task of contacting companies devoted to transporting
freight, or even pharmaceutical companies, which have also expressed certain in-
terest in this research due to their use of medicine vending machines that might
require efficient mechanisms for arranging and extracting products. Undertaking
this challenge would give our research a more practical application by giving us
first-hand knowledge of the most common restrictions in the industry and allowing
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CHAPTER 8. Future Work

us to adjust our heuristics to the real needs of companies.
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Appendix

A

List of Publications

This appendix presents the publications that have been produced as a result of the
research conducted over the course of this PhD. These publications include contri-
butions to international conferences with review committees for ensuring the quality
and validity of the selected works, as well as contributions to national conferences.
Adding to this appendix, the works present in seminars of relevance.

International Conferences

[1] Gara Miranda, Algirdas Lančinskas, and Yanira González. Single and Multi-
Objective Genetic Algorithms for the Container Loading Problem. In Genetic
and Evolutionary Computation Conference. To appear, July 2017.

[2] Yanira González, Gara Miranda, and Coromoto León. An Instance Generator for
the Multi-Objective 3D Packing Problem. In Manuel Graña, José Manuel López-
Guede, Oier Etxaniz, Álvaro Herrero, Héctor Quintián, and Emilio Corchado,
editors, International Joint Conference SOCO’16-CISIS’16-ICEUTE’16, 2016
Proceedings, pages 386–396. Springer International Publishing, October 2016.

[3] Yanira González, Gara Miranda, and Coromoto León. Multi-objective Multi-
level Filling Evolutionary Algorithm for the 3D Cutting Stock Problem. In
Knowledge-Based and Intelligent Information and Engineering Systems: Pro-
ceedings of the 20th International Conference KES-2016, volume 96, pages 355
– 364. Procedia Computer Science, 2016.
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INTERNATIONAL SEMINAR

[4] Y. González, C.León, and G. Miranda. A Hyper-Heuristic Approach to solve the
Multi-Objective Container Loading Problem. In 5th International Conference on
Metaheuristics and Nature Inspired Computing (META’2014), October 2014.

[5] Yanira González, Coromoto León, Gara Miranda, and Javier Villamonte. Graph-
ical User Interface for the Container Loading Problem: An approach using
JavaScript. In Carina González, César Collazos, Habib Fardoun, Mart́ın Lla-
mas, Carlos Vaz, Pedro Latorre, and Inmaculada Perdomo, editors, XV Congreso
Internacional Interacción Persona-Ordenador. Actas, pages 6 – 7. Asociación In-
teracción Persona-Ordenador (AIPO), 2014.

[6] Yanira González, Gara Miranda, and Coromoto León. A Multi-level Filling
Heuristic for the Multi-objective Container Loading Problem. In International
Joint Conference SOCO’13-CISIS’13-ICEUTE’13, 2013 Proceedings, pages 11–
20, September 2013.

[7] J. De Armas, Y. González, G. Miranda, and C. León. Parallelization of the Multi-
Objective Container Loading Problem. In 2012 IEEE Congress on Evolutionary
Computation, CEC 2012, pages 155–162, June 2012.

[8] Y. González J. de Armas, G. Miranda, and C.León. Parallel Models for the
Multi-Objective Container Loading Problem. In 9th ESICUP Meeting, March
2012.

National Conferences

[1] J. de Armas, Y. González, G. Miranda, and C. León. El Problema de Carga
de Contenedores: una Aproximación Paralela y Multi-objetivo. In VIII Con-
greso Español sobre Metaheuŕısticas, Algoritmos Evolutivos y Bioinspirados
(MAEB’2012), pages 399–406, February 2012.

International Seminar

[1] Yanira González, Gara Miranda, and Coromoto León. Evaluation of placement
heuristics for the Container Loading Problem. Seminar paper, Seminar in Latest
Advances in Computer Science, November 2015.
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INTERNATIONAL SEMINAR

[2] Yanira González, Jesica de Armas, Gara Miranda, and Coromoto León. A com-
parative Study of Evaluations Heuristics for Solving the Multi-Objective Con-
tainer Loading Problem. Seminar paper, EURO Summer Institute on Cutting
and Packing, July 2012.
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CHAPTER B. Pseudo-Code

Algorithm 6 Single-Level Filling Heuristic in Length
1: pieces = q1, q2, . . . , qN
2: freeWidth = W
3: totalVolume = 0
4: totalWeight = 0
5: EMSx = ∅ EMS-front list
6: EMSy = ∅ EMS-beside list
7: EMSz = ∅ EMS-above list
8: while (pieces 6= ∅) and (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / (freeWidth ≥ wi) y ((W − freeWidth < W ) and

(totalWeight+ pi ≤ Pmax))) do

9: create a layer with width(layer) = wi, length(layer) = L, height(layer) = H
10: freeWidth = freeWidth - wi

11: place the piece inside the container
12: totalVolume = totalVolume + vi
13: totalWeight = totalWeight + pi
14: if (lenght(layer) - li 6= 0) then

15: create EMS in the y-axis and create the EMS in the EMS-beside list
16: length(layer) = L− li
17: width(layer) = wi

18: height(layer) = hi

19: end if

20: if (height(layer) - hi 6= 0) then

21: create EMS in the z-axis and create the EMS in the EMS-above list
22: length(layer) = L
23: width(layer) = wi

24: height(layer) = H − hi

25: end if

26: remove qx from pieces
27: while (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / EMS ∈ EMS − beside or EMS ∈ EMS − front or EMS ∈

EMS−above, li ≤ length(EMS), wi ≤ width(EMS), hi ≤ heigth(EMS)) and (totalWeight+pi ≤ Pmax)
do

28: if (li == length(EMS)) and (wi == widthh(EMS)) and (hi == heigth(EMS)) then

29: remove EMS from the corresponding list
30: else

31: remove EMS from the corresponding list
32: if (width(EMS)− wi 6= 0) then

33: create EMS in the x-axis and create the EMS in the EMS-front list
34: length(EMS) = li
35: width(EMS) = width(EMS)− wi

36: height(EMS) = hi

37: end if

38: if (length(EMS)− li 6= 0) then

39: create EMS in the y-axis and create EMS in the EMS-beside list
40: length(EMS) = length(EMS)− li
41: width(EMS) = width(EMS)
42: height(EMS) = hi

43: end if

44: if (height(EMS)− hi 6= 0) then

45: create EMS in the z-axis and create EMS in the EMS-above list
46: length(EMS) = length(EMS)
47: width(EMS) = width(EMS)
48: height(EMS) = height(EMS)− hi

49: end if

50: end if

51: place the piece inside the container
52: totalV olume = totalV olume+ vi
53: totalWeight = totalWeight+ pi
54: remove qx from pieces
55: end while

56: end while
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Algorithm 7 Multiple-Level Filling Heuristic in Length
1: pieces = q1, q2, . . . , qN
2: freeWidth = W
3: totalVolume = 0
4: totalWeight = 0
5: EMSx = ∅ EMS-front list
6: EMSy = ∅ EMS-beside list
7: EMSz = ∅ EMS-above list
8: while (pieces 6= ∅) and (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / (totalWeight+pi ≤ Pmax) and (totalV olume+vi ≤

(LxWxH)) do

9: while (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / EMS ∈ EMS − beside or EMS ∈ EMS − front or EMS ∈
EMS−above, li ≤ length(EMS), wi ≤ width(EMS), hi ≤ heigth(EMS)) and (totalWeight+pi ≤ Pmax)
do

10: if (li == length(EMS)) and (wi == widthh(EMS)) and (hi == heigth(EMS)) then

11: remove EMS from the corresponding list
12: else

13: remove EMS from the corresponding list
14: if (width(EMS)− wi 6= 0) then

15: create EMS in the x-axis and create EMS in the EMS-front list
16: length(EMS) = li
17: width(EMS) = width(EMS)− wi

18: height(EMS) = hi

19: end if

20: if (length(EMS)− li 6= 0) then

21: create EMS in the y-axis and create EMS in the EMS-beside list
22: length(EMS) = length(EMS)− li
23: width(EMS) = width(EMS)
24: height(EMS) = hi

25: end if

26: if (height(EMS)− hi 6= 0) then

27: create EMS in the z-axis and create in the EMS-above list
28: length(EMS) = length(EMS)
29: width(EMS) = width(EMS)
30: height(EMS) = height(EMS)− hi

31: end if

32: end if

33: place the piece inside the container
34: totalV olume = totalV olume+ vi
35: totalWeight = totalWeight+ pi
36: remove qx from pieces
37: end while

38: if (pieces 6= ∅) and (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / (freeWidth ≥ wi) and (qx 6 ∃xi, xi ∈ [0, bi], i ∈
[1,m])) then

39: create a layer with width(layer) = wi, length(layer) = L, height(layer) = H
40: freeWidth = freeWidth - wi

41: place the piece inside the container
42: totalVolume = totalVolume + vi
43: totalWeight = totalWeight + pi
44: if (lenght(layer) - li 6= 0) then

45: create EMS in the y-axis and create EMS in the EMS-beside list
46: length(layer) = L− li
47: width(layer) = wi

48: height(layer) = hi

49: end if

50: if (height(layer) - hi 6= 0) then

51: create EMS in the z-axis and create EMS in the EMS-above list
52: length(layer) = L
53: width(layer) = wi

54: height(layer) = H − hi

55: end if

56: remove qx from pieces
57: end if

58: end while
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CHAPTER B. Pseudo-Code

Algorithm 8 Single-Level Filling Heuristic in Depth
1: pieces = q1, q2, . . . , qN
2: freeLength = W
3: totalVolume = 0
4: totalWeight = 0
5: EMSx = ∅ EMS-beside list
6: EMSy = ∅ EMS-front list
7: EMSz = ∅ EMS-above list
8: while (pieces 6= ∅) and (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / (freeLength ≥ wi) y ((L− freeLength < L) and

(totalWeight+ pi ≤ Pmax))) do

9: create a level (wall) with width(wall) = W, length(wall) = li, height(wall) = H
10: freeLength = freeLength - li
11: place the piece inside the container
12: totalVolume = totalVolume + vi
13: totalWeight = totalWeight + pi
14: if (width(layer) - wi 6= 0) then

15: create EMS in the x-axis and create EMS in the EMS-front list
16: length(wall) = li
17: width(wall) = W − wi

18: height(wall) = hi

19: end if

20: if (height(wall) - hi 6= 0) then

21: create EMS in the z-axis and create EMS in the EMS-above list
22: length(wall) = li
23: width(wall) = W
24: height(wall) = H − hi

25: end if

26: remove qx from pieces
27: while (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / EMS ∈ EMS − beside or EMS ∈ EMS − front or EMS ∈

EMS−above, li ≤ length(EMS), wi ≤ width(EMS), hi ≤ heigth(EMS)) and (totalWeight+pi ≤ Pmax)
do

28: if (li == length(EMS)) and (wi == widthh(EMS)) and (hi == heigth(EMS)) then

29: remove EMS from the corresponding list
30: else

31: remove EMS from the corresponding list
32: if (width(EMS)− wi 6= 0) then

33: create EMS in the x-axis and create EMS in the EMS-front list
34: length(EMS) = li
35: width(EMS) = width(EMS)− wi

36: height(EMS) = hi

37: end if

38: if (length(EMS)− li 6= 0) then

39: create EMS in the y-axis and create EMS in the EMS-beside list
40: length(EMS) = length(EMS)− li
41: width(EMS) = width(EMS)
42: height(EMS) = hi

43: end if

44: if (height(EMS)− hi 6= 0) then

45: create EMS in the z-axis and create EMS in the EMS-above list
46: length(EMS) = length(EMS)
47: width(EMS) = width(EMS)
48: height(EMS) = height(EMS)− hi

49: end if

50: end if

51: place the piece inside the container
52: totalV olume = totalV olume+ vi
53: totalWeight = totalWeight+ pi
54: remove qx from pieces
55: end while

56: end while
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Algorithm 9 Multiple-Level Filling Heuristic in Depth
1: pieces = q1, q2, . . . , qN
2: freeLength = W
3: totalVolume = 0
4: totalWeight = 0
5: EMSx = ∅ EMS-beside list
6: EMSy = ∅ EMS-front list
7: EMSz = ∅ EMS-above list
8: while (pieces 6= ∅) and (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / (totalWeight+pi ≤ Pmax) and (totalV olume+vi ≤

(LxWxH)) do

9: while (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / EMS ∈ EMS − beside or EMS ∈ EMS − front or EMS ∈
EMS−above, li ≤ length(EMS), wi ≤ width(EMS), hi ≤ heigth(EMS)) and (totalWeight+pi ≤ Pmax)
do

10: if (li == length(EMS)) and (wi == widthh(EMS)) and (hi == heigth(EMS)) then

11: remove EMS from the corresponding list
12: else

13: remove EMS from the corresponding list
14: if (width(EMS)− wi 6= 0) then

15: create EMS in the x-axis and create EMS in the EMS-front list
16: length(EMS) = li
17: width(EMS) = width(EMS)− wi

18: height(EMS) = hi

19: end if

20: if (length(EMS)− li 6= 0) then

21: create EMS in the y-axis and create EMS in the EMS-beside list
22: length(EMS) = length(EMS)− li
23: width(EMS) = width(EMS)
24: height(EMS) = hi

25: end if

26: if (height(EMS)− hi 6= 0) then

27: create EMS in the z-axis and create EMS in the EMS-above list
28: length(EMS) = length(EMS)
29: width(EMS) = width(EMS)
30: height(EMS) = height(EMS)− hi

31: end if

32: end if

33: place the piece inside the container
34: totalV olume = totalV olume+ vi
35: totalWeight = totalWeight+ pi
36: remove qx from pieces
37: end while

38: if (pieces 6= ∅) and (∃qx ⊂ pieces, qx ∈ ti, i ∈ [1,m] / (freeLength ≥ li) and (qx 6 ∃xi, xi ∈ [0, bi], i ∈
[1,m])) then

39: create a level (wall) with width(wall) = W, length(wall) = li, height(wall) = H
40: freeLength = freeLength - li
41: qx ∈ xi // place the piece inside the container
42: totalVolume = totalVolume + vi
43: totalWeight = totalWeight + pi
44: if (width(wall) - wi 6= 0) then

45: create EMS in the x-axis and create EMS in the EMS-front list
46: length(wall) = li
47: width(wall) = W − wi

48: height(wall) = hi

49: end if

50: if (height(wall) - hi 6= 0) then

51: create EMS in the z-axis and create EMS in the EMS-above list
52: length(wall) = li
53: width(wall) = W
54: height(wall) = H − hi

55: end if

56: remove qx from pieces
57: end if

58: end while
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Instance Different [Dl −Dh] WG N Vmax Pmax

type boxes (cm3) (Kg.)
1C − 01 2 [5− 10] 10 13718 3.01e07 3.31e07

1C − 02 2 [5− 10] 20 2000 3.01e07 3.61e07

1C − 03 2 [5− 10] 30 2662 3.01e07 3.91e07

1C − 04 2 [15− 20] 10 250 3.01e07 3.31e07

1C − 05 2 [15− 20] 20 250 3.01e07 3.61e07

1C − 06 2 [15− 20] 30 250 3.01e07 3.91e07

1C − 07 2 [25− 30] 10 54 3.01e07 3.31e07

1C − 08 2 [25− 30] 20 54 3.01e07 3.61e07

1C − 09 2 [25− 30] 30 54 3.01e07 3.91e07

1C − 10 5 [5− 10] 10 3124 3.01e07 3.31e07

1C − 11 5 [5− 10] 20 6894 3.01e07 3.61e07

1C − 12 5 [5− 10] 30 3359 3.01e07 3.91e07

1C − 13 5 [15− 20] 10 380 3.01e07 3.31e07

1C − 14 5 [15− 20] 20 848 3.01e07 3.61e07

1C − 15 5 [15− 20] 30 593 3.01e07 3.91e07

1C − 16 5 [25− 30] 10 180 3.01e07 3.31e07

1C − 17 5 [25− 30] 20 180 3.01e07 3.61e07

1C − 18 5 [25− 30] 30 180 3.01e07 3.91e07

1C − 19 10 [5− 10] 10 7599 3.01e07 3.31e07

1C − 20 10 [5− 10] 20 5946 3.01e07 3.61e07

1C − 21 10 [5− 10] 30 6219 3.01e07 3.91e07

1C − 22 10 [15− 20] 10 924 3.01e07 3.31e07

1C − 23 10 [15− 20] 20 2595 3.01e07 3.61e07

1C − 24 10 [15− 20] 30 1316 3.01e07 3.91e07

1C − 25 10 [25− 30] 10 216 3.01e07 3.31e07

1C − 26 10 [25− 30] 20 216 3.01e07 3.61e07

1C − 27 10 [25− 30] 30 216 3.01e07 3.91e07

1C − 28 15 [5− 10] 10 9656 3.01e07 3.31e07

1C − 29 15 [5− 10] 20 6156 3.01e07 3.61e07

1C − 30 15 [5− 10] 30 9775 3.01e07 3.91e07

1C − 31 15 [15− 20] 10 1108 3.01e07 3.31e07

1C − 32 15 [15− 20] 20 1185 3.01e07 3.61e07

1C − 33 15 [15− 20] 30 1047 3.01e07 3.91e07

1C − 34 15 [25− 30] 10 405 3.01e07 3.31e07

1C − 35 15 [25− 30] 20 405 3.01e07 3.61e07

1C − 36 15 [25− 30] 30 405 3.01e07 3.91e07

Table C.1: Problem instances: 1C
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Instance Different [Dl −Dh] WG N Vmax Pmax

type boxes (cm3) (Kg.)
1A− 01 2 [5− 10] 10 2000 6.15e07 6.77e07

1A− 02 2 [5− 10] 20 3456 6.15e07 7.38e07

1A− 03 2 [5− 10] 30 4394 6.15e07 7.99e07

1A− 04 2 [15− 20] 10 432 6.15e07 6.77e07

1A− 05 2 [15− 20] 20 250 6.15e07 7.38e07

1A− 06 2 [15− 20] 30 250 6.15e07 7.99e07

1A− 07 2 [25− 30] 10 54 6.15e07 6.77e07

1A− 08 2 [25− 30] 20 54 6.15e07 7.38e07

1A− 09 2 [25− 30] 30 54 6.15e07 7.99e07

1A− 10 5 [5− 10] 10 5371 6.15e07 6.77e07

1A− 11 5 [5− 10] 20 2731 6.15e07 7.38e07

1A− 12 5 [5− 10] 30 5079 6.15e07 7.99e07

1A− 13 5 [15− 20] 10 380 6.15e07 6.77e07

1A− 14 5 [15− 20] 20 413 6.15e07 7.38e07

1A− 15 5 [15− 20] 30 750 6.15e07 7.99e07

1A− 16 5 [25− 30] 10 180 6.15e07 6.77e07

1A− 17 5 [25− 30] 20 180 6.15e07 7.38e07

1A− 18 5 [25− 30] 30 180 6.15e07 7.99e07

1A− 19 10 [5− 10] 10 5397 6.15e07 6.77e07

1A− 20 10 [5− 10] 20 7569 6.15e07 7.38e07

1A− 21 10 [5− 10] 30 4313 6.15e07 7.99e07

1A− 22 10 [15− 20] 10 1184 6.15e07 6.77e07

1A− 23 10 [15− 20] 20 885 6.15e07 7.38e07

1A− 24 10 [15− 20] 30 717 6.15e07 7.99e07

1A− 25 10 [25− 30] 10 216 6.15e07 6.77e07

1A− 26 10 [25− 30] 20 216 6.15e07 7.38e07

1A− 27 10 [25− 30] 30 216 6.15e07 7.99e07

1A− 28 15 [5− 10] 10 7533 6.15e07 6.77e07

1A− 29 15 [5− 10] 20 9416 6.15e07 7.38e07

1A− 30 15 [5− 10] 30 5473 6.15e07 7.99e07

1A− 31 15 [15− 20] 10 781 6.15e07 6.77e07

1A− 32 15 [15− 20] 20 837 6.15e07 7.38e07

1A− 33 15 [15− 20] 30 762 6.15e07 7.99e07

1A− 34 15 [25− 30] 10 405 6.15e07 6.77e07

1A− 35 15 [25− 30] 20 405 6.15e07 7.38e07

1A− 36 15 [25− 30] 30 405 6.15e07 7.99e07

Table C.2: Problem instances: 1A
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[24] O. C. Araújo and V. A. Armentano. A multi-start random constructive heuris-
tic for the container loading problem. Pesquisa Operacional, 27(2), Aug. 2007.

192



221 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

BIBLIOGRAPHY

[25] S. Balakirsky, F. Proctor, T. Kramer, P. Kolhe, and H. I. Christensen. Using
Simulation to Assess the Effectiveness of Pallet Stacking Methods, pages 336–
349. Springer Berlin Heidelberg, Berlin, Heidelberg, 2010.

[26] S. Bechikh, R. Datta, and A. Gupta. Recent Advances in Evolutionary Multi-
objective Optimization. Adaptation, Learning, and Optimization. Springer
International Publishing, 2016.

[27] D. Bernhofen, Z. El-Sahli, and R. Kneller. Estimating the effects of the con-
tainer revolution on world trade. CESifo Working Paper Series 4136, CESifo
Group Munich, 2013.

[28] E. Bischoff. Three-dimensional packing of items with limited load bearing
strength. European Journal of Operational Research, 168(3):952 – 966, 2006.
Balancing Assembly and Transfer lines.

[29] E. Bischoff and M. Ratcliff. Issues in the development of approaches to con-
tainer loading. Omega, 23(4):377 – 390, 1995.

[30] E. Bischoff and M. Ratcliff. Loading Multiple Pallets. volume 46, pages 1322–
1336, Nov. 1995.

[31] E. E. Bischoff, F. Janetz, and M. S. W. Ratcliff. Loading pallets with non-
identical items. European Journal of Operational Research, 84(3):681–692,
August 1995.

[32] E. E. Bischoff and M. D. Marriott. A comparative evaluation of heuristics for
container loading. European Journal of Operational Research, 44(2):267 – 276,
1990.

[33] S. Bleuler, M. Laumanns, L. Thiele, and E. Zitzler. PISA - A Platform and
Programming Language Independent Interface for Search Algorithms. In Con-
ference on Evolutionary Multi-Criterion Optimization, volume 2632 of LNCS,
pages 494–508, Faro, Portugal, 2003. Springer.

[34] C. Blum and A. Roli. Metaheuristics in Combinatorial Optimization:
Overview and Conceptual Comparison. ACM Computing Surveys, 35(3):268–
308, 2003.

[35] A. Bortfeldt and H. Gehring. A tabu search algorithm for weakly heteroge-
neous container loading problems. OR Spectrum, 20(4):237–250, December
1998.

193



222 / 239

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 908952																Código de verificación: SlYNzeGv

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 18/05/2017 07:58:24
En nombre de  YANIRA GONZALEZ GONZALEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:07:59
En nombre de  COROMOTO ANTONIA LEON HERNANDEZ

UNIVERSIDAD DE LA LAGUNA 18/05/2017 12:26:21
En nombre de  GARA MIRANDA VALLADARES

UNIVERSIDAD DE LA LAGUNA 19/05/2017 17:47:26
En nombre de  ERNESTO PEREDA DE PABLO

BIBLIOGRAPHY

[36] A. Bortfeldt and H. Gehring. Applying Tabu Search to Container Loading
Problems, pages 533–538. Springer Berlin Heidelberg, Berlin, Heidelberg, 1998.

[37] A. Bortfeldt and H. Gehring. Two metaheuristics for strip packing problems.
In Proceedings band der 5th International Conference of the Decision Sciences
Institute, volume 2, pages 1153–1156, Athen, 1999.

[38] A. Bortfeldt and H. Gehring. A hybrid genetic algorithm for the container
loading problem. European Journal of Operational Research, 131(1):143–161,
May 2001.

[39] A. Bortfeldt and H. Gehring. New Large Benchmark Instances for the Two-
Dimensional Strip Packing Problem with Rectangular Pieces. In HICSS ’06:
Proceedings of the 39th Annual Hawaii International Conference on System
Sciences, page 30.2. IEEE Computer Society, 2006.

[40] A. Bortfeldt, H. Gehring, and D. Mack. A parallel tabu search algorithm for
solving the container problem. Parallel Computing, 29:641–662, 2003.

[41] A. Bortfeldt and S. Jungmann. A tree search algorithm for solving the multi-
dimensional strip packing problem with guillotine cutting constraint. Annals
of Operations Research, 196(1):53–71, 2012.

[42] A. Bortfeldt and D. Mack. A heuristic for the three-dimensional strip packing
problem. European Journal of Operational Research, 183(3):1267–1279, 2007.
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