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Abstract

This final degree project is thought to be a theoretical enlargement of the degree knowledge in order
to broaden the basic concepts of mathematics and theoretical physics applied to the formulation of
String theory.

In this essay, we will make an introduction to the theory of quantum bosonic strings. The ultimate
objective of this final project will be to formulate the hypothetical gravity force carrier particle, and
how to recover the Einstein’s equations from String theory.

This piece of work will commence by making a classical approach to the relativistic string for the
purpose of formulating important results that we will use to quantize it.

We will quantize the theory in three different ways. Firstly, the Canonical Quantization will be applied,
secondly, the Lightcone Quantization will be used and, lastly, we will utilize the one needed in order
to formulate the general relativity which is The Path Integral approach.
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Introduction

On String theory all the particles emerge as vibrations of a single string after its quantization.
Originally, it was developed only for bosons. The integration of fermionic supersymmetric fields gave
rise to the superstring theory where there exists a symmetry on the number of bosons and fermions on
nature. Therefore, each type of boson particle has a corresponding fermion and vice versa.

There are several versions of Superstring theory: type I, type I1A, type IIB and two Heterotic theories
Type HO and Type HE (S0(32) and Eg X Ejg), all of them living in a ten dimensions spacetime. These
different theories allow different types of conditions on the strings, as an example, some of them only
permit closed strings, while others admit closed and open strings.

It can be proved that the five formulations are key aspects of the same theory, related to each other
through dualities. These five theories would be features or points of view of a theory called M-theory.

The strings of these theories can be extended to D-dimensional objects, called D-branes. It can be
observed that D < 10 because it would be senseless to speak of a fifteen dimensional object living in a
ten dimensional spacetime.

The string theory has many interesting properties. In the case of bosonic string theory, the number of
space-time dimensions is twenty-six but in superstring it is ten, four of them are flat and the others are
compactified at really small scales, thus it is difficult to detect them experimentally. This theory has
different aspects that make it an excellent candidate as a route to the theory of everything, some of
them are the following:

- Every string theory must contain a massless spin two state, whose interaction reduces at low
energy to general relativity.

- String theories lead to gauge groups large enough to include the Standard Model.

- String theory does not contain free adjustable parameters, all emerge from the string properties.

These are some of the reasons that make this theory popular and interesting. Even if it is not the theory
of everything its study gives us really important tools to understand others fields of physics and other
theories.



1 THE ACTION AS A CENTRAL POINT OF A THEORY

En este primer capitulo se hablara del principio de minima accion en mecanica clasica y se ejemplificara
la formulacion de diferentes ecuaciones de la fisica mediante dicho principio, muchas de ellas seran
fundamentales para poder estudiar la fisica de la cuerda. Enunciaremos la accion para una cuerda y
estudiaremos sus propiedades y simetrias.

String theory is built over the least action principle as its starting point. Most of the modern theories
use a least action principle to formulate its mechanics, this principle is widely used due to the simplicity
of the obtention of the motion equations, conserved quantities and symmetry properties. The
Electromagnetism, the Newtonian Dynamics, General and Special Relativity are theories that can be
obtained as a minimum of a certain action. The quantum field theory starts taking the wave functions
as excitations of classical fields that obey least action principles.

The action is an integral in time of a certain type of function called Lagrangian that depends on
dynamical variables such as fields or particles coordinates.

t2

S[q:i(0)] = f dt L(q:(0), 4:(0), ©).

ty

Taking S as the action functional depending on a family of functions, q;, fixed at the boundary,
6q;(t;) = 8q;(t;) = 0. This principle imposes the variation at first order of this quantity to be zero
65 = 0.

55 = f o L(q;(t) + 8q; (1), 6;(£) + 8¢;(6), £) = 0,

1

dadq;
dt

this expression is developed in terms of, 6q;(t) , considering, §¢;(t) = , we obtain the Euler-

Lagrange equations.

58S = Slq; + 6q;1 — Slq;l,

6S—ft2dt[aL6 +aL6']
ty aq; % aq; @

6S—ft2dt[aL d<aL)] 5 +ft2dtd<aL 5 )—o v
B t, 0q; dt\odg; @ t, dt \dg; @) = -

The second integral is zero as a consequence of the boundary conditions. Therefore, we obtain the

Euler-Lagrange equations
oL d <6L) —0
dq; dt\oq,)



As we can see in (Landau L. D. , Lifshitz E. M., 1971); (Lifshitz E. M., V. B. Berestetskii, L.P.
Pitaevskii, 1975), we can formulate several actions for different theories, we will see some of them in
the following pages.

It is possible to derive the special relativity equations for a free particle from an extremal principle.
The extremum condition 65 = 0 must be an invariant under any Lorentz transformation so the
quantity, dt L(q;(t),q;(t),t), must be a scalar in this sense. The action is defined here as,

S[x(®)] = ftz dt L(x(t),v(t)) = —mc? ftz dt@ |

2
with dt ’1 — vc—(zt) = dt = —ds, here 7 is the proper time and ds is the length element of the metric

space. The special relativity equations are those that minimize the proper time between two events.

Considering continuous variables such as a family of fields, ¢! (xV), where xV is a four-vector in a
Minkowski space. The Lagrangian is written as,

L= f d3xL<¢i(xV),¢>",M(xV)).

o . . ; ?
We have denoted the derivative of the field respect to its coordinates as, ¢, (x") = ax—i. The least
action principle is formulated as,

8S = fd‘*x/: (¢f + 609", +69° ) - f d*xL(pLe',) =0

Moreover, the integral is defined in the region bounded by the hypersurfaces with t = ¢t; and t = t,,
setting the boundary conditions, §¢*(x,t;) = §¢'(x,t,) = 0. Plugging this on the variation we

obtain
0L 0L . oL .
6S=fd4x l@—au<w>l6¢ + fd4xa#<aa#¢i6¢>:0,
fd“x % 5 (-2 )sei=0 v 5o
opt  H aau(pi ’

oL (9L \|_,
[an “(aaﬂcbl')l B

From now on, we will use natural units (c = A = 1) in this essay.

From (Lifshitz E. M., V. B. Berestetskii, L.P. Pitaevskii, 1975) and (Landau L. D. , Lifshitz E. M.,
1971) we found some wave equations obtained with a least action principle:

1. Schrodinger equation, A V21, that comes from the Lagrangian density,

at 2m
1 1 .
L= iwo—wn) +—wiv|



This action is invariant under Galileo transformations but it is not a relativistic invariant.

Some examples of invariant wave equations under Lorentz transformations are the Klein Gordon
equation and the Dirac equation (both formulated on a Minkowskian space).

2. Klein Gordon equation (6“ o, + m2)¢ = 0 comes from the Lagrangian density,
L=0tp" 0, —m*Pp .
3. Dirac field equation (iy” Oy — m)t/) = 0 comes from the Lagrangian density,

£ =y(iy*a, —m)y.

Where y# are the Dirac gamma matrices and 1 is a four components object called spinor, 1 is defined
Y = *y°. These matrices enable the Dirac equation to be a covariant equation with a first order
derivative (thus making it different from the Klein Gordon equation and solving problems of
normalization as we see in (Maiani L. ; Benar O., 2016)).

There is not a unique way of quantizing a system. Different approaches can give rise to the same
classical state, for example, the canonical quantization and the Feynman path integrals. But the main
idea when we quantize a field is to construct the Fock space of the theory. The Fock space has a non-
defined number of field excitations. At the covariant approach the states of this space are constructed
promoting the fields to creation and destruction operators that fill the vacuum (which has to be
previously defined, additional information will be provided on the last chapter) with many excitations
of the field modes.

Other examples of the use of the least action principle come from General Relativity. We can
generalize the special relativity action to curved spaces to describe the evolution of a free particle on
a curved spacetime. This is the starting point of the study of string theory. We can read about this in
(Wray, 2011).

Firstly, we define the element of distance on a curved space as,
ds* = —g,, (x)dx*dx”,
where xV are the manifold coordinates and g,,,, the metric tensor.

The action is, again, defined as the integral with respect to the element of distance times one constant,
that has to be the mass to be consistent with the special relativity Lagrangian case.

dx* dxv
S = —mfdsz —mfdr —g#vF?.

This action is invariant under the parametrization choice on the manifold and represents the path length
in the manifold. The equations of motion describe the geodesic on the manifold between two given
points.



An equivalent action could be formulated with an additional function e(t), that allows us to avoid the
square root

S’ = %f dr (e(r)‘lgwx“fcv - mze(r)).

To show its equivalence we vary the action respect to e(t) and find the stationary result

1
8S' = Ef dr§ (e(r)‘lgwxﬂfc" - mze(r))

1
= Ef dt (e(r) 2 g, x#%"5e — m2Ge)

1 de oy -
=§fdre—2(gwx“x —m*“e“) =0.
We find e = f_g%iﬂxv,now plugging back in §' we get
P 1 _guvx#xv _% eV 2 _guvx“xv %
S =§fdr — 7 JuXtx¥ —m — 7

1

1 —guXHxV\ 2 o I a2
-3 () owarsr )
1
=-m f dt| (—guwx#x’) 2 (—guxhx)

1
= —mf dt ((—gwxﬂxV)Z ) =S.
Therefore, it is shown that when the action is minimized regarding the variation of the function, e(7),

we obtain the action as the length element in the manifold.

The Einstein equations also arise from an extremal principle see (Lifshitz E. M., V. B. Berestetskii,
L.P. Pitaevskii, 1975). Starting from the Einstein Hilbert action we can obtain the General relativity
equations. This action is written as,

1
S= f(ﬂR + L) /—det (Gap d*x.

Where R is the Ricci scalar, k = 8nGc™*, with G being the gravitational constant and £, the
Lagrangian density of the matter fields.

If the action is varied concerning the inverse of the metric, g"V, and we make it zero we obtain,



6S=fd4{16‘/_R 5\/_LM}gv:

2k 6gHv g™y

51/ OR 6/ —9gLy
_fd4x{2 5gllv ZK\/_é‘g#v Sghv } gt =

5J—g 5=
fd‘*x _g{%< \/1_ Sghv 5 uV> - gv M} 6g*v = 0.
v g g J-g 6g*

(it is assumed that the reader knows the foundations of the functional derivatives)

Hence, we obtain the following equation

1 6— _ 1 6—9Ly
\/_5guv 5guv __\/__g 5gl«W .

By definition the Energy-momentum tensor with regard to the variation of a metric is Top =

_ 1 5/-elm
J-g &gmv ’
Now, we will show a couple of results before continuing. First,
SR 6g"Ry,
59!“’ - 5gl«W
(9" )Ry  S(Rw)g"”
59!“’ 6g#v '

Looking at the second term,
SR = (V8L — V615, ) g™

v being the covariant derivative. By employing the property A g*’ = 0, we obtain the expression
S(Rw) g™ = V,(g" 8Ly, — g*PSI5,).

This is a total derivative that plugged into the action is multiplied by ,/—g, that also has the property

v,

' —9 = 0, so we can write this term in the integral as

f d*x7, (/=g (g"* 8T, — gh 8IS, ).

Employing the Stokes theorem we reduce this expression to boundary terms that vanish because § g*¥
has to be zero at the boundary. Then,

OR

Sghv - RHV'




On the other hand, we have,

61/—9_ 1/ 1 5g_ 1/ 1 Sguvg‘“’g_ 1/ 1 \—gwég"'yg
é‘guv B 2 /—g 6‘guv_ 2 /—g /—g 6g,uv

Sgv 2
1

= _EQMV\/__Q-

(see the page 12 to a more detailed process of the last calculation)

Finally substituting these results we obtain the Einstein equations,

1
<Ruv - ERg’“’) = 2kT,p

To sum up, we have seen how to express the General Relativity equations as a consequence of the least
action principle. The string action will emerge as a direct generalization of the relativistic action of a
particle moving through a curved spacetime, as we will see in the next section.

1.1 The String

The string theory starts by making a natural generalization for the action of a relativistic particle in a
curved space to the action that describes the motion of a type of objects called d-branes. The d-branes
are d-dimensional hypersurfaces embedded on the space-time background geometry. The 0-brane is a
point particle and the 1-brane is a string, which is a surface on the background spacetime.

If we call X* the coordinates of the space-time. The string will be a mapping on these coordinates,
X*(t,0). That conforms the worldsheet, a generalization of the worldline of the relativistic particle.
This surface tells us the movement of the string in time as a function that depends on the parameter o,
so we can treat the string as a field (see Fig 1.1). It is generalized to d-branes as X*(t, g,) being, T and
o0, the family of parameters of the brane surface in the space-time.

XO

(@) (b)

Fig 1.1 In this figure we observe the worldline which describes a particle’s motion, and the worldsheet
that describes the string’s motion.
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In order to generalize the worldline concept to the worldvolume of the brane, the relativistic action
S=-m f ds, whose argument is the arc element in the manifold. The arc element is now promoted
to a d-dimensional hypersurface element on the background manifold (dy,), thus the brane action is
expressed as

Sd = _Tdfd”d' (111)

[mass]

me]’

with T, being the tension of the d-brane and has units of . The element dy, is written in terms

of the parameters of the brane as

duy = J— det (Gaﬁ (X)) dP*lg, dP*lg = de'do’ ..do?, do® =
where G (X) is the metric induced into the worldvolume (or worldsheet for p=1). The induced metric
can be expressed using the background metric as,

dX* oxVv
Gaﬁ(X) :WWQMV(X) a,f=01,..,p.

We express the action for a string as,

SNG:_deﬂl' p=1.

The string X#(7,0) is a function of two parameters, one timelike T, and one spacelike o. By

. . . axH . oxH . . .
introducing the notation X*' = . and X* = gl the metric element, (on a Minkowskian

spacetime) Gop(X), is written as,

ax*axv axH axv
G g = ot at ’W(X) ot 9o ’W(X) =<X2 X’X)
ab | axkax¥ ax* axV oy ’2
60 01’ ’W( ) 60 605 HV(X) £X X
Then the action Sy is written as
Sye =T f \/(X’X)(XX’) — X2X'* drdo (1.1.2)

This is the Nambu-Goto action, it depends on the area of the worldsheet. It can be shown that the
quantity (X'X)(XX") — X?X 2 s always positive defined as it is shown in (Zwiebach, 2004) just as
the area.

If we take a vector on the world surface v* = a;(_# + A , it can be timelike or spacehke depending

on A, so the quantity v2 must suffer a change of sign on the values that make v% = 0,

11



v2=0 > 2X?*4+2X'X + X2 =0.

It is a polynomial in lambda so if we want this quantity to have two possible signs, this implies that
the discriminant has to be positive, so (X'X) (X X ’) — X2X'? > 0. Thus, this proves that the argument
of the square root is always positive.

As for the point particle case, it is possible to define an equivalent action by introducing an additional
field, hqp(X),

Sp = =2 [ = det(hgy) h*F 225 g drda,  0%,0F = o, (1.1.3)

This is the Polyakov action, it presents the tangent vectors of the worldsheet out of the square root so
this action is better suited for path integral quantization as we will see in the chapter 4.

We make the same method as in the point particle case to see the equivalence of the Sp and Sy
actions (see (Wray, 2011)).

We vary Sp with respect to h*#, and impose the variation to be zero,

5Sp
hap ~ O

5S, = 05p ShoB.
Sp_fahaﬁ

In order to start proving this, we remember that varying any action with respect to a metric we obtain
a stress-energy tensor,

2.1 68Sp
Tep =7 = 5has -

By setting the variation of the action equal to zero we obtain,

(1.1.4)

5Sp T
5Sp = fc?h“ﬁ Shef = —Efdadr T.sV—h 5h% = 0.

This equation is only possible if T,z = 0. We observe that the identity, h = hg,H(a, b), (being
H(a, b) the adjoint matrix of h,;) is varied with respect to hg;, as

Sh = 8hypH(a, b) = Shyph*Ph.
Using,
haph®® =1 - Shy,h* + hy, 6h = 0,

we obtain the expressions

12



Sh = —hg, ShePh,
SVTR = —_<L)
2 \V=h

To study the form of the stress-energy tensor we vary the Polyakov action with respect to h*#,

~1
hg, 8RO (—R) = 7\/—hhab6h“b.

oX* oXxv
dc% daP

aX® oxVv
00 doP G

T
6S, = ——f&/ h h%# dtdo,

P > Juwdrdo — f\/ h 8h*B
oX*oXxv oxX* axv

1
:__f Bl <_h“/”hdca dggc I T 550 5gF Inv

5 ) dtdo.

Then we finally obtain,

-1 oX* oxv oX* oXV

Tap = _ha’ﬁhdca d jgc 9wt Do ngﬂ/

. ~0. (1.1.5)

We conclude from the equation (1.1.5) that

1 aX* axv oX* oXV

Eh“ﬁhdc do? do¢ doc In

= 907 98 I = CapX),
taking the determinant of this expression,

OXFaXY  \?
det(has) (31 503 oz ) = det(Gieg).

multiplying by a minus sign and taking the square root we obtain the final conclusion
1
E\/—hthGdC = V—G.
This shows that the Polyakov action is classically equivalent to the Nambu-Goto action.

1.2 Symmetries of The String Action.

The symmetries of a theory is a high relevance topic when we start to develop a theory. If we want
to start on this matter we have to distinguish two types of symmetries, global and local symmetries
(see (Tong, 2012) and (Wray, 2011)).

The global symmetries do not depend on which space-time point are being performed and give rise to
global conserved currents and conserved quantities via Noether theorem. One example of global
transformation is the Poincare transformations (see on (Maiani L. ; Benar O., 2016) the specific details
of this group).

If the strings are embedded in a Minkowskian spacetime, this produces that our strings must respect
the same symmetries as this space, in particular the invariance under the Lie group of Poincare
transformations, defined as

13



XH(t,0) = AVXV(t,0) + bH,

where the A} satisfies the equation A%n WAZ; = 7,4, taking the determinant results in the identity
that defines the Lorentz group,

—ATA=—-1 - detd=+1.

The value of the determinant defines the proper and improper transformations of the Lorentz group
that are two not continuously connected parts of the group. The transformation on infinitesimal form
is written as

X'"(t,0) = X*(1,0) + aL XV (1,0) + €¥,
X'"(t,0)—X*(t,0) = 6X*(1,0) = ab XV (1,0) + €,
6ha'ﬁ = 0

Where, ai, and €, are the infinitesimal generators of the group and if we lower the y index then,

a,, =—a

(0 vp

The Polyakov action is invariant under this transformation,

doXH* oXV
do“ W"”Vdrda'

5Sp = —T f —det(hy,) h*¥

a(aé‘Xq(T, o) +€*) axV

55}; = _Tf\/ - det( h'ab) hC{ﬁ ao_a aO'B T’uvdeO-'

2(XS(t,0)) 0XV
8Sp = _Tf\/_det( hap) haﬁnuvag ( Do )ao-ﬁ drdo,

0X¢ axV

cV WW dtdo.

5Sp = —Tf —det( hy,) h*a

XS axV .
oz paf = 0. This makes the

variation to be zero and proves that the Polyakov action is manifestly Poincare invariant.

The term a, is antisymmetric, so the following product vanishes, a

The Local symmetries are those that do not depend on the points of the manifold where they are being
performed. Two crucial examples on our theory are reparameterization invariance and Weyl
symmetry.

Polyakov action is invariant under a change of parameters as ¢’ = f (o) (this transformation on the
parameters is also called diffeomorphism). This variable change lets X*#(7,0) invariant, and
transforms the metric as a 2-form,

_ 5% afY
T 90 9oB Sy -

X'*(r,0") = X* (1, 0) and hep

14



Weyl transformations represent changes on the scale of a metric (they are also called conformal
transformations and they are basically local changes of scale that keep the angles of the
parametrization).

hap(t,0) — hyp(t,0) = e??@h,4(1,0)

XH*(t,0) — X*(1,0)

The Polyakov action depends on hgp in the form heb /— det( haﬁ). The first term, h%#, transforms

under a Weyl transformation as h'® = e=2¢(?)p* and the second as

- det(hap) = - e det(hyg) =

2(2¢(0))
e 2 ’— det(hyp) = €2¢(@ ’— det(hyp).
Therefore the product h%# /— det( ha/;) remains symmetric
h'ep /— det( h'gp) = R /— det( hgp).

So the Polyakov action is symmetric under this transformation.

These local symmetries (Gauge symmetries) denote redundancies in the degrees of freedom of our
theory, but it is possible to fix this redundancies with additional requirements. This is known as ‘gauge
fixing’. Gauge fixing can simplify our theory equations, for example, the electromagnetic field is
invariant under the gauge group of phase transformations U(1) whose elements are of the form, e!?*) |
We can fix these gauge by taking the restriction 9,A* = 0 (where A* is the gauge field associated to
the gauge group U(1)). Thus, we write the Maxwell equations in the compact form

9,01 AY = ej".

We will show now that we can fix a gauge to make the metric h, flat, by using the local symmetries
we have just introduced.

The metric h,p is a symmetric tensor with three independent components, with two
reparameterizations and a Weyl transformation we can make h, g Minkowskian. At first, we make a

reparameterization oWF = f (1)”(0“) to make h(()ll) = 0; after that, a second reparameterization is
performed, 0®@* = f@* (M%) which makes h$2 = —h{?) and keeps also the previous condition
h2 =0
01 :
_ h(z) 0 1 0
.. 2 _ 2 .
The resultant metric is hg‘g = ( 011 hﬁ) . Ifwe define §,p = ( 0 1) then hg‘g can be written

as hfleg = hgzl)fal;. By employing a Weyl transformation to remove the hﬁ) factor, we rewrite the
Polyakov action as

15



T
Sp=-3 f £ 9, X IsX "Ny dTdo —

T (,,
S, = Ef(x2 — X'*)drdo. (1.2.1)

Just assuming a flat Minkowskian background metric we have reduced the difficulty of the problem
enormously; we will see why on the next chapter. As a conclusion of this chapter, we have explained
the basic aspects in order to be able to understand the classical motion of the string. The next chapter
will be focused on the details of the classical motion.

16



2 Solving Field Equations

En el capitulo anterior enunciamos los detalles necesarios para formular la accion de la cuerda y las
simetrias necesarias para simplificarla. Ahora nos centraremos en la resolucion de las ecuaciones para dicha
accion poniendo atencion a las condiciones de contorno y en imponer las restricciones necesarias para su
correcto tratamiento.

In the previous section we obtained the action (1.2.1) employing the gauge symmetries of our theory
and considering a Minkowskian space-time. The Euler-Lagrange equation of (1.2.1) is the free wave
equation.

(82— 82) X = 0. 2.1.1)

But to obtain this result we have to consider firstly certain boundary conditions (all this chapter makes
reference to (Tong, 2012) and (Wray, 2011)). We will establish these conditions varying the action
(1.2.1) as follows

T (s
85, =3 f (2X6X — 2X'6X")drdo =
T f (07X + 02XM)6X*drdo + T f doX8X*] 5, (2.1.2)

+{T f drX'6X*]gegy — T f er’&X”]o=0}.

The second term on the right hand side of (2.1.2) is zero because the variation at the boundary of 7 is
zero, 0XH*]s; = 0.

To remove the last two terms of the right hand side of (2.1.2) we have to stablish constraints at the
strings boundaries. Firstly, we have to distinguish between open strings and closed strings. This is a
crucial point that differs when we consider different string theories, as we had previously mentioned
at the introduction. To make zero the boundary terms corresponding to the sigma coordinate we have
three options, one of them is to consider the string to be closed and the other two belong to the opens
discusion.

From now on in this essay. The most of the following calculations do not distinguish between closed
or open strings, if we do not specify if we are talking about closed or open strings we will refer to
closed strings. If the discussion were different for the open strings it will be indicated and explained.

Closed strings are characterized by periodic boundary condition, namely X*(z,0) = X*(1,0 + 2m).

The periodic condition implies that §X*(7,0) = §X*(t,0 + 2m) therefore, the boundary terms in
(2.1.2) disappear, i.e.

T f drX' X" ]geyy — T f drX'8X*],—o = 0.
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Besides, there is one thing we still have to consider to use the Polyakov action. We have to satisfy the
5Sp
Shab
and a flat Minkowskian space-time as,

condition = 0. The condition (1.1.5) can be rewritten, by piking our gauge choice (hyp = $4p)

1,.
TOO = T11 :E(Xz +X,2) = O,
T10:T01:X‘X,:0.

(2.1.3)

Recapitulating, our string must obey the three following equations:
(a‘? - ag) Xt =0,
1 . ,2
E(XZ +X'%) =0,
X-X' =0.

The last equation of (2.1.3) tells us that the string vibrational part must be orthogonal to the strings
time evolution. This is a necessary condition at the quantization to avoid what we will call ghosts states
on the next section.

Employing the static gauge, X° =t = Rt , then X " = 0, and we use the notation X# = (t, X ). The
conditions (2.1.3) are rewritten as,

{ XX =0, (2.1.4)

(¥ +2%) = R%

The first condition tells us that the spatial modes of the string must be perpendicular to the string itself
so the only allowed oscillations on the string are transverse oscillations. The second condition tells us

that if ¥ = 0 the length of the string is:

[ j@ -

But it will not stay this way for too long, the string will contract under its own tension while the second

equation found in (2.1.4) relates the length of the string with its instantaneous velocity % determined
by (2.1.1)

2.1 Mode Expansion and Noether Theorem

In this section, we will solve the field equation finding also the conserved charges. To solve the field
equation we will use the light-cone coordinates on the worldsheet defined as:
cf=t+0

This transformation affects to the partial derivates in the following way
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1
0y =5 (0, £ 0,).

In this coordinate frame the motion equations are rewritten as
(02— 02) X = (0; — 0,)(0; + 0,)X = 0_0,X = 0.
The (2.1.3) conditions convert to the following restrictions:

On one hand,

1 1 2
5 (@7 +(0,0)%) =5 ((a_x +0,X)2 + ((—0_X + 0,.X)) ) =

1
5 (0-X)? + (8, X)* +20_X0,X + (9-X)* + (0,X)* — 20_X0,X) =

(0_X)? + (0, X)? = 0.
On the other hand,
X-X' =(0.X+0,X)(-0_X +0,.X) = (0,X)*—(9_X)% = 0.
This two restrictions are only matching each other if,

{(a_X)Z =0
(0,X)2=0

Therefore, set of conditions that our string have to obey are

(0_X)2 =0
(0,X)2 =0 (2.1.5)
0.9,X =0

We have enough information to introduce the general solution (2.1.5) applying Fourier series. The
general solution of the wave equation has the form of a right moving wave plus a left moving wave,

Xt(t,0) = Xb(o7) + X' (at). (2.1.6)
Each of them with its corresponding expansion in Fourier modes

)
11 ,/a' 1
Xg(a_)zzx“+§a pho~ +i > E Ea,‘fe ma

n*0 (2.1.7)

1 1 a’ 1 .
kX[‘(cﬁ) = Ex“ +§a’p”a+ + i\/; ZE ale-ino”

n+0

Of course, the general solution still has to obey the additional constraints and the periodicity condition,
XH*(t,0) = X*(t,0 + 2m). Using this, the general solution is written as
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a’ 1 ) ) )
XU = x4 4+ Ol'p‘uT + l\/;z Z(&ﬁema + aﬁe—ma)e—mr. (2.1_8)

n+0

With respect to the (2.1.8) expression we have to make some comments:

- Firstly, we can observe that X and X!’ do not obey the periodicity conditions by their own but
the sum of them does. The reason lay on the linear terms at g *.

- The factors a’ and % have been chosen for later convenience (to define the Virasoro algebra

from the constraints of (2.1.5)) .

- The coefficients of the Fourier modes require ah, = (a",)* and @&, = (@",)*, because
XH*(t,0) are real fields.

- Lastly, we have to mention that here x* is the center of mases of the string and the factor p*,
its momentum.

We obtain the string momentum term from the Noether current of the translational invariance with
respect to the Poincare group. From the Noether theorem we know that every global symmetry has
associated a conserved current and a conserved charge (see (Maiani L. ; Benar O., 2016; Polchinski,
1998) to consult Noether theorem on field theory).

We will now explain how to obtain the conserved quantities such as the linear momentum and angular
momentum for field representations of the Poincare group. Then we will apply this to our string
discussion.

If we perform an infinitesimal transformation of the Poincare group over the family of fields (that
conforms a representation of the Lorentz group) that our theory depends on, ¢#(x), such,

¢ - P4+ 5pA, being, §¢p = ¢;; (M)A B, with €;; the infinitesimal parameter of the Lorentz
transformation and (M )4, the generators of the transformations from the B component of the
representation to the A (all of them antisymmetric in the ij indices). Regarding the translational part
the variation would be written as §¢p4 = €;(M5)4 ¢5.

sc =25 spay 9L aaA—<aL+a oL )5 A+a< oL s} =0
B ¢ 90, ¢4 voPt = apA " V30,4 ¢ v\04d,pA ¢)_'

The first term of the last step is zero, because it is the Euler-Lagrange equation. The second term
defines an integral that has to be zero to make 6S = 0,

[ a2 0, (socro6) = [ dx® 0, (50re " 07

oL . )
s f dxP a, (aavcpA (M)A ¢B) = ¢, f dxP 3,(Ji)Y = 0.

So if we want this to be satisfied for every, €;;, this requires that,

ijr

. y dQy .
fde 3,(J9° + a,(Ju)” = % + f dxP=19,(JU)’ =0 (2.1.9)
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For the Lorentz transformations of the Poincare group for our string coordinates, §¢p4 =
Eij(Mllaj)A ¢? - 5X* = ayX"(1,0),

(0L , o,
do a”(aaaxuax )z 0% 0, | 55z 24X (3,0)

90,XP

as a,,,, is antisymmetric the associated current must be also antisymmetric so

uv

#v:l[nup
« =2 3a,xp

XV(t,0) —nHP XV(z, 0)], (2.1.10)

90,XP

for the for the Lorentz transformations the generators of the transformation are the Q/,

uv uv 1 up oL v up oL v
¥ =|dojy = dUE[’I aaopr (r,0) —n 660XF’X (t,0)|. (2.1.11)

As we have gauge fixed the action to be

T
Sp=-5 f £ 9, X 95XV, d1do.

Then, £ =— g E%B 9, X+ 0pX"1,y, and we obtain,

oL
FENG

= Learg xuauxm,, = —Leapg xv L gpag xuy,, = —Toex
__E'S a B nuv__zf 14 nuv_if pA Nyy = — w

w = [ doo [peeaox,xv vPROX, XM
LFY = O-E [n p (T) 0) -n p (Tr O—)];

Therefore, we obtain the expression we were looking for the angular momentum

L¥ = fdag[ao(X”)X" — 3°(XV)XH]. (2.1.12)

For the translational part of the Poincare group we obtain X#(7,0) = X#(7,0) + b* so

fd 26( oL SX")—fd 29 ( oL b“)—b”fd 29 ( oL )
7 N0 x¥ =) 49 % \ga_xe” ) T 7 %a\pq xn)
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The conserved current of the 4 component on the a coordinate corresponds to the energy-momentum

tensor and is written as

(Ju)* = -ToX, (2.1.13)
Then, the conserved charge of this tensor is the linear momentum
2n
(2.1.14)

21
PV =f da n"*(j,)° =f do T9OXH
0 0

This integral eliminates the e+ factor of the modes so the result is
V=2nTa'p’

So here making a’ = % we obtain that the p" factor in the mode expansion is in fact the total

momentum of the string.

2.2 Constraints Applied to The String

In the light con gauge, the constraints from (2.1.5) are (we will denote a, just as a,, and the scalar

product in the Minkowski space as a,, - a,)
2

a’ a’ L
(0-X)* = (0-Xg)* = | S p* + 72 ale=in” | =,

n+0

!
a . o .
If we define af = ’?p” we can write it in a compact form

a . - a' o
?<2 Ay * ane_l(n+m)0 ) = ? 2 (04" ap—me_l(p)a = 0.
nm

By defining the Virasoro generators L, = %Zm Ay * Ay

we write (0_X)? = 0 as

a' ZLpe‘i(p)“_ = 0.
P

And by using a similar develop (9,X)% = 0 as
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a’ z Zpe‘i(p)"+ =0
P

This is only possible if L, = Zp = 0 for all p in Z.

One of this constraints has a special property. The Ly and L, contain a term proportional to pup" that

is the square of the mass at rest of the particle, p,p* = —M?. Then the mass of the particle can be
written as
, 4 Ao
M =?2 ay a_":EE Ay A_py.
n>0 n>0

These two terms must be equal to each other. This necessary condition is known as level matching and
it is the only constraint between the left and right modes for the closed strings.

Here, changing the discussion to the open strings, the parameter sigma goes from zero to m, o € [0, ],
then the boundary term that has to vanish is

T f drX'8X ] gey — T f drX'6X"]y—p =0

For the open strings, this requires that X' X* = 0 on the endpoints of the string. We can impose two
types of boundary conditions to achieve this.

- Newman boundary conditions:

{X“'(T,a =0)=0

Xt 0 = ) = 0 (2.2.2)

These conditions impose a), = @ which makes zero the momentum at the boundaries. The

string endpoints are not fixed but their derivatives vanish at the boundary. The endpoints can
move freely but they still have to obey the eq. (2.1.3). If we set again the static gauge we obtain

the equations (2.1.4) with the condition X° = 0 = %' = 0 so we are left with (552) =R? >

|Z—f| = 1, so the endpoints move at the speed of light.

- Dirichlet boundary conditions:

{5X”(T,O’ =0)=0
0X*(t,o=m) =0

Then

{ X(z,0=0) =X, (2.2.3)

Xt(t,0 = 2m) = XE
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This condition imposes the constraint that in the mode expansion a!, = —@&}. This boundary

conditions are a little bit odd. This condition makes the reader to ask himself how to do physics
with them, if their boundaries do not move. Which is the mining of a fixed boundary at X° and
if the string is fixed to an instant which is the meaning of 7.

To solve this let us imagine we had mixed conditions,
X#' =0 for u=0,..,p
6X#=0 for u=p+1,..,D-1

This force the endpoints to lie in a p + 1 dimensional hypersurface so the Lorentz group
SO(1, D — 1) is now broken into SO(1, p)XSO(D —p — 1). This object is called Dp-brane
where the D comes from Dirichlet and p is the number of spatial dimentions. This surface has
to be introduced as a new dynamical object on the theoretical frame, but this is not the topic of
this essay.

Concerning the mode expansion of open strings,

( . 1 , a 1 o
Xo(67) ==x" +ap'o” +i |— — ahe ™
2 2 n
n=+0

) (2.2.4)

. 1 , a 1
X;(c%) =—x" +ap'oct +i |— — e ™
L 2 2 n
n=+0

We notice that we have a'p# instead of Lo K This occurs due to the fact that the conserved charge
p Sap g

PY must remain the same for open and closed strings; then as we have to integrate over o from 0 to 7,
instead of 0 to 2m, we put this factor of two in the linear term

V[

i
1
V = v i )0 — Oxu
P fodan (Ju) fodazna,aX,

T
= ; g2a'p”.
2na’ ),

So as the string momentum must remain unchanged the linear term must change by this factor 2 (The

. . . 1 . .
tension remains the same for open and closed strings o = T ). This has consequences in the mass

formula. Let us see closely the gauge constraints,
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2

aXZ—aX 2 _ [N} a_’ U ,—inoc™ =0
@-X)% = (0-X)* = a'p" + |5 ) ane -
n#0

!
If we define [ a" = a’p* the condition L,=0 can be written as
2 %o p 0

1 1 1
Ly :Ez O " A =§0lg+z am'a_mziza,pupu-}_z A" A =0

m m>0 m>0

Then we finally obtain the mass formula for open strings

M? _ 1 A
= m A (2.2.5)

m>0

We observe a difference of a 4 factor with the closed string mass. The previous constraints on the
modes of the Dirichlet and Newman conditions make that if we start with (9,X)? = 0 we obtain the
same result.
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3 The Quantum String

En este capitulo nos centraremos en la cuantizacion de la cuerda mostrando las dificultades que
esta conlleva, asi como su resolucion tomando diferentes caminos y como esto conlleva restricciones
sobre el numero de dimensiones en los que vive la teoria.

We have observed in the previous chapters that the bosonic string theory is a gauge theory. If we are
working with the canonical formalism that we will use to quantize the string, there are different ways
to proceed. We have here two choices.

We could firstly impose the canonical quantization rules and, starting from them, to impose the gauge
constraints as operator equations. As a equivalent way, we could first impose the gauge conditions to
simplify the classical equations and then quantize the system. These two methods should agree if we
do them correctly.

On this chapter we will follow (Green, Schwatrz, & Witten, 1987) and (Tong, 2012).

3.1 Canonical Quantization

The canonical quantization procedure changes the canonical variables of the theory by operators in a
Hilbert space and the Poisson brackets by commutation relations between them.

If we want to first quantize a single string we have to quantize the field that defines the worldsheet.
We impose equal-time commutator relations on the field (taking into account that the conjugated

1 .
Xy)

2ntar

momentum I1,(t,0") =

[X“(z,0),1I,(t,0")] = i6(c — ")5Y,
(3.1.1)
[X#(t,0),XV(1,0)] =0, [Hu(r,a’),l'[v(f,a’)] =0.

This is traduced to commutator relations in terms of the mode expansion operators x*, 13#, a,t,

= M
a, as

[24,5,] = i6Y%, [@n", @n"] = N0*psmo > [@n') G | = W0 8 pimo) (3.1.2)

with all others zero (the hat on the operators represents that we are talking about operators, not
variables but, later on, in some cases, we will leave this notation without giving rise to confusion). If
we define @," = v/na,", the @, operator relations are those of the harmonic oscillator except for the
0" component where we have a negative sign due to the signature of the metric.

As in quantum field theory we must construct the Fock space of our field theory, starting from the
vacuum state, that here, is not a space-time vacuum as its analog in field theory, but a vacuum on the
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worldsheet. This vacuum (the ground state) is a state which goes to zero under the action of all the
mode operators of the string except £ and p,,. It is defined as |0, p) where p,,|0, p) =p, |0, p),

a,"10,p) = &,"10,p) = 0,
for n > 0.

ut

The physical states are built with the rising operators @," " such as,

~ LN LIPS o~ ot
) = anlul anzﬂz an3ﬂ3 "-ani“l 0, p).

The problem comes from the negative norm states built with the 0" component of the modes as we
have already mentioned,

(o

These negative norm states are called ‘ghosts’ and we have to fix our theory to eliminate them. We
will see that this constricts our bosonic string theory to live in a 26-dimensional space-time, one
temporal and 25 spatial others.

ot o
aTl an

.l.
a,’a’ ‘0) = <0

0) + (=1)(0]0) = (=1)(0]0).

As we have said at the beginning of this chapter there are two ways of quantizing a gauge theory with
the canonical formalism, we can gauge fix before quantizing or impose the gauge fixing as operator
equations after that. Following the second path, we will impose the gauge restrictions as operator
equations over the physical states |¢).

The space of all physical states is a subspace of the total Fock space. In the classical model the physical
states are those that obey the gauge fixing conditions.

1 7 7 1 = .5 ;
Lp:EZm am-ap_m:Ln:Lp:EZm am-ap_m=0 forallnan.

As it has been already mentioned the «,, variables are promoted to operators, so we have operator
order ambiguities when we try to write the gauge conditions. For p different from zero a,,, commutes
with a;,_,, so the only ambiguity we are left with, appears in the case p = 0.

We set the correct order to be the normal ordering

~ 1, R R
L0=§a0+z:a_m-am:

m>0

The normal ordering, just like it is done to exclude infinites on field theories, obeys the following rule

Gt = Ay Gy f @y B = G G

We define
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@ _@__{&m'&n,n>m
Tome e ap " Qp, m>n

The condition of the vanishing L, that defines the allowed movements of the classical string traduces
in the quantum theory as the requirement that any physical state must be zero under the action of the
Lo operator. The normal order condition we have imposed makes us introduce a constant in this
condition to correct possible wrong physical states. So, L, = 0, is now:

Lo—a)lp)= (1T, —a) lp)=0 (3.1.3)

This equation will give us the mass operator M of the string states,

3 1
(Lo - a) |9) = GGag + z LG @ —a)|d) =0,

m>0

(0{Z 2+Z;a_m-am;—a)|¢>:o,

M2=$<z:&_m'&m:—OL):%(N_a)zs(ﬁ_a)' (3.1.4)

m>0

We define Y50 @—m * @ as the number operator.

The number operator, N, is written as N = Y,,,50M: G_y, * G,i. We notice that from (3.1.4) we obtain
N=N; this is the level matching condition for the oscillator excitation states. The eigenvalues of the

number operator give the values of the permitted masses, M2= %(n — a) for closed strings and

M 2=$ (n — a), for the open ones. We will only discuss closed ones, but it is interesting to mention
that the photon arises as an open string state.

1. The ground state mass obeys the following formula; M 2=§ (—=a), this corresponds to a

tachyon, a particle with imaginary mass. This is a problem of the bosonic string theory that is
solved in superstring theory using the GSO conditions, see (Green, Schwatrz, & Witten, 1987).

2. The first excited state is a massless state M 2=§ (1 —a) =0 (a =1 as we will soon see) this

corresponds with the graviton on the closed string discussion. We will see it later, on the last
chapter.

If we want to have a spectrum free of ghosts we need to impose restrictions over the variables a and
D (the number of dimensions of the space-time). But before introducing this topic, firstly the study of
the Virasoro algebra will be developed.

3.2 Virasoro Algebra

The classical Virasoro algebra comes defined by the Poisson brackets of the generators {L,, }
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{Ln, L} = (0 — M) Ly (3.2.1)

When we introduce the canonical quantization and the normal ordering these commutation relations
change a little bit. If n + m # 0 these commutator relations remain unchanged because the mode
operators commute, but if n + m = 0 the commutation relations change. As the order ambiguities on
these relations introduced by the normal ordering will only involve a number, we are guaranteed to
have

~

(Lo, zn] =(m— n)im+n + A(m)6m+n,0- (3.2.2)

This is known as the central extension of the Virasoro Algebra and the additional term is called the
anomaly term in that algebra. We have some trivial relations of this factor as A(m) = —A(—m) and
A(0) = 0, hence it is enough to find A(m) for positive m.

To find the form of A(m) we will use the Jacobi identity that is satisfied by the generators of any Lie
algebra,

[Zio) (Lo Lal] + [Lons (L, il ] + [T [T, Ld] = O
For the choice: k +n + m = 0, we have

(m—-n)A(k) + (n—k)A(m) + (k —m)A(n) = 0.
Setting k = 1 and m = n + 1 it gives

nA(n) — A(1)

An+1) = —3

This enables us to obtain all the A(m) in terms of A(1) and A(2), that here are two unknown
coefficients. The general solution that obey these relations is

A(m) = csm3 +¢ym (3.2.3)

With c3, ¢; as constants. To obtain these constants we have to be careful with the choice of the state
. ) ~ 1 - 1
and the m selection. We will use the commutator of L, = EZ” ay,_n, and L_, = EZ" ApOy_o,

SR - 1
A(Z) == (0,0I[Lz, L_Z]IO,()) == (0,0leL_2|0,0> == Z(0,0lal . Olla_l . 0(_1|0,0>

. ~ ~ V] _ u
using [@,", @] = "V 8pimo = A1

1 = nvﬂ _l_ agla:‘l/’
~ o~ 1 1 !, v u
(0,0|12,L_,]0,0) = Z(0,0|oc1 ca_jaq - a_1]0,0) + Z(o,o|nv K@, ]0,0) =
1 vV V! Ly 1 v, U
Z(O,O|17,wa1 aZ Ny @y a_1|0,0> + Z(O,O|nwa1 a_1|0,0> =
1 vvr uou 1 v, U
) (0,001 Ny @Z3]0,0) + ) (0,0[natat,|0,0) =
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1 1

7(0.0]n,y a7 a?4]0,0) +2(0,0[n,y @y a”,]0,0) =
1 vu U _ v 1 vu 1
2wl (0,0]az'a?4]0,0) = 2 M = ED'

D
5 = A(Z) == C38 + C12.

As we also know that (0,0|[L;,L_;]]0,0) = 0, because for the m =1 p* annihilates the zero-
momentum ground state 0 = A(1) = ¢3 + ¢; = ¢; = —c3. We finally have

D
A(m) = E(m3 —m).

Eventually we obtain the searched term,

~

R _ D
[ Lnl = (M — W)Ly + —= (M3 — M)Spino- (3.2.4)

12

This condition will allow us to impose the correct gauge restrictions as operator equations. Let us
consider a physical state |¢). If we promote just the gauge restrictions to operators as L,,|¢) = 0 for
all m # 0 then

(D Zall) = (9|1 = W)L + L5 (7 = M) )

If m+n# 0 then (¢|L1nl¢p) =0 so we only can consider m = 0,1,—1. In fact {L;,Ly,L_,}
constitute a closed subalgebra of the Virasoro algebra.

Instead of doing this, we will only impose, L, |¢) = 0, for all m > 0.

This way, the set of physical states are then characterized by the conditions

(L — aBmo) |p) forallm > 0. (3.2.5)

We notice that L,,, = p - a,,, plus additional terms; so if the rest of the terms were absent, as p has to
be timelike, a,, is necessarily spacelike. So we are making something good in the construction on our
physical states, we are eliminating the timelike components. In the next section, we will see how the
ghost states are eliminated from the theory.

3.3 Eliminating Ghosts

The negative norm states vary when we change the values of the variables a and D. The proof of the
no-ghosts theorem sets that for the values of the undetermined constants a and D, we have to impose
a = 1and D = 26. This way the string has only transverse oscillator excitations. In this section, we
will not prove this result but we will give some clues about how that happens.
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At first, we will make some definitions:

1. A state, |¢), is called physical if it satisfies the following conditions

(Lo—a)lp) =0,  Linsoldp) =0. (3.3.1)

2. A state, |), is called spurious if it is orthogonal to all physical states and if it satisfy the mass
shell condition.

A state |) orthogonal to all physical states by definition can be written as

W) =X L mlxm), (m>0). (3.3.2)
(¢|1/J> = Z<¢|E—m|)(m> = Z(Xm'zm|¢> =0, (m > 0)
if [) satisfies the mass shell condition then |y,,) states satisfy a modified mass shell condition
(Z‘O - a)h/’) = 0,
(EO - a)z z—ml){m) = 0)
> (Lo = @) plitm) =0,
Y om(To = @) + mL_p}lm) = 0,

z Ln(Lo—a+m)lyn,) =0.
In other words, if (Z,O - a)lt/)) = 0 this implies (fo —a+ m)l)(m) = 0 for all m > 0. These are
modified mass shell conditions that define the |y,,) states
(Lo —a+m)lxm) = 0 forallm > 0. (3.3.3)

By a similar argument we can say that |y,,) are eigenstates of the L, operator with eigenvalues m — a
and since LoL_,|xm) = (m — a + n)L_, | ;) we can say that L_, [xm) = |Xmn)-

Any operator L, for n > 2 can be written using [Ly,L,_;] = (n — 2)L,, in a iterative way starting

from L,. Thus, we can construct any L,, from L; and L,, then the conditions L,,>,|¢p) = 0 are
simplified to L,,-1 ;|¢) = 0 and the spurious state can be truncated to orther two,

)= > Lonltm), (m=12) (3.3.4)

The spurious physical states are states orthogonal to themselves, therefore, they have zero norm

W) = 0.
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The zero norm states have crucial conditions on their construction that will allow us to figure out how
the parameters a and D give rise to a theory free of ghosts.

The first condition we will impose to build the zero normed state is, L;L_;|x;) = 0, in other words
L, eliminates the first order spurious state,

Lil_ilx1) =0 Lilsly) =2Llx) =20 -a)|x)) =0—>a=1.
After obtaining the first condition to construct these states the second arises logically as
Li(L_; +vL1L_)lxz) =0,
Ly(L_; +yL L )lx,) =0,
where the constant ¥ has been introduced to ensure that (L_, + yL_;L_;)|,x») has zero norm. From,
Li(L_, +yL_;L_)lx,) = 0, we obtain y = Z

From the L,(L_, + yL_1L_)|x,) = 0, condition we will obtain the anomalous term of the Virasoro
algebra due to the commutator [L,, L_,]; then we will establish the dimension, D = 26.

This increment of zero norm spurious terms for the values D = 26 and a = 1, is the clue we were
looking for. The boundary between the negative norm and positive norm are the zero norm physical
states. The critical dimension that sets the limit to the emergence of negative norm states is D = 26
where we finally obtain a theory free of ghosts. In the super string theory the number of dimensions is
10.

3.4 Lightcone Gauge

We have already introduced the lightcone coordinates on the worldsheet. The use of these coordinates
on the background Minkowskian spacetime will allow us to quantize only the transverse oscillators,
which will give us the positive normed Hilbert space we were looking for. But in the process, we will
lose the Lorentz invariance, that we will recover setting, again, D = 26 and a = 1.

We implement the lightcone coordinates as

)(i %(XOixD—l)’ Xl'".’XD—ZZ Xl""’XD_Z

Here we lose the Lorentz invariance manifestly because we pick a preferential direction on the
coordinates to make the transformation.

Some properties of the lightcone coordinates are; A, = —A~, A_ = —A%, A; = A" (i refers to the
X1, ..., XP~2 coordinates). This way the scalar product is written as

D-2
A-B=—-A"B-—B*A~ + Z BUAL

i=1
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On the solutions we have a remaining diffeomorphism symmetry that permits us to make the change
ot - o't =*(o?h).

We can, therefore, define v’ = i({ tot)+¢ ‘(a‘)), but we will use it to relate T’ to one of the

coordinates, in this case we choose X*.

+( = +
Xz (07)+X] (<7+)+x+
a'pt

1
=@ @D +¢0) =
(3.4.1)
Xt =x*+ a’p+%(a’+ +0'7).

The form of the X~ coordinate comes from the restrictions (2.1.5), each of them will give us the
Xz (07) and the X[ (6™) respectively.

From the first condition we obtain that,

D-2
1 -
(0_X)% = (0_Xp)? = —20_X} 0_X5 + z 0X(0Xk =0~ 05 = 7o z 9_XLo_Xk.
i=

i=1

The same happens to the other equation,
- 1 i i
1=

Using these two results the usual mode expansion for the string is written as

( 1 L
X;(a_ —Ex+ ap o +i —aem”,

3 (3.4.2)

X(a+)——x + apa +1f2 ~__m”.

But now, the modes «,, have the form

+00D2 +00D2

T di_ a 3o 07,; L, (3.4.3)
m——oo l m——oo i=

where
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1 1 o o
p = ap z Ea’p‘pl +2 z atan, (3.4.4)

.4 o
M? = —p? = 2p*p~ — Z p'pt =— alah, (34.5)

We sum up over the transverse oscillators, this removes the problematic modes. The quantum
excitations of the string will be those of the transverse oscillators. The x* can be absorbed on a shift
on 7 and the p~ comes determined by other variables. p~ can be thought as the light cone Hamiltonian,
which generates translations on x* , {x*,p~} =1, so as x* shifts time this is equivalent to
translations. In the next section, we will see how this coordinate choice permits the quantization of the
string.

3.5 Lightcone Gauge Quantization

The quantization consists on promoting the physical degrees of freedom to operators of the Fock space,
in a similar way as we have already done. The non-zero equal time commutation relations are:

[xi,pT] = i6Y, [x~,p*] = —i,

, ' (3.5.1)
[ak, al,| = [&, &) =ndY8,n4ne 1,j=12..D—2.
To promote a,, to an operator we impose normal ordering,
+00 D-2
S z z al_ab i —ad,,. (35.2)
m=-—co (=

In the last section, we discussed the relation between x* and p~. When we promote these variables to
operators we obtain [x*,p~] = —i. This result is similar to [t, H] = —i which is correct in a formal
level.

It could be said that, as this is a gauge choice of a Lorentz invariant theory, it is also implicitly Lorentz
invariant, but when we change to the quantum frame we usually lose classical symmetries.

In order to restore the Lorentz invariance, we will study the Lorentz generators of the Worldsheet that
we have already obtained in (2.1.12) and (2.1.14).
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When we proceed to do these calculations substituting X#, we observe how the generators are now
expressed as

JHV = [WV 4 RV

WV = xkpY — xVpH,
(3.5.3)

[00]

1
vV — _j vy v MK
EWY = —i E E(a_nan —a_nan).

n=1

These operators must generate the Lorentz algebra. Most of the commutators of these quantities give
the correct result for any number of dimensions, but the commutation relations of J'~ must be treated
carefully, in particular [J*~,J/~] , which must be zero to obtain the Lorentz invariance. [J*~,J/~] have
terms quartic or quadratic in oscillators, the quartic terms cancel, just like in the classical case. So
[J¥=,J7~] must have the following form:

o 1 ©
[]l—,]J—] = _(pT)Zz An)(at,ay — alpal).

From a long calculation we obtain the result expressed below:

26—D) 1<D—26

12 1z T20- a))

A(n) = n(

If we require Lorentz invariance then 4(n) = 0 for any n, this is only possible if D = 26 anda =1
as expected.

In the next section, we will see the path integral quantization. This quantization method is the one
which will make possible the treatment of interactions between strings and it will carry us to general
relativity.
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4. Path Integral approach

En este capitulo hablaremos de la formulacion de la mecanica cuantica empleando integrales de caminos,
dado que esta es la unica manera de introducir interacciones en el modelo cuantico de la cuerda.

4.1 Path Integral

In this chapter we will mainly follow (Polchinski, 1998). The path integral arises from the next idea
about the propagators, (q T | qi, 0) (this represents the probability amplitude of transition between two
position states, one at time 0 and another one at time T), of a space of states corresponding to a
dynamical variable q. The propagator is defined as:

Y(T,q) = qu’<q,T|q’,0>¢(0, q).

The idea 1is to create <
intermediate  divisions in
time, from the initial to the
final instants, t,,, = me, € =

%, and then, to introduce the

complete set of states on "
each division, and then make n
the number of divisions
N — oo,

Fig4.1

The propagator will take the form of a sum over paths, summing up phase factors for each path. We
proceed with a finite number of time intervals and after the calculation we go to the continuum.

N-1
(qf'Tl%'O) = quN—l . dqq n(qm+1'tm+1Ier tm) =
m=0

The generator of the temporal evolution is the Hamiltonian operator that has the form H(p,§) =

T(®) +V(@).
oo (12

iHe
exp (=5 o ) =

N-1

quN—l .dqy 1_[ <CIm+1

m=0

qmr tm> =

N-1
quN—l e dqidpy_q ...dpy n(qm+1|pm> <Pm
m=0
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N-1
dpy-1 dp L Pm(@m+1 — qm)
quzv—1 .dqy 21;; L. ane {—gz lH(Pm,qm) _ Pm\dm+1 m
0

(As N goes to infinity we go into the continuum, we introduce the notation
d d
Jday-y ...dqy ==+ ..t = [[dqdp] = [ DqDp)

21

[tdaapiexs {% [ atwa-n ) = [warew]; [ aw@o) = [ paek

iS
(a5, T|q:, 0) = fDq eh. (4.1.1)

iS
The propagator is the sum over all possible paths of the variable g weighted by a factor, e.

When we go to high scales where # is close to zero compared with S the integral is dominated by the
. . 8 : :
stationary phase conditions, é = 0, that corresponds to the classical solution. The rest of the terms

are cancelled by their close variations, but near the classical path the sum is constructive, thus, only
the trajectories close to the classicals have a considerable apportion to the propagator.

By a 51m11ar procedure we obtain that the expected value of q at time t is expressed as (q(t)) =

[ Dq q(t)e 3 and similarly (T[q(t)q(®)]) = [ Dqq(t") q(t)e 3 where T means we are considering
a time ordered product (see (Polchinski, 1998)) (the order of the time-dependent operators set the
sooner at the right side, T[q(t")q(t)] = q(t")q(t), if,t’ > t,and the other case if, t > t').

4.2 Functional Quantization on Field Theory

In this section we will present in a condensed way some important results of the path integral formalism
in quantum field theory. The objective is to formulate the generating functional, that is the object that
contains all the information about any process or expected value of the field. It will permit also to
introduce the interactions in the field formalism giving us the Feynman diagrams and probabilities of
transitions between field excitations (see (Peskin & Schroeder, 1995), (Weimberg, 1995)).

Now, we are working in the second quantization context, where we have that the action we are
considering depends on a generic field, f, not on a variable, g, so the action functional will take the
form S[f]. Instead of considering all possible paths we study all possible field configurations.

In general, to solve the path integral over a function f (X) we take the argument we used to introduce
the formula (4.1.1) in reverse, we discretize the continuum, not only in time but using all the field

coordinates. When we compute [[df (X)] e, we are making an integration over f (X (i)) for every
point on a lattice of spacetime points XV, The expression [df (X)] will take the form [df(X)] =

df (XD)df(X@)df (x®)...

We are now enouncing the integral for a certain type of actions corresponding to fields that obey a
generic field equation Af (X) = 0, where 4 is a differential operator (with similar operator properties
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as the Klein-Gordon operator [0* 9, + m?]). The field action and corresponding path integral are
written as

1
SUf1 = 5 [ ax (FE0AF 0 + FEOICO)

f [df (X)] eSU ) = f [df (X)]e'z) X UEOAFCO+ IO}

The path integrals that can be expressed in a similar way are called ‘gaussians’. We solve them
performing a change of variables, f'(X) = f(X) —i [ dYA™1(X,Y)J(Y). The element A~1(X,Y) is
the green function of the 4 operator:

1 1 1
3 | ax reoareo + Faoyony =3 [ ax Feoapeo [ axaviaoa oo,

The Jacobian factor of this change of variables is one because the transformation is a translation.
f [df (X)]e'3 ] X UOOAFOOHGI0) L o3 ] dXAYIG0AT NI 4.12)

.1
with, N = [[df (X Y]elz/ XU XA} e right hand side of the equation (4.1.2) shows that the
sources are independent of the field integral over f'(X); then the source term goes out of the path
integral.

We pass again to the Df (X) notation. The generating functional will permit us to generate green
functions A71(X,Y). It is written as Z[J (X)], for a field source J (X) introduced for later convenience.

[ Dlp(X)Je-i2f #as+if o0 4

Z[J(X)] = . = 2/ AXAYEATENIW), (4.1.3)
[ DlpE)] 2] 40

This expression will remove the N factor, giving us the Green functions or correlation function for the
field at n points as it follows

11 0Z[](X)]
i" 2[0] 6] (X,) . 8] (Xn) | _

G (X, o) Xn) = (T{G(XD) . p(Xp)}) = (4.14)

The two points correlation function is the propagator

[ DI¢] pC0)p(V)e2) #40
[ Dlgp]e 2! #4

(P P(x3)) = A7 (xy, x5) =

The equation (4.1.4) is the base of the Wicks theorem on path formulation of quantum field theory. By
using (4.1.4), we obtain the correlation function as a sum over configurations of propagators between
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four points as shown in Fig: 4.2. Let us see an example by computing the four-point correlation
function

(D) P () p(x3)Pp(x4)) = A7 (g, x) A7 (23, x4) + A7 (xq, x3) A7 (24, X4) +
A7 (1, x4) A7 (x5, X3).

We say that we develop this expression over what is called contractions and its expressed in terms of
Feynman diagrams will be the one that is shown in Fig: 4.2.

T3 ry IT3e—el] T 3\ X1
(p(z1)P(72)p(23)P(24)) = I I + T /\
Ty o Li@o—0 12 T4 W)

Fig: 4.2

We can plug the interactions on the theory by using L[¢] = Lrree[d] + Linteractive[@®] , (see
(Weimberg, 1995)). Then we write, S = S, + S;; this way, we can expand the exponential of S;[¢]

. ! iN
as, e'$ = e'So Zﬁ:om(si)lv-

This result, plugged into the path integral, is commonly used at a perturbative level giving the

N
interaction corrections to the free theory. The terms of the sum Y y—, % (S;)V are the successive vertex
operators that plug the corrections to the propagator of the free theory as follows

Y=o D¢l IlV—N, (Sl-)N¢(X)¢(y)e—%f A

Y=o/ DI¢] IlV—N, (Sl-)Ne_%f Padp

Ai_nlteractive X, Y) = (4.1.5)

From the numerator of (4.1.5) we obtain the corresponding Feynman diagrams as the successive vertex
corrections. The vertex operators are formulated in terms of the fields, (an example could be S; =

2 . . ..
~u [ ¢*) in such a way that when we perform the contraction we observe the apparition of terms such

as A7 1(z,2)471(z,2)A71(X,Y). Here the propagators 471(z, z) on the expansion do not give any
information and correspond to what is called vacuum diagrams. The denominator of (4.1.5) removes
the contribution of the vacuum diagrams, so we are only left with the connected contributions part that
is the one we see in the right hand side of Fig: 4.3

1+®+%+... .—.+.Q.+...

Fig: 4.3 (Feynman diagrams of the self interactive field, S; = —% [ ¢*. If other fields are involved
we have to plug other field interactions and give a different type of diagrams)

The resulting propagator is a sum over loops for this type of vertex.
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4.3 Path Integral on String Theory

In this sub-chapter, one key frame will be introduced, the path integral formalism applied to string
theory (See (Polchinski, 1998)) (we have to mention that the discussion is not a completely analog to
the field theory, it is more complicated). As we have seen, the string is a field of the worldsheet
coordinates, we can use this to introduce the interaction terms on the theory.

The natural approach for the Polyakov path integral could be formulated as [[dhdX]exp (—S) = Z
(It is written in the Euclidean formalism, where we make a Wick rotation replacing t with - iu and
changing the metric by the Euclidean metric) but this is not truthful. The diffeomorphism-conformal
invariance makes many of the configurations equivalent between them, and we would make an
overcounting on the number of configurations. The problem is equivalent to the quantization of the
electromagnetic fields in the Yang-Mills theory (see (Peskin & Schroeder, 1995)). The right way
would be to count each physical configuration only once, or to divide the expression by the resulting
contribution of this overcounting, that we will express as the ‘volume’ of the diffeomorphism-Weyl
transformation local group Volp;sr_weyi»

[dhdX]
= f —— " exp(=9).

VOlDiff—Weyl

We will fix this counting on each gauge equivalence class using the Faddeev-Popov method (see

1)
(Polchinski, 1998)). The metric has to obey hi P (t,0) = e2¢() %% hs,. We use this to define

the Faddeev-Popov determinant, Ayp(h).

1= App(h) f[dc](S(h — h9). (4.1.6)

We will call, h, the fiducial metric. The generating functional will depend on this metric as it will be
observed. The 4zp(g) will remove the volume of configurations due to the diff-Weyl symmetry.
Essentially this will permit us to integrate over the equivalent classes of diff-Weyl connected metrics,
instead of all the configurations of the metric, the Faddeev-Popov determinant is a Jacobian in this
sense, then,

2[7] = [2EXLE S B) e (R) exp(=$) =
VOlDiff—Weyl
[dXd{] i
[ Vot e ()20

We still have to integrate all over the equivalence class of the metrics connected to the fiducial metric
by a diff-Weyl transformation, corresponding in the integral by [d{], but none of the terms on the
integral changes with these transformations, it is a symmetry on the action so the integral on [d{] just
produce the ‘volume’ of the diffeomorphism-Weyl transformation local group and cancels it, letting
the generating functional as,
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Z[h] = f [dX]14pp(R) exp(=S[h, X]) (4.1.7)

The reader can consult (Polchinski, 1998) to see how to obtain the form of Agp (fl) as a path integral
over Grassmann or anticommuting fields,

App(R) = f [dbdc]exp (—S,).

Where S, is the ghost action and b, ¢ are the Grassmann fields, also called ghosts fields. This
procedure removes the ghosts states from the counting. For the open strings we also need a term for
the string boundaries in the action but as our discussion takes only closed ones we will not mention it.

The reason behind the popularity of this procedure is that it allows us to introduce the interactions on
the string worldsheet. We want to build the vertex operators for the string. As the string theory is a
field theory, the vertex operators are worldsheet operators that represent an emission or absorption of
a physical string mode.

When we talk about open strings, the vertex operators must act on the boundary of the worldsheet,
when we refer to closed strings the operator must act on the interior of the worldsheet. In the case of
closed strings that we are dealing with, we have to sum up over all possible particle emission points
on the worldsheet (just like it is done in quantum field theory in the spacetime), so we must integrate
the operators over the worldsheet coordinates as, g [ Vy do?, (gs is the string coupling constant) the
label ¢ specify the state that is being absorbed or emitted. If the emitted particle has momentum k the

vertex operator should contain a factor e****, working on a string this factor has to be generalized to
ok X

. . ~ it .
We have defined the state of the string as |¢p) = ]‘[i&niuﬁ I; amjv’ |0, k). To build the vertex

operators corresponding to a given state we have to know how to produce it (see (Polchinski, 1998)).
The Conformal field theory (CFT) is the work frame that enables us to achieve this. Through the use

wit

of CFT we obtain the correspondence a_,* — 0" X*. If a state is built by acting &, ™" n times on the

ground state, we will have to plug the nt"* power of 0™X* into the vertex operator (see (Polchinski,
1998)). This gives us an intuition of how to construct the vertex operator of the Graviton state

sm,af‘ 1@2110, k) (s, is a symmetric factor that contain its polarization) as

1 ,
V = —47mg,s,, f hZ :8,X10%X"e*X: drdo (4.1.8)

The most we can do by introducing vertex operators on the string discussion is to compute the S-matrix
(matrix of transition amplitudes between asymptotically free states) for strings. By taking the sources
as initial string states the resulting discussion is equivalent to find the topology of a compact form with
as many holes on the surface as external legs on the S-matrix (See Fig 4.4) . Therefore, the discussion
about the interactions can be focused on finding the different topologies of this compact forms (Fig
4.5) that would correspond to the right part terms in (Fig 4.3) as Feynman diagrams. If we compute a
loop in the closed string it will be a torus.

41



Fig: 4.5

Fig: 4.4

The topologies of (Fig: 4.5) are Riemann surfaces of » handles, we call them Riemann surfaces of
genus 7.

Summing up over topologies we generalize the sum over loops of the Feynman diagrams, with the
difference that at each loop we have all the possible types particles. Eventually, we can write the S-
matrix elements for n external legs on j state as

Sty (ks k) = z f[dth] exp (—=Sx — S,) nfdzai h%(o'i)vji(kiio_i) (4.1.9)
i=1

all compact
topologies

Notice that in the expression (4.1.9) we do not divide by (1) to cancel divergencies as we did in (4.1.5).
In string theory, this is a much more delicate issue, see (Polchinski, 1998).

In the next section, we will see a mechanism to formulate the general relativity starting from the string
theory.



5 The Graviton and General Relativity

En este capitulo se expondran los argumentos que dan lugar a las ecuaciones de la relatividad general a
partir de la teoria de cuerdas. Para ello emplearemos la integral de camino que hemos previamente
introducido.

The first excited state of a closed string is obtained by acting with the creation operator a’, on the
ground state. The level matching condition imposes that we also have to use @’ , so the first excited
state is written as,

al @0, ¢).

Each of this a’, operator transform as a SO(D — 2) representation but we want our final states to
transform as a full Poincare group, SO(1, D — 1), representation. It is not possible to fit a vector with
(D — 2)? states, as the graviton, in a representation of the SO(D — 1) group, but it is not all lost here.
If the state is massless the Poincare group is not expressed in the same way, let us see why.

If we consult the Wigner’s classification of the Poincare group representations we observe that
massless particles have different representations of their little group (the group that lets the temporal
momentum magnitude (p,) invariant, identified with the spatial rotations) (see (Maiani L. ; Benar O.,
2016)). The massive particles little group is SO(D — 1), but when we consider massless particles the
little group is SO (D — 2), this is due to the fact that p, must come from the momentum on a defined
direction on space so this one must be unchanged too under the little group. In other words, massless
particles must have fewer states than massive ones, the massless particles are representations of
SO (D — 2) while massive ones are representations of SO(D — 1).

If we consider that the first excited state is massless, then it fits in a representation of SO(D — 2) (It
is interesting to mention that this is only possible if D = 26 and the state corresponds to a 24 X 24
representation).

The quantum state ai_ldi 110, @) could be identified with the quanta of a spin two field corresponding
with a 2-form with the three irreducible representations of 24 X 24, symmetric, antisymmetric and
trace: G, (X) (The graviton, corresponding with the symmetric part), B, (X)(The antisymmetric
part) and @(X) (The Dilaton, that corresponds with the trace).

5.1 Non-linear sigma model, the string in a curved spacetime

As we have already discussed, if we want to generalize the string motion in a curved spacetime, the
Polyakov action takes the form,

oX* oxv

T 1
__ It 9x*
Sa thz W gun (X) 525 557

dtdo. (5.1.1)

We can expand g, (X) over the flat metric with a perturbation as g,,, (X) = 1., + X, (X) (We call
the action S,; instead S,, because of historical reasons the actions of this form are called as non-linear
sigma models).
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If we expand the metric perturbation inside the exponential of the path integral we obtain,

oX* axv

357 90F deo)

exp(—S,) = exp(—S,) exp <—§f h2 h®y,,(X)3—
(5.1.2)

wp Xt 9XY
= exp(— S”){l_i hz h )(,W(X)a 730 ~—drdo + - }

The successive terms on the brackets of the last part of (5.1.2) are similar to the vertex operators on
the path integral of the graviton state with, x,, (X) = —4mg,s,,e™*.

Using that argument in reverse, we consider that the string interacts with a undefined number of
gravitons in a macroscopic scale, in such a way that they conform a coherent state. Then the vertex
operators can be exponentiated again.

T 1 . aX* oxVv
{1 —Ef h2 haﬁ(_zl'ngcsuvelkx)ﬁao_ﬁ dtdo + } =

T h% BB (g iexs 0XH 0XY ded
exp <_§f (—4mg sy e )aa“ 558 9T a).

Looking at the form of the generating functional we obtain

IXH AX"
f [dXdh] exp(—S,) exp (‘E f h Ry (00 5o drda)

T s XM OXY
f [dXdh] exp <_E f h2 B Oy + 2 (0) 5 drda).

This is completely analog to the string in a curved spacetime but now the curved metric is a
consequence of the continuous interchange of graviton states in the string motion.

At this point we introduce the concept of effective action; if it is possible to change the action to add
quantum mechanical corrections to the classical part we say we construct an effective action. In this
case the interaction of any string with a coherent background of graviton states introduces a quantum
correction. This suggest to define an effective action of the form

X* XV

T (1
Sozith hefG V(X)a 2358 ——dtdo.

We have summed up, (nw + X (X )) = G,y (X). Here, G,y (X) is not a variable of the path integral

but the gravitons background contribution to the action, it is not affected by, [dXdh], then it can be
considered as a metric. If we consider a coherent background of gravitons we have to include the rest
of irreducible representations of the first excited state of the string, so we conclude that our effective
action must have the following form:

oxraxy o X+ axY
Fry +l€ BV(X)aaaﬁ

1 1
So = ;| h2 [h“”’G VX)) 7 + a'RO(X)|drdo.  (5.1.3)

At
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The constants i€*® and R are obtained from the vertex operator terms of the corresponding
representations, this terms obey h'/? ie®¥ = 1 and R is the Ricci scalar on the worldsheet.

Now, this effective action must respect the previous local symmetries that are essential to build the
string states consistently. We notice that these terms in the action break the Weyl invariance. To keep
Weyl invariance we have to impose constraints over (5.1.3).

Through the change of variables, X“(0) = x* + Va'Y# (o), the x* is the classical solution that
corresponds with the vacuum expectation value of our field (X*#) = x* (there exists a fundamental
difference on the vacuum state of our theory and those of the standard model fields, one is a field of
the worldsheet coordinates and the others are fields over the spacetime). In field theory, the vacuum
expectation value is the one that minimizes the effective potential, so the quantization is performed
over the, Y#, variables that obey, (Y#) = 0 ,so, Y#(0), is a dimensionless function that will give us the
fluctuations over the classical solution (in quantum field theory the Higgs mechanism is an example
of this process, where the form of the potential is changed by giving a non-null vacuum expectation
value for the Higgs boson that recovers the masses of the particles in the model). The graviton
contribution is expanded over the classical solution on the worldsheet as follows:

aX* axv
G0 55w 308 =
(5.1.4)
a' aY# gyv
=a Guv(x) + GHV’W(X)YW(O') + ?Guv,wv(x)yw(o-)yv(o-) + - mﬁ

This way, each of the G derivatives in (5.1.4) are coupling constants of the interacting Y fields. We
have written the quantum string motion on a curved spacetime as an interactive quantum two-
dimensional field theory. It can be shown (see on (Polchinski, 1998) or (Green, Schwatrz, & Witten,
1987)) that to make the effective action Weyl invariant we require the energy-momentum tensor to be
traceless T = 0. This condition implies that the Couplings beta functions must go to zero: f,,,(G) =
By (B) = B(®) = 0. (the beta function regularization is a method in field theory to avoid divergencies
by reformulating the field magnitudes to cancel this divergences in the integral, we add counterterms.
The difference with respect to other quantum gravity theories is that we only need a finite number of
them, this makes this field theory a renormalizable theory. The objects that study how the field
magnitudes as coupling constants change with the energy scale u are called f-functions). We will not
specify how we obtain the specific form of the beta functions so the reader can consult the
bibliography. The beta functions are

( , , a’

BMV(G) =Qa RHV + 2a VMVVCD - Z
al

VBB == Pty + a'VA0H,, +o(a?) =0, (5.1.5)

a' a
\ﬁ(¢) = _?qu) + a'VUCDV”@ _ﬁ H/UCH“/U( + O(a’z) — 0'

HoucHP* + o(a’?) = 0,
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where Hyy, = 0,Bj + 03By, + 0B,y and Ry, the corresponding Ricci tensor of the G, metric.

If the radius of curvature R, is small compared to the string scale then we can develop the theory
perturbatively ignoring the internal degrees of freedom of the string and cutting the energy scale at the

a'? term. In (5.1.4) the addition of the successive terms will add the corrections of high energy to the
general relativity. The equations (5.1.5) have to be taken as the motion equations over G, B and @ that
now acquire a dynamical character in the classical way. Therefore, the (5.1.5) equations can be
considered as coming from the following low energy effective action,

1 1
S = o d25x(—G)/2e~2® |R + 4(9d)? — ' acHPY + o(a'?)|. (5.1.6)
0

The first term in the bracket is very familiar to the Einstein-Hilbert action except for the e ~2® factor.
It is possible to make a change of variables to go to what is called as Einstein frame.

The change starts by redefining @ = ® + &,, where @ has a vanishing expectation value, GMV =
4(P) 2(®

B 4(®) (®)
e D-2Gy,. This way we have to redefine R as R = eD2[R — 2(D — 1)V?e >2 — (D — 2)(D —

2(®) 2(P+Pg) .
1)d,e p-20%e” p-z ]. Hence, the action becomes

1 B 5 4 . 1 _8(2+9y)
S=53 d25x(-G)""? [R + DT(‘”’)Z —e o2 HoH +o@?)|.  (5.1.7)
0

The action (5.1.7) recovers the Einstein-Hilbert action except for the lack of mater fields. In the context
of Superstring theory massive fields are introduced in the equations completing the analogy. The other
aspect that is unsatisfactory of (5.1.7) is the possibility of defining different metrics, this is achievable
because we have a scalar massless field @. The presence of this field would change the way we rule
distances and would break the equivalence principle. Superstring theory gives also a way to make the
Dilaton massive, making the Dilaton forces short range, and letting only two long range interactions
to rule the space at long distances, the Graviton, and the antisymmetric part. This way the equivalence
principle would be recovered at large scales, and with it, the general relativity.

As a summary of this chapter, we will go through all the different aspects that have been treated to
clarify the process. Firstly, the Polyakov path integral in a curved background can be reconstructed by
introducing the interaction of the string with a coherent state of gravitons in the path integral. This
way, we can introduce an effective theory that incorporates this corrections to the string motion. We
have to include also the rest of the representations of the string first excited state, the antisymmetric
and the Dilaton. From this point we develop the new effective action as an interactive field theory.
Also, new action breaks the Weyl invariance so we have to observe under which circumstances it is
recovered at quantum level. The conclusion is that it is required the coupling constants beta functions
to be zero to keep this symmetry. Taking only low energy apportions to the beta components we obtain
three equations that can be taken as coming from a low energy effective action. Using a change of
parameters we can obtain the Einstein Hilbert action with massless extra fields.
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Conclusions

The string theory is, perhaps, the most ambitious theory of the history of physics. High relevance
results have been explained with this theory such as the loss of information on the blackholes. Maybe
the most attractive fact about this theory is that everything in universe is explained with vibrating
segments on the spacetime, every interaction and every particle arise from a vibrating string.

Firstly, It has been enounced the least action principle applied to general relativity, field theory, special
relativity, and strings moving through the spacetime in different ways. We have studied the string’s
global and local symmetries to simplify the equations of motion, studying its specific treatment as a
gauge theory.

After that, we obtained the different solution of the motion equations discerning between different
boundary conditions and we have used the Noether Theorem to obtain the conserved currents and
charges of a field theory applied to the string. We also formulated the conditions of the equivalence
among the Nambu-Goto action and the Polyakov action in form of the Virasoro conditions and
obtained the mass formula for closed and open strings.

Later, we talked about the different ways of quantizing a gauge theory to remove the string’s ghosts
states. We studied in the process the covariant quantization and imposing the gauge restrictions in two
different ways: the covariant approach and the lightcone quantization, mentioning their advantages
and disadvantages, we found in both cases that the number of dimensions have to be twenty-six. We
obtained in the process the form of the states of the quantized string, as the graviton, by using the
central extension of the Virasoro Algebra.

Lastly, we studied the path integral approach applied to String Theory. Permitting us to introduce the
interactions in the formalism. We employed this tool to formulate the general relativity as a low energy
approach of an effective theory, built by considering the interaction of the string with a coherent state
of gravitons.
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