ON (m,o0)-ISOMETRIES. EXAMPLES.

TERESA BERMUDEZ AND HAJER ZAWAY

ABSTRACT. An operator T on a Banach space X is said to be an (m, co)-isometry, if

max [|T%z|| = max ||T*z|,
0<k<m 0<k<m
k even k odd

for all x € X. In this paper, we study unilateral weighted shift operators which are (m, co)-
isometries for some integers m. In particular, we show that any power of an (m, co)-isometry
is not necessarily an (m, co)-isometry. We also study strict (3, 0o)-isometries on R? and give

an example of a strict (2n — 1, 00)-isometry on C2, for any odd integer n.

1. INTRODUCTION

Let H be a complex Hilbert space and L(H) be the C*-algebra of all bounded linear
operators on H. Let m be a positive integer. A bounded linear operator T" defined on a
Hilbert space H is said to be an m-isometry if it satisfies

k
k=0
where T* denotes the adjoint operator of T'. It is easy to prove that T is an m-isometry if

and only if
S ()it <o, (L)
k=0

for all x € H. This notion of m-isometry was introduced by Agler [2] and it was later studied

by many other authors. See [1, 4, 5, 6, 9, 11, 12].
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2 TERESA BERMUDEZ AND HAJER ZAWAY

Similarly, for Banach spaces, in [4] Bayart and in [12] Hoffmann, Mackey and O Searcéid
gave the following definition of (m, p)-isometry on a Banach space: Given a positive integer
m and a positive real number p, a bounded linear operator 7" on a Banach space X is called

an (m, p)-isometry if

S ()it <o, (12)
k=0
for any = € X.

So, if T" is an (m, p)-isometry on X, then

1/p 1/p
m m
> (] -2 () oo
0<k<m 0<k<m
k even k odd

Hoffmann, Mackey and O Searcéid in [12] have introduced the following definition, taking
limits as p tends to infinity in equality (1.3). See also [13, 14].

An operator T' defined on a Banach space X is an (m, co)-isometry if it satisfies

max || T*z| = max ||T*z|, (1.4)
0<k<m 0<k<m
k even k odd

for all x € X. It is said that T is a strict (m, co)-isometry if 7" is an (m, co)-isometry and is
not an (m — 1, oo)-isometry.
In the following proposition, we summarize some basic properties of (m,oco)-isometries

that hold also valid for (m, p)-isometric operators.

Proposition 1.1. [12, Propositions 6.2, 6.3, 6.4 & 6.5] Let T € L(X). If T is an (m,o0)-

isometry, then the following assertions hold:

(1) T is bounded below.

(2) If m = 2, then ||Tx| > ||z, for all z € X.

(3) T is an (m + 1, 00)-isometry.

(4) If T is invertible, then T~ is an (m,oo)-isometry. Moreover, if m is even, then T

is an (m — 1, 00)-isometry.
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(5) The spectrum of T, o(T), is the closed unit disc or a closed subset of the unit circle.

A first natural problem is to study which are the (m,oo)-isometries that are (n,p)-
isometries simultaneously where m,n are positive integers and p > 0. In [12, Proposition
6.1], it is proved that the intersection of (m,oo)-isometries and (n,p)-isometries are the

isometric operators.

The main purpose of this paper is to present that some properties of (m, p)-isometries are
not enjoyed by (m, 0o)-isometries.
The paper is organized as follows. In Section 2, we study powers of unilateral weighted shifts
which are (2, 0o)-isometric operators on ¢*(N) and we give a complete characterization of the
weights that are strict (3, 00)-isometries on the canonical basis. Moreover, we construct an
example of unilateral weighted shift which is a strict (5, co)-isometry on £*(N). In Section 3,
we prove that any power of a (2, 00)-isometry is also a (2, 00)-isometry but this result isn’t
valid for (3,00)-isometry. In particular, we obtain an example of a strict (3, co)-isometry
on (*(N) such that any power is not a (3, co)-isometry. In the final section, we prove some
partial results about (3, 00)-isometries on R%. We also prove that on C? it is possible to

define a strict (2n — 1, 0o)-isometry, for any odd n.

2. UNILATERAL WEIGHTED SHIFT

Let Sy be a unilateral weighted shift operator with weight sequence A := (Ag)keny € C
defined by

0, it k=1
(Shx) =
Me—1Tp—1 ik >2,

for all x = (21, za, ...) € £*(N) or equivalently, Syep := Agepy1, where e, := (0,...,0,1,0,...).
Several authors have studied the unilateral weighted shift operators which are (m,p)-

isometries on ¢?(N). See [1, 5, 8, 9, 11].
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2.1. On (2, c0)-isometries.

In the following proposition some properties of (2, 0o)-isometries are given.

Proposition 2.1. [12, Proposition 5.8] Assume that T € L(X). Then the following condi-
tions are equivalent

(1) T is a (2,00)-isometry.

(2) |IT?z|| = [|Tz|| and | Tz| > ||z|| for all z € X.

(3) T is an isometry on R(T) and satisfies ||Tx| > ||z|| for all z € X.

Notice that by part (1) of Proposition 1.1, all (m,co)-isometries are injective. As a
consequence, if Sy is an (m, co)-isometry with weight sequence A = (Ag)ren, then A\ # 0 for
all k> 1.

In the next theorem, we study (2, co)-isometries with the unilateral weighted shift opera-

tors.

Theorem 2.2. Let Sy be a unilateral weighted shift on (*(N) with weight sequence N =

(AMe)ken and n be a positive integer. Then ST is a (2, 00)-isometry if and only if
Ai-o Apak1| =1, fork=1,2,..n and |A\p - App1| =1, forall k>n+1. (2.5)

Proof. Assume that S} is a (2,00)-isometry on ¢*(N). By part (2) of Proposition 2.1,
|S3x|| = [|S§x| and [|SFx| > ||z| for all z € ¢(3(N). In particular taking = := e, then

Ak Aopar—1| = [ Mg  Angg—1]| and | Ag -+ - Aygx—1| > 1, for all k£ € N. Hence

>1 ifk=1,2,....n
Ak At
=1 ifk>n+1.
Conversely, if the weight sequence (A )ren satisfies (2.5), then it is easy to prove part (2) of

Proposition 2.1. Il

Corollary 2.3. Let Sy be a unilateral weighted shift on (*(N) with weight sequence \ =
()\k)kzeN' Then
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(1) Sy is a (2,00)-isometry if and only if |\1| > 1 and |\¢| =1, for all k > 2.

(2) If Sy is a (2,00)-isometry, then any power SY is a (2,00)-isometry.
In general, the converse of part (2) of Corollary 2.3 is not true.

Example 2.4. Let Sy be a unilateral weighted shift operator on £*(N) with weight sequence

A= ()‘k)kEN given by
2 k=2
A =
1 ifk#£2.

That is, Sx(z1,T2,...) = (0,71,22s,...). Then S% is a (2, c0)-isometry but Sy is not.

Recall different characterizations of (m, p)-isometries.

Theorem 2.5. Let Sy be a weighted shift operator on (P(N) with weight sequence A = (Ag)gen-
The following assertions are equivalent:

(1) Sy is an (m,p)-isometry.

(2) [5, Theorem 3.4] Forn > 1,

——
-« o1k m—k)---(n—m+1
Aaf? = —1= IR | >0, (2.6)
me1xkm—=1)-(n—=1—k)---(n—m
];(—1) Fi(m—1— k)| A

—
where Ay == |XoA1 -+ A [P, with Ao := 1 and (n — k) denotes that the factor (n — k)
1s omatted.
(3) [1, Theorem 1] & [11, Corollary 4.6] There exists a polynomial q of degree less than

or equal to m — 1 with real coefficients such that for all integers n > 1, g(n) > 0 and

»_ qn)
’M‘_ﬂn—w'

Next, we prove a “similar” result of part (3) of Theorem 2.5 for powers of (2, co)-isometries.
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Theorem 2.6. Let Sy be a unilateral weighted shift on (*(N) with weight sequence N =

(Me)gen- If SY is a (2, 00)-isometry, then there exists a function f defined by

n—1
f(k):= Zagemgm, for all k>n-+1,

=0
with (ag)}—y C C where f(k) is nonzero for all k > n + 1 and such that for all integers

k> n+ 1, we have that
flk+1)
f(k)

Proof. Define the sequence (f(k))g>ns1 as follows f(k) := Hf;ll |\;j|? for k > n+ 1. Then

Ael* =

f(k) is nonzero for all k > n + 1.

Since S is a (2, 00)-isometry on (?(N), so we have [Ag - A\,_11x| = 1 for all & > n + 1.

Then
n+k—1
f(k+n) h 2
-~ = Nj|"=1 forallk >n+1.
That is,
f(k+n)— f(k)=0, forall k >n+1. (2.7)

The characteristic equation of (2.7) is giving by " — 1 = 0 and the characteristic roots,

e%, are distinct values with ¢ =0,...,n — 1.

Thus, by [10, Section 2.3]

n—1
f(k) = 0’56%7
=0
for all k > n + 1 where (a,)}~, are complex numbers. Hence the proof is achieved. O

Notice that by Theorem 2.5, the operator Sy on ¢?(N) is a (2,2)-isometry if and only if

the weight sequence A = (A\g)ren satisfies

2 q(n)
M= -1

where ¢(n) := ayn + ag, with ag,a; € R and ¢(n) > 0 for all n. However, by Theorem 2.6, if

Sy on (?(N) is a (2, 0o)-isometry, then the weight sequence satisfies |\,|*> = 1 for all n > 2.
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2.2. On (3, c0)-isometries.

Several authors have focussed on characterizations of unilateral weighted shifts which are
(m, p)-isometries, [1, 5, 8, 11]. In general, the study on a Hilbert space is easier than on a
general Banach space. For example, Abdullah and Le proved that for every nonzero complex
number Ay, it is possible to define a weight sequence A = (A\g)ren such that the weighted
shift operator Sy on ¢*(N) is a strict 3-isometry where \; is the first weight [1, Theorem 1].
And also by [5], [8] and [11] the weight sequence A = (A\p)ren of a (3, p)-isometry is given
in terms of the first two terms, that is A\; and Ay. What can we say about (2,00) and

(3, 0o)-isometries?

Definition 2.7. Let T" € L(¢*(N)) with p > 1. It is said that 7" is an (m, co)-isometry on

the canonical basis {e, : n € N} if

max || T%e,| = max ||T"e,|, (2.8)
0<k<m 0<k<m
k even k odd

for all n € N.

By Corollary 2.3, a unilateral weighted shift operator Sy on ¢?(N) is a (2, co)-isometry if
and only if S) is a (2, co)-isometry on the canonical basis. This is not true for m > 2. The
following example satisfies that Sy is a (3, 00)-isometry on the canonical basis but is not a

(3, 00)-isometry.

Example 2.8. Let S\ be a unilateral weighted shift on ¢?(N) with weight sequence (A )ren

given by
(
3 ifk=2
1 ifk=3y
Ay = 1 3‘7.
5 ifk=3+1
2 ifk=1landk=37+2,
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with j > 1. Then it is not difficult to check that S is a (3, co)-isometry on the canonical

basis. Moreover, Sy is not a (3, 0o)-isometry on ¢*(N) since
max{v'2, |S3(er + e2) ||} # max{||Sx(es + ea)l, S (er + e2)|[} -

The upcoming theorem allows us to derive admissible weights of a (3, 00)-isometry on the

canonical basis.

Theorem 2.9. Let Sy be a unilateral weighted shift on (*(N), with weight sequence \ =
(Me)ken. Then Sy is a (3,00)-isometry on the canonical basis if and only if, any block of

three consecutive weights has the following behavior:

(1) If [\e] > 1 and |Apya| = 1, then [Apo| < 1.

1
(2) If | k| = 1 and |Aksa| < 1, then |Apyo| < ——.
Akl
(3) If |\e| < 1 and |Api1] < o, then [Apjo| = ———.
| il | A Ak
(4) If || <1 and |Apsr| = . then [Ap| = 1.

Akl
(5) If I\e| > 1 and |Agy1] > 1, then [Agyo| = 1.

Remark 2.10. (1) If |Ax| > 1 and |[Ag11] < 1, then it is impossible to find Agio2 such that
Sy is a (3, 0o)-isometry.

(2) The admissible weights of a (3, 0o)-isometry is different from a (3, p)-isometry on ¢?(N).
The election of the first two weights of a (3, p)-isometry gives all the other weights. However

this is not true for a (3, co)-isometry.

In general, we are interested in || instead of A;. For that reason, we suppose without
lost of generality that (Ay)ren is a sequence of positive numbers.

In the following picture, we can see the admissible weight A3 for a (3, 00)-isometry on
the canonical basis for positive weights. Indeed, this representation works for every three

consecutive weights.
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me Ny = %
)\2 =1
A2 e
L e
1 ’)\ 1~~ o=l
37 M%| Tt is not possible
1

A1
1
)\SS)\_Q

FIGURE 1. Graphical representation of the first two terms of a (3, co)-isometry
on the canonical basis for positive weights.

Remark 2.11. Let Sy be a unilateral weighted shift on ¢(N) with weight sequence (\y)ren
such that Sy is a (3, c0)-isometry.

(1) If |)\k| =1 and |/\k+1| < 1, then |)\k+2| S |)\k+1|_1-
(2) If |)\k| = 1, |/\k+1| < 1 and |)\k+2| = ’)\k+1‘_1 > 1, then |)\k+3| =1 and |/\k+4| <1.

(3) If |)\k’ =1, |)\k+1‘ < 1 and |)\k+2’ < |)\k+1’_17 then |)\k+3‘ = |)\k+2)\k+1‘_1 > 1 and
[ Akyal = 1.

2.3. On (5, c0)-isometries.
The next result gives an example of strict (5, co)-isometry.
Theorem 2.12. Let A = (\,)nen be the weight sequence given by

a ifn=30+1
= b ifn=30+2
c

if n =30+ 3,
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where £ € NU {0} and a, b, c are different positive real numbers, different from 1, such that

a.b.c=1. Then Sy is a strict (5, 00)-isometry on (*(N).

Proof. Without lost of generality we suppose that a < b < ¢. So, ¢ >1and a < 1.

For x := ey + e5, we obtain that
max{|[z]|?, [|S3z|]%, |3z ]*} = 2b%¢* # max{2,26°} = max{[|Syz |, [|S3=(*}

1

since 2b°c” > 20% and 20%c? = 2— > 2. Therefore S is not a (4, co)-isometry.
a

The condition of the weights gives that S5 is an isometry and hence Sy is a (5, 0o)-isometry

by [12, Proposition 5.9]. O

3. POWERS OF (m, 00)-ISOMETRIES

In [6], it was proved that any power of an (m, p)-isometry is also an (m, p)-isometry. See
also [15, Theorem 2.3]. The converse, in general, is not true. Indeed, sufficient conditions
for the converse were given in [6, Theorem 3.6 & Corollary 3.7].

We summarize some results in the following proposition.

Proposition 3.1. [6, Theorems 3.1, 3.6 & Corollary 3.7] Let T' € L(X), m be a positive

integer and p > 1 be a real number.

(1) If T is an (m,p)-isometry, then any power T is also an (m,p)-isometry.

(2) Let r,s,m,{ be positive integers and p > 1. If T" is an (m, p)-isometry and T is an
(¢, p)-isometry, then T is an (h, p)-isometry, where t is the greatest common divisor
of r and s, and h is the minimum of m and .

(3) If T™ and T™" are (m,p)-isometries, then T is an (m,p)-isometry.

Our aim is now to study similar properties for the class of (m, co)-isometric operators.
The next result improves part (2) of Corollary 2.3 for the class of (2, 00)-isometries, that

is, any power of a (2, 00)-isometry is also a (2, 0o)-isometry.
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Theorem 3.2. Assume that T € L(X). If T is a (2,00)-isometry, then any power T™ is

also a (2, 00)-isometry.
Proof. We will prove the following equality
max{ ||z, |T*"z ||} = [T"«],

for all z € X. By Proposition 2.1, we have that ||Tz| > ||z| and ||T?z|| = ||Tz|| for all
r € X, since T is a (2,00)-isometry. Then || T?"z| > ||z, for all z € X and n € N. Then

max{||z||, |T?"z|} = |T?"z| = |T"|| for all z € X. O

Part (3) of Proposition 3.1 does not work for (2, 00)-isometries as proves the following

theorem.

Theorem 3.3. Let Sy be a unilateral weighted shift on (*(N) with weight sequence (Ay)ren-
Assume that S} and Sy are (2, 00)-isometries. Then Sy is a (2,00)-isometry if and only

if |\l =1 fork=2,3,...,n.

Proof. Assume that Sy is a (2, 00)-isometry. Then by part (1) of Corollary 2.3, we obtain
that |A\y| =1 for k=2,... n.
Now, suppose that [\y| = 1 for k € {2,...,n}. Let us prove that |\ =1 for all £ > n

and |[A\{| > 1. By Theorem 2.2,
Ak Apgk—1] =1, forall k >n+1 (3.9)

and

|)\k)\n+k:| =1, forallk>n+2. (310)

Then |[Ayx| = [Me] = 1, for all £ > n+ 1. Moreover, |\ ---A,| > 1. Hence, by hypothesis

we obtain that [\| > 1. O
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Corollary 3.4. Let Sy be a unilateral weighted shift on (?(N) with weight sequence (Ag)ren-
Assume that S% and S} are (2, 00)-1sometries. Then Sy is a (2, 00)-isometry if and only if

Example 3.5. Let (A\;)ren be a sequence of weights given by

2 ifk=1,2
)\k::
1 ifk>3.

By Theorem 2.2, we have that S} and S§ are (2, 00)-isometries on ¢*(N) and S} is not.
In the following theorem, we prove that Theorem 3.2 does not work for (3, co)-isometries.

Theorem 3.6. Fized a positive integer n > 1, there exist a sequence of weights (An(k))ren
and a positive integer a, such that:

(a) S5 is a strict (3,00)-isometry on (*(N) for ¢ € {1} U A,

(b) S§. is not a (3,00)-isometry on (*(N) for { € B,

(c) S5 is a strict (2, 00)-isometry on (>(N) for £ > 2a, + 1,

where A, :=={a, +1,...,2a, + 1} and B, :={2,...;a,}.

Proof. Assume that )
Nu{o}=JE:,
where -
Ei=1{3j+i : jeNU{0}}.
Fixed n € E;,\{0, 1}, there exists j, € NU{0} such that n = 3j,+1iy. We define the sequence

of weight (\,(k))ken as follows:

.

2 ifk=1lork=3nh+1)

w

if k=2
if k=3 k=3h+1ork>2a,+3

N — =

if k=3h+2,
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where h € {1, ...,2j0 + 1} and a,, := 3jo + 2. That is,

1st block of 3 weights (2j0 + 2)th block of 3 weights
1 1
(2a 37 17 ]-7 2 27 tr ]-7 2 2) 17 ]-7 17 )
Y .
2nd block of 3 weights

(a) Let us prove that S5 is a strict (3, 00)-isometry on ¢*(N), for £ € {1} U A,,.

Let x € (>°(N). Assume ¢ = 1. We consider two cases, ||z|« = |zk|, for some k € N or
|2]|co # |xk|, for any k € N.
Case 1. ||x]|co = |xk|, for some k € N.

Let’s assume, without lost of generality, that ||z|« = |z4|, since other cases are similar.

Then, we get that
IS, 2l = max (20|, Blaal, Joal, 2oel, k=30, e {2, 20+ 2}}.
Case 1.1. If || Sy, #|lco = 2|21], then ||S} 2|l = ||S} @]l = 6]x1], which implies that

oo} = max{[|Sy, x|, 1S3, 2l }-

max{]|z[|, [|S3,

Case 1.2. If || Sy, @0 = 3|z2], then ||S} 2|l = [|S} 2|l = max{6|z1|, 3|z2|}, which implies

that

max{]|z[|oc, S, 7llec} = max{[|Sx,zllo, 1S, 2/l } = 3l

Case 1.3. If ||Sy, ||sc = 2|2x|, with & = 3 such that 3 < k < 65y + 6, where 3 denotes a

multiple of 3, then ||}zl = max{6|x1|, 2|xx|}, which implies that
max{[[zloo, |83, 2/} = max{||Sx, oo [|SX, 2lloc} = max{6lzs, |zal, 2fal}.
Case 1.4. If || Sy, #|lco = |24|, then [|S} 2| = max{6|z:|, |z4|}, which implies that

max{ |||, |53, 2l } = max{[| Sy, (s, |53, (I} = max{|aa|, 6|z1]}.
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Case 2. ||z]|s # |xk|, for any k& € N.

Assume that § := ||x]|. Hence, we obtain that

1Sx,%]|lee = max{2|z1], 3|xs|, B, 2|xk|, withk=3h, h € {2,...,2(jo + 1)}}
153 2|l = max{6|z1], 3|za|, B, 2|zx|, with k =3k, h € {2,...,2(jo + 1)}}

193 zlle = max {6|z1], 3|za|, B, 2|weesn)]} -

Then, we conclude that

max{|z[lc, |53, 2llec} = max{[|Sy, zllc, 1S3, zllwc} = 195, 2,

for any x € (*(N).

On the other hand, we have that S, is not a (2, co)-isometry, since

max{1, |[S5, e1lloc} # [1Sx, €1l

Hence, S, is a strict (3, co)-isometry on ¢*°(N).

Let ¢ € A, where A, := {a, +1,...,2a, + 1}. The case n = 2 is easy since [|S§ 2|/ =
1SS #||o for any k > 6 and ||S} 2l < [SS @[l for i € {3,4,5}, for all € (*(N).
Henceforth S5 is a strict (3, 00)-isometry for £ € A,. Assume that n > 2, then j, € N. So
0=3(jo+ J)+1, withi € {0,1,2} and J € {1,...,jo + 1}.

First, we will prove that S5 is a (3, 00)-isometry. By [12, Proposition 5.8], it is sufficient to

prove that

1S3 2l = 153 2lls0, 153, 2lls0 > 155, 2o and [[SX @lloc > ||2[loc, for any o € £>(N) .
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It is easy to check that [|S¥ x|l = |5 2]/, for any z € £>°(N), since S§ z = Sy, for
k > 2a, + 1, where y := (y(k))ren is given by

p

3xs k=2
y(k) =
2z, ifk=3h
Ty if k#1, 2, 3h,

(
with h € {2,...,2(jo + 1)} and S(y1,¥2,...) :== (0,y1, Y2, ...) is the unweighed shift operator.
To show that [|S} z[ls > |55, #/|o, we study three cases, depending on ¢, that is, when ¢
is given by 3(jo + J), 3(jo + J) + 1 or 3(jo + J) + 2, with J € {1,...,50 + 1}. Notice that
1535 %l = 15%ylloc = Il llcc-

Case 1. If £ = 3(jo + J), then Sifljﬁ‘])m = S80Iy where yo := (yo(k))ren is given by

(

6x; ifk=1
3ry if k=2
Yo(k) = %1‘3 k=3
2z, if k=3h
| o ifk#1L 2, 3k,

with h € {jo = J +3,..,2(0 + D} So [S{2[lcc = 15*Yllcc = Wllec > 90/l = [[S“v0lloo =
155, %l co-
Case 2. 1f € = 3(jo + J) + 1, with J € {1, ..., 5o}, then Sy * g = G8GotN+1y, where

y1 := (y1(k))ren is given by

yi(k) = § 2z, ifk=3h he{2 ...,20+1)}

tzp ifk=3h+2 he{l,. jo—J+1}

x, itk #£1, 2, 3h, 3h+2
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and Sif?jo“)“x = 32+l where 1) := (v (k))ren is given by

(

6x; ifk=1
3y k=2
k) = {27
2x, i k=3h
z,  ifk+#1,2 3h,

with h € {2,...,2(jo + 1)}

Case 3. 1If ¢ = 3(]0 + J) + 2, with J € {1, ...,j()}, then SiijO+J)+2$ = S3(j0+‘])+2y2’ where
Y2 := (Y2(k))ren is given by

3ry, ik=1lork=2

2z, it k=3h, he{2,..,2(jo+1)}
trpy ifk=3h+1 he{l,. jo—J+1}

x,  ifk#£1,2 3h 3h+1,

\

and Sif?jﬁl)”x = 32+ D+2y “where 1 := (v (k))ren is given by

3x, ifk=1lork=2
Yp(k) = 2z, if k=3h
x, ifk#1,2, 3h,

with h € {2,...,2(jo + 1)}. Hence, we obtain that [|S5 x|/ > [|S5 z|s, for any z € £*(N).

Moreover, Sf{n is not a (2, co)-isometry, since
max{1, | Sy ey} # 153 es il

for i € {0,1,2} and J € {1, ..., jo + 1}. Hence, we get the result.
(b) Now, we prove that Sf{n is not a (3,00)-isometry, for any ¢ € B,, where B, =

{2,..,a,} ={2,...,3j0 + 2}. That is, there exists x, € *°(N) such that

max{]|zlloc, S5, 2elloo} # max{[[S}, zelloo, 15X, welloo}-
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For jy := 0, we have that

2 ifk=1lork=6
3 ifk=2
)\2<k) = 1 ks
5 TFT
1 ifk#1,2 5 6.

Then
4 3 2 6
max{L,[|5),ezlloc} = 5 # 3 = max{|[S5,ealloc, [ S3,e2lo0}-

For jo := 1. That means n = 3 or n =4 or n = 5, we have that

(

2 fk=1lork=6ork=9
k=2

3

1 .

— ifk=bork=28

2

1 iftk#1,2 56,8 9.
Then

3 :
max{L, S ealloc} = 5 # Bmax{[[ 9}, esllec, [, eallc} i £ € {2,5}
max{L, [|S5 eill} = 3 # 6 = max{||S} e1lle, 1932 e1]loc }
max{L, |5}, €glloc} = 1 # 2 = max{||S3 e[l 15}, €6lloc }

Assume that jo > 1. We obtain

;

3
max{1,||S¥ e} = 3 # 3max{||S5, e2llcos |55 €a |00} if¢=3J+2 J€{0,..,5}
max{1,[|S¥e1||} =3 # 6 = max{||S5 _e1lloo, [[S¥ 1]} H€=3T+1, Je{l,...,j}
1 . . .
max{1,||S¥es)|o} =1 # 5= max{|| S5 esllco, |95 €3]l0c} if £ =3 € {3,...,2j50 + 1}

| max{1, 153 eglloc} = 1 # 2 = max{||S_es|loos |55 €6l|c} 1 £ =3 € {2(jo+1),...,3jo} -
Hence S} is not a (3, co)-isometry, for any ¢ € B,,.

(c) Finally, we need to show that S§ is a strict (2, co)-isometry, for ¢ > 2a, + 1 = 6jo + 5.
For { > 2a, + 1, we have ||S} z[o = [|55 |l and [|S§ z|ls > [|#]s, for any z € £(N).

So S5 is a (2, 00)-isometry and ||S5 e1]| # 1. The proof is now completed. O
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Remark 3.7. Fixed n € E; \{0, 1}, there exists jo € NU{0} such that n = 3jy + ig, where
E;,={3j+i : jeNU{0}}, for i € {0,1,2}. Theorem 3.6 proves that there exist a
sequence of weights (A, (k))ken and a positive integer a,, := 3jo + 2 such that we obtain the

following diagram:

A Ay J
- o e e &
1 2 an  ay+1 2a, + 1 2a, + 2
where
A, = {keN: S} isa strict (3,00)-isometry on (*(N)}
B, = {keN: S} isnot a (3,00)-isometry on (*(N)}
C, = {keN: S is astrict (2, 00)-isometry on (*(N)}.

In the following example, we have that part (1) of Proposition 3.1 does not valid for
the class of (3, 00)-isometries. The main idea is to define an operator as in the proof of
Theorem 3.6 using the first block and repeating the second one continuously. Notice that
the blocks of ones, in the proof of Theorem 3.6, are to obtain that some powers of S\ are

strict (2, co)-isometries.

Example 3.8. Let S, be a unilateral weighted shift on ¢>°(N) with weight sequence (A(k))gen

given by
p
2 ifk=1lork=3(h+1)
3 ifk=2
A =
1 ifk=3ork=3h+1
1
= ifk=3h+2
\ 2
with A € N, that is,
1st block of 3 weights 3rd block of 3 weights
—— —
2 3, 1, 1, L 2 1 1 2 ...

v .
2nd block of 3 weights
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Then S, is a strict (3, 0o)-isometry and ST is not a (3, co)-isometry, for any integer n > 2.

Part (2) of Proposition 3.1 is not valid for the class of (3, 00)-isometries as proves the

following example.

Example 3.9. Consider a unilateral weighted shift S\ on ¢*°(N) with weight sequence A\ =
(A& )ken defined by

(
2 ifk=1lork=3Mh+1)
3 k=2

A =

1 ifk=3,k=3h+1ork>13
1
S ifk=3h+2,

\ 2

where h € {1,2,3}. By Theorem 3.6, with n = 5, we obtain that
(a) S is a strict (3, 00)-isometry for £ € {1,6,7,...,11},
(b) S is not a (3, 00)-isometry for £ € {2,3,4,5},

(¢) S is a strict (2, 0o)-isometry for £ > 12.

In the next results, we prove that with additional conditions related to [12, Propositions

5.8 & 5.9 | any power of an (m, co)-isometry is also an (m, co)-isometry.

Proposition 3.10. Let T € L(X) and m € N, with m > 2 such that

1Tz = |77 2| and |T™x| > || T ],
for any £ € {0,1,....,m — 2} and x € X. Then T* is an (m, oo)-isometry for any k € N.
Proof. The case k = 1 was proved in [12, Proposition 5.8].
Notice that [|[T™ x| = [|[T™ 'z||, for every i > 0 and # € X. Fixed k € N, we have that
|TFm || = || TR Vx|, If k€ < m, then | T*"z| = ||T™z| = [|T™ ‘x| < ||T*x|. If k¢ > m,

then | T*z|| = ||T™x|| = ||T™ 'z|. The result is a consequence of [12, Proposition 5.8] for

the operator T*. O
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Proposition 3.11. Let T € L(X).
(1) If T*" is an isometry, then T is a (2n+1, 0o)-isometry if and only if T is a (2n—1, 00)-
1sometry.

(2) If T? is an isometry, then T is an (m,oc)-isometry if and only if T is an isometry.
Proof. 1t is clear by the definition of (m, co)-isometry. i

Theorem 3.12. Let T € L(X) such that T™ is an isometry for an odd number n. Then T*

is a (2n — 1, 00)-isometry for any positive integer number k.

Proof. For k = 1, it was proved in [12, Proposition 5.9].
For the general case, take into account that if 7" is an isometry, then (T%)" is an isometry.

Then the result is an immediate consequence of [12, Proposition 5.9]. ]

4. (m, OO)—ISOMETRIES ON FINITE DIMENSIONAL SPACE

Notice that if T is an (m, 0o)-isometry on a finite dimensional Banach space, then the
spectrum of 7' is equal to the eigenvalues of T', 0,,(T"), and it is a finite subset of the unit
circle, [12, Proposition 6.5].

In the following proposition, we prove that some types of operators can not be a strict

(3, 00)-isometry on R?.

a b a 0
Proposition 4.1. If T := or T = , where a,b,d € R, is a (3,00)-
0 d b d

isometry on R2, then T is an isometry.

a b
Proof. Assume that T' = . The other case is similar. It is clear that 0,(T") = {a, d}
0 d
and by [12, Proposition 6.5] we obtain that a = £1 and d = +£1.
1 b
Assume that a = d = 1. That is, T' = . It is clear that 7" is a 3-isometry. By
01

[12, Proposition 6.1] the m-isometries that are (m, co)-isometries are the isometries.
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If a =1 and d = —1, then T? is an isometry. Therefore, the result is a consequence of part

(2) of Proposition 3.11. The other cases are similar. d

Theorem 4.2. Let T € L(X) such that T* =T. Then T is a (3,00)-isometry if and only if
T=1.

Proof. Assume that T is a (3, 00)-isometry and 7?2 = T. Then T(Tx) = Tz implies that
Tr=xforallz e X. SoT =1. Il

By [3, 7] the strict m-isometries on C™ are of odd m and less than or equal to 2n — 1.

Denote
L, (C") :={T € L(C") : T is an m-isometry}.

Then
L(C") = L(C") € I3(C") = L(C") © ... € Iy o(C") C L5 1 (C") = [,(C") ,  (4.11)

for all m > 2n — 1.

The next theorem proves that on C? it is possible to define a strict (2n— 1, 0o)-isometry for

every odd number n. So it is not possible to translate (4.11) to the class of (m, co)-isometries.

Theorem 4.3. Let n be an odd number. There exists T € L(C?) such that T is a strict

(2n — 1, 00)-isometry.

Proof. Assume that n is an odd number such that n > 1. Rewrite n = 2j + 1, for some

j € N and define on C?

T .=
0 a?

where a := € such that § = 27” By the assumptions on n and 6, we have that a and a? are

different complex numbers on OD\{1}.
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First, we will prove that 7" is a (2n — 1, co)-isometry. By [12, Proposition 5.9], it is sufficient

to prove that T™ = I. It is straight forward that

k—1
ak ak—l Z ae
Tk = =0 . (4.12)
0 a?k

Hence T™ = I, since a™ = 1.
To conclude the proof we need to prove that 7' is a strict (2n—1, 0o)-isometry or equivalently,
since T is invertible, that 7" is not a (2n — 3, co)-isometry by parts (4) and (5) of Proposition

1.1. That is, there exists zg € C? such that

Tk Tzl . 4.1
008X 170l # max [T 20| (4.13)
k even k odd

It is easy to see that (4.13) is satisfied for n = 3 and n = 5 with zy := (1,1). Assume that

n > 7, that is, j > 3 where n = 25 + 1. In particular, we will prove that

max || T*T" M xg|| # max || TPT9 ]| (4.14)
0<k<2n-3 0<k<2n-3
k even k odd

where zo := (1,1).

Since T™ = I, (4.14) is equivalent to

max || T*T" x| = max  ||[T*T9 x|l # max || TFT7 x| = max || TT x|
0<k<2n-3 0<k<n—1 0<k<n-—2 0<k<2n-3
k even k #n—2 k odd

(4.15)
We need three claims.

Claim 1. Let xo:= (1,1). Then

0<k<n-—1 —j<k<j

. @t +a?—a—1
max ||T*T7 1 20||> = max {1+ | A 1P |
a —

Proof. Using (4.12),

ki |2

a—i—ZaE

=0

|TETI+ || = 1 +
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Then
max ||[TFT7 20> = max {1+ |a+ Zaz = max {1+ |a+——7—
0<k<n—1 J<k<3j =0 J<k<3j a—1
‘ak+a2—a—1|2
= max 1+
JHI<k<3j+1 la — 12
{ak—l—aQ—a—l}Q
= max 1+
n—j<k<n+j la — 1|2
|ak+a2—a—1‘2
= max 1+ )
—j<k<j la — 1|2
since n = 25 + 1. Hence, we get the result. O

Denote Uy, := |ak +a%—a— 1}2. It is straightforward that

2k — 4 2k — 2 2k 4
U,=2 (2+COS< 7T) —cos( 7T) — cos (—F) — COoS (—W>) ,
n n n n

2mi

since a = en .

Claim 2. The sequence (Uk)j_j satisfies that Uy — U_, > 0, for any k € {1,...,7}.

Proof. We have
U,—-U_, = 2 (2005 <2k — 47r) — cos <2k+47r) — cos <2k — 27‘(‘) — cos <2k+ 2#))
n n n n
o (50) ()~ ()
= 4sin|{ — sin|{ — ) —sin | —
n n n
= 4sin (%—W> sin (Z—W) (2 cos (2—7T> — 1) .
n n n

Since 27 ¢ (0,7) for k € {1,...,5} and n > 7, then U, — U_; > 0. O

n

Claim 3. The sequence (Ux)o<k<j is strictly increasing. That is,
U,—U,_1 > O, (416)

forany k € {1,....5}.
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Proof. We have

Ue—Upy = 2 (2 cos (%n_ 47r) — cos (%n_ 67r) — cos (%TWD (4.17)
o () o (5) ()
+ 2sin <2kn_ 47r) (sin (4%) — sin (%T)) .

Let’s assume that j is even. The other case is similar.

We divide the proof into four steps depending on k.
Step 1: Let k € {1, ..., 1}.
It is clear that equation (4.16) is satisfied for k = 1 and k = 2.

; 2k —4
Assume that k € {3, ..., }. Since Gk=4)m

€ (0, g), then cos (247) > 0 and sin (Z-27) >
0. Moreover, sin (4%) —sin (27”) > 0, for all n > 7. Thus, Equation (4.16) is satisfied for any
kel .. 1}

Step 2: Let k = % + 1.

We have

) — 2 4 2
iy — Ui = 2cos (j 71') (2—608 <—7T) — cos (—W>>
2 n n n
+ 2sin (]_27r> (sin (41) — sin <2—W)) >0,

n n n

[N

(j—2)m T

S (075)
Step 3: ke {5+2,...,5 —1}.

since
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Let k = % +i with i € {2,..., ‘% — 1}. By (4.17), we obtain

Up = Upa = U%Jri - U%—i—i—l
Vs 21 —4 21 — 6 2T
= 2cos | — 2 cos 7T ) — cos m| —cos| —
n n n n
. [T . 21— 4 . 21— 6 ) 24
+ 2sin | — —2sin 7 | + sin T) +sin| — .
n n n n

By Step 1, we proved that Uy — U,_; = 2 (2 cos (%T_4w) — CoS (2k_67r) — cos (2’”)) > 0, for

ke {1,...,%}, so for i € {2,...,%— 1} we have

21— 4 21— 6 2
2 cos 7T | — cos 7] —cos|[— | >0.
n n n

Moreover, cos (j—ﬂ> > 0 and sin <j—7r> > 0, since il € (0, E).
n n n 2

Finally, we need to prove that

o (21—4 . [(21—6 . 2
—2sin T | 4 sin m|4+sin{— 1] >0,
n n n

where 7 € {2, ..., % — 1}

Define f on |2, % — 1] as:

2z — 4 20 — 6 2
f(z) = —28111< ’ 7'(') —|—sin( i w) + sin (ﬂ> :
n n n

It is easy to see that the derivative of f is negative and f (% — 1) > 0. So, Uy — U1 > 0,

for k € {% +2,...,5—1}
Step 4. Let k = j.

We need to show that U; — U;_; > 0.
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By (4.17), we have

25 —4 27 —6 29
Ui-U;-y = 2(2cos( J 7r) —cos( J 7r) — oS (ﬂ))
n n n
= 2 (—2 CoS (5—7T> + cos <7—7T) + cos <Z>> .
n n n

Define

h(z) = —2cos (%W) + cos (%) +cos (%)),

for x € [7,+00). Using the same ideas as before, we obtain h(z) > 0, since its derivative is

negative and lim h(z) = 0. Hence U; — U;_; > 0, for any n > 7. O

T—00

By the three claims, we get that

max HTk+j+1$0H2 _ HTnJrjonz > HTnJrjfl.rOH2 —  max HTk+j+1x0H2 )
0<k<n—1 0<k<n—2
k#n—2
Hence the proof is completed. O

At the present time, we do not know the answer of the following question.

Question 1. Is it possible to define a strict (3, 00)-isometry on C? with the euclidean norm?
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