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Resumen

En esta tesis se estudia la influencia del efecto microlente gravitatorio sobre
las lineas anchas de emisién (BELs) de los cudsares (QSOs) usando las esti-
maciones més recientes del tamano de la regién de lineas anchas (BLR) y la
relacién de escalado que existe entre este tamano y la luminosidad.

El efecto microlente, causado por estrellas u otros objetos compactos, puede
producir importantes amplificaciones en las BELs de algunos cudsares sujetos al
efecto lente gravitatoria. El efecto microlente podria ser especialmente relevante
en las lineas de alta ionizacién que se generan en la BLR. Hemos identificado un
grupo de 10 lentes gravitatorias, que representan aproximadamente al 30% de
la muestra estudiada, en las cuales resultaria mas favorable observar el efecto
microlente. Usando modelos cinematicos estandar para los nucleos activos de
galaxias (AGN), se han estudiado los cambios que una microlente situada en
diferentes posiciones respecto al centro de la BLR produce sobre los perfiles de
las lineas. El efecto microlente induciria importantes efectos sobre las lineas,
tales como la amplificacion selectiva de diferentes partes del perfil o el desplaza-
miento de su pico. El estudio de los perfiles de las BELs con diferente grado de
ionizacién en la misma imagen de un cudsar que haya sufrido el efecto micro-
lente seria un método alternativo para probar cudl es la estructura y el tamano
de la regiéon donde se originan las lineas.

En la segunda parte de esta tesis se ha considerado la aproximacién de
caustica rectilinea para estudiar la influencia del efecto microlente sobre las
BELs. Bésicamente, se reproducen los mismos resultados obtenidos que cuando
se considera una microlente aislada, especialmente las amplificaciones asimétri-
cas de distintas partes del perfil de las lineas. Esta aproximaciéon es vélida para
las regiones mds internas de los AGN, donde es probable que se generen las
lineas de emisién en rayos X.

Finalmente, hemos seleccionado una geometria bicénica para los cudsares
con el objetivo de discutir en detalle la influencia del efecto microlente de un
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patron de catsticas sobre los perfiles de las lineas anchas de emisiéon. La am-
plificacién causada por el efecto microlente usando este modelo anisotrépico no
estd directamente relacionada con el tamano intrinseco del bicono (tal y como se
medié por el método del eco o reverberacién), sino que depende de la orientacién
del bicono y de la apertura del cono. La orientaciéon del bicono proyectado res-
pecto a la distorsiéon del patréon de magnificacién puede inducir efectos muy
interesantes, como las amplificaciones casi periddicas de la parte azul o roja
de los perfiles de las lineas de emisién o la carencia de correlacién entre las
curvas de luz de la regién de lineas anchas y del continuo de los cudsares. Los
perfiles de las lineas de emisién de una regién de lineas anchas, en movimiento
respecto a una alta concentraciéon de catsticas, muestran caracteristicas muy
claras y bien definidas en longitud de onda. Estas caracteristicas son el re-
sultado de muestrear la cinemdtica de la BLR con el cimulo de catsticas. El
modelo bicénico puede reproducir la variacion recurrente del ala azul de la linea,
detectada en las lineas anchas de emisién de la imagen A de la lente gravita-
toria SDSS J1004+4112. Sin embargo, no parece posible reproducir el tiempo
de escala observado para este efecto si la fraccién de masa en estrellas en el
deflector es mayor de un 1% de la masa total. Movimientos paralelos entre el
eje del bicono proyectado y la orientaciéon de la distorsién gravitatoria externa
conducirian a tiempos de escala excesivamente grandes.

Cédigos de la UNESCO:
2101.09: Cosmologia y Cosmogonia: Cudsares
2101.04: Cosmologia y Cosmogonia: Galaxias

2101.05: Cosmologia y Cosmogonia: Gravitacién



Abstract

In the present PhD Thesis we discuss several effects of microlensing on the
broad emission lines (BELS) of quasars (QSOs) in the light of recent determi-
nations of the size of the broad line region (BLR) and its scaling with QSO
luminosity.

Microlensing by star-sized objects can produce significant amplifications on
the BELs of some multiple-imaged QSOs, and could be very relevant for high-
ionization lines. We have identified a group of ten gravitational lens systems
(~ 30% of the selected sample) in which microlensing could be observed. Using
standard kinematic models for active galactic nuclei (AGN), we have studied
the changes induced in the line profile by a microlens located at different posi-
tions with respect to the center of the BLR. We found that microlensing could
produce important effects such as the relative enhancement of different parts
of the line profile or the displacement of the peak of the line. The study of
BEL profiles of different ionization in a microlensed QSO image could be an
alternative method for probing the BLR structure and size.

In the second part of this PhD Thesis we have considered the straight fold
caustic approximation to study the effects of microlensing on the BELs. We ba-
sically reproduce the same results obtained in the case of the isolated microlens,
in particular the asymmetrical red/blue enhancements. This approximation is
valid for the innermost regions of the AGN, where some X-ray emission lines
could be generated.

Finally, we have selected the biconical geometry to discuss in detail the
influence of microlensing by a caustic network in the profiles of the emission
lines. Microlensing amplification in this anisotropic model is not directly related
to the bicone’s intrinsic size (as measured by the reverberation method) but
depends on the orientation of the bicone axis and on the cone aperture. The
orientation of the projected bicone with respect to the shear of the magnification
pattern can induce very interesting effects, like the quasi-periodic enhancements
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of the red /blue part of the emission line profile or the lack of correlation between
the broad line region and continuum light curves of QSOs. The emission line
profiles of a BLR moving in a high caustic concentration exhibit sharp features
that are well defined in wavelength. These features (spikes) correspond to the
scanning of the kinematics of the BLR by the caustic clusters. The biconical
model can reproduce with a transversal (with respect to the shear) movement
of the BLR the recurrent blue-wing enhancement detected in the emission line
profile of the A image of the lensed quasar system SDSS J1004+4112. However
it does not seem possible to match the observed time-scale if the fraction of
matter in stars in the deflector is greater than ~1% of the total mass. Parallel
movements would lead to excessively large time-scales.

UNESCO codes:
2101.09: Cosmology and Cosmogony: Quasars
2101.04: Cosmology and Cosmogony: Galaxies

2101.05: Cosmology and Cosmogony: Gravitation
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Introduction

Pide, y te serd concedido;

busca, y lo hallards;

llama y se te abrirdn las puertas.
Mateo 7:7

THE gravitational lens effect is a powerful tool to study the broad line region
of quasars because this relatively small region can be significantly magnified
if it is placed behind a very massive body (a galaxy or a cluster of galaxies),
providing clues about its geometry and kinematics.

This chapter is divided into three sections. Firstly, essential data about
quasars, their discovery, properties and structure are presented, paying special
attention to the broad line region (BLR), where broad emission lines (BELSs)
are generated. In the second place, a brief summary about gravitational lensing
is included, containing an historical perspective, first discoveries and applica-
tions. The mathematical description of the theory of gravitational lensing will
be extensively treated in a separate chapter, due to its importance in the devel-
opment of this work. These first two sections give information about each part
involved in the study of the influence of gravitational microlensing on BELs of
quasars. Finally, motivations and objectives of this PhD Thesis are detailed.

1.1 Quasars

Quasars are among the most distant and luminous objects in the Universe.
Light from distant quasars that is received at the Earth now was emitted when
the Universe was only a fraction of its current age, and it has been travelling

1



2 CHAPTER 1. Introduction

ever since. As light from these distant sources travels to us, there is a reason-
able chance that it may be intercepted or deflected by an intervening galaxy
along the way, which prints a signature of such an occurrence on the quasar
spectrum. Nowadays it is thought that these objects are a type of active galac-
tic nuclei, AGN, whose nuclear point-like emission almost completely outshines
the extended stellar light of its host galaxy. Quasars present prominent BELSs
with equivalent widths' of ~100 A.

1.1.1 Some history

The observational study of AGN began with Fath. In 1908, when he was
studying the spectra of the nuclei of the brightest “spiral nebulae”, several
emission lines characteristic of gaseous nebulae were identified in the spectrum
of the nucleus of one galaxy, NGC 1068 (Fath 1908). In 1943, Carl Seyfert
published his notable paper on galaxies with small bright nuclei that emit light
with emission line spectrum, exhibit characteristically broadened emission lines,
and cover a wide range of ionization. They are now known as “Seyfert galaxies”.

Very rapid advance of radio astronomy in the 1950’s led to the first optical
identifications of the strong radio sources, as Cygnus A, identified by W. Baade
and R. Minkowski in 1954, at a -then- astonishing redshift of 0.056. Many bright
radio sources come in the form of double lobes with a galaxy located halfway
between them with these lobes being connected to the galaxy by jets (Jennison
& Das Gupta 1953; Maltby & Moffet 1963; Rees 1971). These radio lobes
were the first evidence recognized as indicating nonstellar activity in external
galaxies (e.g. Krolik 1999). It took almost a decade to assemble the first useful
catalog, the 3C catalog (for 3rd Cambridge University survey), a collection of
almost 500 radio sources. By 1960, Minkowski was able to identify the radio
source 3C 295 with a galaxy at z = 0.46 (Minkowski 1960).

The paradigm about the galactic or extragalactic origin of the radio sources
was not resolved until 1963, when C. Hazard and M. Schmidt discovered the
first quasar, 3C273. Hazard supplied the accurate radio position from lunar
occultations (Hazard, Mackey & Shimmins 1963), which matched with a 13th-
magnitude stellar object with an optical jet. Schmidt (1963) provided the
optical spectroscopy and redshift, showing broad Balmer emission lines at z =
0.158. Based on the great similarity between the spectra of quasars and nuclei
of Seyfert 1 galaxies, Barnothy (1965) even proposed that high redshift quasars
could actually be the lensed images of distant Seyfert 1 galaxy nuclei (see §1.2

'The equivalent width is the width of a rectangular line as deep as the continuum level and
with the same area as the line under study. This quantity gives a direct measure of the total
amount of energy in the continuum removed by the line, assuming that it is in absorption.



1.1. Quasars 3

and §2 for detailed information on gravitational lens systems).

Radio galaxies were found as the optical counterparts of radio sources from
early surveys (Matthews, Morgan & Schmidt 1965). In 1968, Schmitt noticed
that there was a variable radio source located at the same position as BL Lac?.
The radio source VRO 42.22.01 had been observed by MacLeod & Andrew
(1968). Further study and discovery of other similar objects led Strittmatter
and colleagues to propose that BL Lac and a handful of other sources were
candidates for an entire new class of extragalactic object (Strittmatter et al.
1972). In the mid-1970’s, it was noted that there was a category of quasar that,
in some respects, resembled the BL Lacs. These were the so-called optically
violently variable quasars, OVVs (McGimsey et al. 1975).

Nowadays, our knowledge about AGN has advanced enormously and this
is now a very important branch of Astronomy. We are now quite certain that
active galactic nuclei are powered by accretion onto supermassive collapsed ob-
jects (Peterson et al. 2004). Nevertheless, many essential details remain poorly
understood. At a fundamental level, the physical origin of variations of AGN
is not known, although accretion disc instabilities are probably involved (Pe-
terson 2001). The kinematics and geometry of the broad line region remains
unknown. The BELs generated by gas moving in infall, outflow or orbital mo-
tion only weakly constrain these possibilities because there are a wide variety of
profoundly different kinematic models that yield similar line profiles®(Peterson
2004).

1.1.2 Properties

The main classes of AGN are: quasars, Seyfert galaxies, BL-Lacs, OVVs,
and radio galaxies. Many AGN have a point-like appearance, enormous lumi-
nosities (~ 10*2 to ~ 10*® erg s=1), broad and narrow emission lines and non
thermal emission from their nucleus, exhibiting radio-emitting compact cores,
often connected by long, narrow jets to gigantic radio lobes up to a million
light-years from the core.

The common characteristics of AGN are (Bartelmann & Schneider 2001):

e radio emission which, owing to its spectrum and polarization, is inter-
preted as synchrotron radiation;

e strong ultraviolet and optical emission lines from highly ionized species;

2BL Lac objects receive this name because of the first member of the class discovered,
an object previously suspected of being a variable star in our Galaxy and which had been
catalogued under the name of BL Lacertae (Hoffmeister 1929). This the standard format of
naming a variable star.

3The detailed shape of a spectral line is called the line profile.
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a flat ultraviolet to optical continuum spectrum, often accompanied by
polarization of the optical light (~0.5-10% in linear polarization);

e strong X-ray emission which can be interpreted as inverse Compton radia-
tion;

e strong 7y-ray emission which can be interpreted as inverse Compton emis-
sion from relativistic jets;

e variability at all wavelengths, from the radio to the y-ray regime, on time
scale from hours to years.

All these phenomena occur at a different level in each class of AGN (Robson
1996; Krolik 1999):

e A quasar is an optically point-like object with strong broad and narrow
emission lines in its spectrum, and comparable luminosity in the infrared,
optical, and X-ray bands. The redshifts of these spectral lines indicate
that the quasars are very distant and very luminous. They are classified
into two types: radio-loud quasars and radio-quiet quasars. The former
are radio emitters, with some variability and polarization of the optical
light, and the latter present these three characteristics weakly.

e An OVV quasar is a highly polarized, radio-loud quasar with an excep-
tionally rapid and large amplitude variability in the optical band.

e A BL Lac object is similar to a highly polarized, radio-loud quasar, except
that it lacks strong broad and narrow emission lines.

e A Seyfert galaxy is (usually) a spiral galaxy with an optically bright nu-
cleus with powerful ultraviolet and X-ray emission. Weak radio emission
is detected. Seyfert galaxies are divided into two principal types accord-
ing to whether their emission lines are broad (type 1) or narrow (type 2)
profiles. In addition, Type 1 Seyferts present point-like appearance and
some variability and polarization at optical band*. These characteristics
are missing from Type 2 Seyferts.

4Type 1 Seyfert galaxies and radio-quiet quasars present similar characteristics, the only
distinction is whether a host galaxy is visible. An active galactic nucleus is classified as a
type 1 Seyfert galaxy when its host galaxy is visible, whereas when none is visible, it is called
a radio-quiet quasar. Seyfert galaxies are on average two orders of magnitude less powerful
than quasars and for this reason the host galaxy is visible.
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e A radio galaxy is an elliptical galaxy with strong, nonthermal radio emis-
sion in the core, jets and lobes. They present strong narrow emission
lines. There are two types: broad line radio galaxies and narrow line
radio galaxies. The former present a point-like appearance, comparable
luminosity in the infrared, optical and X-ray bands, strong BELs and low
variability or pbulae were identified in the spectrum of the nucleus of one
galaxy, NGC 1068 (Fath 1908).olarization, while the latter do not present
any of these characteristics.

The radiation coming from AGN is produced by a wide variety of mecha-
nisms, including high energy v-ray processes, inverse Compton radiation, at-
mospheric reprocessing, dust emission and synchrotron radiation. An approach
to understand these processes can be found in Blandford (1990). More detailed
information can be found in Robson (1996) and Krolik (1999).

1.1.3 Structure

The standard model of an active galactic nucleus (Rees 1984; Weedman
1986; Robson 1996; Ulrich, Maraschi & Urry 1997; Krolik 1999) maintains that
the fundamental engine is a supermassive black hole (> 10°M) in the core of
the galaxy surrounded by an accretion disc, or more generally optically thick
plasma, glowing brightly at ultraviolet and perhaps soft X-ray wavelengths. In
the innermost region, hot optically thin plasma surrounding and /or mixed with
the optically thick plasma gives rise to the medium and hard X-ray emission.
Around the accreting supermassive black hole is the broad line region, contained
within a large molecular torus and a larger narrow line region (NLR). In some
systems, highly relativistic outflows of energetic particles along the poles of the
rotating black hole, accretion disc, or torus form collimated radio-emitting jets
that lead to extended radio sources (Fig. 1.1).

Unified models attempt to explain the range of AGN on the assumption that
they differ only in luminosity, radio brightness and the angle at which they are
viewed (Fig. 1.2; Antonucci 1993). The gas and dust torus might hide parts or
all of the BLR.

The emission line spectra of AGN are kinematically composite rising in two
separate line production regions (Osterbrock 1989; Netzer 1990). The narrow
component has Doppler widths usually between 300-1000 km s~! and these
emission lines arise in relatively low density gas, n. : 10® — 10% cm3, that is
spatially extended. In fact, the NLR is at least partially resolved in some of
the nearest AGN, showing dimensions of 100-300 pc. In contrast, the broad
components have Doppler widths in the range of around 3000-10000 km s *
and arise in gas of fairly high density, n, > 108 cm® (Netzer 1990). The radius
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FIGURE 1.1— A generic model for an active galaxy. (a) The central engine is a supermassive
black hole surrounded by an accretion disc with jets emerging perpendicular to the accretion
disc. (b) The engine is surrounded by an obscuring torus of gas and dust. The broad-line
region occupies the hole in the middle of the torus and the narrow-line region lies further out.
(c) The entire AGN appears as a bright nucleus in an otherwise normal galaxy. Note that the
jets extend to beyond the host galaxy and terminate in radio lobes.

of the BLR is of the order of 101® — 10'7cm (Wandel, Peterson & Malkan 1999),
and the effective temperature of BLR clouds is of the order of 10* K (e.g.
Osterbrock 1989; Netzer 1990; Krolik 1999). Distances are rough estimates,
and almost all scale with the luminosity of the active galactic nucleus (Krolik
1999).

BLR

In the standard model, the BLR is composed of a large number of small (~
108 clouds; Arav et al. 1998) discrete, high-density clouds, which are optically
thick to the incident hydrogen ionizing continuum and which have a relatively
low covering fraction (10% of the sky as seen from the central engine). Since the
gas temperature is low (~ 10* K), the large line widths (FWHM ~ 10* km s~ 1)
are attributed to bulk motion of the line emitting gas (e.g. Goad & Koratkar
1998). The characteristic BELs arise from the photoionization of these clouds
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FIGURE 1.2— In the unified model theory, the AGN types depend on the orientation of the
viewing angle with respect to the Earth. The angles are approximate.

by the central source. Hence variations in the ionizating continuum are seen as
variations in the emission lines with a time delay associated with light travel
time (Peterson 1993).

Each cloud contributes to the total line profile of a chemical element with a
narrow line, being shifted by Doppler effect from the cloud rest-frame because
of the velocity of the cloud along our line of sight.

Detailed models for the structure of the BLR (see, e.g., Collin-Souffrin,
Dumont & Tully 1982) indicate that the lines of high-ionization potential (high
ionization lines, HILs, like He 1 and He 11 lines, O vi A1035, Lya A1216, N
Vv A1240 or C 1v A1549) are generated in regions close to the central ionizing
source while lines of low ionization potential (low ionization lines, LILs, like
Balmer lines, Mg 11 A2798, C 111] A1909 or the optical Fe 1I lines) arise further
out. Investigations so far, using photoionization and reverberating mapping
methods, indicate that there is stratification of gas (see e.g. Gaskell & Sparke
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1986, Koratkar & Gaskell 1991, Peterson 1993).
The BLR structure has been investigated using several methods:

Photoionization Method. In the past, the physical properties of the BLR
have been characterized by a key parameter, the ionization parameter U =
Qr/(4nr?nc), where Qp is the number of hydrogen ionization photons per sec-
ond, r is the cloud-source distance, c is the speed of light, and n is the density
of the photoionized gas. This parameter represents where the photoionization
equilibrium of the gas is attained, i.e. where the rate of photoionization is bal-
anced by the rate of recombination (Netzer 1990). Given an estimate of Qg,
and using standard BLR parameters of U and the gas density, therefore, the
size of the line emitting region can be obtained from the model. Thus, for a
Seyfert 1 galaxy, Qg is typically 10°* photons s~!, with standard parameters
U ~ 1072 and n ~ 10%® cm—3, yields the smallest BLR size of ~ 2.9 107 cm,
or equivalently 112 lt-days (e.g. Goad & Koratkar 1998).

Reverberation Mapping Method. The technique used in the last few years,
which has provided strong supporting evidence for a stratified BLR is the re-
verberation mapping method (Blandford & Mckee 1982). This technique uses
the time lag between the continuum and the emission lines variations to deter-
mine the characteristic size of the BLR, or, more accurately, the size of the line
emitting region for one particular emission line, and to deduce the masses of
black holes, combining the inferred BLR radius with the widths of the emission
lines. The derived size of the BLRs were found to be an order of magnitude
smaller than that suggested by photoionization calculations (Wandel, Peterson
& Malkan 1999), because different line species were found to respond on differ-
ent timescales (stratification) with steep gradients in either U and/or n (e.g.
Goad & Koratkar 1998). This order of magnitude diminishing of the BLR size
is crucial for the motivations of this PhD Thesis.

Kaspi et al. (2000), using the reverberation mapping method, derived BLR
sizes from the Balmer lines in the range from 13 to 514 light days, finding a
global scaling of the BLR size as a function of the intrinsic luminosity, rp;r o
LO-70£0.03  This power-law was reanalyzed by Kaspi et al. (2005) using the
BLR size from all available AGN over the past 15 years compiled by Peterson
et al. (2004) and obtained using this technique as well. Kaspi et al. (2005)
found different power-law indexes depending on the wavelength, with the mean
best-fitting for the optical continuum and the broad HfS luminosity rpi-being o
L067£0.05  The power-law index for the UV continuum luminosity is 0.56 4 0.05
and 0.70 + 0.14 for the X-ray luminosity.
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At this time there is no consensus among the scientific community as regards
the velocity field of clouds in BLR or its geometry. Models involving accretion
discs (Chen, Halpern & Filippenko 1989; Dumont & Collin-Souffrin 1990a;
Dumont & Collin-Souffrin 1990b), Keplerian cloud ensembles (Kwan & Carroll
1982; Bradley & Puetter 1986; Penston et al. 1990), winds (Perry & Dyson
1985; Smith & Raine 1985), and supernovae (Terlevich et al. 1992), among
others, have been discussed. The principal observables which these models seek
to explain are the shape and width of the emission line profile, which depend
on both the spatial distribution of the emitting gas and its velocity field. It has
become apparent from a variety of spectroscopic studies that a wide diversity
in the shapes and widths of the profiles of the broad H, and Hg lines is present
among the AGN population (Osterbrock & Shuder 1982; de Robertis 1985;
Crenshaw 1986; Stirpe 1990; Jackson & Browne 1991; Boronson & Green 1992;
Miller et al. 1992; Eracleous & Halper 1994)

In the present PhD work we use another promising method to study the BLR
of AGN, the gravitational lens effect. The first theoretical study was carried
out by Nemiroff (1988) and continued by Schneider & Wambsganss (1990). The
investigation focused on a few physically motivated models and used the inverse
ray tracing method (Wambsganss, Paczynski & Katz 1990; §2.8) to obtain the
amplification pattern that simulated the lens galaxy. However, they concluded
that the BLR sizes were too extended to be substantially amplified by the
gravitational lens effect. No significant attempts were carried out until Abajas
et al. (2002) returned to the question using the new estimations of the BLR
sizes (Wandel, Peterson & Malkan 1999, Kaspi et al. 2000).

1.2 Gravitational Lensing

The gravitational lens effect is produced when a very massive body (gener-
ally a galaxy or a cluster of galaxies) is placed near the line of sight connecting
an observer with a distant luminous source, which could be an extended or com-
pact source and is located very far from both the observer and the very massive
body. The foreground mass concentration deflecting the light of the background
source is called lens. The rays of light travelling from the background source
to the observer can follow different paths due to gravitational deflection, gener-
ating multiple images, arcs or rings. Furthermore, the light deflection modifies
the flux of the images of the source (Chang & Refsdal 1979; Chang & Refs-
dal 1984; Paczynski 1986; Kayser, Refsdal & Stabell 1986; Schneider & Weiss
1987).

The gravitational lens systems are classified in three classes depending on
the optical geometry of the system and the type of source. In the first case,
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when the observer, the lens and the source are perfectly aligned, the image
of the source in the observer plane is a ring image, known as an Einstein ring
(Fig. 1.3). If the alignment between the components of the system is not perfect
it is possible to observe several images when the source is compact, or several
arcs if the source is extended (see, for more details, Schneider, Ehlers & Falco
1992).

Einstein Ring formed when earth-lens-object
are parfectly aligned

EINSTEIN RING
IMAGE

LENS GALAXY

Multiple images formad when alignment is not perfact

FIGURE 1.3— Two different geometries of the gravitational lens effect.

Lodge was the first researcher using the lens term to define this phenomenon
in 1919, and it is still used nowadays although this term is not the most ad-
equate. An ideal lens is an optical system whose focal distance is a constant



1.2. Gravitational Lensing 11

(distance from focus to the object which bends the light). However, in the
gravitational lens system the focal distance depends on the distance between
the ray of light and the lens. Attending to this reason it could be better to call
them gravitational mirages, because the mirage term explains their nature bet-
ter (Refsdal & Surdej 1994). The mirages in nature are explained through the
Fermat principle, which implies that light will always try to make its velocity
the maximum, independently of the medium in which it is moving. A clear ex-
ample are terrestrial mirages (see Fig. 1.4), which may significantly deform our
view of distant objects because of refractive index variations in the air layers
just above the ground.

FIGURE 1.4— Terrestrial mirage in Namibia. By Juan Carlos Casado, 2004.

When the light ray bundle from a background source intersects the lens
galaxy it can be affected by “discrete” components (star, planet or any dark
matter condensation) which do not generate spatially resolved images but do
amplify the flux of one of the images generated by the lens galaxy (microlensing;
see Fig. 1.5).
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FIGURE 1.5— Microlensing effect.

1.2.1 Some history

At the beginning of the 18th century Newton (1704) had already wondered
whether gravity could influence the behaviour of light and if celestial objects
could bend the ray of light. He estimated the deflection angle of a ray of light
travelling near a spherical body. At the end of this century, Michell (1784)
and Laplace (1795) realized that a body with a high enough density would not
allow the light to escape from it, so that it would appear completely black.
A few years later, and bearing these ideas in mind, Soldner (1804) calculated
the deflection angle of a light ray close to the solar limb, assuming that light
consists of material particles and using Newtonian gravity.

Once the Theory of General Relativity (TGR) had been developed by Ein-
stein in 1915, this deflection angle was recalculated, predicting an angle twice
the value obtained by Soldner (the factor two arises because of the curvature
of the metric). The deflection angle computed by Einstein, « = 1’75, was con-
firmed in 1919 during a total solar eclipse when the apparent angular shift of
star positions close to the limb of the Sun was measured by Eddington (1920).
This experiment meant compelling evidence in support of the TGR.

During the next decades the deflection of light was investigated only in a
theoretical way. The existence of multiple images when two stars are sufficiently
aligned was suggested by Eddington in 1920, who calculated, although wrongly,
the dependence of the flux of the images with the alignment. In 1924 Chwolson
pointed out that if the alignment between the stars were perfect, an image
with ring form would be obtained. We now call these images Einstein rings.
Einstein (1936) discussed the same problem and concluded that the lensing
phenomena caused by stars in our Galaxy were difficult to observe. However,
Zwicky (1937a,b) noticed that the probability of observing this phenomenon
is greater if galaxies are considered, because they produce angular separations
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which can be observed with telescopes. He noted that observing such an effect
would supply an additional test of General Relativity, would allow one to see
galaxies at larger distances due to the magnification effect, and would determine
the masses of these galaxies acting as lenses.

The great development in the theoretical study of the gravitational lens
happened in the 1960’s when Klimov (1963), Liebes (1964) and Refsdal (1964a)
studied the geometry of the gravitational lens in an independent way. Refsdal
(1964b) considered potential applications of gravitational lensing, and he estab-
lished the relationship between the time delay and the Hubble constant, Hj.
Moreover, he considered the possibility of testing cosmological theories by using
the lens effect (Refsdal 1966a), and of determining the distances and masses of
stars from lensing (Refsdal 1966b).

Chang & Refsdal (1984) suggested the existence of a microlensing effect if
a star in the lens galaxy produces flux variations of a distant quasar, in a time
scale of a year or less, splitting an image of the source into two or four images
separated microarcseconds.

1.2.2 First discoveries

The gravitational lensing became an observational fact in 1979 when Walsh,
Carswell & Weymann discovered the first distant quasar with two multiple im-
ages lensed by a massive galaxy, Q09574+561. The first gravitationally lensed
object with four multiple images was discovered the next year, PG11154-080
(Weymann et al. 1980), but it was necessary to wait until 1986 to discover
the first two gravitationally lensed systems generating giant arcs, Abell 370
and C12244-02 (Lynds & Petrosian 1986, Soucail et al. 1987). These arcs are
produced when both background source and foreground lens are extended ob-
jects. Nowadays several radio sources with ring emission shape are known,
with MG113140456 being the first system discovered in 1988 (Hewitt et al.).
The microlensing effect was observed at first in the quadruple lens system
Q223740305 by Irwin et al. (1989), found by Huchra et al. (1985). The first
real detection of weak lensing, little distortions induced by a foreground clus-
ter over a background galaxy cluster, was measured in 1990 around the galaxy
cluster Abell 1689 and CL1409+52 (Tyson, Valdes & Wenk 1990).

1.2.3 Applications

In theory, gravitational lenses can be used as versatile tools to address astro-
physical problems such as the cosmological model, the structure and evolution
of galaxies, and the structure of quasar accretion discs®.

Detailed reviews with cosmological applications of gravitational lensing can be found in
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One of the most interesting cosmological applications of gravitational lensing
is the determination of the Hubble constant via the measurement of the time
delay between different images of a multiple lens system, and a model for the
lens. Analyzing statistically the density of gravitational lenses, their separation
and redshift distribution, important constraints on the current cosmological
models can be supplied, such as the density of the universe, 23s, and the
cosmological constant, 4.

The microlensing in a multiple lens system can produce fluctuations in the
light curve of any image. These microlens-induced fluctuations contain infor-
mation about the lensing objects (mass, density, transverse velocity) and about
the lensed source (size of continuum region or BLR of the quasar, brightness
profile). When the observations are compared with the microlensing simula-
tions, it is possible to extract conclusions about the density and mass scale of
the microlenses. So, it is a method to detect and study the dark condensations,
and it would make it possible to detect compact objects in the lens galaxy and
in our galaxy (galactic microlensing). It could even be possible to detect planets
around other stars.

The study of gravitational arcs in clusters of galaxies make it possible to
analyze the properties of galaxies with high redshifts, whose luminosity has
been amplified by the lens cluster. The observation of these amplified distorted
galaxies clarifies the history of very distant galaxy evolution and estimates
the mass and the mass distribution of the cluster without a hypothesis about
the relationship between mass and luminosity, supporting the claim that dark
matter is the principal constituent (> 90%) of galaxy clusters.

The weak lensing is one of the two subdisciplines within the field of gravi-
tational lensing with the highest rate of growth in the last few years (along
with galactic microlensing). Weak lensing is due to a mass distribution of large
angular size acting as a lens. The effects can be a small deformation of the
shape of a cosmic object, or a small modification of its brightness, or a small
change in its positions. Weak lensing deals with effects of light deflection that
can only be measured in a statistical way. It is used to qualitatively reconstruct
the surface mass distribution of foreground galaxies and clusters.

All these applications show that the gravitational lens field promises impor-
tant results over the next few years. In the next chapter the formal development
of the gravitational lensing theory is presented in enough detail for the purposes
of this thesis.

Blandford & Narayan (1992), Schneider, Ehlers & Falco (1992), Refsdal & Surdej (1994),
Schneider (1996), Wambsganss (1998), Bartelmann & Schneider (2001). This section gives an
overview following these papers.
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1.3 Motivation and objectives

Gravitational microlensing is now a well known observational phenomenon.
The degree of microlensing amplification depends on the scale-size of the source,
with smaller sources being more susceptible to suffering large amplifications
(e.g. Wambsganss & Paczyriski 1991). Microlensing of the continuum is ex-
pected, since the optical and UV continuum emission is thought to originate in
a region that is comparable in size to the Einstein radius of a typical solar mass
star and several studies have attempted to resolve the structure of the region
generating the optical and UV continuum by using the microlensing effect as a
gravitational telescope (e.g. Yonehara et al. 1999; Wyithe et al. 2000).

On the basis of the standard model for AGN it was accepted that the re-
gion generating the BELs of quasars was too large (0.1-1 pc based on simple
ionization models) to be substantially affected by stellar-mass lenses (Nemiroff
1988; Schneider & Wambsganss 1990). As reported by these previous studies
it was possible to detect only fractional deviations in the magnitude and shape
of the lensed from the unlensed line profiles.

However, as mentioned in the previous sections, new results concerning the
BLR structure and kinematics could substantially change the common view
about the expected influence of microlensing events on the BEL profiles. The
above commented study by Wandel, Peterson & Malkan (1999), see §1.1.3,
inferred a size of the BLR in the range of a few light days to a few light weeks,
one order of magnitude smaller than in previous works.

According to these new findings, the main objective in this PhD Thesis is
studying the influence of gravitational microlensing on the BELs of quasars,
taking into account the new estimates for the BLR size. The stages in the
progression towards this target are:

1. A search for candidates in which microlensing of BLR would be relevant.
Estimate of the amplification in these potential candidates.

2. As there is no consensus among the scientific community as regards the
velocity field of clouds in BLR or its geometry, different plausible ge-
ometries and velocity fields for the BLR -the background source- will be
considered.

3. Three relevant approximations for the lens in a gravitational lens system
will be used:

e an isolated compact object,

e straight fold caustic with infinite length, and
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e 3 caustic network produced by a random distribution of microdeflec-
tors placed in the lens galaxy.

Then, several simple models of BLR are used to study the effects of micro-
lensing (under these approximations) on the broad line profiles.

4. A program will be developed to reproduce the necessary magnification
patterns for the study of the caustic network approximation case.

5. The effects of microlensing on the continuum of QSOs are compared with
those on the BLR.

6. Analyze the possible use of our models in a real case.



Theory of gravitational lensing

Las coincidencias no existen.
Todo lo que sucede

forma parte

del fluir universal.

Anénimo

THE gravitational lens phenomenon occurs mainly with distant extragalactic
sources at z > 1 and deflectors at z > 0.05. This chapter gives an overview
of the theory of gravitational lenses using the standard cosmological model,
a much simpler approximate description of light rays than using Einstein’s
Theory of General Relativity. In the same way, useful parameters that will be
used throughout this PhD Thesis are defined.

For almost all the relevant cases in which the gravitational lens effect takes
place it is possible to suppose that the overall geometry of the universe is well
described by the Friedmann-Lemaitre-Robertson-Walker metric (see Appendix
A). To study light deflection close to the lens it is assumed that the gravitational
field is weakly perturbed (small deflection angles), that the matter distribution
on the lens is stationary, i.e., the velocity of the matter on the lens is much
smaller than the velocity of light, and that all the action of deflection, due to
the local matter inhomogeneities, is thought to take place at the same distance
to the observer (“thin lens approximation”).

Throughout this thesis the standard notation for gravitational lensing is
used (Schneider, Ehlers & Falco 1992).

17
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2.1 Deflection angle

The deflection angle & of a light ray that passes by a point-like mass M
within a distance or impact parameter £ is, according to General Relativity,

. 4AGM

&= 2 (2.1)
where G is the gravity constant and c is the speed of light. If £ > 2GMc 2 =
R, with R being the Schwarzschild radius associated with the mass M, then
the deflection angle is small, @ < 1, and the gravitational field is weak. In this
case, the field equations of General Relativity (Eq. A.2) can be linearized.

This deflection angle, using the weak field limit, can be extended to a surface

mass distribution by defining dm = E(E)dZE, where d25 is the surface element
of the lens plane and Z(g) is the surface mass density at position f_; which is
the mass density projected onto the lens plane. Then, Eq. 2.1 can be written
as

< 4G £-¢
N = —F5 d2 ! ct - = . 22
@="3 [, ¢4 22)
Since the gravitational deflection is independent of wavelength, gravitational
lenses are achromatic, although indirect chromatic effect may be induced by
microlensing since the amplification factor depends on the source size, and this
size depends on wavelength (e.g. Refsdal & Surdej 1994).

2.2 Lens Equation

The equation describing the gravitational lensing phenomenon is an equa-
tion that relates the true position of the source to its observed position in the
sky, and it is called the lens equation. The source and lens planes are defined as
planes perpendicular to a straight line (the optical axis) from the observer to the
lens, at the distance of the source and of the lens, respectively. The exact defi-
nition of the optical axis does not matter because of the smallness of the angles
involved in a typical lens situation, and the distance to the lens is well defined
for a geometrically-thin matter distribution. Let 77 denote the two-dimensional
position of the source on the source plane and E the two-dimensional separation
between the light ray and the optical axis on the lens plane. The deflection
angle, &, relates both angular distances through the lens equation:

=

. D> .
n= D_S£ - Ddsa( ), (23)
d
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with Dy, Dy and Dy being the angular diameter distances between observer-
source, observer-lens, and lens-source, respectively!.
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FI1GURE 2.1— Sketches of a typical gravitational lens system for a point mass lens M at a
distance Dg4 from an observer O, and a source S at a distance D; from O. A light ray from
S with angular separation [ that passes the lens at distance & is deflected by &; the observer
sees an image of the source at angular position § = £/Dg. The left-hand panel shows a three-
dimensional sketch of a gravitational lens and the right-hand panel shows the corresponding
sketch for two dimensions.

Introducing angular coordinates by 77 = Dsﬁ and E = Ddé, Eq. 2.3 can be
transformed to

B’ o Dds ~

=% &(Dgh). (2.4)

The interpretation of this lens equation is that a source with true position 5
can be seen by an observer at angular position 6 satisfying Eq. 2.4 as sketched
in Fig. 2.1.

Depending on the matter distribution on the deflector and the position of
the source, E , Eg. 2.4 can have more than one solution, i.e the lens can produce
multiple images at several positions in the sky.

The ray-trace equation (Eq. 2.3) allows us to determine directly the true
source position B if an image position g and the deflection law & are known.
However, the typical problem in the gravitational lens theory is to invert the lens

! Gravitational lensing occurs in the universe on large scales and a cosmological model must
be used. In general the angular diameter distance Dys # Ds — Dy. For a correct calculation
of distances using a Friedmann cosmology see Appendix A.
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equation, i.e. to find all the images of a source for a given matter distribution
or to find, for given image positions, a suitable matter distribution. These
problems can only be solved numerically for general deflectors.

Finally, it is very useful to rewrite the lens equation (Egs. 2.3, 2.4) in a
dimensionless way. For this purpose a new set of vectors are defined, & for the
lens plane and 4 for the source plane

7 L&

Y Mo’ v &’
where 7, y &, are characteristic lengths on the source plane and the lens plane,
respectively, with n, = Ds/Dy &,. Moreover, 7 is known as the Einstein radius
and it defines the angular scale of the lensing scenario. It can be written as

(2.5)

AGM DDy,

B, (2.6)

Mo =

with 6y = n9/Ds. If a source lies exactly behind the lens, on the optical axis,
then the image of the source is a ring, with angular radius 7y (see Fig. 2.2).

FIGURE 2.2— A source S on the optical axis behind a circular symmetric lens L is imaged
as a ring with an angular radius, 7o, given by the Einstein radius 6o.

The matter distribution on the deflector can be quantified by the dimen-
sionless surface mass density or convergence:

k(@) = 28D in > -
ZCT‘
where ), is called the critical surface mass density. A sufficient condition for
producing multiple images of a background source is that x > 1, i.e. ¥ > ¥,
but this is not strictly necessary.
Using these definitions (Egs. 2.5, 2.7), the ray-trace equations (Eqs. 2.3,
2.4) are transformed to:

2.
47TGDdDdS ( 7)

j=i-a@), (2.8)
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with the scaled deflection angle being;:

P | z-7 DgDys . ,.
R B ] (29)

The length scale &y is arbitrary and it can be chosen, for each specific lens
model under consideration, such that the lens equation 2.8 is the simplest. For
& = Dy, ¥ and ¥ are the angular positions of the image, 6_", and the unlensed
source, 6 , respectively, as can be seen from Eq. 2.4

2.3 Deflection potential

It is possible to define the deflection angle as the gradient with respect to Z
of a deflection potential 1, using the identity V|%| = #/|7?| in Eq. 2.9, getting

a(z) = Vy(z), (2.10)
where )
mm:—/'mmmw—wfy (2.11)
T JR2

—

is the logarithmic potential associated with the surface density x(Z)
The ray-trace equation can be rewritten using the deflection potential 1
(Eq. 2.11) as

g:vgﬁ—¢@), (2.12)
which can also be expressed in terms of the scalar function
HE ) = 5~ (@) (213)
and the lens equation can be shown as
Vo(Z,7) =0, (2.14)

which is the formulation of Fermat’s principle in the gravitational lens theory.
The Fermat potential ¢ allows the calculation of the time delay for image pairs
of a particularly simple source.

2.4 Amplification

Gravitational light deflection can lead to multiple imaging because of the
differential deflection across a light bundle, and to different properties of the
images of a source. Between these properties are the shape or size of images.



22 CHAPTER 2. Theory of gravitational lensing

If the cross section area of a light bundle is distorted by deflection, the flux of
the observed image will change (see Fig. 2.3). The magnification u of an image
is the ratio between the fluxes observed from the image and from the unlensed
source. It is important to bear in mind that Liouville’s theorem? and the absence
of emission and absorption of photons in gravitational light deflection imply that
lensing conserves surface brightness. Hence, the magnification of an image can
be expressed as the local solid angle distortion of an image due to the lens,
which is described by the Jacobian matrix of lens equation (Eq. 2.8)

oy 0y;

A@ =L 4, =Y 2.1
($) ai_ﬂ 1] 8.'EJ bl ( 5)
which, using Egs. 2.12 and 2.13, implies
. 0?9 (Z)
Aij = bij = (0ij — i), with ¢y = 9.0z, (2.16)
The magnification, (%), is the inverse of this matrix A(Z)
ox 1
7 [ 2.1
@) =57 = dea@ (2.17)

FIGURE 2.3— On the left-hand panel an image of a background source is represented. On
the right-hand panel gravitational light deflection by a galaxy is illustrated, with multiple
images of the background source, 223740305, appearing with different shapes, sizes and
fluxes.

*When one member of an ensemble and its trajectory (q(t),p(t)) in the phase space is
considered, Liouville’s theorem states that the time derivative of the density p(q(t), p(t),t) as
we move along the trajectory is zero, i.e., p describes an incompressible fluid.
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2.5 Convergence and shear

The deflection potential 4 (Z) is the two dimensional analogue of the Newto-
nian gravitational potential and satisfies the Poisson equation (inverting Eq. 2.11)

AY(T) = 26(2). (2.18)

Since the Laplacian of 9 is twice the convergence, we have

K= %(du14—¢@2). (2.19)

Convergence alone

Source

Convergence + Shear

FIGURE 2.4— Illustration of the effects of convergence and shear on a circular source. Con-
vergence magnifies the image isotropically, and shear deforms it to an ellipse.

Two additional linear combinations of v;; are important, and these are the
components of the shear tensor,

Y1 = § (%11 — P22) = v cos 2,

. 2.20
Y2 = P12 = 1Po1 = ysin 2. (2:20)

With these definitions, the Jacobian matrix can be written as

A=(L17Fmm . (2.21)
—72 l—k+m

The meaning of the terms convergence and shear now becomes clear. Con-
vergence acting alone causes an isotropic focusing of light rays, leading to an
isotropic magnification of a source. The source is mapped onto an image with
the same shape but larger size. It depends only on the distribution of mass
inside the light beam. On the other hand, the contribution due to the mass
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distribution outside the light beam could be significant and it is described by
the shear, which introduces anisotropy into the lens mapping; the quantity
v = (v + ’)'2)1/ 2 describes the magnitude of the shear and ¢ describes its ori-
entation. As shown in Fig. 2.4, a circular source of unit radius becomes, in
the presence of both x and <, an elliptical image with major and minor axis
(1-k—2)"tand (1 — &+ )L, respectively.

The magnification is

1 1
B=detA ~ (1—k)2—4%

(2.22)

Since A is different for different multiple images, the image fluxes are different.
In particular, if the image separation in a point mass lens system is substantially
larger than 2£,, the secondary image is very strongly demagnified and thus
invisible.

2.6 Critical curves

Formally, detA can vanish for certain values of 7 in the lens equation: then
the magnification factor diverges for those values. The sets of points in the lens
plane for which this happens are called critical lines and the corresponding lines
in the source plane are called caustics®. The number of images changes by 2
if the source position crosses a caustic; then two images appear or merge.

For spherically symmetric mass distributions, the critical curves are circles.
For a point lens, the caustics degenerate into a point. For elliptical lenses or
spherically symmetric lenses plus external shear, the caustics can consist of
cusps and folds. In Figs. 2.5 and 2.6 the caustics and critical curves for a Sin-
gular Isothermal Sphere, SIS, plus external shear galaxy model are computed.
The SIS model for the mass distribution in a galaxy assumes that the stars and
other mass components behave like particles of an ideal gas, confined by their
combined, spherically symmetric gravitational potential. The mass distribution
is k(z) = 1/(2z) and the deflection angle is «(z) = z/|z| (Schneider, Ehlers
& Falco 1992). Since most galaxies are not isolated, but are part of a cluster
which contains intracluster gas and dark matter, the environment of the galaxy
can be modelled as an external shear.

In Fig. 2.5 the position of the point-like source with respect to the caustic
and their respective lensing images on the lens plane have been calculated and
represented. In Fig. 2.6 we compute the different positions of an extended

3Mathematically, the magnification factor becomes infinite, however the sources are ex-
tended (not point-like), so that the magnification has a finite value.
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source with respect to the caustic when it is moving towards a fold or a cusp,
and their respective lensing images with respect to the critical curves.

FIGURE 2.5— Imaging of a point source by a singular isothermal sphere plus an external
shear lens. On the bottom panels the image positions and the critical lines are represented.
On the top panels the source positions and the caustics are sketched. Notice that when the
source crosses a caustic (top left-hand panel to top right-hand panel) two additional images
appear (bottom left-hand panel to bottom right-hand panel).

Solving the lens equation, the position of the caustics for a given configu-
ration can be calculated. For a low number of lenses (n < 2) this can be done
analytically. When the number of lenses is high (n > 2), the distribution of
caustics is more easily produced with inverse ray-shooting techniques, in which
rays are traced backwards from the observer to the source through the distri-
bution of lenses in the lens plane (Kayser, Refsdal & Stabell 1986; Schneider
& Weiss 1987; Wambsganss 1990). In this way the two dimensional magnifica-
tion distribution in the source plane is obtained. These distributions are called
magnification patterns.

2.7 Simple lens model

A model of a gravitational lens system consists of describing mathemati-
cally the gravitational potential of the deflector, which can be a point-like
(“Schwarzschild lens”) or an extended mass distribution.
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FIGURE 2.6— Imaging of an extended source at several locations (different colors) by a
singular isothermal sphere plus an external shear lens. On the bottom panels the image
positions and the critical lines are represented. On the top panels the source positions and
the caustics are sketched. A source behind the center of the lens, inside the diamond formed
by the caustic, has four images forming a cross-shaped pattern. When the source is moved
towards a fold caustic (left-hand panels), two of the four outer images move towards each
other, merge and disappear as the source approaches and then crosses the caustic. Just after
the source has passed the fold caustic, the two merging images have totally disappeared.
When the source moves towards a cusp point (right-hand panel), three images merge to form
a single image, one luminous arc, whereas the fourth one appears as a faint image.

When a “point mass” is considered as a lens at the origin of a lens plane
(£ = 0), the surface mass density is %(Z) = Md%(Z), and the lens equation
appears as,

7=z(1 - =), (2.23)

which has two solutions

1
T =g (y +1/y2 + 4) , (2.24)
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one image on each side of the lens. Since the amplification is g = (1 —z~%)7!,
the total magnification for a point source ), is
2
4
v+ (2.25)

SV

The magnification of an extended source by a Schwarzschild lens is obtained by
integrating u, over the source. If the source is a disc with radius R and uniform
surface brightness, the maximum magnification is

V4 + R?
Ly (2.26)

In Fig. 2.7 we calculate how an extended source is lensed by a point-like
lens. When the lens, the source and the observer are in the same optical path
an “Einstein ring” is observed (left-hand panel), but when the alignment is not
perfect, the Einstein ring disappears and two images become visible for each
point in the extended source, one on each side of the lens.
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FIGURE 2.7— Imaging of an extended source by a point-like lens. The source is represented
in blue, the lens is black, and the images of the lensed source are shown in red (z1) and green
(z2). When the lens, the source and the observer are in the same optical path (y = 0), an
“Einstein ring” is observed with z = 1, in 7o units (left-hand panel). When the source moves
away from the optical path (y # 0), the Einstein ring disappears and two images are drawn
for each point in the extended source, 1,2 = (y £ \/y? + 4)/2. The source radius is 0.2570

However, in spite of the success of the Schwarzschild lens in describing sev-
eral astrophysical scenarios, it is mandatory to consider the influence of the
galaxy or galaxies around the isolated lens, distorting its gravitational field. In
this case, the deflector is usually modelled either with an elliptical mass distri-
bution or with a spherical mass distribution plus an external shear, because an
external shear breaks the circular symmetry of a lens and it often has the same
effect as introducing ellipticity in the lens (Kovner 1987).
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2.8 Ray-shooting

The ray-shooting method, also known as the inverse ray-shooting method,
is used to find the total magnifications for each image of a gravitational lens
system by a large number of sources in the lens plane. Light rays are traced
backwards from the observer to the source plane, on which the magnification
pattern is calculated by collecting the rays. So, the number density of rays is
proportional to the magnification. If a background source traverses the mag-
nification regions due to either the motion of the source itself or the velocity
dispersion of the stars associated with the lens galaxies, the apparent luminos-
ity of the source will vary as a function of time (Kayser, Refsdal & Stabell 1986;
Schneider & Weiss 1987; Wambsganss 1990; Wambsganss, Paczyriski & Katz
1990).

The section where the image goes across the galaxy is characterized, on
the one hand, by the surface mass density of the compact objects, k4, and, on
the other hand, by a shear term, -y, that includes the perturbing effect of the
mass distribution of the lensing galaxy as a whole, together with the surface
mass density of the interstellar matter, k.. The surface mass density or optical
depth is kK = k. + k. (Kayser, Refsdal & Stabell 1986; Schneider & Weiss 1987;
Wambsganss, Paczynski & Katz 1990)

The normalized lens equation for a field of point-like masses with an external
shear, v, and a smooth mass distribution, k., where the coordinate frame has
been oriented such that the shear acts along one of the coordinate axes, is
(Schneider, Ehlers & Falco 1992)

N,
1—ke+7 0 X (x —x;)
= — . 2.27
’ ( 0 1—ﬂc—7)x+zz_1m’|x—xi|2 (220

x and y are the normalized image and source positions, respectively, and x;
and m; are the normalized positions and masses of the microlenses. Each lens
is characterized by its mass and position, and the number of stars, N,, depends
on k, and the area of the lens plane, A, as N, = K, A, /7.

The ray-shooting method to compute all the magnification maps in this case
(a field of point-like masses) can be described as follows. First, all lenses are
randomly distributed on an area of the lens plane, A; = Ly % Lyo, and this area
is mapped with a uniform grid of points = via the lens equation onto the source
plane. The magnification map, with an area A, = L; on the source plane, is
divided into Ng pixels, and the total magnification of each pixel is computed
as the ratio of the number of rays that hit it, and the number it would contain
in the absence of the lens (e.g. Schneider, Ehlers & Falco 1992).
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If the deflecting mass distribution were smoothed out, a rectangle of sides
L1 and Lo would be mapped onto the square in the source plane, with L, =
ctex Ly /(1 — (ke + K« +7)) and Ly = ctex Ly /(1 — (K¢ + £« — 7)), with cte = 1.
But due to the graininess of the deflector, a much larger area of the lens plane
must be mapped onto the source plane (Schneider & Weiss 1987), A, > A,,
with cte > 1.5.

2.9 Magnification patterns

This ray-shooting method is the technique used to develop all the magnifi-
cation patterns which will be necessary to study the influence of microlensing at
high optical depth. It is a very highly time-consuming technique because a large
number of rays are traced between the observer and the source (aproximately
10° to 10! rays). Bearing this in mind, our Fortran program was paralleled
and sent to a cluster, composed by 150 PC’s and 100 work-stations (SUNs),
with Condor?.

Caustic maps corresponding to one, two, three, four, eight and nine lenses
are represented in Fig. 2.8. The positions of the lenses are fixed deliberately
with an aesthetic purpose, except on the bottom right-hand panel where the
positions are random. It is important to point out that when the number of
lenses is increased, the complexity of the caustic structure increases as well. A
high optical depth case is contemplated in Fig. 2.9, the magnification pattern
of Q2237+0305C image with 1405 lenses placed randomly in the lens plane and
taking into account an external shear. The parameters considered for the mass
distribution and external component are (k,7y)=(0.69,0.71) (Schmidt, Webster
& Lewis 1998). This map covers an area of 1679 x 167y at the source plane.
It was computed covering an area of 80&y x 80y in the lens plane, and was
obtained at a resolution of 1000 x 1000 pixels. 256 rays were shot per unlensed
pixel, which means 6.4 - 10° rays traced between the observer and the source.
The number of stars was determined by supposing that the entire optical depth
is in compact objects, k. = 0. The theoretical mean amplification < pg, >=
|(1 — k)% — %71 is 2.451, and the mean amplification of the map is 2.491.

In Fig. 2.10 it is possible to observe how one or several lenses could distort
an image, depending on the number of lenses, their masses or positions. On the
top right-hand panel a very massive microlens placed in the center of the image
is considered. On the bottom left-hand panel ten microlenses with small mass

4Condor is developed by the Condor Team at the University of Wisconsin-Madison, and
it is a specialized batch system for managing compute-intensive jobs. Like most batch sys-
tems, Condor provides a queuing mechanism, scheduling policy, priority scheme, and resource
classifications.
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are placed randomly, and on the bottom right-hand panel twelve microlenses
with predetermined positions and small mass are used.

The longest developed magnification pattern needed one month in the Con-
dor queue to be computed, with the parameters being: (k,~y)=(0.39,0.64),
ke = 0.2k, 9000 stars, 3.6 - 10'" rays traced from an area of 600&, x 600
in the lens plane to an area of 167y X 1679 in the source plane, with 1000 x 1000
pixels. The theoretical mean amplification of the pattern is < pg >= 23.261
and the mean amplification is 20.708.

FIGURE 2.8— Six different magnification patterns are represented, for one (top left-hand
panel), two (top right-hand panel), three (middle left-hand panel), four (middle right-hand
panel), eight (bottom left-hand panel) and nine (bottom right-hand panel) lenses, without
including external shear. The positions of the lenses are fixed deliberately with an aesthetic
purpose, except on the bottom right-hand panel where the positions are random.
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FIGURE 2.9— The magnification pattern of Q2237+0305C image for high optical depth with
an external shear is shown (see text for details).

2.10 Summary

Once the theory of gravitational lensing has been introduced, and funda-
mental parameters such as the lens equation, the deflection angle, the magni-
fication, the convergence or the shear are stated, and taking into account the
general ideas about AGN on §1, we have the essential tools to begin to study
the influence of gravitational microlensing on the broad emission lines of AGN.
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FIGURE 2.10— Logo of the Instituto de Astrofisica de Canarias (top left-hand panel) suf-
fering the gravitational lens effect. On the top right-hand panel this logo is affected by a
massive lens. On the bottom right-hand panel this logo is affected by several lenses, of which
the positions are fixed. On the bottom left-hand panel, the lenses are randomly located.



Microlensing by an isolated lens

No puedo cambiar la direccion del viento
pero st ajustar mis velas

para llegar siempre a mi destino.
Jimmy Dean

3.1 Introduction

THE change in the continuum flux of quasars by stars or compact objects in
intervening galaxies (gravitational microlensing) is now a well-established
observational phenomenon (Wambsganss, Paczynski & Schneider 1990; Rauch
& Blandford 1991; Gould & Miralda-Escude 1997; Wyithe et al. 2000; Yone-
hara 2001). Several studies have attempted to resolve the structure of the region
generating the optical and UV continuum by using the microlensing effect as a
gravitational telescope (see Yonehara et al. 1999, and references therein). How-
ever, as was mentioned in §1.1.3, it has usually been assumed that the size of
the region generating the broad emission lines of quasars is too large (0.1-1 pc
within the framework of the standard model, Rees 1984) to be substantially
affected by stellar-mass lenses. According to previous studies (Nemiroff 1988;
Schneider & Wambsganss 1990), by comparing one line in different components
of a multiple-imaged quasar we would be able to detect only fractional devia-
tions of the lensed from the unlensed profile. Even using optimistic estimates
for the microlens masses, these deviations would amount to a modest 10-30%
range. Nevertheless, new results concerning the BLR structure and kinematics
are relevant to these studies, and could substantially change the common view

33
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about the expected influence of microlensing events on the BEL profiles. A
recent study (Wandel, Peterson & Malkan 1999) that compares the BLR size
determinations obtained using both the reverberation and the photoionization
techniques (see §1.1.3 for a description of both methods) for a sample of 19 low
luminosity AGN (mainly Seyferts) inferred a size in the range of a few light
days to a few light weeks. For AGN of greater luminosity (QSOs) Kaspi et al.
(2000) derived sizes from the Balmer lines in the range from 13 to 514 light
days, finding a global scaling of the BLR size as a function of the intrinsic
luminosity, 7, o< L7,

In this chapter the influence of microlensing by an isolated lens on the BELSs
will be revisited by incorporating these new results (Abajas et al. 2002). In §3.2
the possibilities of microlensing on the BLR of different known multiple-image
quasars are estimated. In §3.3 we use simple, but not kinematically unrealistic,
models of BLRs to study qualitatively the effects that microlensing can produce
on the line profiles. In §3.4 the observational implications and applications will
be discussed. Finally, the main conclusions are summarized in §3.5.

3.2 Estimates for some known systems of multiple image QSOs

Only extended objects of sizes comparable to or smaller than the Einstein
radius associated with the gravitational lens will experience appreciable ampli-
fications (e.g., Schneider, Ehlers & Falco 1992). Thus, in the framework of the
AGN standard model where the BLR is supposed to have a radius in the 0.1-1
pc range, only massive deflectors could give rise to significant amplifications.
On the other hand, recent results from the MACHO project indicate that the
most likely microdeflector masses in the Galactic halo are in the range 0.15-0.9
Mg (Alcock et al. 2000b). In the Galactic bulge the microdeflector masses are
in good agreement with normal-mass stars (Alcock et al. 2000a). Estimates
from the light-curve of Q 223740305 (Wyithe, Webster & Turner 2000) are
also in reasonable agreement with these values. Consequently, significant am-
plifications of the BEL would not be expected according to the standard model.
This result has been pointed out by other authors (Nemiroff 1988; Schneider
& Wambsganss 1990), even if they were somewhat optimistic concerning the
distribution of the microlens mass adopted.

However, recent research on the BEL seems to indicate that the BLR could
be substantially smaller than expected in the standard model (Wandel et al.
1999). Based on the idea that ‘the continuum/emission line cross-correlation
function measures the responsivity-weighted radius of the BLR (Koratkar &
Gaskell 1991)’, Wandel et al. (1999) have obtained reliable size measurements.
The sizes obtained using this technique (reverberation mapping) are consistent



3.2. Estimates for some known systems of multiple image QSOs 35

with the substantially more extensive but less accurate measurements inferred
from the photoionization method. The results summarized by Wandel et al.
(1999) exhibited a large scatter (from 1.4 to 107 days) which could be attributed
to: i) the different size/structure of the BLR in different objects, and ii) the
different sizes of the regions associated with emission lines of different degrees
of ionization. The latter possibility has been neatly exemplified in the case
of NGC 5548, in which luminosity-weighted radii ranging from ~ 2.5 days for
the He 11 A1640 line to the 28 days corresponding to the [C 11] A1909 line
have been found (Peterson & Wandel 1999). NGC 5548 and the other objects
in the sample of Wandel et al. (1999) are AGN of relatively low luminosity.
Nevertheless, there is a wide range of luminosities among the lensed QSOs.
To take this fact into account the relationship between the BLR size and the
intrinsic luminosity of the AGN (Kaspi et al. 2000) is used.

3.2.1 Search for candidates

For a typical lens configuration (z = 0.5 and z; = 2), the projected Ein-
stein radius of the microlens on the source is 79 ~ 20(M/Mg)/?) light-days
(for a Qy = 0.3 flat cosmology and Hy = 70 km s~! Mpc~!)!. Objects with
roir S Mo are significantly affected by microlensing. So the relevant question
is whether in the sample of the ~ 70 known gravitational lens systems there
exist some lensed quasars with BLR radius rp; < 79. To answer this question
we can apply the relationship 7, oc LO7 (Kaspi et al. 2000) using NGC 5548
as a reference object. We adopt two values for the BLR size of NGC 5548 in
order to account for its stratification: 21.2 light-days (Balmer lines, Kaspi et
al. 2000) and 2.5 light-days (high ionization, He II line, Peterson & Wandel
1999). One can straightforwardly verify that a z = 2 quasar with my = 24.3
(or a quasar with z = 1 and my = 22.5) would have the same 7y, as NGC
5548, i.e. the microlensing on the BLR would be quite pronounced. Multiple-
image objects of this apparent magnitude can be detected and, in fact, there
are several examples among the currently known gravitational lens systems.

We can refine this rough estimate by taking into account the redshift and
apparent magnitude of each lensed object. With this aim, in Fig. 3.1 we show
contour plots of the BLR radius as a function of the source redshift and apparent
magnitude using both reference values for the BLR of NGC 5548 and the ), o
L%7 law. We have also included in Fig. 3.1 the observed redshift-magnitude
values corresponding to a sample of 31 QSOs selected from the ~ 70 known

!This projected Einstein radius is calculated using Eq. 2.6. The angular diameter dis-
tances involved in the equation are computed in Appendix A using the Friedmann cosmology
(Egs. A.13 and A.15).
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FIGURE 3.1— Contour plots of the BLR radius (in light-days) as a function of source redshift
and apparent magnitude using both reference values for the BLR of NGC 5548 (R when
rBLr(NGC 5548) = 21.2 light-days and r when 71, (NGC 5548) = 2.5 light-days) and the
Kaspi et al. 2000 relationship rp1; o< L%7 (for an Q = 0.3 flat cosmology and Ho = 70 km s™*
Mpc™!). Points represent a sample of 31 QSOs whose redshift-magnitude values have been
observed. No extinction or amplification corrections are taken into account.

gravitational lenses with the criteria of having the lens and source redshifts
and the optical magnitude well determined. We have used the V magnitude of
the brightest lensed image (in B 19334507, B 20454265, MG 041440534, PKS
1830-211 and another four unlabeled objects we have inferred V from I using
V —1 =0.50; in HST 141345211 and another unlabeled object we have inferred
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V from R using V' — R = 0.11). The data have been mainly obtained from the
CASTLES web page (http://cfa-www.harvard.edu/castles). For the previous
and subsequent calculations we have adopted the optical magnitude and redshift
of NGC 5548, my = 13.3 and z = 0.017 from the NASA Extragalactic Database
(NED). To transform apparent magnitudes, m, into intrinsic luminosities we
have made use of the equation L = 47DZ_S(1 + z)(®~1) (Lang 1980), which
relates the absolute luminosity of the source, the luminosity distance, Dyym, the
apparent flux, S = 107%4™ and the spectral index, o, defined by a power law of
the spectral flux density as F,, o v~ (Netzer 1990; Robson 1996; Krolik 1999).
We have considered an = 0.3 flat cosmology and a value for the spectral
index a = 0.5 (e.g., Richards et al. 2001).

In Figure 3.1 we can identify a group of ten systems with magnitude my >
21 that would lie in the region R < 100 light-days (Balmer lines) and in the
region r < 10 light-days (high-ionization lines, HILs). These systems are pos-
sibly affected by microlensing, with particular strength in the case of the HILs.
However, the observed magnitudes of the lensed QSOs should be corrected by
extinction and gravitational lens amplification. The amount of extinction in
the gravitational lenses is unknown for most of them, but it can be in the
range from dust-free lenses to strongly reddened systems (e.g., Falco et al.
1999; Munioz et al. 2001 and references therein). We selected the magnitude
from the brightest QSO image, which in most of the cases is the less reddened.
As a first approximation to the expected amount of obscuration we can adopt
the mean extinction, (Am) = 0.6, derived by Falco, Kochanek & Munoz (1998)
comparing the statistics of radio and optical lensed quasars. On the other hand,
the quasar source is amplified by the gravitational lens and the true luminosity
of the unlensed quasar should be calculated by fitting a lens model to each
system. The exact amplification of each gravitational lens system depends on
the lens model and on the particular configuration of the system, but an average
expected amplification between the brightest image and the unlensed source is
~ 1.5 mag (e.g., Lehdr et al. 2000). Thus, a roughly averaged correction of the
combined effects of extinction and lens amplification can be made by adding
~ 1 mag to the apparent QSO magnitude.

Taking into account the +1 mag shift, the number of possible candidates
affected by microlensing (at least in the HILs) is increased to 12 (~ 40% of the
sample, see Fig. 3.1). Our selection procedure could include not only intrin-
sically low-luminosity but also reddened objects in the list of candidates. As
we have seen, a 1 mag shift due to underestimation of the extinction will not
substantially modify the set of candidates. This moderates the impact of the
extinction uncertainties in the selection of candidates, but we cannot discard
the possibility that our statistics were biased by heavily reddened objects of
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intrinsically high luminosity. This is the case for B 02184357, which according
to the rest-frame F(B — V) = 1.52 obtained from Falco et al. (1999) would be
an intrinsically high-luminosity object reddened by extinction. MG 041440534
is also a very reddened object, but in this case probably owing to a very red
intrinsic spectral distribution (F, o« v~ was measured at optical wavelengths
by Hewitt et al. 1992). This implies that MG 041440534 could have a high
intrinsic rest-frame V luminosity but also indicates that this object is probably
a radio galaxy rather than a QSO.

The identification of the candidates available in the literature supports the
hypothesis that most of them are intrinsically low-luminosity objects, since in
most cases the objects cannot be clearly classified as bright QSOs but admit
alternative classifications as objects with lower levels of activity (radio galaxies,
underluminous QSOs, starburst galaxies, Seyfert 2 galaxies, or other types of
AGN). This also implies that we have probably overestimated the luminosities
of the candidate objects because we have not removed the contribution from
the galaxy, which is probably far from negligible.

3.2.2 Estimate of the amplification in B 16001434

It would be very useful to compute the expected amplifications for each
object in the list of candidates. However, lack of knowledge of the extinction
in each system and, to some extent, of a precise classification of the source,
could affect the results significantly. We have selected the gravitational lens
discovered by Jackson et al. (1995), B 1600+434, a double-imaged typical quasar
at zg = 1.59, lensed by an edge-on spiral galaxy at z; = 0.42, in which both
the lens amplification and the extinction might be reasonably well known. To
calculate the amplification induced in B 16004434 by the lens galaxy we have
fitted a singular isothermal ellipsoid (SIE)? to this double-imaged quasar. Thus,
we obtain an amplification of 0.96 mag for the brightest quasar image, which
has an observed V-band magnitude of my = 22.69. For the extinction we
have used the result from Falco et al. (1999), Ay = 1.02 mag. From the
intrinsic luminosity obtained after correcting for amplification and extinction
(my = 22.63) and using the Kaspi et al. relationship, we have estimated radii
of 45 and 5.3 light-days for the Balmer and He 11 BLRs, respectively (according
to the two values of reference adopted for NGC 5548).

2The singular isothermal ellipsoid is a generalization of the singular isothermal sphere,
whose mass distribution is k = 1/(2z'), with z’* = (¢’z? + £3)/(1 — €)®. 2’ is constant on
ellipses with axis ratio ¢ = (1 —€)/(1 + €). When the ellipticity ¢ = 0, both models are
equivalent. This lens model has been considered in some detail in Kassiola & Kovner (1993)
and Kormann, Schneider & Bartelmann (1994).
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To estimate the maximum amplification, pmax, we adopt the expression
(e.g., Schneider et al. 1992):

() +4

Hmax ~ (TT B) )
o

(3.1)

where 1), is the BLR radius, and 79 is given by Eq. 2.6.

If we apply these formulae to B 1600+434, we find that a solar-mass stellar
microlens would induce a modest, albeit potentially observable, amplification
of 1.4 in the Balmer lines and a strong amplification of 8.2 in He 11. A 0.1 M
microlens would also induce an appreciable amplification of 2.76 in the He 11
lines. We do not calculate the amplification by microlensing on the BEL for
the other objects in the list because the exact amount of extinction is unknown
for most of them, and because we can no longer suppose that the F, oc v=0°
dependence of the energy distribution is a realistic approach for some of the
objects.

In summary, although most of the lensed quasars (> 70% of the total) are
intrinsically high-luminosity quasars (so that no strong microlensing on the
BEL is expected) we found that < 30% of the lensed sources are faint enough
to be considered as possibly affected by microlensing on the BEL.

3.3 Microlensing effects on the profile of the broad emission
lines

When an organized velocity field governs the kinematics of the BLR, micro-
lensing can give rise to a selective amplification of the emission line profile
(Nemiroff 1988). The shape of the line depends on the location of the source
with respect to the optical axis (defined by the observer and the microlens) and
can change with the relative movement between the microlens and the BLR.
In this section we adopt the kinematic models for the BLR used by Robinson
(1995) to study the range of profile shapes that exists among AGN in the context
of a simple parameterization of some basic properties of the BLR such as the
emissivity and the velocity law. Our intention is to study, in this framework,
the effects induced in the line profile by a microlens in different locations with
respect to the center of the BLR.

We assume that a single microdeflector is affecting the BLR. A more realistic
approach based on the existence of a random distribution of microdeflectors will
be analyzed in §5.

In accordance with Robinson (1995), we consider three different geometries
(spherical, biconical and cylindrical) and adopt the following radial dependences
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for the emissivity:

r\B
e(r) = 0 (—) , (3.2)
T'in
and the magnitude of the velocity:
r \P
’U(’I") = Y0 <T_> . (33)

We adopt inner (rj,) and outer (rpy) radii for the BLR.
The emission line profile can be computed from the expression

Al

P = /V e(r) 6 [/\ “ (1 + ?)] u( dv, (3.4)

where

’U,2 + 2 |F — _'()|
ur) = uvuZ + 4’ (u o ) (3:5)
is the amplification associated with the microlens, 7y ~ (g, @) is the position
of the microlens, 7o is the Einstein radius and v) is the projected line-of-sight
velocity.

Line profiles without amplification are shown in Fig. 3.2 for each considered
geometry in this context (see also Robinson 1995).

It is convenient to scale the distances to the Einstein radius associated
with the microlens. In this way, the relevance of the microlens effect can be
characterized by the quantity

. (3.6)
No

We consider two values (1 and 4) for 7grr to study strong and mild magni-
fication effects. The ratio between the inner and outer radii is a controversial
issue and can change from one system to another. Thus, we simply assume
that the inner radius is one order of magnitude smaller than the outer radius,
Tin = 0.1 Tpp-

To study the effects produced by the relative off-centering between the
microlens and the BLR, we compute line profiles corresponding to a grid of
displacements of the microlens relative to the center of the BLR. We consider
25 positions in the positive XY quadrant ranging from 0 to 7grgr in both the
X and Y axes (Fig. 3.3).

The initial program language used to compute the line profiles in this chap-
ter is Mathematica, a useful and intuitive graphic environment. However, the
biconical model for intermediate inclinations became a highly time-consuming
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FIGURE 3.2— Line profiles for each model described in the text: spherical (left panel), bi-
conical (middle panel) and cylindrical (right panel) shell. On the z-axis z = ¢(A—Xo)/(VmaxAo)
is represented whilst the normalized flux, Fy, is represented on the y-axis. Each family of
profiles corresponds to different values of the wing curvature parameter 7. This parameter is
1 = (B8+3—p)/p for the spherical and biconical shell, and n = (83+2 —p)/p for the cylindrical
shell. The cone half-angle used in the biconical model is . = 30°. The values of 7 for each
model are: -3 (color line: magenta), -2 (cyan) , -1 (yellow), 0 (red), 1 (green), 2 (blue), 3
(black). The core width parameter is fixed, zm = 0.1, with zm = (rin/ro1)?.

program. Thus, the program language was changed to Fortran. All line profiles
in the next chapters are calculated with Fortran and represented with Super-
Mongo.

In the Appendix B we collect all the formal development and formulae and
concentrate on the results in the following sections.

3.3.1 Spherical shell

In the case of a spherical ensemble of emitters flowing radially, the projected
line-of-sight velocity corresponding to an emitter at a position (r,#) is given by

v = o (ﬁ%)pcosﬁ (p>0). (3.7)

We have used the same notation as Robinson (1995) for the parameters
related to the relative velocity,

)\—>\0 C

;
>‘0 Umax

Tr =

(3.8)
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FIGURE 3.3— Grid of relative displacement between the microlens and the BLR. The large
disc represents the BLR. The small discs correspond to the Einstein circle associated with the
microlens, represented by a point, in the case 7o = 7p1:/4. For each point (corresponding to a
displacement of the microlens in the positive quadrant) we compute an emission line profile.

and we refer to the line parameter that defines the line shape:

B+3
=27 4. 3.9
n » 1 (3.9)

The line profile (see Appendix B.1) is obtained by integrating

€T .c 2 . B+2—p
3 i (£) 7 i ot

Py = for 7iim < i, (3.10)
0 for 7rym > T'blrs

where 75, = Tin (a:/xm)l/p, Tm = V0/Vmax = (Tin/TBLR)P, and [p(z, 7, @)]f—o is
given by Eq. 3.5, inserting Eq. B.9 into Eq. B.11.

Following Robinson (1995), we take 7 as the parameter defining the emis-
sion-line profile. For the spherical case we consider two values, 1) n = 2 and
2) n = —0.25, which in absence of microlensing would correspond to concave
and convex profile wings, respectively. In absence of microlensing, only this
parameter is needed to characterize the line profile. In the presence of micro-
lensing we need also to fix another parameter. We select the emissivity exponent
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FIGURE 3.4— Spherical model with p = 0.5, 3 = —1.5, and 79 = 7p;r- On the z-axis we
represent £ = ¢ (A — o)/ (VUmaxAo), which varies between —1 and 1. On the y-axis we represent
the flux. The heavy solid line is the amplified line profile and the solid line is the unamplified
line profile.
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FIGURE 3.5— The same as in Fig. 3.4, but for 19 = rui./4.
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FIGURE 3.6— Spherical model with p = 2, 8 = —1.5, and 79 = 7p;;. On the z-axis we
represent £ = ¢ (A— Ao)/(¥UmaxAo), which varies between —1 and 1. On the y-axis we represent
the flux. The heavy solid line is the amplified line profile and the solid line is the unamplified
line profile.
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FIGURE 3.7— The same as in Fig. 3.6, but for 1o = rui./4.
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B = —1.5 (see Eq. 3.2). The exponent of the velocity law, p, is then obtained
from Equation 3.9. Thus, for case 1) we have p = 0.5 and for case 2) p = 2.

We present the grids of profiles for 7/grg = 1 and 4 in Figures 3.4 and 3.5
for case 1) and in Figures 3.6 and 3.7 for case 2). The influence of microlensing
on the line profiles would be observable when the microlens is centered on
the BLR, and also in many other cases in which the microlens is off-centered.
The displacement of a microlens across the BLR would induce changes in the
relative strength of different parts of the line profile, relatively enhancing the
wings when the microlens is centered on the BLR and the core when it is sited
in the outer parts. However, no relative enhancements between the blue and
red parts of the profile would appear due to the high symmetry of the spherical
model.

As mentioned previously, one notable property of Robinson’s models is that
the profile shape depends only on 7. This implies that from the study of the line
profile it is not possible to derive direct information on the velocity field or the
emissivity law. Could the presence of microlensing break this degeneracy for a
spherical shell? Such questions as the existence of a monotonically increasing
or decreasing dependence with radial distance of the velocity field may have
a formal answer. In principle, it would be possible to invert the line-profile
expression (Eq. 3.10) obtained for several different positions of the microlens to
recuperate, making suitable suppositions, the law for radial velocities. Never-
theless, it is not easy to decide on direct observational criteria to carry out this
study.

To illustrate the difficulties in deriving information from the microlensed
line profile in the spherical case, notice that not even a simple question like the
existence of outflow or inflow can be answered. (For the spherical case there is
always the same contribution of receding and approaching emitters along the
line of sight which would undergo the same magnification.)

3.3.2 Biconical shell

Much observational evidence (Zheng, Binette & Sulentic 1990; Marziani,
Calvani & Sulentic 1992) and theoretical work (Goldman & Bahcall 1982) sup-
ports the idea that the flow of emitting gas is anisotropic, preferentially confined
to a pair of oppositely directed cones. In this model we need three polar coor-
dinates (r, 6, ¢) measured with respect to the cone axis to express the projected
line-of-sight velocity corresponding to an emitter,

|| = vo (é)p§ (p > 0), (3.11)

& =sinfsinpsini + cosf cos, (3.12)
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where ¢ is the inclination of the cone axis with respect to the line of sight.
This model can give rise to a variety of line profiles (see Fig. 3.8). We
consider the two limiting cases: 7 = 0° and 7 = 90°, and an intermediate case:

1 = 45°. We adopt the cone half-angle 6. = 30°, and g = —1.5.

Flux

FIGURE 3.8— Part of a two-parameter grid, showing the variation of line profile shapes with
the wing curvature () and axial inclination () for the biconical model. The inclination varies
from i = 0° (axis aligned with the line of sight) to ¢ = 90° (axis perpendicular to the line of
sight). The core width parameter is fixed, Tm = 0.1. The cone half-angle is . = 30°. This is
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the Figure 5 of Robinson (1995).
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1=0°

The line profile (see Appendix B.2.1) is obtained by integrating

eor2.c r2r Min[rsup,Tolr] ( T )ﬂ"'Q_p
Aovo 0 Max["'lim;rin]

[u(z, 7, ¢)] =odrdep
for 7iim < rpir and reyp > Tin,

0 in the other cases,

Tin

(3.13)

where Tiim = rin (|2]/2m)'/?, reup = rRLR (|7]/CO86:)P, and [u(z,T,¢)]f—0
is given by Eq. 3.5, inserting Eq. B.9 into Eq. B.11, with zy, = vo/Umax =
(Tin/Tolr)P-

In Figures 3.9 and 3.10 we present the grids of profiles for 7grrg = 1 and 4
corresponding to n = 2, and in Figures 3.11 and 3.12 the grids corresponding
to n = —0.25. In both cases we obtain two-peaked profiles. As in the case of
the sphere, the influence of microlensing when the microdeflector is centered
with the BLR is very noticeable. However, in the biconical case, the change
in the relative enhancements of different parts of the line profile caused by the
displacement of the microlens with respect to the center of the BLR is more
noticeable than in the spherical one.

PN T AP T AN T AN T AN A
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FIGURE 3.9— Biconical model with 1 = 0°, p = 0.5, 8 = —1.5, and 19 = rp1;- On the z-axis
we represent £ = ¢ (A — Xo)/(¥UmaxAo), which varies between —1 and 1. On the y-axis we
represent the flux. The heavy solid line is the amplified line profile and the solid line is the
unamplified line profile.
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FIGURE 3.10— The same as in Fig. 3.9, but for 19 = rvi./4.
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FIGURE 3.11— Biconical model with 1 =0°, p =2, 8 = —1.5, and 79 = 7b1.- On the z-axis
we represent £ = ¢ (A — Xo)/(UmaxAo), which varies between —1 and 1. On the y-axis we
represent the flux. The heavy solid line is the amplified line profile and the solid line is the
unamplified line profile. The figure in the bottom left-hand corner has been multiplied by a
factor of 7.2 for display purposes.
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FIGURE 3.12— The same as in Fig. 3.11, but for no = rvi:/4. The figure in the bottom
left-hand corner has been multiplied by a factor of 6.0 for display purposes.

1 =90°
The line profile (see Appendix B.2.2) is obtained by integrating

Thlr 0. Min[r—6im,7]
F, = / / + / F(w,r,0) db | dr, (3.14)
Max([7im,in] Bim m—0c
where
eoric (L)ﬂ-f-?—p sin 0 [py (z,r,0)+u—(z,r,8)] r—0
Aovo  \Tin —-p]?
in2 §— [ = ( =
o) - N 019
for 6 > elima
0 in other cases,

with Oy, = arcsin[(|z|/zm)(r/7Tin) "], Zm = Y0/Vmax = (Tin/Tbir)?- The amplifi-
cation [p+(z,r,0)] =0 is given by Eq. 3.5, inserting Eq. B.26 into Eq. B.28.

In Figures 3.13 and 3.14 we present the grids of profiles for 7g,r = 1 and 4
corresponding to n = 2 and in Figures 3.15 and 3.16 the grids corresponding to
n = —0.25. In this case, ¢ = 90°, we obtain single-peaked profiles, convex for
n = 2, and concave for n = —0.25. The effects of microlensing are very strong,
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FIGURE 3.13— Biconical model with ¢ = 90°, p = 0.5, 83 = —1.5, and 7o = 7b,- On the
z-axis we represent £ = ¢ (A — Ao)/(vUmaxAo), which varies between —1 and 1. On the y-axis
we represent the flux. The heavy solid line is the amplified line profile and the solid line is
the unamplified line profile.
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even for the case 1y = /4 (Figs. 3.14 and 3.16). Although the amplification
strongly depends on the distance between the microlens and the source, in this
case very off-centered line profiles suffering a larger amplification than other
line profiles with smaller off-centered positions are found.

1 = 45°
The line profile (see Appendix B.2) is obtained by integrating

s /8 s
F, :/ /—l— / l9(z,¢,0)]t=0 sinbd | de, (3.16)
0 0 T—0c

where

3 M [u(w,0,0)] -
cordc (ﬁ) [u(z0)]1=0 g0 Tml|é| < |z| < |€],

l9(z, ¢, 0] =0 = { aovop G (3.17)

in other cases,

with = v9/Vmax = (Tin/roir)?, and [ps(z, 9, 0)]r=0 is given by Eq. 3.5,
inserting Eq. B.17 into Eq. B.19.
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FIGURE 3.14— The same as in Fig. 3.13, but for no = rpi/4.
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FI1GURE 3.15— Biconical model with 7 = 90°, p = 2, 8 = —1.5, and 10 = Tbir- On the
z-axis we represent £ = ¢ (A — Xo)/(VmaxAo), which varies between —1 and 1. On the y-axis
we represent the flux. The heavy solid line is the amplified line profile and the solid line is
the unamplified line profile.
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FIGURE 3.16— The same as in Fig. 3.15, but for 1o = rui/4.

In Figures 3.17 and 3.18 we present the grids of profiles for 7grr = 1 and
4 corresponding to 7 = 2 and in Figures 3.19 and 3.20 the grids corresponding
to n = —0.25. In this case, 1 = 45°, we can observe asymmetrical enhance-
ments. The effects of microlensing are very strong, even for the case 79 = rpy /4
(Figs. 3.18 and 3.20).

For the limiting geometries considered here (i = 0°,90°) there are no asym-
metries induced by the microlensing in the line profile. However, for an arbitrary
inclination, an off-centered microlens induces relative enhancements of the blue
and red parts. Due to the loss of symmetry of the projected velocity field with
respect to that of the spherical case, the inversion of the profile equation to
study the velocity field should be easier. For instance, in the case of small cone
aperture, the crossing of a microlens along the biconical axis would serve to
virtually map the radial dependence of the velocity field.

3.3.3 Cylindrical shell

Rotation in a plane disc has often been considered in relation to the kin-
ematics of the BLR and is typically characterized by the presence of a central
dip (Mathews 1982) in the line profile arising from the finite extension of the
outer radius of the disc. This feature is not usually found in the observed line
profiles, but there are several ways to avoid it in the models (see Robinson
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FIGURE 3.17— Biconical model with ¢ = 45°, p = 0.5, 8 = —1.5, and 79 = rpi.. On the
x-axis we represent £ = ¢ (A — Ao)/(VmaxAo), which varies between —1 and 1. On the y-axis
we represent the flux. The heavy solid line is the amplified line profile and the solid line is

the unamplified line profile.
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FIGURE 3.19— Biconical model with ¢ = 45°, p = 2, 8 = —1.5, and 79 = .. On the
x-axis we represent £ = ¢ (A — Ao)/(VmaxAo), which varies between —1 and 1. On the y-axis
we represent the flux. The heavy solid line is the amplified line profile and the solid line is
the unamplified line profile.
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FIGURE 3.20— The same as in Fig. 3.19, but for o = 7p1./4.
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1995). Nevertheless, the existence of rotation is strongly supported by recent
observational work (Peterson & Wandel 1999).

We consider two different velocity laws for emitters in this model. A Keple-
rian velocity with the exponent of the velocity law p = —0.5, which produces
double-peaked profiles, and a modified Keplerian velocity, with p = —0.5 too
but producing this time single-peaked profiles. Thus, we want to study the
effects of each model, covering both shapes of spectral lines.

Keplerian disc

The Keplerian disc is a particular case of the cylindrical disc with velocity
field

p
v = g (ri) cos psini  (p = —0.5), (3.18)

where r and ¢ are polar coordinates of an emitter in the disc.
The line profile is given by (see Appendix B.3):

€0TinC fMiH[Tlim,C] r fti-p [+ (z,r)+p—(2,m)] =0 dr
Aowo sint J7in Tin 2

F, = \/1_ [n (_)_p] (3.19)

for 7m > Tin,
0 for 7im < Tin,

where 71im = 7in (|#]/8i04)'/?, Zm = (rin/rBrr) P and [p(z,7)] =0 is given by
Eqg. 3.5, inserting Eqgs. B.33 and B.34 into Eq. B.36.

In Figures 3.21 and 3.22 we present the grid of profiles for ¥grr = 1 and
4 with ¢ = 45°, § = =15, and n = (8 + 2)/p — 1. The most noticeable
feature associated with the Keplerian case (and with the cylindrical case in
general) is the presence of strong asymmetries in the line profiles induced by
the microlensing.

Modified Keplerian disc

An easy way of generating a single-peaked profile in the cylindrical case is
to modify the velocity field increasing the contribution of low velocities. For
our purpose we adopt

v = v(r)cospsini  (p = —0.5), (3.20)

and

v(r) = v <%> = vp u(r), (3.21)

Tin Tblr
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FIGURE 3.21— Model of Keplerian disc with ¢ = 45°, p = —0.5, 8 = —1.5, and 19 = Tp1;.
On the z-axis we represent £ = ¢ (A — Ao)/(UmaxAo), which varies between —1 and 1. On the
y-axis we represent the flux. The heavy solid line is the amplified line profile and the solid
line is the unamplified line profile.
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where r and ¢ are polar coordinates of an emitter in the disc.
In this case, the line profile is given by (see Appendix B.3)

€0TinC j‘Min[Tlim:"'le <L) A+l [N+ (a;a"')+“— ($,7")]f:0 dr

A in¢ in in
" 0V Sing JT r U(’”)\/l_(u(T)ﬁsini)Q (3 22)
? for riim > rin, -
0 for rym < Tin,

where r, = [(|x|/sinz’)_1/p(1/rin —1/rgLr) + l/rblr] 1, ZTm = Tin/Tblr, and
[+ (z,7)] f=0 is given by Eq. 3.5, inserting Egs. B.33 and B.34 into Eq. B.36.
In Figures 3.23 and 3.24 we present the grid of profiles for 7grr = 1 and
4 with ¢+ = 45°and B = —1.5. In addition to the asymmetries, the most inter-
esting effect of microlensing on the line profiles corresponding to the Keplerian
modified velocity field is the displacement of the line peak with respect to the
centroid of the non-microlensed line profile, Az, (Fig. 3.25), which, independ-

ently of the mass considered (7gLr = 1,4), can be of the order of as much as
~ FWZI/43.

3.4 Discussion

If the models and assumptions of the previous sections constitute a good
description of BLR microlensing, we could conclude that the effects of this
phenomenon on the line profiles should be not only noticeable but also easily
detectable in some lens systems.

The experimental situation, however, is more complex. In the first place,
the BELs are blended with the narrow emission lines, which come from the
much more extended narrow-line region (NLR), which would not be affected by
microlensing. In fact, it is likely that diverse transition regions between the BLR
and the NLR could also contribute to the core of the line profile. Second, the
compactness of the lens systems makes observation very difficult. For instance,
in the case (B 1600+434) in which we have obtained a realistic estimate for
microlensing amplification there are two compact images, the lens galaxy (an
edge-on spiral), and some additional extended emission, all within a separation
of ~ 2", This is a major setback when trying to obtain individual spectra, and
only modern spectroscopic techniques (2D spectroscopy, Mediavilla et al. 1998
and references therein) or observation from space avoid the problems induced by
source blending and differential atmospheric refraction. In any case, to detect
microlensing we should obtain spectra (preferably of high-ionization lines) with

SFWZI: Full width at zero intensity.
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FIGURE 3.23— Model of modified Keplerian disc with ¢ = 45°, p = —0.5, 8 = —1.5, and
7o = ruir- On the z-axis we represent £ = ¢ (A — Ao)/(VmaxAo), which varies between —1 and
1. On the y-axis we represent the flux. The heavy solid line is the amplified line profile and
the solid line is the unamplified line profile.
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FIGURE 3.25— Displacements of the line peaks, Azp, in the modified Keplerian disc model
with 4 = 45°, p = —0.5, 8 = —1.5, and 7o = rp1r/4 in the different positions (Xo,Ys).

a high S/N ratio in the wings of the line profile, where the contribution from
the BLR would be dominant.

The emissivity is another important parameter that can affect the detection
of microlensing on BELs. In Figure 3.26 we present the ratio of the amplified to
unamplified line profiles corresponding to the modified Keplerian case, where we
have changed the emissivity parameter, 5. For a highly concentrated BLR (8 =
—4) the effect is stronger when the BLR is almost centered on the microlens and
weak for larger displacements of the microlens with respect to the center of the
BLR. But when the emissivity is constant (for a disc of uniform brightness, § =
0) the effects of microlensing remain noticeable for all displacements considered
and are hence more likely to be observed.

In Figure 3.1 we have labeled the gravitational lens systems in which sig-
nificant BEL microlensing could be detected (30% of the total). Even so, in
other systems a modest effect could be detectable by looking at high-ionization
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FIGURE 3.26— Model of modified Keplerian disc with ¢ = 45°, p = —0.5, and 7o = rvi:/4.
On the z-axis we represent £ = ¢ (A — Ao)/(UmaxAo), which varies between —1 and 1. On the
y-axis we represent the ratio between the amplified flux and the unamplified flux of the line
profile. The heavy solid line is for 8 = 0 and the solid line is for 8 = —4.

lines. This is important because other different questions from the amplifica-
tion, such as the crossing time of the microlens across the BLR or the frequency
of the events, can lead us to study a gravitational lens system in particular. For
instance, in a favorable case it would be possible not only to compare the line
profile corresponding to microlensed and non-microlensed images but also to
observe in the line profile of an image changes attributable to the microlens
crossing. The most favorable case from this perspective is Q 2237+0305. This
gravitational lens system was discovered by Huchra et al. (1985), and consists
of a distant quasar, at z; = 1.695, quadruply imaged by a nearby barred spi-
ral galaxy, at zg = 0.039. The proximity of the lens galaxy gives rise to the
predicted very short time delays among the four images, of the order of a day.
Thus, intrinsic variability detected in only one of the components is certainly
produced by microlensing. Microlensing events in this lensed quasar are re-
ported each year with crossing times of the order of a year or less. However,
this is a bright QSO in which only very modest amplifications of 30% or less can
be expected in the high-ionization lines. This estimation of the amplification is,
in any case, subject to changes in the BLR-size vs QSO-luminosity relationship,
and also to the expected intrinsic dispersion from object to object.
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In spite of the last comment, the amplifications associated with the high-
ionization lines could be high in many cases, and only a strong departure from
the assumptions made in this study (e.g., a severe underestimate of the extinc-
tion, very different behaviour of the BLR-size/QSO-magnitude relationship, or
an unexpectedly low-mass population of microlenses) could avoid the detection
of microlensing on the BELs by comparing the high-ionization line profiles of a
microlensed and a non-microlensed image in the most favorable cases. Accord-
ing to this, the study of the incidence of microlensing on BELs could become
a tool for studying the BLR size and stratification, especially when lines of
different ionization are observed.

3.5 Conclusions

In the light of recent discoveries concerning the BLR size and its scaling
with AGN luminosity, currently accepted values for microlens masses, and a
variety of kinematic models for the BLR, we have revisited in this chapter the
influence of microlensing on the BEL. We have computed grids of line profiles
corresponding to different displacements of the microlens with respect to the
BLR center. Some results are worth summarizing:

1.- The global amplification of the BEL induced by microlensing events
could be relevant. We identify a group of ten gravitational lens systems (about
30% of the total sample) for which the microlensing effect could be observable,
especially in high-ionization lines. In other gravitational lenses the microlensing
amplifications would be much more modest.

2.- Even for relatively small microlenses corresponding to high values of
the BLR radius/Einstein radius quotient, (rpi/n9 ~ 4), the effects produced
by the differential amplification of the line profile (relative enhancement of
different parts of the line profile, line asymmetries, displacement of the peak of
the line, etc.) would be easily detectable except for highly symmetric velocity
fields. The displacement of the peak of the line profile caused by microlensing
is especially interesting, since it could otherwise induce inexplicable redshift
differences between the different images in a gravitational lens system.

3.- The study of the changes between the BEL profiles corresponding to
microlensed and non-microlensed images, or among the BEL profiles of lines
with different ionization in a microlensed image could be useful for probing
current ideas about BLR size and stratification.



Microlensing by a straight fold
caustic crossing

Ningun pesimista ha descubierto nunca
los secretos de las estrellas,

ni navegado a tierras inexploradas,

ni encontrado la paz de su espiritu.
Anénimo

4.1 Introduction

IN most cases we can not simply think that microlensing is caused by an
isolated compact object but we must consider a distribution of microdeflec-
tors, placed in an extended object (typically, the lens galaxy). In this case, an
idealized situation of a straight fold caustic with infinite length passing over
the disc is sometimes used (Grieger, Kayser & Refsdal 1988; Witt, Kayser &
Refsdal 1993; Schneider, Ehlers & Falco 1992; Yonehara et al. 1999; Popovié et
al. 2003), getting large amplifications which produce a typical asymmetric peak
in the light curve. This is a crude but interesting approximation if the size of
the source (i.e. disc) is small enough to consider that the microlensing event is
produced by the crossing of one single caustic fold.

This chapter is a transitional work whose main aim is to improve the results
obtained in the previous chapter, studying the influence of microlensing on
BEL at low optical depth. The straight fold caustic crossing approximation is
described in §4.3, where simple models of BLR are used to study the effects
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of microlensing under this approximation on the broad line profiles. In §4.4
microlensing by a straight fold caustic crossing on the Fe K, line profile and
X-ray continuum is discussed.

4.2 Microlensing and the Fe K, line in AGN

The X-rays of AGN are generated in the innermost region of an accretion
disc around a central supermassive black hole (§1.1.3). The emission line from
iron K,, Fe K,, has been observed in the vast majority of AGN (see e.g. Nandra
et al. 1997; Fabian et al. 2000), and it is probably produced in the very compact
region near the black hole (Iwashawa et al. 1999; Nandra et al. 1999; Fabian
et al. 2000). Observations of two lens systems seem to support the idea that
the Fe K, line could be strongly affected by microlensing (Oshima et al. 2001;
Chartas et al. 2002).

In Figure 4.1 it is possible to see a comparison between the projected mag-
nification pattern in the source plane of Q22374+0305A image and an accretion
disc with a typical size of 1000Rg equivalent to 0.097¢. Since the dimension of
the X-ray emission region is of only several tens of Rg, the approximation of the
straight fold caustic can be assumed for the study of microlensing of the AGN
Fe K, X-ray emission line.

The magnification pattern of Q223740305A image shown in Fig. 4.1 was
computed using the ray-shooting method described in §2.8. The parameters
considered are (k,7)=(0.36, 0.40) (Schmidt, Webster & Lewis 1998). This map
covers an area of 167y x 167y at the source plane, it was computed covering
an area of 80&, x 80&; in the lens plane, and was obtained at a resolution
of 1000 x 1000 pixels. 256 rays were shot per unlensed pixel, which means
6.4 - 10° rays traced between the observer and the source. The number of
stars considered was 733, assuming that the entire optical depth is in compact
objects, k. = 0, and Miicrolenses = 1 M. The theoretical mean amplification is
4.0064, and the mean amplification of the map is 4.0204.

4.3 Straight fold caustic crossing

The amplification factor of a straight fold caustic crossing is given by (Chang
& Refsdal 1984; Schneider, Ehlers & Falco 1992):

(4.1)

Ag + -5 Tf ¢ >0,
u(C)Z{ RV ‘>

Ay If ¢ <0,

where ( is the separation from the caustic in units of 1y, Ag is the amplification
outside the caustic, and e represents a constant amplification factor of order
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FIGURE 4.1— On the left-hand panel, a microlensing map of Q2237+0305A image is shown,
with 1670 on the side (Abajas 2005). On the right-hand panel a portion of the microlensing
pattern is shown, marked with a square in the left-hand figure, and compared to a face-on
accretion disc. The assumed outer radius of the disc is 0.0979 (Popovié et al. 2006).

of unity, which depends on the crossing point on the caustic (Witt, Kayser &
Refsdal 1993). We will assume Ay = 1 and € = 1, although higher values will
cause higher amplification.

To illustrate the effects of microlensing by a straight fold caustic crossing
we only have to insert Ec. 4.1 in

Py = /V e(r) § [,\ “ o (1 + %)] u(¢) dv, (4.2)

where the emissivity is €(r) = ¢ ('r/rin)ﬁ . Then, the correct expression for
the projected line-of-sight velocity, v, which depends on the model: spherical,
biconical or cylindrical, is (Abajas et al. 2005):

v(r) cos p>0 spherical shell,
v =1 v(r)(sinfsingpsini + cosfcosi) p >0 biconical shell,  (4.3)
v(r) cos psini p=—0.5 Keplerian disc,

with the velocity law being v(r) = vg (r/7in)’. In the modified Keplerian model
the velocity is given by Ec. 3.21.

Using a development analogous to the one of Appendix B for each model
we present the cases corresponding to a spherical shell, a Keplerian disc, and a
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modified Keplerian disc in Figures 4.2 to 4.5 and a bicone model in Figures 4.6
to 4.9. We have considered different orientations of the caustic (parallel, per-
pendicular and oblique) with regard to the X-axis.

There are no differences over the emission line profiles when the oblique
caustic is leaned towards one or other side of the X-axis (Figs. 4.2, 4.3, 4.6
and 4.7), except for the biconical model with i = 45° (Figs. 4.6 and 4.7) where
there are asymmetrical enhancements of the line profile. Both Keplerian models
and the biconical model with an intermediate inclination show asymmetric line
profiles.

Figures 4.4 and 4.8 correspond to a parallel caustic crossing with respect
to the X-axis. There are only asymmetrical enhancements of the line profile
for 7 = 45° of the biconical model. However, in Figure 4.9, that represents a
caustic perpendicular to the X-axis, all the biconical models are symmetrical,
including the i = 45° cases, whereas the Keplerian and the modified Keplerian
models with caustic perpendicular to the X-axis (Fig. 4.5) present asymmetrical
enhancements of the line profile.

As can be seen in these figures, the effects of microlensing are also very
significant under this approximation. In particular, the asymmetrical and al-
ternating enhancements of the peaks of the biconical model (i= 45°) are very
noticeable. We will discuss this result in more detail in §5.

However, the straight fold caustic approximation is only valid when the
source is very small as compared with the caustic. This hypothesis is not, in
general, realistic for the BLRs and the study of complex magnification pat-
terns induced by the granulation of the mass distribution in the lens galaxies
is needed.

4.4 Discussion

According to the ideas in §4.2, Popovié¢ et al. (2003) investigated the in-
fluence of microlensing on the AGN Fe K, line shape originated in a compact
accretion disc around a rotating (Kerr metric) and non-rotating (Schwarzschild
metric) black hole, taking into account microlensing by an isolated compact
object and by a straight fold caustic. They concluded that microlensing can
give rise to significant changes in the iron line profiles, with the effects being
two or three orders of magnitude greater than the ones inferred for the UV and
optical lines (Popovié¢, Mediavilla & Mufnioz 2001). Strong asymmetries in the
observed line profiles could be induced by straight fold caustic microlensing,
being stronger in the blue part of the lines.

In a recent work (Popovi¢ et al. 2006) we have developed a model of micro-
lensing by a straight fold caustic of a standard accretion disc to discuss the
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observed microlensing of the Fe K,. This model has been used to study the
relative enhancement between the X-ray continuum and the Fe K, line emission,
and also the chromaticity (see §2.1), i.e. the wavelength dependent geometry
of the different emission regions (Wambsganss & Paczyniski 1991; Lewis et al.
1998; Wisotzki et al. 2003). Several interesting results are that both the Fe
K, and the continuum may experience significant amplification, and the de-
pendence with wavelength of the amplification can induce chromatic effects of
about 30% during a microlensing event. When the emission is separated in two
regions (an inner disc corresponding to the Fe K, line and an outer annulus
corresponding to the continuum, or vice-versa), this study can reproduce the
observed enhancement of the iron line in the absence of corresponding contin-
uum amplification found in three lensed QSOs -MG J0414+0534 (Chartas et al.
2002), QSO 223740305 (Dai et al. 2003), H14134+117 (Chartas et al. 2004)-, but
only during limited time intervals. Then, continuum amplification is expected
if a complete microlensing event is monitored.

4.5 Conclusions

After the isolated lens approximation we consider microlensing by a straight
fold caustic. The main effects of microlensing amplification by an isolated star
are also found in the case of microlensing by a straight fold caustic. We point
out that, while the spherical and biconical (7 = 0° and 90°) models are always
symmetric, the Keplerian, modified Keplerian and biconical (i = 45°) models
show strong asymmetrical red/blue enhancements.

As was commented in §4.1, the straight fold caustic crossing approximation
is valid only when the size of the emission region is small as compared with
the Einstein ring. For the continuum, this is true for a range of wavelengths
from UV to X-Ray. For the lines, this is very important for the Fe K, line,
because it is generated in a tiny region. The study of this line is very relevant
because it is likely to be generated close to the black hole horizon, and it could
bring essential information about the plasma conditions and the space geometry
around the black hole.
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FIGURE 4.2— The models run vertically in this figure, there being from the bottom to the
top two spherical models with p = 0.5, 2, a Keplerian model and a modified Keplerian model,
both with p = —0.5. The different distances to the straight fold caustic run horizontally. On
the x-axis we represent the velocity. On the y-axis we represent the flux of the line profile.
The heavy solid line is the amplified line profile, and the lighter solid line is the unamplified
line profile.
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FIGURE 4.4— The same as in Fig. 4.2, but for a straight fold caustic parallel to the X-axis.
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FIGURE 4.6— The models run vertically in this figure, there being from the bottom to the
top six biconical models with these pairs of (p, ¢): (0.5, 0°), (2, 0°), (0.5, 45°), (2, 45°), (0.5,
90°), (2, 90°). The different distances to the straight fold caustic run horizontally. On the
x-axis we represent the velocity. On the y-axis we represent the flux of the line profile. The
heavy solid line is the amplified line profile, and the lighter solid line is the unamplified line
profile.
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Microlensing by a caustic network

Las mentes son como los paracaidas,
solo funcionan cuando estin abiertos.
Anénimo

5.1 Introduction

THE variability of the light-curve of a lensed object induced by the dis-
cretization of the mass distribution of the lens galaxy in stars or other
compact objects (gravitational microlensing, Chang & Refsdal 1979; Young
1981; Paczynski 1986; Kayser, Refsdal & Stabell 1986; Schneider & Weiss 1987;
Irwin et al. 1989; Witt 1990; Wambsganss 1990; Gil-Merino & Lewis 2005)
offers a promising way of studying the unresolved source of the continuum of
QSOs. Using microlensing the size of the quasar continuum source may be
constrained by monitoring and studying quasar variations (Yonehara 1999),
high-magnification event shapes (Wyithe & Webster 1999), fold caustic cross-
ing events (Fluke & Webster 1999) and the microlens-induced centroid shift of
a macrolensed image (Lewis & Ibata 1998). Additional AGN components such
as the broad absorption line region may also be studied by microlensing (e.g.
Belle & Lewis 2000; Chelouche 2005)

Studies in §3 (Abajas et al. 2002) and §4 (Abajas et al. 2005) have shown
that the BLR can be significantly amplified by microlensing of stellar-sized
objects. Different plausible geometries for the BLR were considered (Robinson
1995). An expected result, confirmed in these works and in Lewis & Ibata
(2004), is that the less symmetrical models -cylindrical and biconical- induce

7
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the most interesting distortions in the line profiles. However, the microlensing at
high optical depth of the biconical model has been studied in only two limiting
cases, for inclinations 0° and 90° (Lewis & Ibata 2004), in which the crucial
effects of differential amplification between the receding and approaching parts
of the velocity field are absent. Another important and unnoticed characteristic
of the biconical model is that the emissivity-weighted radius of a conical section
of a sphere is the same independently of the cone aperture. This implies that
the length of the cones (related to the emissivity-weighted radius) is not a
direct estimate of the size of the projected surface of a biconical BLR and,
hence, that the microlensing (de-)amplification can be strongly dependent on
the orientation and aperture of the cones.

In this chapter we explore microlensing effects on a biconical model (Abajas
et al. 2006) consistent with much experimental evidence (Marziani, Calvani
& Sulentic 1992; Wilson & Tsvetanov 1994) and theoretical work (Goldman
& Bahcall 1982) supporting the idea that the flow of emitting gas in AGN is
anisotropic, preferentially confined to a pair of oppositely directed cones (Zheng,
Binette & Sulentic 1990; Robinson 1995). We consider the microlensing effects
at high optical depth on the profiles of the broad emission lines in §5.2. In §5.3
the effects on the continuum are compared with those on the BLR. We then
analyze the possible use of this model in explaining the characteristic variability
detected on the BEL of the quadruple quasar lensed system J1004+4112 (§5.4).

5.2 Microlensing effects at high optical depth on the profile of
broad emission lines

Throughout this chapter all microlenses have a common mass, 1M, and all
distances are normalized to the Einstein radius, 79, associated with this micro-
lens mass (Eq. 2.6). A standard cosmology is assumed with Hy = 70 kms™'-
Mpc !, O = 0.3 and Qp = 0.7.

5.2.1 Magnification patterns

As an illustrative example for a general study of the microlensing of a bi-
conical BLR we have selected the gravitational lens B 16004434, because in
§3.2 we have found it to be a well studied lens system and a good candidate
for observing microlensing of the BLR. Given the low number of constraints
for this double-imaged quasar we just fitted a singular isothermal sphere plus
an external shear to estimate the microlensing parameters, the convergence or
optical depth, «, and the shear due to the external mass, . For A and B images
the values for (k,) are (0.30,0.16) and (0.80,0.72), respectively.
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The ray-shooting method described in §2.8 was used to compute the magni-
fication maps. The map of the B1600+434B image (Fig. 5.1) having the biggest
optical depth, with an area of 1679 x 16ny at the source plane, was computed
covering an area of 60y x 60&; in the lens plane, and was obtained at a resolu-
tion of 1000 x 1000 pixels. 256 rays were shot per unlensed pixel, which means
3.6 - 10? rays traced between the observer and the source. The number of stars
considered was 912, assuming that the entire optical depth is in compact ob-
jects, ke = 0. The theoretical mean amplification < ps, >=|(1 — )% — 2|7 ! is
2.068, and the mean amplification of the map is 1.900.

5.2.2 Biconical broad emission line region

In this section we adopt the kinematic model for a biconical BLR (Robinson
1995) used in previous chapters to study the effects of microlensing over the
line profile shapes in the context of a simple parameterization of some basic
properties of the BLR, such as the emissivity, the velocity law, the cone aperture
and the inclination.

In a biconical model we need three polar coordinates (r,6, ) measured
with respect to the cone axis to express the projected line-of-sight velocity
corresponding to an emitter,

Y| —UO< ) £ (p>0), (5.1)

with
&) =sinfsinpsini + cos  cos i,

. . 2
& = sin6 cos psini + cos b cos 1, (5.2)

where 1 is the inclination of the cone axis with respect to the line of sight, and
§1 and )| are the projections of the bicone when it turns around the x and
y axes, respectively. Both projections fit when 7 = 0°. Figure 5.2 shows the
perpendicular projection on the left-hand panel and the parallel projection on
the right-hand panel.

Following the Appendix B, the line profile is obtained by integrating

m ] ”’(T)L” sin 6dé

P, = a4 )f QI Wfoc i )dso for znlé Ll <ol <lénil (s o)
0

| €L,
in other cases,

where £ = ¢(A—Xg)/(UmaxMo), @ (607‘ ¢)/(Aopv0), Tm = 0/Vmax = (Tin/Tex)?,
0. is the cone aperture half-angle, n = (5 + 3 — p)/p and

G <[r]1j_:0 sin 6 cos ¢, [r]0(sin @ sin ¢ cos i — cos 9sini)) , (5.4)
[p(7 )]f 0= ([r]ﬁzo (sin @ cos p cos i — cos @ sini), [r]ﬁzo sin 0 sin cp) . .
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Einstein Radii

-5 0 5
Einstein Radii

FIGURE 5.1— The magnification map, u(7), for the B image of B1600+434, used here to
calculate the changes in the shape of the line profile. Each circle represents the BLR in
different positions over the magnification map with rex = 0.37n0.
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FIGURE 5.2— Projections of the bicone, perpendicular and parallel, from left to right with
a cone half-aperture 6, = 30°.

5.2.3 Estimate of the broad line region radius for a biconical geom-
etry

To estimate the BLR radius for B1600+434 we apply the relationship rgrr o
L7 from Kaspi et al. (2005) using NGC 5548 as a reference object. Following
the same procedure as in §3.2.1, we have used the BLR size for high ionization
lines of NGC 5548 as 2.5 light-days (He 11 line, Peterson & Wandel 1999) and
from NED the visible magnitude and redshift of NGC 5548, my = 13.3 and
z = 0.017. Apparent magnitudes are transformed into intrinsic luminosities
by equation L = 47DZ_S(1 + 2)(®~Y, with a spectral index o = 0.5 (e.g.,
Richards et al. 2001). Then, the BLR radius for this double-imaged quasar
is rpLr = 4.95 l-days for HILs, with the estimated intrinsic magnitude being
my = 22.63 (§3.2.2).

The sizes measured by the reverberation method are in fact luminosity-
weighted radii (Koratkar & Gaskell 1991) that correspond (Robinson & Pérez
1990) in the case of a biconical geometry to

TBLR = [, re(mav S it (1—cos f)ridr
= = Jin__ =
fV e(r)dv sz rBan(1—cos fc)r2dr (5.5)

i
— ,3+3 1_(rin/rex)B+4 r
/3+4 1_(rin/rex)ﬂ+3 ex:

We adopt an emissivity law with 8§ = —1.5 and riy; = 0.1 7ex. Then rey =
raLr/0.618 = 0.37n9, with 1ng(1Mg) = 21.58 l-days in this gravitational lens.

5.2.4 Microlensed line profiles

Using Eq. 5.3 we have computed microlensed line profiles at different posi-
tions on the magnification pattern (Fig. 5.1). Different values for the inclination,
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1 = 0°,45°,90°, and the cone aperture half-angle, 8, = 10°, 30°, are considered,
as well as two different exponents for the velocity law, p = 0.5, 2.

Figure 5.3 corresponds to the ¢ = (0° case with a cone half-aperture of
0. = 30°. The exponent of the velocity law, p, is 0.5 and 2.0 for the top and
bottom panels, respectively. In this limiting case the bicone is projected along
its axis and would appear projected as a circle of radius r¢; sinf.. We obtain
both strong amplification and significant deamplification of the line emission at
different positions in the source plane.

Figure 5.4 corresponds to the ¢ = 90° case with a cone half-aperture of
6. = 30° (notice that now the main component of the velocity is perpendicular
to the line of sight and the line profile has only one peak). In this other limiting
case the bicone is projected perpendicular to its axis and would appear as a ”bi-
triangle”. It is evident that for this inclination microlensing effects on the line
profile depend on the orientation of the bicone axis with respect to the caustics
when the source moves across the magnification pattern. In the absence of any
privileged direction in the magnification pattern this would result in a random
effect. However, in presence of shear, the orientation of the cone axis induces
very interesting effects. In Fig. 5.4, for instance, a greater number of strong
amplification events are found when the cone axis is parallel to the shear (lower
panels) than when it is perpendicular (upper panels).

In Fig. 5.5 the bicone has an inclination of ¢ = 45°. For the limiting ge-
ometries considered before (; = 0° and ¢ = 90°) there are no asymmetries
induced by the microlensing in the line profile (Figs. 5.3 and 5.4). However,
for any intermediate inclination microlensing induces relative enhancements
between the blue and red parts of the profile depending on the position over
the magnification map. It is even possible to obtain a line profile with one
part of the line amplified and other part deamplified. Notice that microlensing
effects also depend on the orientation of the projected cone axis with respect
to the shear.

In the previous cases we have considered a rather wide cone aperture (2-0. =
60°). In the case of a narrower cone aperture (2 - 6. = 20°; see Fig. 5.6) the
microlensing effects on the line profile can become extreme.

5.3 Comparison between the broad line region and continuum
light curves

We assume a disc geometry for the region emitting the continuum radiation.
We suppose this disc to have a uniform thickness, h < ri,, and that the angle
between its axis and the line of sight is 3.
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FIGURE 5.3— Biconical model with 1 = 0°, 8. = 30°, p = 0.5 for the top panel and p = 2
for the bottom panel. The heavy solid line is the amplified line profile and the lighter solid
line is the line profile normalized to the mean amplification in the magnification map.
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FIGURE 5.4— Biconical model with ¢ = 90°, . = 30°, p = 0.5 for the left-hand panels and
p = 2 for the right-hand panels. The perpendicular projections of the velocity correspond to
the upper panels and the parallel projections correspond to the lower panels. The heavy solid
line is the amplified line profile and the lighter solid line is the line profile normalized to the
mean amplification in the magnification map.
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FIGURE 5.5— Biconical model with i = 45°, 8. = 30°, p = 0.5 for the left-hand panels and
p = 2 for the right-hand panels. The perpendicular projections of the velocity correspond to
the upper panels, the parallel projections correspond to the lower panels. The heavy solid line
is the amplified line profile and the lighter solid line is the line profile normalized to the mean
amplification in the magnification map.
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FIGURE 5.6— Same as in Fig. 5.5, but for 4. = 10°.
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We adopt a brightness distribution for the continuum source,

’1"2 —DPss
Iss(r) = 2P I <1 + R—2> ) (5.6)
'SS

with a power-law index pss = 3/2. This power-law model represents a rough
version of the exact standard model (Shalyapin et al. 2002). Recent determi-
nations by Kochanek (2004) (see also Shalyapin et al. 2002) indicate that the
size of the continuum source is of about a few light days. We adopt a contin-
uum radius of 0.0967), i.e. a radius of 6 pixels over the magnification pattern
that guarantee a good sampling for the continuum. This value corresponds to
Teont = 2.07 1-days for B1600+434.

The microlensing light-curve of the continuum (or the BLR) is found by
convolving the brightness profile of the source with the magnification map along
the path of the source over the pattern. In the top left-hand panel of Fig. 5.7
several paths are plotted over the magnification pattern of B1600+434B. For
the half-aperture of the cones we adopt 6. = 30°. In the top right-hand panel
the light-curves for the BLR and continuum with ¢ = 0° are shown. The middle
panels correspond to 1 = 45° and the lower panels to ¢+ = 90°. Figure 5.8 is
equivalent to Fig. 5.7, but with 8, = 10°. In these figures we see that the BLR
amplification may be similar to or even greater than that of the continuum (BLR
amplifications two magnitudes greater than the continuum ones can be found
in the perpendicular cases). For inclinations different from i = 0°, the degree
of correlation between both the BLR and continuum light-curves depends on
the orientation of the projected bicone axis with respect to the shear. The
correlation is strong when the projected bicone axis is parallel to the shear
direction (left-hand panels in Figs. 5.7 and 5.8) but can be substantially reduced
when it is perpendicular (right-hand panels in Figs. 5.7 and 5.8). To gain
insight into this study (see Lewis & Ibata 2004), we have computed for each
position (pixel) of the source in the magnification pattern pairs representing
the BLR and continuum amplification, (gcont,#BLR). Color-scale histograms
representing the frequency of these pairs (Lewis & Ibata 2004) for different
values of inclination and cone aperture are represented in Figures 5.9 and 5.10.
In Fig. 5.9 we confirm that the correlation is very strong for the case ¢ = 0°, is
less marked for the parallel to the shear projection of the bicone (cases i = 45°
and 7 = 90°), and is weaker for the perpendicular projection (cases i = 45°
and i = 90°). The probability of finding a microlensing event in a strip of
UBLR = fcont £ 0.5 decreases from 78% in the i = 0° case to 65% in the 7 = 90°
perpendicular case. In the parallel case (i = 90°), the probability of finding
a microlensing event in this strip is 71%. Similar results can be observed in
Figure 5.10.
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FIGURE 5.7— (a) Light-curves of the BLR and the continuum represented in solid and
lighter solid lines, respectively. Each pair of light-curves is computed across different paths
drawn in the left-hand panel, corresponding to the magnification map in Fig.5.1, where large
circles represent the BLR with rex = 0.3770, and small circles represent the continuum with
Tcont = 0.09670. The right-hand panel corresponds to the projection of the bicone with 0°
and 6. = 30°.

5.4 Is microlensing affecting the broad emission lines in SDSS
J1004+ 41127

BEL microlensing has been tentatively detected in the quadruple large-
separation lensed quasar SDSS J1004+4112 (Inada et al. 2003). The quasar
was discovered in the Sloan Digital Sky Survey (SDSS; York et al. 2000) and
it is the first large-separation lensed quasar discovered (Fig. 5.11). Although
gravitationally lensed galaxies (Colley, Tyson & Turner 1996) with large sepa-
rations are known, quasars are more useful cosmological probes because of the
simplicity of the resulting lens system. This gravitational lens consists of four
lensed quasar components at zg = 1.732 with distances between components
ranging from 373 to 14°62. Such a large separation means that the lensing
object must be dominated by dark matter. In fact, the lensing object is a
z1 = 0.68 cluster centered among the four lensed images.

Blue-wing enhancements have been observed in the high ionization lines in
component A spectra (Richards, Johnston & Hennawi 2004; Gémez-Alvarez
et al. 2006). A first enhancement was detected in two epochs in May 2003
and was later undetectable in another four epochs from November to Decem-
ber 2003 (Richards et al. 2004). A second enhancement was independently
detected in January 2004 (Gémez-Alvarez et al. 2006), March and April 2004
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FIGURE 5.7 — (b) Light-curves of the BLR and the continuum represented in solid and
lighter solid lines, respectively. Each pair of light-curves in each panel is computed across
different paths drawn in the left-hand panel in Fig. 5.7a. The right-hand panels correspond to
the perpendicular projection of the bicone, and the left-hand panels to the parallel projection.
Inclination increases from top to bottom, with 45° and 90°. For all cases, . = 30°.



CHAPTER 5. Microlensing by a caustic network

90

Einstein Radii

|

|

|

Einstein Radii

|

|

w

W

M

|

NrO,. NrO_ NrO,_ NrO. NrO,. NrO, NrO,_ Nr—O._

Xnyg pezrettioy

0
npey ue}sury

Einstein Radii

NrO,. NrO_ NrO,_ NrO. NrO,. NrO, NrO,_ Nr—O._

Xnyg pezrettioy

NrO,. NrO_ NrO_ NrO. NrO,. NrO, NrO,_ Nr—O._

Xnyg pezrettioy

|

|

W

Einstein Radii

|

w

|

|

|

M

NrO,. NrO_ NrO_ NrO. NrO,. NrO, NrO,_ Nr—O._

Xnyg pezrettioy

NrO,. NrO_ NrO_ NrO. NrO,. NrO, NrO,_ Nr—O._

Xnyg pezrettioy

Einstein Radii

Einstein Radii

10°.

e =

FIGURE 5.8— Same as in Fig. 5.7 a and b, but for 6
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Logaritmitc scale

FIGURE 5.9— The correlation between the amplification of the BLR and the continuum
when a biconical model is considered for the BLR and a Keplerian disc for the continuum is
represented. The right-hand panels correspond to the perpendicular projection of the bicone
and the left-hand panels to the parallel projection. Inclination increases from top to bottom,
with 0°,45° and 90°. For all cases, 6. = 30°.
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FIGURE 5.10— Same as in Fig. 5.9, but for 4. = 10°.
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(Richards, Johnston & Hennawi 2004). In contrast, the continuum emission has
been maintained unaltered throughout this period.

Microlensing of the high ionization BEL was the hypothesis originally pre-
ferred to explain variability (Richards et al. 2004). However this hypothesis
seems difficult to reconcile with the recurrence of the blue-wing enhancement
in the framework of the typical disc-like models for the BLR: instead of a new
blueward enhancement, changes of the core or the red wing of the line were
expected in so far as the caustic moves across the BLR velocity field. However,

FIGURE 5.11— The light of this lensed quasar, SDSS J1004+4112, has been gravitationally
split into four images (the four white dots in the center). The quasar is at zs = 1.732 and the
foreground lensing cluster is at z1 = 0.68.
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this behaviour would not be so strange if a biconical geometry were adopted
for the BLR. According to what we have previously seen for the case 1 = 45°
and orientation of the bicone axis perpendicular to the shear, one can imagine
situations in which one of the projected cones (blue or red) could be amplified in
more than one epoch without noticeable amplification of the other. In addition,
the lack of correlation between the emission in the line and in the continuum is
also another characteristic of the biconical model. A singular isothermal ellip-
soid (SIE) model fitted to the positions of the four images of SDSS J1004+4112
reveals the presence of significant shear for image A (k = 0.39, v = 0.64).

In Figs 5.12 and 5.13 magnification maps for SDSS J1004+4112A corre-
sponding to two different fractions of matter in stars with respect to the total
mass (1% and 10%) are represented. An area of 500{; x 500{y was consid-
ered at the lens plane to compute a magnification pattern covering an area
of 167y x 1679 (1000 x 1000 pixels) at the source plane. 256 rays were shot
per unlensed pixel, which means 2.5 - 10!! rays traced between the observer
and the source. The number of stars considered was 312 and 3121 for the 1%
and 10% fractions of matter in stars, respectively. These values correspond to
ke = 0.386 (1%) and k. = 0.351 (10%). The theoretical mean amplification,
< pn >=|(1 — k)% — 42|71, is 23.261 and the mean amplifications of the maps
are 23.105 (1%) and 21.611 (10%), respectively. The most noticeable feature of
both maps (Figures 5.12 and 5.13) is the characteristic pattern of alternating
high and low amplification strips induced by the strong elongation of caustics
in the direction of the shear.

We consider global displacements of the BLR parallel and transversal to
the shear to try to reproduce the main features of the spectra variability in
J1004+4112. The BLR radius for this quadruply imaged quasar is rprr = 7.57
l-days for high ionization lines (using NGC 5548 as a reference object). In
this gravitational lens 17g(1My) = 16.61 l-days and, hence, 7, = 0.7479. As
in the case of B1600+434 the continuum radius is 0.0967) (6 pixels over the
magnification pattern), that corresponds to reony = 1.59 1-days.

5.4.1 Parallel to the shear paths

In this case relative enhancements of any of the line profile peaks without
noticeable continuum amplification are induced in a natural way by the presence
of alternating strips of high and low amplification. We have computed BEL
profiles with rex = 1.6579, which means a more conservative value for the BLR
size, rprr = 17 l-days, or that the mass of stars in the lens is 0.2My, with
119(0.2M¢) = 7.43 1-days. These profiles are convolved with the magnification
pattern corresponding to a mass in stars amounting to 1% of the total mass
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FIGURE 5.12— Magnification map for the A image of SDSS J1004+4112 for 1% of total
mass in stars. Each point represents the BLR in different positions over the magnification
map, and the lines are the paths over the map where the light-curves are computed. The
largest circle represents the BLR with rex = 1.657, and the smallest circle represents the
continuum with r¢ont = 0.0967.
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FIGURE 5.13— Magnification map for the A image of SDSS J1004+4112 for 10% of total
mass in stars. The line is the path over the magnification pattern where the light-curves
are computed. The largest circle represents the BLR with rex = 110, and the smallest circle
represents the continuum with reons = 0.09670.
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(Fig. 5.12), following two different tracks over the pattern. As can be seen in
Fig. 5.14, the continuum remains unaltered along the entire path. However, we
face here the same problem as Richards et al. (2004): the enhancement event
lasts several Einstein radii but according to the time estimates of Richards et
al. (2004) it should last about one tenth of an Einstein radius (for 0.1M).
In principle, to reduce the time-scale of an event (and also the lapse between
events) we could increase the number of caustics by increasing the fraction
of mass in stars. However, the caustic elongation in the shear direction is so
strong that the time-scales of the events are not substantially reduced. The
main effect of increasing the mass fraction in stars is to reduce the distance
between consecutive strips in the magnification patterns.

5.4.2 Transversal to the shear paths

If the global displacement of the BLR is perpendicular to the shear, the time-
scale of the events depends exactly on the separation between strips. In Fig. 5.15
we have represented the BEL profiles with rex = 179 corresponding to 20 x 20
locations regularly distributed in the magnification pattern corresponding to a
10% mass fraction in stars (see Fig. 5.13). It is clear that a rich phenomenology
of line profile variability (including recurrent or alternating enhancement of
parts of the line profile) can be reproduced in relatively short displacements
across the magnification pattern. It is not difficult to find paths to roughly
reproduce two consecutive events of relative enhancement of one of the peaks
without appreciable changes in the continuum. That considered in Fig. 5.16, for
instance, implies a displacement across the pattern of 0.1 Einstein radii between
the third and the sixth line profiles from left to right; that is, ~ 2 years with
v, = 700 kms™! (Oguri et al. 2004), according to the estimates by Richards
et al. (2004), but assuming 0.5M, stars in our case. Then the time between
two consecutives line profiles is 0.62 years. The lapse of time between events
of the order of 1 year can be obtained by considering that the mean mass of
the stars is below 0.5M or by supposing a factor two times greater relative
velocity between the quasar host and the lens galaxy, or by combining both
possibilities.

Figure 5.15 also illustrates other very noticeable effects that a high density
of caustics (originated from the high amplification and shear of J1004+4112)
can induce in the line profiles generated by a bicone transversally oriented and
transversally moving with respect to the shear (and, hence, to the caustics).
Because of the dependence of the velocity field with distance, each caustic will
mainly affect emitters at a given velocity, enhancing a small part of the line
profile. When more than one caustic affects the bicone, several “spikes” can be
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seen in the line profiles (see Fig. 5.15). The displacement of the bicone across

the caustics would result in the scanning of the kinematic properties of the
BLR.

Thus, the main trends of the spectral variability observed in J1004+4112
could be reproduced by the microlensing of a bicone moving transversally to
the shear. The similarity of the computed phenomenon to the observed line
variability can probably be improved by changing the proportion of matter
in compact microlenses, by adjusting some of the model parameters (such as
continuum and BLR sizes and separations) or by considering oblique paths.
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FIGURE 5.14— The line profiles for the BLR for each point and the light-curves for the BLR
and the continuum for each path marked in Fig. 5.12 are shown. The parameters are 1 = 45°,
0. = 5%, p =2, Teont = 0.09610 and rex = 1.6570. In the line profile panels the heavy solid
lines represent the amplified line profile and the lighter solid lines correspond to the line profile
normalized to the mean amplification in the magnification map. In the light-curve panels the
solid line represents the light-curve from the BLR and the lighter solid line corresponds to the
light-curve from the continuum.
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FIGURE 5.16— The line profiles for the BLR and the light-curves for the BLR and the
continuum for a track superimposed on the magnification pattern (Fig. 5.13) are shown. The
parameters are ¢ = 45°, 6, = 5°, p = 2, Tcont = 0.09670, Tex = 1mo and rin = 0.5570. In the
line profile panel the heavy solid lines represent the amplified line profile and the lighter solid
lines correspond to the line profile normalized to the mean amplification in the magnification
map. In the light-curve panel the solid line represents the light curve from the BLR and the
lighter solid line corresponds to the light-curve from the continuum.
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5.5 Conclusions

We have explored the effects of microlensing at high optical depth on a
biconical model of arbitrary inclination and aperture for the BLR. We point
out some results that could be of interest:

1 - The luminosity weighted radius of a biconical region depends only on its
intrinsic size along the cone axis. However, its projected area depends also on
cone aperture and inclination. Thus, a biconical region of a large luminosity-
weighted radius can have a small projected area if the cone aperture is small and
the cone axis points toward the observer. This implies that very large amplifi-
cations, even greater than that of the continuum, are possible in microlensing
events of a biconical BLR. For this geometry, a large luminosity-weighted radius
measured by the reverberation method is not a definitive criterion to exclude
significant microlensing amplification.

2 - For intermediate inclinations of the cone axis, 0° < 4 < 90°, microlensing
induces relative enhancements between the red and blue parts of the line profile.

3 - Microlensing effects (global amplification, wavelength-dependent ampli-
fication) are related to the orientation of the projected bicone with respect to
the shear of the magnification pattern (this could result in quasi-periodic ef-
fects when the source moves along the magnification pattern). In particular,
the correlation between the continuum and BLR light-curves can be weak when
the axis of the projected bicones is perpendicular to the shear.

4 - When the bicone is oriented transversally to a caustic, the emission
line profile can present a strong enhancement of a small wavelength region
(spike). The movement of the bicone with respect to the caustic would scan the
kinematics of the BLR. When the bicone lies in a caustic cluster, the emission
line profile can be affected by several “spikes”.

5 - The main features related to spectral variability detected in image A
of SDSS J1004+4112 (recurrent blueward enhancement, absence of continuum
variability and small time-scale) could be reasonably reproduced by the micro-
lensing of a biconical BLR moving perpendicular to the shear if the mass fraction
of the stars in the deflector is greater than 1 percent.
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Tu labor consiste en descubrir tu trabajo,

y luego entregarte a él de todo corazon.
Buda

IN the light of recent discoveries concerning the BLR size and its scaling
with AGN luminosity, currently accepted values for microlens masses and
a variety of kinematic models for the BLR, we have revisited the influence
of microlensing on the BEL at low and high optical depth, considering three
relevant approximations: isolated microlens, straight fold caustic and caustic
network. Some results are worth summarizing;:

1. The global amplification of the BELs induced by microlensing events could
be relevant, especially for high-ionization lines. Even for relatively small
mass microlenses, the effects produced by the differential amplification of
the line profile (relative enhancement of different parts of the line profile,
line asymmetries, displacement of the peak of the line, etc.) would be
easily detectable except for highly symmetric velocity fields. For inter-
mediate inclinations of the biconical model, 0° < ¢ < 90°, microlensing
induces relative enhancements between the red and blue parts of the line
profile.

2. Current ideas about BLR size and stratification can be probed from the
study of the changes that exit between the BEL profiles corresponding to
microlensed and non-microlensed images, or among the BEL profiles of
lines with different ionization in a microlensed image.
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6.1

Although the straight fold caustic crossing is in general a crude approxi-
mation it is adequate when the size of the emission line region is small, as
in the case of the Fe K, line. It reproduces the main effects of microlensing
amplification obtained in the case of an isolated lens.

Very large amplifications of BEL, even greater than that of the continuum,
are possible in microlensing events of a biconical BLR. For this geometry,
a large luminosity-weighted radius measured by the reverberation method
does not exclude significant microlensing amplification.

The orientation of the projected bicone with respect to the shear of the
magnification pattern is decisive in the phenomenology of microlensing.
For instance, the correlation between the continuum and BLR light-curves
is weak when the axis of the projected bicones is perpendicular to the
shear. The kinematics of the BLR is scanned by the movement of the
bicone transversally with respect to the caustic. We also found strong
enhancements of a small wavelength region - “spikes”- in the BELSs, when
the bicone lies in a caustic cluster.

We have studied, under the hypothesis of microlensing, the main features
related to spectral variability detected in image A of J1004+4112. We
found that the recurrent blueward enhancement, the absence of continuum
variability and the small time-scale could be reasonably reproduced by the
microlensing of a biconical BLR moving perpendicular to the shear.

Work in progress

Our research work in microlensing is currently progressing along the follow-
ing lines:

1.

Improve the microlensing magnification patterns computation and imple-
ment more complex models for the BLR.

Extend the study for J1004+4112 to other gravitational lens systems.

Make the statistical studies deeper to get more realistic information about
the probability that microlensing of BELs can occur.

Carry out observations with VLT or GTC of the high ionization lines on
those systems where it is more probable to detect the variability of the
broad emission lines.
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A.1 Robertson-Walker metric and Friedmann models

We review in this appendix the standard cosmological model which is a
homogeneous and isotropic solution of the field equations of General Relativity'.

The background model is described by the Robertson-Walker metric (Robert
son 1935; Walker 1935), in which hypersurfaces of constant time are homoge-
neous and isotropic three-spaces, either flat or curved, and change with time
according to a scale factor which depends on time only. The dynamics of the
scale factor are determined by two equations which follow from Einstein’s field
equations given the highly symmetric form of the metric.

Two postulates are fundamental to the standard cosmological model, which
make the cosmological principle, and they are:

e When averaged over sufficiently large scales, there exists a mean motion
of radiation and matter in the Universe with respect to which all averaged
observable properties are isotropic;

e All fundamental observers, i.e. imagined observers who follow this mean
motion, experience the same history of the Universe, i.e. the same aver-
aged observable properties, provided they set their clocks suitably. Such
a universe is called observer-homogeneous;

! General references on the cosmological model can be found in Weinberg (1972), Misner,
Thorne & Wheeler (1973), Padmanabhan (1993), Peebles (1993) or Peacock (1999)
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These postulates can be expressed mathematically as:

dr?
1—kr?

ds® = —dt* + d*(t) + r2(d6? + sen®0d4?)|, (A1)
where a(t) is a dimensionless time-varying scale factor and k is the value that
determines the total curvature of the Universe, with & = 1,0, —1 for a close,
Euclidean and open universe, respectively; ¢ is the time coordinate and r,  and
¢ are the spatial coordinates. A metric of this form is called the Robertson-
Walker metric.

To complete the description of space-time, we need to know how the scale
factor a(t) depends on time, and how the curvature k¥ depends on the matter
which fills space-time. Einstein’s field equations relate the Einstein tensor G';
to the stress-energy tensor T;; of the matter,

Gij = 8:—4Gﬂj + Agij, (A.2)
with the second term being a generalization introduced by Einstein to allow
static cosmological solutions of the field equations. A is called the cosmo-
logical constant. For finding exact solutions, this equation, which implies the
knowledge of distribution of matter and energy in space-time, assumed that
the matter and energy that fills the Universe can be treated as a perfect fluid.
This assumption is called the Weyl condition and it implies that the energy-
momentum can be described as:

Ti; = (p + p)usu; — pgij, (A.3)

so that the evolution of the density p and the pressure p in time depends on
the metric tensor g;; and the 4-velocity components u;.

A cosmology based on the cosmological principle and the Weyl condition is
called a Friedmann cosmology and the solutions obtained from Eq. A.2 with
these constraints are called Friedmann models.

The Friedmann cosmology consist on two independent equations:

a\? 8nG k2 A2

a\"_orG ket A A4
() sl (A4)
a AN 4 3p

a_A 4 opP A.
o2 37rG(p+62), (A.5)

that relate scale factor a(t) to the pressure p and density p. The relative
expansion rate (a/a) is the rate at which the Universe is expanding. This



A.2. Redshift and cosmological distances 107

quantity is called the Hubble parameter, H = (a/a) and its value at the present
epoch t = ty is the Hubble constant, H(ty) = Hy. The scale factor a(t) is
determined once its value at one instant of time is fixed.

These two equations (Egs. A.4, A.5) can be written in terms of some density
parameters, a matter term, a cosmological constant term and a curvature term
as:

Qupr + Qpa + Q. =1, (A.6)
where \ )
871G Ac ke

Oy = —— Qp = —- 0y = ——— A7

M 3H§p05 A 3Hg; k a%Hga ( )

and the subindex “0” corresponds to present time %y.
In this kind of cosmology we have a special combination of parameters called
critical density of the Universe:

_ 3H;

- A8
el (A-8)

Per

which means a limit density so that the Universe is:

e Geometrically closed for p < p¢r, which means that the expansion of the
Universe will stop and contraction will start (k < 0).

e Geometrically flat for p = p.r, which means that the expansion goes
asymptotically to zero. (k =0).

e Geometrically open for p > p¢r, which means that the expansion of the
Universe goes on forever (k > 0).

A.2 Redshift and cosmological distances

The redshift z of an object is the shift in wavelength that a photon suffers
because of the expansion of the Universe since it was emitted at a time %, from
a distant object with a wavelength A, until it is received at present time ¢y with

a wavelength ), as:
Ao — e _ alto) —a(te)
z= = , A9
Ae a(te) (4.9)

where a(tg) is the scale factor or the “size” of the Universe at the time the light

from the object is observed, and a(t.) is the size at the time it was emitted.
Redshift is almost always determined with respect to us, but it is possible to

define the redshift z12 between objects 1 and 2, both of which are cosmologically
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redshifted relative to us: the redshift z15 of an object at redshift z, relative to
a hypothetical observer at redshift z;, with z; < 29, is given by:
a(tl) - a(tg) 22 — X1

= = . A.10
12 a(to) 1+ 2 ( )

The redshift of a source is used as a measure of its distance to us, so we
need a definition of distance as a function of redshift. However, the mean-
ing of “distance” is no longer unique in a curved space-time. We define four
different distance scales, the proper distance, the comoving distance, the an-
gular diameter distance, and the luminosity distance (Batermann & Schneider
2001;Blandford & Narayan 1992).

The line-of-sight comoving distance, D, between two nearby object in the
Universe is the distance between them, which remains constant with epoch if
the two objects are moving with the Hubble flow (i.e. the expansion), so it is the
distance between them which would be measured with rulers at the time they
are being observed (proper distance) divided by the ratio of the scale factor of
the Universe then to now; it is the proper distance multiplied by (1 + z):

]—1/2

D= i/ ’ [QM(l +2)3 + Qe(1 + 2)? + dz. (A.11)

HO 21
The comoving distance, Dj,;, between two nearby object in the Universe
at the same redshift or distance but separated in the sky by some angle 66, is
related to the line of sight comoving distance D as:

o sinh[y/Qg D] for Oy > 0,
Dy=<¢ D for O =0, (A.12)
W sin[y/[Qk DH2]  for Oy < 0.

The angular diameter distance, D4, is defined, in analogy to the relation
in a Kuclidean space, as the ratio of an object’s physical transverse size to its
angular size (in radians).

The luminosity distance, Dy, is defined, like in a Euclidean space, by the
relationship between the flux S received at z; and the luminosity L of a source
at z9 as D = \/L/(4xS), and this is related to the comoving distance, Dy,
and the angular diameter distance, D 4, by:

1+ 2 (14 29)?

Dy = — <% S S
L M (1+Zl)2 A

0t 2) (A.13)

and when subindex 1 corresponds to present time, which means z; = 0, we
recover the well known expression:
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Dp=(1+2)Dy = (1+2)?Da. (A.14)

If we consider k = 0, i.e. a flat cosmology (Euclidean space), Eq. A.11 is
reduced to
Ie] ] 2 —1/2
Dar = Dp = F/ (L4 2)2(1+ Quz) — 22+ 2)(1 - Q)] dz, (A15)
0Jz1
with Qps + Qx4 = 1. If besides £k = 0, A = 0, which is called the Einstein-de-
Sitter model, then,

2
Dy =Dp = FCO [(14+20)772 = (14 22)7/?]. (A.16)



Modeling the broad line region by an
isolated microlens

Todos los dias,

en todos los sentidos,
Yo progreso mds y mds.
Emile Coué

Nowadays, there is no generally accepted model for the geometry and dy-
namics of the broad line region. So, we adopt the discrete cloud model (see
Robinson 1995) in which it is assumed that the magnitude of the velocity and
the volume emissivity may be independently specified by a power law. It is also
assumed that the clouds or volume elements emit line radiation isotropically.

The amplified line profile produced by the system is obtained from:

= E\r — ﬂ T ; .
F,\_V/()é[)\ A0(1+C>]u(")dV (B.1)

where the integral is taken over the total volume occupied by the clouds, u(7)
is the relative amplification that the microlens produces over the line profile,
and v)| is the projection of the velocity field along the line of sight. Finally, €(r)
is the volume emissivity of the clouds:

r

w=a(l) -

Tin
with rj, being the inner radius of the cloud system.

111
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The geometry of the BLR is unknown, but it seems plausible that its overall
structure could be characterized by one of three basic symmetries: spherical,
conical, or cylindrical (Robinson 1995).

B.1 Spherical shell

Let us first consider a spherically symmetric cloud ensemble of outer radius
TBLR, Which is characterized by a radial velocity field. The component of the
velocity parallel to the line of sight is (Robinson 1995):

V)| = v (é)pcosﬁ (p>0). (B.3)

If the microlens is placed at 7y ~ (79, po) and the Einstein radius is 7, the
relative amplification is given by (e.g., Schneider et al. 1992):

’U,2+2 |‘F—’I‘0‘

‘F‘ =, u = , B.4:
wi) = == ” (B-4)
1

|7 — 70| = [(7‘ sin @ cos ¢ — ¢ cos )2 + (rsin@sinp — g sin(pO)Q] ? (B.5)
To compute the integral in Eq. B.1 we define:
vo (7 \P

f=x=X [1 +— (—) COSH] . (B.6)

C \Tin

Equation B.1 appears, when the integral in the # dimension is done and
the parameters £ = ¢ (A — Ag)/(VmaxXo) and zm = v9/Vmax = (Tin/TBLR)P are
defined, as:

027T l\zlzl;(r[;limﬂin] e(r)r® [HT%’% [sin O]¢—odrde
Fe= for Tim < TBLR, (B.7)
0 for riim > TBLR,
with
[cos 0] =z (L) - (B.8)
=0 Im \Tin
[sin O]¢— 0—+\/[(:T9f0, (B.9)
and
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where [p(z,7)]t—o is given by Eq. B.4, inserting Eq. B.9 into Eq. B.5 as:

|7 —70|e=0 = [(r[sinﬁ]f:() cos @ — 7 cos @g)? +
1

+(r[sin B¢ sin ¢ — 7o sin @0)2] 2 (B.11)

and 7y, = Tin (|7] /:vm)l/p. The expression of 7y, is obtained from the delta
condition.

B.2 Biconical shell

In this case, the broad lines are emitted by a bipolar flow in which clouds
moving radially outward are confined to a pair of oppositely directed cones,
whose common axis passes through the optical axis. In general, an individual
cloud measured with respect to the cone axis has a projected velocity (Robinson
1995):

P
& =sinfsinpsint + cosfcos i,
where ¢ represents the inclination of the axis with respect to the line of sight.
For this system, the amplified line profile is:

F, = /027T/T:2 l/090+/7:0C 6(7“)6[)\—)\0 <1+%>]x

x  u(7) r? sin@ db dr de, (B.13)

where the amplification is given by Eq. B.4, with:

|7 — 70| = [(r sin 6 cos ¢ — g cos pg)? +
+ (rsin@sinpcosi — rcosfsini — rosin (p0)2] % (B.14)
To compute the integral in Eq. B.13, we define f as:
F=A—X [1+”?° (%)pg] (B.15)

and then, after integrating in the r dimension and adopting z = ¢ (A — Xg)/-
(VmaxA0) and Zy = v9/Vmax = (Tin/TBLR )P, Eq. B.13 becomes:

Z)fﬂdec+ J ] <ot ) (3)

sin 9d9> dy
Fa; — 0 0 —0c

(B.16)
for o, €] < |z| < |€],

0 in other cases.
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Moreover,
z \ /P
[rli=0 = Tin (&—m) : (B.17)
and
p—1
[ﬁ] _ ‘_)\0 P Vo ([T]f:0> ¢ ‘ (B.18)
drle_g Tin C Tin

[u(z,7)]t=o is given by Eq. B.4, inserting Eq. B.17 into Eq. B.14 as:

|7 — Tolt=0 = [([r]f:() sin 0 cos ¢ — 1 cos po)” +

N

+([r]¢=0 sin @ sin ¢ cos ¢ — [r]g=p cos @ sini — ro sin @0)2} (B.19)
B.2.1 :=0° Case
The ¢ = 0° case leads to the amplified line profile:
02” fl\lf ;2[[:;‘::”:2?11] e(r)r? ["[(%% [sin O]¢—odrdyp
Fp = for rim < LR and Tsyp > Tin, (B.20)

0 in the other cases,

in a similar way to the spherical shell because Egs. B.3 and B.12 are the same
expression. Besides [sin@]i=g and [df /df]s=o are given by Egs. B.9 and B.10,
[p(z,7))t=o is given by Eq. B.4, inserting Eq. B.9 into Eq. B.11, with ry, =
Tin (|ac|/$m)1/p, and rgyp = rBLR (|2|/ cos 6.)1/P. The expressions of ryj, and
Tsup can be inferred from delta conditions.

B.2.2 i =90° Case

In the ¢ = 90° case we consider a projected velocity of

p
v = vo (}) sinfsing  (p > 0). (B.21)

Let us now compute f in Eq. B.15 as:

P
f=Xx=Xo [1 + (L) sinesingo] , (B.22)

C Tin
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and then, after integrating in the ¢ dimension and adopting z = ¢ (A — Ag)/-
(VmaxA0) and Tm = v0/Vmaez = (Tin/TBLR)P, Eq. B.13 becomes:

TBLR 0c Min[r—8}im,m
Fo= / /+ / 9(x,r,0)do | dr, (B.23)
Ma‘X[Tlimarin} 0lim 71'—0(3

where

2 i gles(@P)+p— (z,7)]=0
€(r)r-sinf for 6 > Oy,
ger0) = o im (B.24)
0 in other cases,
with 6y, = arcsin[(|z|/zm)(r/rin) "P]. The expression of @), is inferred from
delta conditions. Moreover,

) x (r\ P 1
[sinple—g = - (H) oyl (B.25)
[cos )1 t=0 = £4/1 — [sing]Z , , (B.26)
and dt »
[— = —)\OU—O (L) sin @ [cos ¢4 =0 - (B.27)
del s g0 ¢ \Tin

[p+(z,7)]t=0 is given by Eq. B.4, inserting Eq. B.26 into Eq. B.14 as

|7 — 70|+ 4=0 = [(r sin 0[cos @]+ t—o — T COS 900)2 +

o=

+ (rcos@+rpsin goo)Q] (B.28)

B.3 Cylindrical shell

The simplest example of cylindrical symmetry is a plane, i.e., a thin disc.
We will suppose that this disc has uniform thickness, h < ri,, and that the
angle between its axis and the line of sight is 7. Finally, any point in the disc
is assumed to follow a circular orbit about the axis, thus giving a line of sight
velocity of (Robinson 1995):

v = v(r) cosysini, (B.29)

where r and ¢ are polar coordinates of an emitter in the disc.
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For this system, the amplified line profile is

Py — /Se(r) 5 [,\ ~ o (1 + %)] u(7) ds. (B.30)
Let us now define f as:

(B.31)

F=a-2 [1+v(r)cos<psini]
= - 0 -_— 5

c

and z = ¢ (A — A9)/(VmaxAo), With v9 = Umax. Then, when the integral in the
¢ dimension is done, Eq. B.30 becomes:

Min[riim,BLR] ¢ () [t @D 0 (@0)]t=0 g0 fop oo > Tin
Fg; _ f’rin 6( ) [%1+,f=0 lim ’ (B32)
0 for 7im < Tin,
where v
[cos pli—g = T~ (B.33)
v(r) sini
[sing]y =0 = £4/1 — [cos p]Z_, , (B.34)
and if (r) sini
v(r)sing _ .
[—] = XA—— [sing]4 -0 - (B.35)
del =0

[+ (z,7)]t=o is given by Eq. B.4, inserting the expressions of [cos p]t—¢ and
[sin pls—o (Egs. B.33 and B.34) into:

|7’ —70|+f=0 = [(r[cos @lf—o cos i — g cos pg)? +
1

+ (r[sin]+ =0 — rosin 900)2] 2, (B.36)
and 7y, is defined by the condition:

v(rim) = 'u0|.w—‘ . (B.37)

sin 2
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